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Abstract In this article, we characterize the classes S¥ classes in terms of the boundary behavior of Berezin
symbols of the weighted shift operators on the Dirichlet space D (D). Also, we give a result related with the
asymptotic multiplicative property of the Berezin symbol of any operator on reproducing kernel Hilbert space.
Moreover, by using Berezin symbols, we give some condition for sz-(DL) convergence of a series of complex
numbers.
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1 Introduction

By areproducing kernel Hilbert space (shorty, RKHS) we mean a Hilbert space H = H(€2) of functions on some
set €2 such that the linear functional (evaluation functional) f — f (&) is bounded on H for every A € Q. If H
is RKHS on set 2, then by the classical Riesz Representation Theorem there is a function k;, :  x 2 — C with
defining property f (1) = (f, kp¢;) forall A € Q and f € H. We call the family {k : A € R} the reproducing
kernel of the space H. As is well known (see [2]) if {e, (z)},,~¢ is an orthonormal basis for H (£2), then the
reproducing kernel of H (2) is defined as -

krs () =) en Men (2). (*)

n=0

We denote the normalized reproducing kernel of the space H by 757.[, A= ||]ZZ—;||

Some classical RKHSs are, such as, Hardy-Hilbert space H 2 (D) over the unit disk D = {z € C : |z| < 1},
Bergman-Hilbert space L?Z (D) and Dirichlet space D (D) . A extensive information of the theory of RKHSs is
given, for example, in Aronzajn [2], Saitoh [24,25] and Stroethoff [27].

For a bounded linear operator 7 on the RKHS H, its Berezin symbol T is defined as

T(3) = (Thkp . kr)yy (€ Q).
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Since |?()»)| < |IT| for all A € 2, Berezin symbol of 7T is a bounded function. Further developments about
reproducing kernels and Berezin symbols can be found in the literature [3,6,17,30]. _

For any compact operator 7 on the standard RKHS H, it is obvious that lim,— o, 7 (A,) = 0 whenever
(An), C 2 converges to a point of d€2. In this case, the Berezin symbol of a compact operator on a standard
RKHS vanishes on the boundary (see [21]).

o0
Recall that [19] the Dirichlet space D is the Hilbert space of analytic functions f = ) a,z" on the unit disk
n=0
D with

/ ‘f/ (z)’sz/rr =>4 Dlanl? < oo,

D n=0

where d A denotes the usual Lebesgue measure on D = {7 € C: |z| < 1}.
Since the sequence {z” /vn+1:n> O} is an orthonormal basis of Dirichlet space, the reproducing kernel
of D is given by formula (x)

The concept of statistical convergence was first defined for real numbers by Fast [7] and Steinhaus [26], as
a generalization of ordinary convergence. In what follows statistical convergence has been discussed in many
authors (see, for example, [7,8,10,29]). In the paper [23] the notion of discrete statistical Abel convergence was
introduced and obtained an important result. Recently, solving of some problems in operator theory has been
studied by using the concepts of statistical convergence and Berezin symbols [10]. Namely, they show that under
which conditions the weak statistical limit of compact operators is compact.

Let K € Nandd (K) := lim,— }l [{k € K : k < n}|denote the natural densityofset K = {k € K : k < n},
where the vertical bars denote number of elements of K not exceeding n € N. A sequence x = (xi) ¢y of real
(or complex) numbers is said to be statistically convergent to « provided that for every ¢ > 0, natural density of
the set {k € N : [x; — | > e} is zero. If (xx)gen is statistically convergent toawe write s¢-lim x; = «.

We recall that (see [8]) a sequence x = (xi ), Of real (or complex) numbers is said to be statistically Cauchy
provided that for each ¢ > 0 there exists a number N = N (¢) such that

lim l|{k <n:l|xr—xy|>¢e} =0.

n—-oon
The notion "x; = yi for almost all k" for two sequences x = {x;} and y = {yx} means that the natural density
of set {k € N : x; # yi}is zero [8].

A series Y .~ x, is said to be statistically convergent to o provided that the sequence of its partial sums (s)
converges statistically to «, that is, for every ¢ > 0, the natural density of set {k € N : |sy — «| > ¢} is zero. In
this case we abbreviate st-lim s, = «.

Recall that [11] a sequence (a;),>( of complex numbers a, is said to be convergent to a finite number ¢ by
the logarithmic method (L) (or (L)-convergent to ¢) if

e8]

> e
n—+1

n=0

converges in the open interval (0, 1) and

1 > a
n n+1
m — X =.
log(l—x)nX:gn—i-l ¢

x—1-
o0 o
The series ) a, is (L)-convergent to ¢ if the sequence of partial sums s := (s,),>0 (Where s, = > ai) is
n=0 k=0

(L)-convergent to .

In this article, we characterize the classes S¥ classes in terms of the boundary behavior of Berezin symbols
of the weighted shift operators on the Dirichlet space D (ID). Also, we give a result related with the asymptotic
multiplicative property of the Berezin symbol of any operator on reproducing kernel Hilbert space. Moreover,
by using Berezin symbols, we give some condition for s7-(D L) convergence of a series of complex numbers.
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2 Characterization of the classes S"f’ in Dirichlet spaces

For the compact operator T on the Hilbert space H, the n’" s-number (or singular value) of T is the n'” largest
eigenvalue of the operator (T*T)'/? | where each eigenvalue repeats according to its multiplicity. If necessary,
the numbers will be appended by Os to form an infinite sequence. We denote the n'" s-number of T by s, (T)
and the set of all compact operators on H by Soc = Soo (H) . The Schatten-von Neumann class S, = S, (H),
0 < p < +o0, is formed by the operators 7 on H satisfying the condition

D G (1) < +oo.

n=0
The space S, (H) (1 < p < +00) is a Banach space with the norm

1/p
17113, =

D (s (TP
n=0

For p = 2, the operator T € S, (H) is called Hilbert-Schmidt operator. It is well known that (see [9])

o
2 . 2
ITI3, =D ITenllFs -
n=0

The some results about the s-numbers and the classes S}, can be found in [1,5,13].

This section is basically motivated by the question posed by Nordgren and Rosenthal [21]:

How are Schatten-von Neumann class operators characterized in terms of their Berezin symbols?

Remarkable results about this question were obtained by authors in [12,14,16].

Here we consider the classes Spw (0 < p < o0) which are generalizations of the well known Schatten-von
Neumann classes of compact operators and characterize these classes in terms of the boundary behavior of
Berezin symbols of the weighted shift operators on the Dirichlet space D (ID) associated with s-numbers of the
compact operators in S}, and so, we give a concrete answer to this question (Theorem 1 and Theorem 2).

The following definition was defined in [4,16].

Definition 1 Let w := {w,},>¢ be a sequence of the complex numbers w, and 0 < p < oo. The class
S, = S (H) is space of all compact operators 7 on H with the singular numbers s, (7) for which the series

> () wy,

n=0
is convergent.

The classes S};’, 0 < p < oo, are vector spaces. Moreover, it is clear that for w, = 1, n > 0, our space S;’
coincides with the usual Schatten-von Neumann space S),. Generally, if {w, },>( is a sequence such that

Ci=lwpl =C2(n=0)

for some Cy, C> > 0, then it is easy to see that S;,” =Sp.

Let A = {A,} be abounded sequence of complex numbers, and {z” /n+1:n> O} be a standard orthonor-
mal basis of Dirichlet space D. The operator Wa € D defined by

" Zn—H
W =A ,n=0,1,2..
A«/n 1 SN E)

is called a weighted shift with the weights (A;). Clearly, Wa is a bounded operator on D and ||Wa| =
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Theorem 1 Let T € B (H) be a compact operator with nonincreasing sequence of s-numbers s; (T), i > 0,

{w;};>0 be a bounded sequence of complex numbers, and let O

<p<oolfT € S (H), then

Wa (V) _ 1
N (_loga —x)) wr=t
i@y w!
where A = (ﬁ)i>o.

Proof Calculating the Berezin symbol of the weighted shift operator W on the Dirichlet space D, we have that

(— (@) og (1 — m2))

(— (@) og (1 — 2))

VV; (n) = (WA?;JA ’k\ﬂ.) = <W

(— (@) og (1 — 2))

(=@ og (1 —m0)| (= () Tog (1 — 2) |
(= (m2)~'log (1 — 2))

|

- s

1

(In?)”

<WA(

Hlog (1 - 1)) (—

o

(112) " log (1 — ul?)

e — I
Wa
log |pL| ; Vi+1 l+1 ;\/ +1 l+1
|ul? ﬁ Z i '
10g1—|u| = 1 110 l—i-l\/l—i-]
|ul? woosi(DPw! i [
10g1—|u| O‘/l+1 i+l \/1—|—2l20 i+14i+1
|| Z si (T)P w! @ i+
log — ul?) Vit2 i+1
Z si (T)P wlp |M|2H_2
logl—lul Ji+2 i+l

for all u € D. Particularly,

—_~

si (T)P wl xi+1

Wa (V) = - log(l—x) Z

ey

Vit2 i+l

or
@(ﬁ) 1 N i (TP w! x+!
Jx =_log(1—x)§ Vit i+l

forallx € (0,1).

Si (T) w/
Equality (1) gives that (L)-convergence of ———" is equivalent to the assertion that
Wa 1
M:0<__) et
NG log (1 — x)

Let T € Sw (H). Then the series Z oSi (TP w p is convergent and so is Z —0

i+1
1

si(T)pwl- x!
Ji+2 i+

Wa (v) 0(_
Jx

convergent, that is, a finite limit Y ;o

1

which proves the theorem.
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Let Mult (H) represent the space of all multipliers of the functional Hilbert space H = H (Q) C L? () on
2 with reproducing kernel k,, (1 € 2) satisfying the following conditions:

(a) the evaluation functional f — f (w) is continuous on H for all u € 2 ;

(b) Mult (H) is a dense subset of H;;

(c) k' € Mult (H).

Recall that by the closed graph theorem, the multiplication operator M, f is bounded in H for every x €
Mult (H).

Our next more general result characterizes the S, (H)-class operators in terms of Berezin symbols, which
is a slight generalization of [14, Theorem 2.2].

Theorem 2 Let H = H () be a reproducing kernel Hilbert space with the properties (a), (b) and (c). Let

T € Soo (H) be a compact contraction operator with s-numbers s; (T) = u; (T*T)2 with the corresponding
normed eigenvectors x; € H,i > 1. Then T € S}/ (H), 0 < p < 00, if and only if

~ ya

2
w! <<MZM[‘xiT*TMk;,-'x1‘) (m))

Proof Taking into account that (T*T)% xi = pixi, ||xillg = 1,i > 1, it can be easily shown that (see, the proof
of Theorem 2.2 in [14])

oo
> s 3,
i=1

is a convergent series.

S
Ko

1
P~ 2
k)
i
- ”kui ” <T*TMk;ilxi7€”i ’ Mk/:ilxi,];l‘«i>

1
= 2
= ||km ” [(M:;.lxiT*TMkﬁilxi> (,ui)j| .

D i (M) w! =
i=1

= H (T*T)% Xi

o

’I

- <(T*T)2 ?;E (1°7)% =

=~

0=

Hence

~ L

2t
> 3
- Sl ((M* g, Jw)

and thus T € S} (H), 0 < p < 00, if and only if the series

oo ~
2 [ 3 w? ((Mk T*TMkmnx,.) (m))
1=

is convergent. This gives the desired result. O

P
2

3 The asymptotic multiplicative of the Berezin symbol

The Berezin symbol is said to be asymptotically multiplicative on B (H (£2)) if hnalsz (ﬁfz (n) — f] () fz ( M)) =
n—
0. Note that in general the property does not hold for any operator in any RKHS.

@ Springer
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In [18], Kili¢ began a complete investigation of a multiplicative property of the Berezin symbol T of a linear

operator 7' in a RKHS H (2) on aregion 2 in C"*. Namely, Kili¢ proved that 7175 = f] 73 forall 7> in B (H (£2))
if and only if 7 is a multiplication operator. Particularly, author showed that if 7' is a bounded operator on the

Hardy space H 2 then ﬁ]{z (n) = ﬁ (w) 7~"2 (w) for all 7> in B (H 2) if and only if 77 is an analytic Toeplitz
operator Ty, ¢ € H*. In [15], Karaev and Giirdal showed that if T, (¢ € L°° (T)) is any Toeplitz operator on

the Hardy space and 75 is an arbitrary operator on H 2 then linalQ (i};]{z (w) — @ (n) fz (M)) = 0. Also, they
n—

proved a similar result for the Bergman space operators.
Here we will show that if 77 is a compact operator on the reproducing kernel Hilbert space and 7> is an
arbitrary operator on H (£2), then

Jim (1720 =T Fo ) =0

Theorem 3 Let Ty be a compact operator on the reproducing kernel Hilbert space and T, is an arbitrary operator
on B(H (2)). Then

(M w-Tiwhw)—o
as u — 0S2 radially.
Proof Since (Tl* — 7’:1:k (/L)) 75,1 J.E,U we get that
~ 2 ~ 2 |~ 2
|17 = T o)l = [ER [ [ 00

and hence

N ~ —~ ~ |2 ~ 2
|77 =75 00) Rl = [T = |7 o)

for all u € Q. Taking into account that 77 is a compact and ’fﬁ (u)) < H 7?1;‘75# , we have that

~ |2 ~ 2
tim (|75, = |77 0] ) = o
M—1>I5152< 1 K 1(#)
that is

lim H (Tl* ~TF (u)) K H =0. )

n—>0Q
Applying the formula (2), we have

o~ ~ o~

Tk Bu) = 7 00 (2R, B

T (0 - T 0 B ()|

(T T

(TR, TiR) = (ks T G0 )|
)(Tsz,Tl — T Wk, )‘
- i~ o)

= 1Tl | 7%, = TF G0 | > 0

as u — 0%2 radially, which gives the desired result. O
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4 Statistical convergence of the series

Important applications of statistical convergence can be found in turnpike theory [20,22]. Statistical convergence
has been discussed in more general abstract spaces as finite-dimensional spaces, Banach spaces, locally convex
spaces and probabilistic metric spaces. But, this concept was firstly studied on RKHS H (£2) by Pehlivan and
Karaev in [23]. Using the Berezin symbol technique, they [23] gave the necessary and sufficient condition for
st-(DA) convergence of a series of complex numbers in Hardy spaces. Later, Yamanct and Giirdal [29] discussed
some problems related with statistical convergence in Fock space.

In this section, using the Berezin symbol technique, we give some conditions for sz-(D L) convergence of a
series of complex numbers in the Dirichlet space D.

Note that diagonal operator D, on D for any bounded sequence x = (x;),>( of complex numbers is defined
by the formula

" "
D =X ,n=20,1,2,...,
x«/n 1 n«/n—i—l

with respect to the orthonormal basis (2" /v/n + 1), _, of D.

Definition 2 Let x = {x,},> be a sequence of complex numbers. A series an is discretely statistically (L)-

n

. . X . ..
convergent to «, provide that for all 7, 0 < ¢ < 1, the series f (¢) = Zﬁt”“ is statistically convergent
n
and o = st -lim,, f (#,,) whenever a sequence {,,} is statistically convergent to 1 in (0, 1) .

The discretely statistically (L)-convergent is denoted by s¢-(D L) convergent.
Now we are ready to give main result of this section:

o

Theorem 4 Suppose x = {x;};> is a bounded sequence of complex numbers. Then the series Zx,- is st-(DL)
i=0

convergent if and only if

st-limlog( ! ) Dy (@)
m 1

m
is finite, whenever a sequence {t,,} is statistically convergent to 1 in (0, 1) .

Proof As {x;};>( is a bounded sequence, evidently, the diagonal operator D, is bounded in the Dirichlet space
D. The Berezin symbol of the diagonal operator D, in Dirichlet space D is as follows in [28]:

Bx (n) = (Dxfg,uj;M)

|ul?
=——————(Dyk,, k
log (1 — |ul?) (D b
|ul? o (112) o (122)
- log(1—|u|2)<D"§z+1’§i+1>
|l (1) o (2)’
10g(1—|M|2)<;XZ’+1’;"+1>
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Therefore,
[e’s) 2)i+1
D = ,0 <t<l.
v (1) logl—lul ZO 1+1
Let I,ul2 =t. Then
1 > x
D ( t):— L+, 3
« (Vi log(l—t);i+l )
From equality (3),
> 1
Lo+l D
' =1 — | D ( t)
= () B (1

forall 1,0 <t < 1. Because of |5x )} < || Dyl , the series Z =07 lt’“ converges for each 7, € (0, 1),

and hence, statistically converges. Also, we get from equality (3) that

st- 11mZ +1 ,‘nH
i

is finite, whenever a sequence {t,,} is statistically convergent to 1 in (0, 1), if and only if

) B (Vi)

m

st-lim log (
m
is finite, whenever a sequence {#,,} is statistically convergent to 1 in (0, 1) . This completes the proof. O
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