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Abstract In this note, two generalized partition functions pα
o (n) and pβ

e (n) are considered, where for any odd
positive integer α, pα

o (n) denotes the number of partitions of n into odd parts such that no parts is congruent to

α modulo 2α, and for any even positive integer β, pβ
e (n) denotes the number of partitions of n into even parts

such that no parts is congruent to β modulo 2β. Some divisibility properties of pα
o (n) and pβ

e (n) are discussed
for some particular values of α and β.
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1 Introduction

A partition of a positive integer n is a non-increasing sequence of positive integers called parts, whose sum equals
n. The number of partition of a positive integer n is usually denoted by p(n), and the generating function is given
by

∞∑

n≥0

p(n)qn = 1

(q; q)∞
, p(0) = 1, (1.1)

where for any complex number a and q (|q| < 1), (a; q)∞ = ∏
n≥0(1 − aqn). For brevity, one often use

the symbol, fk := (qk; qk)∞, for any positive integer k. Ramanujan [3,6,7] offered following three beautiful
congruences for the partition function p(n):

p(5n + 4) ≡ 0 (mod 5), p(7n + 5) ≡ 0 (mod 7), p(11n + 6) ≡ 0 (mod 11).

Motivated by Ramanujan’s congruences for p(n), many new partition functions with certain restrictions are
defined and their arithmetic properties were studied in recent years. This note deals with two generalized partition
functions pα

o (n) and pβ
e (n), where for any odd positive integer α, pα

o (n) denotes the number of partitions of n

into odd parts such that no parts is congruent to α modulo 2α, and for any even positive integer β, pβ
e (n) denotes

the number of partitions of n into even parts such that no parts is congruent to β modulo 2β. For example,
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p3
o(5) = 2 with relevant partitions 5 and 1 + 1 + 1 + 1 + 1, and p4

e (6) = 2 with the relevant partitions 6 and

2 + 2 + 2. The generating functions of pα
o (n) and pβ

e (n) are given by

∑

n≥0

pα
o (n)qn = (qα; q2α)∞

(q; q2)∞
= f2 fα

f1 f2α
(1.2)

and
∑

n≥0

pβ
e (n)qn = (qβ; q2β)∞

(q2; q2)∞
= fβ

f2 f2β

. (1.3)

The case α = 3 of pα
o (n) (that is, p3

o(n)) was investigated by Schur [11] (also see [1]). In this view, it is natural to

expect that the other particular cases of partition functions pα
o (n) and pβ

e (n) will also satisfy equally interesting

partition results. The purpose of this note is to investigate some divisibility properties of pα
o (n) and pβ

e (n) for
some particular values of α and β.

2 Divisibility of pα
o (n)

For α = 1 in (1.2), it is obvious that

p1
o(n) =

{
1 if n = 0
0 if n > 0.

Moreover, by elementary q-operations, it is easy to see that p3
o(n) = V(n), where V(n) is the number of partitions

of n into parts ≡ 1 or 5 (mod 6).
Next, we present some congruences modulo 2 of pα

o (n). It is useful to note here that (see [9]), for any integer
m ≥ 1,

f2m ≡ f 2
m (mod 2). (2.1)

Theorem 2.1 We have

(i) p5
o(5n + j) ≡ 0 (mod 2); j = 3, 4,

(ii) p5
o(20n + 11) ≡ 0 (mod 2),

(iii) For any prime p ≥ 5 and k = 1, 2, · · · , p − 1,

p5
o

(
20p2n + 20

(
pk + p2 − 1

24

)
+ 1

)
≡ 0 (mod 2).

Proof Setting α = 5 in (1.2) and simplifying using (2.1), one has

∑

n≥0

p5
o(n)qn ≡ f1

f5
(mod 2). (2.2)

From [7], one has

f1 = f25

(
R(q5) − q − q2

R(q5)

)
, (2.3)

where

R(q) = (q2; q5)∞(q3; q5)∞
(q; q5)∞(q4; q5)∞

.

Employing (2.3) in (2.2), we obtain

∑

n≥0

pα
o (n)qn ≡ f25

f5

(
R(q5) − q − q2

R(q5)

)
(mod 2). (2.4)
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Now (i) follows from (2.4) by extracting the terms involving q5n+3 and q5n+4. Again, extracting the terms
involving q5n+1 from (2.4), one has

∑

n≥0

p5
o(5n + 1)qn ≡ f5

f1
(mod 2). (2.5)

Recall from [5, Theorem 1] that,

f5

f1
= f8 f 2

20

f 2
2 f40

+ q
f 3
4 f10 f40

f 3
2 f8 f20

. (2.6)

Employing (2.6) in (2.5) and extracting the terms involving q2n and then replacing q2 by q, one has

∑

n≥0

p5
o(10n + 1)qn ≡ f4 f 2

10

f 2
1 f20

≡ f4

f2
(mod 2). (2.7)

Now (ii) follows from (2.7) by extracting the terms invovling q2n+1.
Also, from (2.7) and (2.1), it is easily seen that

∑

n≥0

p5
o(20n + 1)qn ≡ f1 (mod 2). (2.8)

From [4, Theorem 2.2], note that

f1 =
(p−1)/2∑

k=−(p−1)/2
k �=(±p−1)/6

(−1)kq(3k2+k)/2 f
(
−q(3p2+(6k+1)p)/2,−q(3p2−(6k+1)p)/2

)

+(−1)(±p−1)/6q(p2−1)/24 f p2 , (2.9)

where p ≥ 5 is a prime and
±p − 1

6
:=

⎧
⎪⎨

⎪⎩

p − 1

6
, i f p ≡ 1 (mod 6),

−p − 1

6
, i f p ≡ −1 (mod 6).

Furthermore, if − p − 1

2
≤ k ≤ p − 1

2
and k �= ±p − 1

2
, then

3k2 + k

2
�≡ p2 − 1

24
(mod p). Employing (2.9) in

(2.8), and then extracting the terms involving q pn+(p2−1)/24, dividing by q(p2−1)/24 and replacing q p by q, one
has

∑

n≥0

p5
o

(
20pn + 20

(
p2 − 1

24

)
+ 1

)
qn ≡ f p (mod 2). (2.10)

Now (iii) follows from (2.10) by extracting the terms involving q pn+k for 1 ≤ k ≤ p − 1. ��
Some more congruences modulo 2 satisfied by pα

o (n) for α = 7, 9, 11 and 13 are listed below which can
also be proved by employing suitable q-series identities:

(i) p7
o(7n + j) ≡ 0 (mod 2); j = 3, 4, 6.

(ii) p7
o(98n + j) ≡ 0 (mod 2); j = 51, 65, 93.

(iii) p7
o

(
14p2n + 14pk + 35(p2−1)

4 + 9
)

≡ 0 (mod 2); k = 1, 2, · · · , p − 1,

where p ≥ 5 is a prime such that the Legendre symbol (−14|p) = −1.
(iv) p11

o (11n + j) ≡ 0 (mod 2); j = 3, 6, 8, 9, 10.

(v) p13
o (13n + j) ≡ 0 (mod 2); j = 3, 4, 6, 8, 10, 11.

(vi) p9
o(6n + 3) ≡ 0 (mod 2), if n is even.

(vii) p9
o(6n + 5) ≡ 0 (mod 2), if n is odd.
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3 Divisibility of pβ
e (n)

From definition of pβ
e (n), it is readily seen that, for any positive integer n, pβ

e (2n + 1) = 0. Furthermore, by
q-series manipulation, it follows that

p2
e (4n) = p(n),

which along with Ramanujan’s congruences for p(n) immediately imply

p2
e (20n + 16) ≡ 0 (mod 5), p2

e (28n + 20) ≡ 0 (mod 7) and p2
e (44n + 24) ≡ 0 (mod 11).

Also, if U(n) denotes the number of partitions of n into odd parts or parts congruent to 0 modulo 4, then by
elementary q-series manipulations,

p4
e (2n) = U(n).

Again, for any positive integer k, let Ck(n) denotes the number of 2-colour partitions of n where one of the colors
appears only in parts that are multiples of k. Then

∑

n≥0

Ck(n)qn = 1

f1 fk
. (3.1)

Setting β = 2k in (1.3), and then extracting the terms involving q2n , replacing q2 by q, and using (2.1), one has

p2k
e (2n) ≡ Ck(n) (mod 2). (3.2)

Sinick [10] defined the partition function Ck(n) as the the number of bipartitions (λ, μ) of n subject to the
restriction that each part of μ is divisible by k. Baruah and Ojha [2, Corollaries 3.3 & 4.4] proved that

C7(8n + 7) ≡ 0 (mod 2) and C3(4n + j) ≡ 0 (mod 2); j = 2, 3. (3.3)

So by (3.2), it follows that

p14
e (16n + 14) ≡ 0 (mod 2) and p6

e (8n + j) ≡ 0 (mod 2); j = 4, 6. (3.4)

In [8], Saikia and Boruah found infinite families of congruences modulo 2 for C7(n) and C11(n). For example,
they showed that, if α is any non-negative integer and p ≥ 5 is any prime such that the Legendre symbol
(−7|p) = −1, then

C7

(
22α+1 p2n + 22α+1 p(3 j + p) + 1

3

)
≡ 0 (mod 2); 1 ≤ j ≤ p − 1. (3.5)

Combining (3.2) and (3.5), it follows that

p14
e

(
22α+2 p2n + 22α+2 p(3 j + p) + 2

3

)
≡ 0 (mod 2). (3.6)

Closing remarks

The congruences of the partition functions pα
o (n) and pβ

e (n) presented in this note are not exhaustive. There defi-

nitely exist many other results of pα
o (n) and pβ

e (n) including particular as well as infinite families of congruences
for various moduli, which interested readers may consider.

Acknowledgements The author thanks the anonymous referee who read the manuscript and offered useful suggestions to improve
the readability of the paper.
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