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Abstract Let J(R) denote the Jacobson radical of a ring R. R is called J-semicommutative if for any a, b €
R, ab = 0impliesaRb C J(R). We observe that the class of J -semicommutative rings contains the class of left
(right) quasi-duo rings and various existing versions of semicommutative rings, symmetric rings and reversible
rings. We provide some conditions for J-semicommutative rings to be left quasi-duo. Finally, the consequences
of J-semicommutativity conditions over some classes of rings are discussed.

Keywords Semicommutative ring - Jacobson radical - J-semicommutative ring

Mathematics Subject Classification  13C99 - 16D80 - 16U80

1 Introduction

Throughout this paper, R denotes an associative ring with identity and all our modules are unital. The symbols
P(R), J(R), N(R), Z(R), E(R) respectively stand for the prime radical, the Jacobson radical, the set of all
nilpotent elements, the set of all central elements, the set of all idempotent elements of R. We also denote the set
{a € R : a*> = 0} by N»(R) and the left (right) annihilator of any element a € R by I(a) (r(a)). R is abelian if
all its idempotents are central. R is two primal if P(R) = N(R). Ris NI if N(R) is an ideal of R. R is directly
finite if for any a, b € R, ab = 1 implies ba = 1. R is left quasi-duo if every maximal left ideal of R is an ideal.
R is MELT (MERT) if every maximal essential left (right) ideal of R is an ideal. As usual, a reduced ring is a
ring without non zero nilpotent elements. R is semiprimitive if J(R) = 0. A leftideal L of R is GW-ideal ([29])
if for any a € L, there exists a positive integer n such that a” R C L. R is semicommutative if [(a) is an ideal of
R for any a € R. Itis well known that R is semicommutative if and only if for any a € R, r(a) is an ideal of R.

Various generalizations of semicommutative rings have been done by many authors over the last several
years. In [11], R is weakly semicommutative if for any a, b € R, ab = 0 implies aRb C N(R). We call these
rings weakly semicommutative-I rings to distinguish them from another generalization of semicommutative
rings studied in [23] which are also named weakly semicommutative rings. Due to [23], R is called weakly
semicommutative if for any a, b € R,a # 0,b # 0,ab = 0, there exists a positive integer n such that either
a" #0and a"Rb = 0or b" # 0 and aRb™ = 0. We call these rings weakly semicommutative -1l rings. In [13],
R is called nil-semicommutative if for any a, b € N(R), ab = 0 implies aRb = 0. In [9], these rings are called
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nil- semicommutative-1. A different version of nil-semicommutative rings were studied in [3] and continued in
[16] in which R is called nil-semicommutative if for any a, b € R, ab € N(R) implies aRb € N(R). In [9],
these nil-semicommutative rings are called nil-semicommutative -1I rings. We also use the same terminology for
these two versions of nil- semicommutative rings to avoid confusion and clash. R is central semicommutative
([15]) if for any a, b € R, ab = 0 implies arb belongs to the center of R for any r € R. R is J-semicommutative
([26]) if for any a, b € R, ab = 0 implies aRb C J(R). R is NZI-ring ([22]) if for any a € R, xR < I(a) for
any x € [(a) N N(R). R is left GWZI ([4]) if for any a € R, [(a) is a GW-ideal of R. R is P-semicommutative
([9)) if for any a, b € R, ab = 0 implies aRb C P(R).

The purpose of this article is to study J-semicommutative rings in continuation with [26]. We show that this
class of semicommutative rings includes the class of left (right) quasi-duo rings and all classes of semicommutative
rings mentioned above. We also prove that the class of MELT J-semicommutative rings are contained in the class
of left quasi-duo rings. Finally, we study the consequences of J-semicommutativity conditions over rings via
properties of modules over them wherein among other results, we prove that a J-semicommutative left SF-ring
is strongly regular.

2 Main results

Definition 1 A ring R is J-semicommutative if ab=0 implies aRb € J(R) for any a, b € R.
Proposition 1 A ring R is J-semicommutative if and only if No(R) € J(R).

Proof Let R be a J-semicommutative ring and a € N»(R) such that a ¢ J(R). There exists a maximal left
ideal M of R such thata ¢ M and so M + Ra = R which yields | = x + ya for some x € M, y € R. As
R is J-semicommutative and a®> = 0, aRa € J(R). Hence (1 — x)> = yaya € J(R) € M which implies
1 € M, a contradiction. Therefore N>(R) < J(R). Conversely, let No(R) € J(R) and a, b € R such that
ab=0. If arb ¢ J(R) for some r € R, then there exists a maximal left ideal M of R such that arb ¢ M so
that M + Rarb = R implying 1 = x + yarb for some x € M, y € R. Now (bya)> = byabya = 0. Then by
hypothesis, bya € J(R). So (1 — x)? = yar(bya)rb € J(R) € M, whence 1 € M, a contradiction. Hence R
is J-semicommutative.

Corollary 2 A semiprimitive, J-semicommutative ring is reduced.

Proposition 3 If R is a J-semicommutative ring and ab = 0, then for every maximal left ideal M of R either
aeMorbeM.

Proof If a ¢ M then M + Ra = R sothatx + ya = 1 forsome x € M, y € R and hence (1 — x)b = yab =0
which implies that (b(1 — x))? = 0. Therefore by Proposition 1, b(1 — x) € J(R) € M whichleadsto b € M.

Proposition 4 Every weakly semicommutative-I ring is J-semicommutative.

Proof Let R be a weakly semicommutative-I ring and @ € N>(R). If a ¢ J(R) then there exists a maximal left
ideal M of R suchthata ¢ M. This yields M 4+ Ra = R which implies that x + ya = 1 forsome x € M, y € R.
Since R is weakly semicommutative-I and aay = 0, there exists a positive integer n such that (ayay)” = 0, that
is (ay)?" = 0. Therefore

(1 _ x)2}’l+1 — (ya)szrl — y(ay)2na — 0

This together with x € M implies that 1 € M, a contradiction. Hence N>(R) € J(R) so that by Proposition 1,
R is J-semicommutative.

It is easy to see that nil-semicommutative-II rings are weakly semicommutative-I. As P(R) € N(R), P-
semicommutative rings are also weakly semicommutative-I rings. Therefore the following corollary follows.

Corollary 5 Each of the following classes of rings are J-semicommutative rings:

1. Nil-semicommutative-1I rings.
2. P-semicommutative rings.

Proposition 6 If R is an NI-ring, then R is nil-semicommutative -1I.
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Proof Let a,b,r € R and ab € N(R). Then (ab)" = 0 for some positive integer n which implies that
(ba)"*! = 0 and hence ba € N(R). Since N(R) is an ideal, rba € N(R) so that (rba)* = 0 for some positive
integer k. Therefore

(arb)kJrl = a(rba)krb =0.
Hence arb € N(R) so that R is nil-semicommutative-II.

Since nil-semicommutative-I rings, central semicommutative rings, NZI-rings are two primal ([13], [15],
[22]) and hence NI and nil-semicommutative-II, the following follows as another corollary.

Corollary 7 Each of the following classes of rings are J-semicommutative rings:

1. Nil-semicommutative-I rings.
2. Central semicommutative rings.
3. NZI rings.

Proposition 8 A weakly semicommutative-II ring is weakly semicommutative-1.

Proof Let R be a weakly semicommutative-II ring and a, b € R such that ab = 0. Then (ba)> = 0. As R
is weakly semicommutative -II, baRba = 0. This implies that for any r € R, (arb)3 = ar(barba)rb = 0,
whence R is weakly semicommutative-I.

Corollary 9 A weakly semicommutative-II ring is J-semicommutative.
Proposition 10 A left GWZI ring is weakly semicommutative-1.

Proof Leta,b € R such that ab = 0, then a € [(b). As [(b) is GW-ideal and for any r € R, rba € [(b), there
exists a positive integer n such that (rba)"r € I(b). Therefore

(arb)"™! = a(rba)"rb = 0.
This shows that R is weakly semicommutative-I.
Corollary 11 A left GWZI-ring is J-semicommutative.
Following [21], a ring R is feckly reduced if R/J(R) is reduced.
Proposition 12 Every feckly reduced ring is J-semicommutative.

Proof Let R be a feckly reduced ring and a® = 0.As R/J(R) is reduced, we geta € J(R). Thus N2(R) € J(R)
so that R is J-semicommutative.

A J-semicommutative ring need not be feckly reduced as shown by the following example.

Example 1 et R denote the localization of Z at 37 and Q denote the set of quaternions over the ring R, that is, a
free R-module with basis 1, i, j, k. Then Q is a non commutative domain and hence J-semicommutative. As
proved in ([21], Example 2.3), Q is not feckly reduced.

Using Proposition 12 and ([21], Proposition 4.23), we get the following corollary.
Corollary 13 Every right (left) quasi-duo ring is J-semicommutative.

Proposition 14 Let R be a J-semicommutative ring and M be a maximal left (right) ideal of R which is not
essential. Then M is an ideal of R.

Proof Let M be a maximal left ideal of R which is not essential, then there exists 0 #= e € E(R) such that
M = I(e). If M is not an ideal, then there exists some a € R such that Ma Q M so that x + ya = 1 for some
x € M,ye M. Then xe + yae = e. Asy € M = [(e), we have ye = 0 which leads to yae € J(R) as R is
J-semicommutative. Againe = yae asx € M = [(e) sothate € J(R) which implies that e = 0, a contradiction
to e # 0. Therefore M is an ideal of R.

Similarly, a maximal right ideal of R which is not essential turns out to be an ideal.

Corollary 15 An MELT, J-semicommutative ring is left quasi-duo.

@ Springer



Revisiting J-semicommutative rings 1225

A ring R is left Kash if every simple left R-module is isomorphic to a minimal left ideal of R. In view of ([10],
Proposition 4.11), it follows that a semicommutative left Kash ring is left quasi-duo.

Proposition 16 Let R be a semiprime, left Kasch, J-semicommutative ring. Then R is left quasi-duo.

Proof Let R be semiprime left Kasch ring and M be a maximal left ideal of R. Since M is left Kash, R/M =« K
for some minimal left ideal K of R. As R is semiprime, K = Re for some idempotent e. This leads to M = [(e).
If M is not an ideal of R, then proceeding as in the proof of Proposition 14, we get a contradiction. So M is an
ideal of R and hence R is left quasi-duo.

Remark 1 1. Following [1], a ring R is called J-reversible if for any a, b € R, ab = 0 implies ba € J(R).
From Proposition 1 and ([1], Theorem 2.4), it follows that a ring R is J-semicommutative if and only if R
is J-reversible.

2. There exists an NI and hence nil-semicommutative-II, weakly semicommutative-I, J-semicommutative, left
(right) quasi-duo ring which is neither left GWZI, nor right GWZI, nor weakly semicommutative -1I.

For any field F, take R = T,(F), the ring of 2 x 2 upper triangular matrices over F. Then N(R) =
{(8 8) tae F} is an ideal of R and hence R is an NI-ring. Also it is easy to see that R is left (right)
quasi-duo.

Now,l<<8(1)>> = {(g 8) X € F} is not a GW-ideal of R.

Also r 1o = 00 :x € F} is not a GW-ideal of R.
00 0x

So R is not left (right) GWZI-ring.

. 11 0-1 . . 11 0 -1 11 0 -1
Again <00) and (0 1 )are idempotents in R and (OO) (0 1 ) = 0 and (00>R<0 1 ) =

8 g # 0. Therefore R is not weakly semicommutative-II.

3. There exists a nil-semicommutative-II and hence J-semicommutatrive ring which is neither central semi-
commutative nor nil- semicommutative-I nor NZI. Consider the ring R = T5(F), where F is a field.
Then R is nil-semicommutative-II ([16], Corollary 2.12) and hence J-semicommutative. Also R is not
nil-semicommutative-I. E12, E34 € N(R) and Ejp2E34 = 0 but EjpEx3E34 # 0. Here E;; denotes the

elementary matrix of order 5 having 1 in (i, )" entry and zeros elsewhere.
01000 00100
00000 00000
LetA=]00000],B=]00100
00000 00000
00000 00000

Then A2 =0, AB = 0. But ARB # 0. Hence R is not NZI.
Again, R is not central semicommutative as every central semicommutative ring is abelian ([15], Lemma
2.6) and R is not abelian.

4. Since there exists P-semicommutative rings which are not nil-semicommutative-II ([9], Example 2.23), it
follows that a J-semicommutative ring need not be nil-semicommutative-II.

5. Since there exists reduced rings which are not left (right) quasi-duo (for example a polynomial ring over
noncommutative division ring), it follows that a J-semicommutative ring need not be left (right) quasi-duo.

6. Since there exists P-semicommutative rings which are neither semicommutative nor abelian, ([9], Example
2.2) it follows that there exists a J-semicommutative ring which is neither semicommutative nor abelian.

7. We do not know whether there exists a J-semicommutative ring which is not weakly semicommutative-I.

R is reversible if for any a, b € R, ab = 0 implies ba = 0. Various generalizations of reversible rings have been
done by many authors over the last several years. R is weakly reversible ([12]) if for any a,b,r € R, ab = 0
implies Rbra is a nil left ideal. R is central reversible ([8]) if for any a, b € R, ab = 0 implies ba € Z(R). In
[8], it is proved that a central reversible ring is weakly reversible.

Proposition 17 If R is weakly reversible then R is J-semicommutative.

Proof Leta,b € R such that ab = 0 and ba ¢ J(R). Then there exists a maximal left ideal M of R such that
ba ¢ M,so M + Rba = R yielding 1 = x 4 yba for some x € M, y € R. Since R is weakly reversible, for
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any r € R, Rbra is a nil left ideal. In particular, Rba is a nil left ideal. So there exists a positive integer k such
that (yba)* = (1 — x)¥ = 0 € M. Therefore using x € M we get 1 € M, a contradiction.

R is symmetric if for any a, b, ¢ € R, abc = 0 implies bac = 0. Various generalizations of symmetric rings
have been done by many authors over the last several years. R is weak symmetric ([14]) if for any a, b, ¢ € R,
abc € N(R) implies acb € N(R). R is central symmetric ([5]) if for any a,b,c € R, abc = 0 implies
bac € Z(R). R is generalized weakly symmetric (GWS) ([25]) if for any a,b,c € R, abc = 0 implies
bac € N(R). It follows that the class of GWS rings contains the class of weak symmetric rings. Again, it is
known that central symmetric rings are GWS ([25]).

Proposition 18 Generalized weakly symmetric rings are J-semicommutative.

Proof Let R be a generalized weakly symmetric ring and a, b € R with ab = 0 but ba ¢ J(R). Then there
exists a maximal left ideal M of R such that | = x 4 yba for some x € M, y € R. As R is generalized weakly
symmetric and aby = 0, bay € N(R) so that (bay)* = 0 for some positive integer k. Therefore

(1 =) = (yba)*! = y(bay)ba =0 € M.
This together with x € M implies that 1 € M, a contradiction. Hence R is J-semicommutative.

Example 1 A homomorphic image of a J-semicommutative ring need not be J-semicommutative.

Consider Z»(y), the rational functions field of polynomial ring Z;[y] and R = Z,(y)[x] be the ring of
polynomials in x over Z(y) subject to the relation xy + yx = 1. By ([5], Example 2.11), R is central symmetric,
and so R is J-semicommutative. Let L = x2R, which is a maximal ideal of R. Consider R = R/L. Now
()2 =0.S00 #*XxX €N, (R). Butﬁbeing a simple ring, we have J (R) = 0. Therefore we have N»(R) ;(_ J(R).
Hence R, a homomorphic image of R is not J-semicommutative.

Proposition 19 Let I be a nil ideal of a ring R such that R/I is J-semicommutative. Then R is J-
semicommutative.

Proof Ifa* = 0in R, thena> = 0in R/I. As R/I is J-semicomutative, @ € J(R/I). Therefore for anyr € R,
there exists # € R such that 1 —7(1 —ar) € I € J(R). Therefore (1 — ar) is invertible which implies that
1 — ar is left invertible. Similarly 1 — ar is right invertible. Hence a € J(R) and so R is J-semicommutative.

Proposition 20 Let I be an ideal of a J-semicomutative ring S and R be a subring of S containing 1. If R/ 1 is
J-semicomutative then R is J-semicomutative.

Proof Let a> =0in R C S. Since S is J-semicomutative, a € J(S). Hence for any r € R C S, there exists
s € Ssuchthats(l —ar) =1 = (1 —ar)s.Nowa> =0 in R/I.Since R/I is J-semicomutative, a € J(R/I).
Therefore there exists # € R such that 1 — (1 — ar)t € [ yielding s — s(l —ar)t € [ andsos —t € I C R,
whence s € R. Hence 1 — ar is invertible in R. Therefore a € J(R) and R is J-semicommutative.

Proposition 21 Subdirect product of arbitrary family of J-semicommutative rings is J-semicommutative.

Proof Let R be the subdirect product of a family {R;};c; of J-semicommutative rings. There exists a monomor-
phism 6 : R — [];., R such that for each i € I, ;0 is epimorphism (where 7; is projection map of [ [,; R;
onto R;). Let ¢; = ;0. Then [[;.; R/Ker(¢;) is J-semicommutative since direct product of arbitrary family of
J-semicommutative rings is J-semicommutative. Consider the monomorphism ® : R — [[;.; R/Ker(¢;)
such that r —— (r 4+ Ker(¢i))ie;- Then R = Im(P). Now P(Ker(¢;)) is an ideal of Im(P) and
Im(®)/®(Ker(¢;)) = R/Ker(¢;) which is J-semicommutative. Hence by Proposition 20, Im(®) is J-
semicommutative which implies that R is J-semicommutative.

Recall that aring R is left min-abel ([22]) if (1 — e)Re = 0 for any e € E(R) satisfying Re is a minimal left
ideal of R.

Theorem 22 Let R be a J-semicommutative ring. Then

1. Ife € E(R) such that ReR = R, then e = 1.

Ra+ R(ae — 1) = R foranya € R and e € E(R).
. R is left min-abel.

. Forany e € E(R), eRe is J-semicommutative.

AW
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Proof 1. Since R is J- semicommutative and e(1 — e) = 0, eR(1 —e) € J(R). By hypothesis, ReR = R so
that R(1 —e) = ReR(1 —e) € J(R), whence 1 — e € J(R) which implies that e = 1.

2. Let assume Ra 4+ R(ae — 1) # R for some a € R and e € E(R). There exists a maximal left ideal M
such that Ra + R(ae — 1) C M.If e € M then | = —(ae — 1) + ae € M, a contradiction. If e ¢ M, then
M + Re = R which implies that x 4 ye = 1 forsome x € M, y € Ryielding (1 —e)x+ (1l —e)ye =1—e.
As R is J-semicommutative and (1 — e)e = 0, (1 —e)ye € J(R) € M. It follows that 1 — e € M and so
a—ae =a(l —e) € M, whence ae € M. Again asae — 1 € M, we get | € M, a contradiction. Hence
Ra+ R(ae — 1) = Rforeacha € R and e € E(R).

3. Let e € E(R) and Re be a minimal left ideal. If (1 — e)Re # 0, then R(1 — ¢)Re = Re. Now, e €
Re = R(1 — e)Re € J(R). This is a contradiction as J(R) do not contain any non zero idempotents. So
(1 — e)Re = 0 and hence R is left min-abel.

4. Let e € E(R) and eae, ebe € eRe with (eae)(ebe) = 0. By hypothesis, (eae)R(ebe) C J(R) and so
(eae)eRe(ebe) C eJ(R)e = J(eRe).

Converse of Result (4) of the last Theorem need not be true as shown by the following example.

Example 2 Take R = M>(F), where F is a field and consider the idempotent e = (é 8) It is easy to check

I(;" 8) is J-semicommutative but R is not.

R is (von Neumann) regular if for any a € R, there exists some b € R suchthata = aba. A ring R is strongly
regular if for any a € R, there exists some b € R such that @ = a?b. It is known that R is strongly regular if
and only if R is reduced regular. A ring R is left SF-ring if its simple left modules are flat. In 1975, Ramamurthy
initiated the study of SF-rings in [17]. It is known that regular rings are left SF-rings. However till date it is
unknown whether left SF-rings are regular. The regularity of left SF-rings satisfying certain additional conditions
have been proved by various authors over the last four decades. The strong regularity of left (right) quasi-duo left
SF-rings, NZI left SF-rings, Weakly semicommutative-II left SF-rings, central semicommutative left SF-rings
have been proved respectively in [19], [22], [23], [24]. These results are extended to J-semicommutative rings
as follows.

that eRe = <

Theorem 23 A J-semicommutative left SF-ring R is strongly regular.

Proof R/J(R) is a left SF-ring by ([19], Proposition 3.2). Let b* € J(R) such that b ¢ J(R). We claim that
Rr(b) + J(R) # R.If this is not true, then 1 = ¢ + >_rit;, where ¢ € J(R), r; € R, t; € r(b). This yields
b =cb+ ) rit;b. Now for each i, (;b)* = 1;(bt;)b = 0, and hence by Proposition 1, t;b € J(R). Therefore
> ritib € J(R) yielding b € J(R), a contradiction to b ¢ J(R). Therefore Rr(b) + J(R) # R, and so there
exists a maximal left ideal M of R containing Rr(b) + J(R). Since R is a left SF-ring and b e J(R)C M, by
([2], Proposition 2.2), there exists some d € M such that b> = b*d, thatis b — bd € r(b) € M, whence b € M.
Hence, again there exists some e € M such that b = be. Then 1 — e € r(b) € M, so that | € M, contradicting
M # R. Therefore R/J(R) is reduced. Therefore by ([19], Remark 3.13), R/J(R) is strongly regular. This
implies that R is left quasi-duo and hence by ([19], Theorem 4.10), R is strongly regular.

Aring R is n-regular if for any a € N(R), there exists b € R such that a = aba.
Proposition 24 Let R be a J-semicommutative n-regular ring, then R is reduced.

Proof Let 0 # a € N>(R). Since R is J-semicommutative, a € J(R). As R is n-regular, there exists b € R
such that a = aba, which yields (1 — ab)a = 0. Asa € J(R), | — ab is a unit, and so a = 0. Hence R is
reduced.

A left R-module M is YJ-injective ([27]) if for any 0 # a € R, there exists a positive integer n such that
a" # 0 and every left R-homomorphism from Ra" to M extend to one from R to M. R is left GP-V-ring (left
GP-V’-ring) if its simple (simple singular) left modules are YJ-injective. A ring R is left (right) weakly regular
if every left (right) ideal of R is idempotent, equivalently @ € RaRa (a € aRaR) for every a € R, and R is
weakly regular if it is both left and right weakly regular. The questions whether left GP-V-rings are left weakly
regular as proposed by Yue Chi Ming in [27] is still unsolved.

As a semiprimitive J-semicommutative ring is reduced and a left GPV-ring is semiprimitive [28], it follows
that a J- semicommutative, left GPV-ring is reduced. As a semicommutative, left GPV’-ring is reduced weakly
regular ([6],Theorem 4), it follows that a J-semicommutative, left GPV-ring is reduced weakly regular.

In what follows, we provide some consequences of J-semicommutativity conditions on left GP-V’-rings.
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Proposition 25 Let R be a J-semicommutative, left GPV'-ring. Then

1. If R is abelian, then R is reduced.
2. R is left non singular.
3. l(a) is a direct summand of R for any a € N»(R).

Proof (1).Let0 # a € R such that > = 0. Then there exists a maximal left ideal M of R such that [(a) € M.
If M is not essential, there exist 0 # ¢ € E(R) such that M = [(e). Now,a € M = [(e), sothatae = 0. As R is
abelian ea = ae = 0, whence e € [(a) C M = I(e) yielding e = e2 = 0, a contradiction. Hence M is essential
so that R /M is a simple singular left R-module and hence by hypothesis, R /M is a YJ-injective. As a> = 0, every
left R-homomorphism from Ra to R/M can be extended to one from R to R/M. Define f : Ra — R/M
by f(ra) = r + M forany r € R. As l(a) C M, f is well defined. Therefore f can be extended to a left
R-homomorphism g : R — R/M. This implies that | + M = f(a) = g(a) = ag(l) = a(b + M) for some
b € R which implies that | —ab € M. As R is J-semicommutative and a € N>(R), we havea € J(R) C M,
so thatab € J(R) € M and hence 1 € M a contradiction. This proves that R is reduced.

(2). If Z(grR), the left singular ideal of R is not zero, then there exists some 0 # a € Z(gR) such that
a? =0.1fl(a) # R, then there exists some maximal left ideal M of R such that/(a) C M.Asa € Z(rR), l(a)
is an essential left ideal of R which implies that M is essential so that R/M is a simple singular left R-module
and hence by hypothesis it is YJ-injective. It follows that there exists some b € R such that 1 —ab € M. As R
is J-semicommutative, a € J(R) € M so that ab € J(R) whence 1 € M, a contradiction. This proves that R
is left non singular.

(3). Let 0 # a € N2(R). Then by result (2) of this proposition, a ¢ Z(gR). So there exists a non zero left
ideal K of R such that/(a) & K is an essential left ideal of R. If [(a) ® K # R, there exists a maximal left ideal
M of R containing [(a) & K. It follows that M is essential and there exists b € R such that | — ab € M. But
ab € J(R) € M, whence 1 € M, a contradiction. Therefore [(a) ® K = R.

Proposition 26 Let R be an abelian left GPV'-ring, then R is left weakly regular.

Proof Let a € R such that [(a) + RaR # R. Then there exists a maximal left ideal M of R such that
l(a) + RaR < M. It follows that M is essential and there exists a positive integer n such that every left
R-homomorphism from Ra" to R/M extends to one from R to R/M. Hence there exists b € R such that
1 —a"be M.But,a"b € RaR € M, whence 1 € M, a contradiction. Thus /(a) + RaR = R for any a € R,
showing that R is left weakly regular.

Corollary 27 Let R be an abelian, J-semicommutative, left GPV'-ring. Then R is reduced weakly regular.

Proof By Proposition 25, R is reduced. By Proposition 26, R is left weakly regular. As a reduced left weakly
regular ring is weakly regular, the result follows.
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