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Abstract In this paper, we study the convergence rates for homogenization problems for solutions of partial
differential equations with rapidly oscillating Neumann boundary data in the convex polygonal domains. As a
consequence, we obtain the pointwise and L p convergence results. Our techniques are based on using Fourier
analysis method as well as Diophantine condition on the boundary
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1 Introduction

Homogenization of periodically oscillating boundaries, such problems arises in the context of fluid flows over
a rough surface [4–6] , of reinforcement by a thin layer [14], or of electromagnetic scattering by an obstacle
with a periodic coating [1,19]. The problem of homogenization of the boundary data has been a longstanding
open problem and challenging task, raised for instance by A.Bensoussan, J.L.Lions and G.Papanicolaou in their
book "Asymptotic analysis for periodic structures"[17]. At first glance, this case looks similar to the periodic
homogenization problems without oscillating boundary. However, this homogenization problem turns out to be
much different and much more difficult. The main reason is that when the boundary data is oscillating, along
which they don’t have any periodicity character. Hence, it is reasonable that the solutions to elliptic problems
should exhibit concentration near the boundary of domain. This is so-called boundary layer phenomenon.

Homogenization problems in connection with the boundary layer have been considered in a variety of
practical flow problems of scientific and engineering interest. Indeed, boundary layers results can be applied to
the homogenization of neutronic diffusion or transport equation [3,11,12,16]. Studying boundary layers is also
the key for determining interface transmission conditions in various mechanical problems [15,18,24]. We refer
to some classical books [2,13,17,21–23,28] for background and overview.

Recently, there was many activity in the theory of homogenization with oscillating boundary data. In 2011,
D.Gérard and N.Masmoudi [20] studied the homogenization of elliptic system with Dirichlet boundary condition,

Communicated by K Sandeep.

J. Zhao (B)· J. Wang · J. Zhang
School of Mathematics and Information Science, Zhongyuan University of Technology, Zhengzhou 450007, China
E-mail: kaifengajie@163.com

J. Wang
E-mail: wangjuan03022204@163.com

J. Zhang
E-mail: mathzhangjianlin@hotmail.com

123



Homogenization of the Neumann boundary... 1261

when the coefficients of the system and the boundary data are ε periodic. They obtained that the solutions
convergence in L2 with a power rate in ε. In 2013, H.Aleksanyan, H.Shahgholian and P.Sjölin [7] proved
pointwise estimates for homogenization problem for solutions of partial differential system with ε periodic
oscillating Dirichlet data. In 2014, H.Aleksanyan, H.Shahgholian and P.Sjölin [8] consider the homogenization
problem in polygonal domains, and obtain pointwise as well as L p estimates. Their method is based on analysis
of oscillatory integrals, and they only consider the homogenization of Dirichlet boundary value problems. In
2015, H.Aleksanyan, H.Shahgholian and P.Sjölin [9] also consider homogenization problem with both oscillating
operator and Dirichlet boundary data, and get L p convergence rate.

The main purpose of this paper is concerned with the study of convergence rates for the elliptic equation
with an oscillating Neumann boundary data in the convex polygonal domain. More precisely, we are interested
in the following problem,

⎧
⎪⎨

⎪⎩

Luε = −div(A(x)�uε) = − ∂

∂xi
(ai j (x)

∂uε

∂x j
) = 0 in �,

∂uε

∂ν
= fε(x) = f (x/εα) on ∂�,

(1)

where ∂uε

∂ν
= A(x)�uε · ν, and α is a arbitrarily positive number.

To fix the ideas, let � be a bounded convex polygonal domain in Rn (n ≥ 3), which is a convex domain
bounded by some number of hyperplanes

� =
N⋂

i=1

{x ∈ R
n : x · νi > ci },

where νi ∈ S
n−1 and ci is a real number.

Throughout this paper, the summation convention is used. We assume that the matrix A(x) = (ai j (x)) with
1 ≤ i, j ≤ n is real symmetric and satisfies the ellipticity condition, i.e., for x ∈ R

n and ξ = (ξi ) ∈ R
n ,

ai j (x) = a ji (x), and λ | ξ |2≤ ai j (x)ξiξ j ≤ 1

λ
| ξ |2, (2)

where λ > 0, the periodicity condition

f (y + h) = f (y) f or y ∈ R
n and h ∈ Z

n . (3)

We impose the smoothness, convexity and Diophantine conditions

A(x), f (y) ∈ C∞(Rn),

� is convex, i ts boundary normal vector is Diophantine. (4)

Remark 1.1 A vector ν = (ν1, . . . , νn) ∈ R
n is Diophantine, if for any m ∈ Z

n\{0}, there exists 0 < τ(ν) <

∞ and C > 0, such that

|m · ν| >
C

|m|τ(ν)
,

where | m |=| m1 | + · · · + | mn |.
It is easy to find that when τ > n − 1, then the set of such vectors has full measure in any ball of Rn . This

shows that the Diophantine condition is generic for all polygonal domains.
Without loss of generality, we also assume the compatibility condition

∫

∂�

uε(x)dσ(x) =
∫

∂�

fε(x)dσ(x) = 0. (5)

Associated with (1) is the homogenized problem
⎧
⎪⎨

⎪⎩

Lu0 = − ∂

∂xi
(ai j (x)

∂u0

∂x j
) = 0 in �,

∂u0

∂ν
=
∫

Tn
f (y)dσ(y)

.= f0 on ∂�,
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where T
n is the unit torus of R

n .
Remark 1.2 Due to the absence of interior oscillation effect near the boundary layer, so the boundary satisfies

the converge weakly behavior due to the flat pieces with Diophantine normals, and the effective boundary data
f0 is only a simple average of f . It should be noted that one can not analyze the rate of convergence relying
merely on the smoothness of the domain without any restriction on the geometry of the boundary.

This paper consider the elliptic equation with reiterated periodic boundary data f (x/εα). It is a more general
form of periodic oscillating boundary data. For instance, if α = 1, we have the classical rapidly oscillating
boundary data. It is much important to consider reiterated homogenization problem which could be found applied
to advection and diffusion of passive tracers in fluids. Furthermore, we consider the Neumann boundary value
problem. Unlike Dirichlet problem, Neumann problem requires more restrictions on the boundary conditions and
is more complicated. As the author known, the Neumann problem has played a significant role in mathematical
physics, such as equilibrium problems concerning beams, columns, or strings and engineering problems in
thermodynamics, and which has attracted the attention of many researchers over the last two decades. In practice,
Neumann boundary conditions are much more important in applications[25,27,29].

The procedure we used for obtaining convergence rates estimates is somewhat analogous to the process
H.Aleksanyan, H.Shahgholian and P.Sjölin [8] used for the Dirichlet problem. But due to the fact that Neumann
function has lower singularity than Poisson kernel, we could obtain better convergence rates results.

The following are the main results of this paper.
Theorem 1. Under the assumptions (1)–(5), then for any 2n

2n+1 < γ < 1 and α > 0, there exists a constant
C such that

| uε(x) − u0(x) |≤ C

(
εαγ

d(x)2γ−1

)k

,

where d(x) = dist (x, ∂�) and k = n−1
n+γ−1 .

Theorem 2. Under the assumptions (1)–(5), then for any 2n
2n+1 < γ < 1, α > 0 and 1 ≤ p < ∞, there exists

a constant C such that

‖ uε − u0 ‖L p(�)≤ Cε
αγ k

p ·min{2, 1
2(1−γ k)

}
,

where k = n−1
n+γ−1 and γ k < 1.

The rest of the paper is organized as follows. Section 2 contains some basic formulas and useful propositions
which will play important roles to get convergence rates estimates. In Sect. 3, we show that the solution uε of
partial differential equation with reiterated periodic Neumann boundary data pointwise and L p(�) convergence,
for any 1 ≤ p < ∞, to the solutions of the corresponding homogenized problems in the convex polygonal
domains based on using Fourier analysis method as well as Diophantine condition. Finally, we summarize our
results and discuss possible further developments in Sect. 4.

2 Preliminaries

We begin by specifying our notations.
Let N (x, y) be Neumann function of operator L in (1) and let d(x) = dist (x, ∂�), d̃ = diam(�). For

m = (m1 · · · mn) ∈ Z
n , we set | m |=| m1 | + · · · + | mn | and ‖ m ‖ denote the Euclidean norm. We will also

use C to denote positive constant which may vary in different formulas.
Recall that Neumann function N (x, y) in a bounded C1,1 domain � such that

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

L N (·, y) = δy(x) in �,
∂ N (·, y)

∂ν
= − 1

| ∂� | on ∂�,
∫

∂�

N (x, y)dσ = 0,

where δy(x) denotes the Dirac delta function with pole at y.
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It follows from [26] that if � is a bounded C1,η domain for some 0 < η < 1 and n ≥ 3, then for any x, y ∈ �

and x �= y,

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

| N (x, y) | ≤ C

| x − y |n−2 ,

| �x N (x, y) | ≤ C

| x − y |n−1 ,

| �y N (x, y) | ≤ C

| x − y |n−1 ,

(6)

where constant C depends on n, operator L and domain �.
In the next Proposition, we show the Hölder estimate for N (x, y). It is proved in Theorem 5.4 of [26].
Proposition 1. Retain the hypothesis of the domain � and operator L , then for any 0 < γ < 1,

|N (y, x) − N (y, z)| ≤ C
|x − z|γ

|x − y|n−2+γ
,

where |x − z| < Cd(y).
Proposition 2. Retain the hypothesis of the domain � and operator L , if d(y) small enough, then for all

x ∈ �,

|N (x, y)| ≤ C
d(x)d(y)

|x − y|n .

Proof. The proof of this Proposition follows essentially the same steps as Lemma 7 of [10], with the obvious
modifications.

We remark that the estimate (6), Proposition 1 and Proposition 2 are proved in the case when the matrix A is
periodic. A careful inspection of each proof we could get that these estimates continuous to valid for non-periodic
operators.

As a general remark, we could say that if we have a nice domain and coefficients, then the estimates of Green
and Neumann functions are more or less standard. Let me mention that a very good reference on Green functions
for scalar equations is the paper of Gruter and Widman, "The Green function for uniformly elliptic equations",
Manuscripta Mathematica, 37, (1982) 303-342. That paper, where no periodicity or any other structural require-
ment is needed to estimate Green functions. Indeed, the periodicity in such homogenizaiton papers are only
needed to get uniform control with respect to ε". Hence, the assertion is that basically their proof implies the
desired estimates without periodicity assumption on the coefficients, but for fixed operator with some regularity
condition on the coefficients.

The next proposition had been proved by H.Aleksanyan H.Shahgholian and P.Sjölin [7].
Proposition 3. If f ∈ Ck(Tn) and β ∈ R

1, then provided k + β > n/2, one has

∑

0 �=m∈Zn

1

‖ m ‖β
| cm( f ) |≤ C

⎛

⎝
∑

θ∈Z
n+,|θ |=k

‖ �θ f ‖2
L2(Tn)

⎞

⎠

1/2

,

where cm( f ) is the m-th coefficient of the Fourier expansion of f .
Proposition 4. Let m ∈ Z

n be non zero. Withous loss of generality, we assume that mn �= 0. For a Diophantine
vector ν = (ν1, . . . , νn) ∈ R

n , consider P = {x ∈ R
n : x · ν = c, ai ≤ xi ≤ bi , i = 1, 2, . . . , n − 1}, if

I =
∫

P
exp(2π iλm · x)dσ(x),

then one has

|I | ≤ C
‖ m ‖(n−1)τ

λn−1 .

Proof . Since the vector ν is Diophantine, then we have

xn = c

νn
− 1

νn
(x1ν1 + x2ν2 + . . . + xn−1νn−1).
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Substituing this into the integral one may show that,

I = C
n−1∏

i=1

∫ bi

ai

exp

[

2π iλ

(

mi − mn
νi

νn
·
)

xi

]

dxi . (7)

By Diophantine condition this implies that
∣
∣
∣
∣mi − mn

νi

νn

∣
∣
∣
∣ = 1

|νn| |miνn − mnνi |

≥ C

(|mi | + |mn|)τ
≥ C

||m||τ ,

for all i = 1, 2, . . . , n − 1.
A simple caluation each of integrals in (7) then gives the desired result.

3 Proofs theorems

The goal of this section is to establish pointwise and L p convergence rates of solutions.
Firstly, without loss of generality, we assume that ∂� has N faces of the polygons, and each one denotes it

by �i , i.e. ∂� = ∑N
j=1 � j .

Then, we use the Neumann function representation

uε(x) − u0(x) =
∑

1≤ j≤N

∫

∂� j

N (x, y)[ fε(y) − f0]dσ(y). (8)

It is easy to find that if we want to study the integrals it is enough to consider over one particular face. Let
� be any one of the faces of ∂� j with Diophantine vector ν.

Since the function f (x) is periodic and sufficiently smooth, we have the Fourier expansion

f (x) =
∑

m∈Zn

cmexp(2π im · x).

Hence

f (x/εα) =
∑

m∈Zn

cmexp(2π im/εα · x).

It follows that

fε(y) − f0 =
∑

0 �=m∈Zn

cmexp[2π im/εα · y].

Next, we define the set S1 = {m ∈ Z
n : m1 �= 0} and Sk = {m ∈ Z

n : mk �= 0}\(S1
⋃

S2 . . .
⋃

Sk−1) for
k = 2, 3, . . . , n.

It implies that
∫

�

N (x, y)[ fε(y) − f0]dσ(y)

=
∑

1≤k≤n

∑

m∈Sk

cm

∫

�

N (x, y)exp[2π im/εα · y]dσ(y).

Let h > 0 be a small number and x ∈ � be fixed with d(x) ≥ ch. Then we divide the � into two parts, i.e.
� = S + �\S, where

S = {y ∈ � : dist (y, ∂�) ≤ h}.
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Here S is a strip of width h near the (n-2)-dimensional boundary of �. And �\S is a (n-1)-dimensional cube of
side length h. Next, we will use Proposition 2 to control S part, Proposition 1 and Proposition 4 to estimate �\S
part.

Step 1. Deal with
∫

S N (x, y)[ fε(y) − f0]dσ(y).
After the rotation of the coordinates, we may assume that S is contained in the plane xn = 0. Supposing that

L1, L2, . . . , L N are the flat portions of ∂S, and we set

Hi = {(y1, y2, . . . , yn−1, 0) ∈ S : dist (y, Li ) ≤ h}.
Then we have S = ⋂N

i=1 Hi
∫

S
|N (x, y)|dσ(y) ≤

N∑

i=1

∫

Hi

|N (x, y)|dσ(y).

It is also enough to consider the integrals over each Hi . In order to state simplicity, we set H to be any one
of a Hi . After the rotation, it is possible to consider that

H ⊂ {(y1, y2, . . . , yn−1) ∈ R
n−1 : |yn−1| ≤ h}.

For a fix x ∈ �, we assume that x̂ denote the orthogonal projection of x onto the hyperplane containing
to �. It is easy to find that d(x) ≤ |x − x̂ | = |xn|. It follows from the estimate for the Neumann function in
Proposition 2 that

∫

H
|N (x, y)|dσ(y)

≤ C |xn|h
∫

H

dσ(y)

[(x1 − y1)2 + . . . + (xn−1 − yn−1)2 + x2
n ]n/2

≤ Ch

|xn|n−1

∫

|yn−1|≤h

dy

[( x1−y1
xn

)2 + . . . + (
xn−1−yn−1

xn
)2 + 1]n/2

≤ Ch
∫

|zn−1− xn−1
xn

|≤ h
xn

dz

(1 + |z|2)n/2

≤ C
h2

d(x)
.

This yields that
∣
∣
∣
∣

∫

S
N (x, y)[ fε(y) − f0]dσ(y)

∣
∣
∣
∣ ≤ C

h2

d(x)

∑

1≤k≤n

∑

m∈Sk

|cm |

≤ C
h2

d(x)
,

(9)

where we have used the Propostion 3 and the fact that function f is smooth enough.
Step 2. Deal with

∫

�\S N (x, y)[ fε(y) − f0]dσ(y).
We choose an approprite covering of �\S by the finite number of measurable sets �i ∈ �\S, such that

�\S = ⋃M
i=1 �i , diam(�i ) ≤ Cd(x) as well as |�i | = Chn−1, for the fixed x ∈ � and small number h > 0.

Now, fixing some yi ∈ �i for i = 1, 2, . . . , M , for any y ∈ �i , we may also assume that |y − yi | ≤ diam(�i ) ≤
Ch.

It follows that
∫

�\S
N (x, y)exp[2π i/εαm · y]dσ(y)

=
∑

1≤i≤M

∫

�i

[N (x, y) − N (x, yi )]exp[2π i/εαm · y]dσ(y)

+
∑

1≤i≤M

N (x, yi )

∫

�i

exp[2π i/εαm · y]dσ(y)

.= P1 + P2.
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Estimate of P1. In view of Proposition 1 for Hölder estimate of N (x, y), we obtain

|P1(x)| ≤ C
∑

1≤i≤M

∫

�i

|y − yi |γ
|x − yi |n−2+γ

dσ(y)

≤ C
hγ

d(x)2γ−1

∑

i

|�i |
|x − yi |n−1−γ

≤ C
hγ

d(x)2γ−1

∫

�\S

dσ(y)

|x − y|n−1−γ

≤ C
hγ

d(x)2γ−1 ,

where we have used the fact that |x − yi | ≥ d(x), and 0 < γ < 1.
Estimate of P2. It follows from Proposition 4 that

∫

�i

exp[2π i/εαm · y]dσ(y) ≤ Cεα(n−1)||m||(n−1)τ

≤ Cεα(n−1)||m||(n−1)τ |�i |
hn−1 .

It implies that

|P2(x)| ≤ Cεα(n−1)||m||(n−1)τ
∑

i

|N (x, yi )||�i | 1

hn−1 .

≤ Cεα(n−1)||m||(n−1)τ 1

hn−1

∫

�\S
|N (x, y)|dy

≤ Cεα(n−1)||m||(n−1)τ 1

hn−1 ,

where we have used estimate (6) for Neumann function.
Finally, to combin the estimates for P1 and P2, we observe that

∣
∣
∣
∣

∫

�\S
N (x, y)[ fε(y) − f0]dσ(y)

∣
∣
∣
∣

≤ C
∑

1≤k≤n

∑

m∈Sk

|cm |
(

hγ

d(x)2γ−1 + εα(n−1)||m||(n−1)τ 1

hn−1

)

≤ C

(
hγ

d(x)2γ−1 + εα(n−1) 1

hn−1

)

,

where we have used the Propostion 3 and the fact that function f is smooth enough.
Thus, we have proved that

| uε(x) − u0(x) |≤ C

(
hγ

d(x)2γ−1 + εα(n−1) 1

hn−1 + h2

d(x)

)

. (10)

Equalizing the estimates, we take

h = ε
α(n−1)
n+γ−1 · d(x)

2γ−1
n+γ−1 ,

and obtain that

| uε(x) − u0(x) |

≤ C

⎡

⎣
(

εαγ

d(x)2γ−1

) n−1
n+γ−1 +

(

ε2α

d(x)
n+1−3γ

n−1

) n−1
n+γ−1

⎤

⎦ .

Finaly, we set k = n−1
n+γ−1 and make that 2n

2n+1 < γ < 1, clearly the second term is better than first term of
the last estmate in the right hand, which completes the proof of Theorem 1.
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Proof of Theorem 2. It follows from the fact that

| uε(x) − u0(x) |≤ C
∫

∂�

|N (x, y)|| fε(y) − f0|dσ(y)

≤ C
∫

∂�

|N (x, y)|dσ(y)

≤ C
∫

∂�

1

|x − y|n−2 dσ(y)

≤ C,

together with Theorem 1 that

‖ uε − u0 ‖p
L p(�)

=
∫

�

| uε(x) − u0(x) || uε(x) − u0(x) |p−1 dx

≤ C ‖ uε − u0 ‖L1(�)

≤ C
∫ ε

αγ k
2(1−γ k)

0
1ds + C

∫ d̃

ε
αγ k

2(1−γ k)

εαγ ks(1−2γ )kds

≤ Cε
αγ k

2(1−γ k) + ε2αγ k

≤ Cε
αγ k·min{2, 1

2(1−γ k)
}
.

It is easy to calculate that 1 − γ k > 0 holds true for each k = n−1
n+γ−1 and 2n

2n+1 < γ < 1. This completes
the proof of Theorem 2.

4 Conclusions and perspectives

In this paper, we study the convergence rates of solutions for homogenization problem with periodic oscillating
Neumann boundary data in the convex polygonal domains. Our method is based on integral representation of the
solutions and the estimates of Neumann functions. Furthermore, we use homogenization tools to provide some
information on a diffusion problem which can be encountered in various physical frameworks. As a consequence,
in the convex, Diophantine smooth domain, together with smooth operator and boundary data, we prove pointwise
as well as L p convergence results of solutions.

Although this paper focus on homogenization problem for the second order elliptic partial differential equa-
tions, it is also worth noticing that any type of problems when an integral representation is available may be
considered by the method. This includes, for instance, higher order or fractional order divergence form equations.
Moreover, as for a number of physical frameworks which are related to time, it may be interesting to investigate
the the boundary homogenization problem for parabolic equations.

It is not yet known the convergence rates of derivative of solutions, such as W 1,p norm. The crucial step is to
find the Hölder estimate for �N (x, y), analogous to Proposition 1. To the best of our knowledge, such estimates
have not been reported so far in the literature.

It should be also noted that the present convergence rate is not optimal. This is due to the fact that the author
take values of h and γ in the estimate (10), so that we could compare the accuracy of each term. Hence, how to
establish and prove the sharp convergence rates estimates, which is also an interesting problem.

Although the current research is purely theoretical, it is hoped that the results of this work could contribute
to a better understanding of the boundary layer phenomenon as well as Diophantine condition.
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