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Abstract In this note, two generalized partition functions pJ (n) and pf (n) are considered, where for any odd
positive integer o, pg (n) denotes the number of partitions of # into odd parts such that no parts is congruent to

o modulo 2«, and for any even positive integer 3, pf (n) denotes the number of partitions of n into even parts

such that no parts is congruent to 8 modulo 28. Some divisibility properties of p§ (n) and pf (n) are discussed
for some particular values of o and f.
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1 Introduction

A partition of a positive integer n is a non-increasing sequence of positive integers called parts, whose sum equals
n. The number of partition of a positive integer 7 is usually denoted by p(n), and the generating function is given
by

1

Y pg"=——. pO)=1, (1.1)
=0 (¢ @)oc

where for any complex number a and g (|g| < 1), (@; @)oo = nnzo(l — aq™). For brevity, one often use

the symbol, fi := (¢*; ¢¥)oo, for any positive integer k. Ramanujan [3,6,7] offered following three beautiful
congruences for the partition function p(n):

pGSn+4) =0(mod5), p(7n+5)=0(@mod7), p(lln+6)=0(modIl).

Motivated by Ramanujan’s congruences for p(n), many new partition functions with certain restrictions are
defined and their arithmetic properties were studied in recent years. This note deals with two generalized partition

functions p§ (n) and pf (n), where for any odd positive integer «, p5 (n) denotes the number of partitions of n

into odd parts such that no parts is congruent to &« modulo 2¢«, and for any even positive integer 3, pf (n) denotes
the number of partitions of n into even parts such that no parts is congruent to § modulo 28. For example,
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pg (5) = 2 with relevant partitions Sand 1 +1+ 1+ 141, and pj (6) = 2 with the relevant partitions 6 and
2 4+ 2 4 2. The generating functions of p§ (n) and pf (n) are given by

Zpa(n)q” Ui 4*)oo _ Sofe .
= @9 f1f2a (1.2)
and o
(47347 )oo /8
[ = = : 13
gpe (mq D = Do (1.3)

The case o« = 3 of p& (n) (thatis, pg (n)) was investigated by Schur [11] (also see [1]). In this view, it is natural to
expect that the other particular cases of partition functions p$ (n) and pf (n) will also satisfy equally interesting

partition results. The purpose of this note is to investigate some divisibility properties of pJ (n) and pf (n) for
some particular values of « and B.

2 Divisibility of p (n)
For « = 1 in (1.2), it is obvious that

1 if n=0
1 _
po(n) = 0 if n>0.

Moreover, by elementary g-operations, it is easy to see that pg (n) = V(n), where V(n) is the number of partitions
of n into parts = 1 or 5 (mod 6).

Next, we present some congruences modulo 2 of p§ (n). It is useful to note here that (see [9]), for any integer
m>1,

fom = fpy (mod2). 2.1)
Theorem 2.1 We have

(i) P2(5n+j)50(mod2); j =34,
(ii)  p>20n + 11) = 0 (mod?2),
(iii)  For any prime p > 5Sandk =1,2,--- ,p—1,

pr—1
4

I <20p2n+20 <pk+ >+1> = 0 (mod?2).

Proof Setting « = 5 in (1.2) and simplifying using (2.1), one has

> pamg" = il (mod?2). (2.2)
o fs
From [7], one has
2
= ps (RS — g — 2 ) 23
f fzs( @) —q R (2.3)
where
(0% 40 (@; 4°)oo
R(g) = )
@ (@ 420 (@*; 47 oo
Employing (2.3) in (2.2), we obtain
wpyon_ J25 s 4
Y pimg" = % (R(q) q R(q5)> (mod2). (2.4)

n>0
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Now (i) follows from (2.4) by extracting the terms involving ¢g>**3 and ¢>***. Again, extracting the terms
involving g>"*! from (2.4), one has
5 n_ S5
Z pXGn+ 1g" = - (mod ?2). (2.5)
1

n>0

Recall from [5, Theorem 1] that,

S5 _ 13 f +qf43f10f40 2.6)

N f2fwo 5 fsfo

Employing (2.6) in (2.5) and extracting the terms involving ¢2" and then replacing g2 by ¢, one has

2
S(on+ Dot = 2200 _ S a0y, 2.7
gm kDt g = (med2) 2.7)

Now (ii) follows from (2.7) by extracting the terms invovling g2**!.

Also, from (2.7) and (2.1), it is easily seen that

> pi20n + 1)g" = fi (mod2). (2.8)
n>0
From [4, Theorem 2.2], note that
(p=1)/2
fi = Z (_1)kq(3k2+k)/2f <_q(3p2+(6k+l)p)/2’ _q(sz—(6k+l)p)/2>
k=—(p—1)/2
k#(£p—1)/6
_|_(_1)(:|:p—1)/6q(p2_1)/24fp2’ (2.9)
p—1
. . +p—1 ——, if p=1 (mod6),
where p > 5 is a prime and = _2 1
6 c if p=—1 (mod6).
- - +p—1 3k +k |, pP—1
Furthermore, if—pT <k<P " andk 222 . then 2+ = P 54— (mod p). Employing (2.9) in
(2.8), and then extracting the terms involving q””+(”2_1)/24, dividing by q(pz_l)/24 and replacing g? by ¢, one
has
p*—1
> or (20pn+20( N )+ 1) q" = f, (mod?2). (2.10)
n>0
Now (iii) follows from (2.10) by extracting the terms involving ¢”"** for 1 <k < p — 1. O

Some more congruences modulo 2 satisfied by pS(n) for @ = 7,9, 11 and 13 are listed below which can
also be proved by employing suitable g-series identities:

(i) pl(In+j)=0(mod2); j=3,4,6.
(i)  pl98n+ j)=0(mod2); j=51,65,93.
i) p] <l4p2n +ldpk + 32D 4 9) —0(mod2): k=1,2,---,p—1,
where p > 5 is a prime such that the Legendre symbol (—14|p) = —1.
@ plln+j)=0(@mod2); j=23,6,8,9,10.
v pB3n+j)=0(mod2); j=3,4,6,8,10,11.
(vi) p8(6n + 3) = 0(mod?2), if n is even.
i) po(6n +5) = 0 (mod 2), if n is odd.
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3 Divisibility of p’ (n)

From definition of pf (n), it is readily seen that, for any positive integer n, pf (2n + 1) = 0. Furthermore, by
g-series manipulation, it follows that

pe(4n) = p(n),
which along with Ramanujan’s congruences for p(n) immediately imply
p2(20n +16) = 0 (mod5), p>(28n+20) =0(mod7) and pZ(44n +24) =0 (mod 11).

Also, if U (n) denotes the number of partitions of n into odd parts or parts congruent to 0 modulo 4, then by
elementary g-series manipulations,

pran) =um).

Again, for any positive integer &, let Cy (n) denotes the number of 2-colour partitions of n where one of the colors
appears only in parts that are multiples of k. Then

1
D Culmg" = = (3.1)

n>0
Setting 8 = 2k in (1.3), and then extracting the terms involving ¢2”, replacing g2 by ¢, and using (2.1), one has
pH(@2n) = Cr(n) (mod 2). (3.2)

Sinick [10] defined the partition function Cy(n) as the the number of bipartitions (A, ) of n subject to the
restriction that each part of u is divisible by k. Baruah and Ojha [2, Corollaries 3.3 & 4.4] proved that

C78n+7)=0(mod2) and Cz(4n + j)=0(@mod2); j=2,3. 3.3)

So by (3.2), it follows that
pl(16n +14) =0(mod2) and pS(8n + j) =0(mod2); j=4,6. (3.4)
In [8], Saikia and Boruah found infinite families of congruences modulo 2 for C7(n) and C1;(n). For example,

they showed that, if o is any non-negative integer and p > 5 is any prime such that the Legendre symbol
(=7|p) = —1, then

220{+l 3 1
C7(22“+1p2n+ p(]3+p)+ )EO(modZ); l<j<p—1. (3.5)

Combining (3.2) and (3.5), it follows that

22a+2 3 2
pl (22a+2p2n n Ll é TP+ ) =0 (mod?2). (3.6)

Closing remarks

The congruences of the partition functions p§ (n) and pf (n) presented in this note are not exhaustive. There defi-

nitely exist many other results of p§ (n) and p’f (n) including particular as well as infinite families of congruences
for various moduli, which interested readers may consider.
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the readability of the paper.
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