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Abstract We shall prove that if N = p"‘qlz'3 ‘qzz'3 2o qr2 f "{1 is an odd perfect number such that p, g1, ..., gr—1

are distinct primes, p = o = 1 (mod 4) and ¢ divides 28; + 1 foralli = 1,2,...,r — 1, then > divides N,
improving an eighty-year old result of Kanold.
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1 Introduction

A positive integer N is called perfect if the sum of divisors of N except N itself is equal to N. In other words,
a perfect number is a positive integer N satisfying o (N) = 2N, where o (N) denotes the sum of divisors of N
including N itself as usual. It is one of the oldest problem in mathematics whether or not an odd perfect number
exists. Euler showed that an odd perfect number must be of the form

2 28—

N = p%q q,"

where ¢q1, ..., g-—1 and p are distinct odd primes and By, ..., B-—1 and « are positive integers with p = o =
1 (mod 4). Nielsen proved that N < 2% in [12] and then N < 2Z'=D% in [13].

However, we do not know a proof (or disproof) of the nonexistence of odd perfect numbers even of the
special form 8y = B, = --- = B,—1 = B in (1.1) with B an integer, although McDaniel and Hagis conjectured
that there exists no such one in [10]. A series of papers studying odd perfect numbers of this form was started by
Steuerwald [14], who showed that 8 # 1. Now it is known that 8 # 2 from Kanold [6], 8 # 3 from Hagis and
McDaniel [5], B # 5, 12, 24, 62 from Hagis and McDaniel [10], 8 # 6, 8, 11, 14, 18 from Hagis and McDaniel
[2], B # 1 (mod 3) from McDaniel [9], and § # 2 (mod 5) from Fletcher, Nielsen, and Ochem [4]. We proved

that r < 4/32 +2B8+4+3and N < 244'32+2'9Jr3 for an odd perfect number N in the form (1.1) in [15]. Later, we
replaced the upper bound for r by 282 4+ 88 + 3 in [16] and then 28% + 68 + 3 in [17].

Indeed, McDaniel proved a slightly stronger result that if 28; + 1 = 0 (mod 3) foralli = 1,2,...,r — 1
in (1.1), then N can never be an odd perfect number. Similarly, Fletcher, Nielsen, and Ochem [4] proved that an
odd integer N in the form (1.1) can never be perfectif 28; +1 =0 (mod 5) foralli =1,2,...,r — 1.
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Around eighty years ago, Kanold [6] had already proved a general result that if N in the form (1.1) is an odd
perfect number and an integer ¢ divides 28; + 1 fori = 1,2, ..., r — 1, then t* divides N. The aim of this paper
is to strengthen this result.

Theorem 1 If N is an odd perfect number in the form (1.1) and an integer t divides 2f; +1fori = 1,2,...,r—1,
then t° divides N.

Our tools are well-known divisibility properties of values of cyclotomic polynomials and a technical lemma
on a certain system of exponential diophantine equations.
We observe that it suffices to prove the theorem for 1 = €% with £ prime and k a positive integer. Indeed, once

we have proved it, we see that if NV is an odd perfect number in the form (1.1) and an integer t = K’fl e K]S(: with
L1, ..., £y distinct primes divides 28; + 1 fori = 1,2,...,r — 1, then Eikj divides N foreach j =1,2,...,s
and therefore ¢ divides N as desired.

Hence, we shall only discuss the case r = £ with £ prime and k a positive integer. This case can be divided
into several cases according to the value of k and whether p = £ or not. Many cases can be easily settled using
well-known divisibility properties of values of cyclotomic polynomials. The only case that requires elementary
but numerous steps is the case p = ¢ and k = 2. Eventually, this case can be settled by analyzing several
exponential diophantine equations involving primes, completing our proof.

2 Preliminaries

For a prime p and an integer e > 0, we write p¢ | x if p¢ divides x and p¢ || x if p¢ divides x but p¢*! does
not. Let ®4(X) denote the d-th cyclotomic polynomial and o, (x) denote the multiplicative order of an integer
x modulo p for a prime p.

Now we quote some elementary divisibility properties of numbers of the form ®,(x). Lemmas 1 and 2 are
well-known. Lemma 1 follows from Theorems 94 and 95 in Nagell [11]. Lemma 2 has been proved by Bang [1].
A generalization by Zsigmondy [18] is well-known and rediscovered by many authors such as Dickson [3] and
Kanold [7].

Lemma 1 Let x and d be positive integers. Then a prime p divides ®q(x) if and only if d = p®o,(x) for some
nonnegative integer e. Furthermore, if e > 1, then p || ®4(x). In particular, if a prime p divides ©4(x), then
d = op(x) or p is the largest prime divisor of d and, in the latter case, p || ®q(x).

Lemma 2 If a and d are integers greater than 1, then ®4(a) has a prime factor p such that d = o,(a), which
we shall call a primitive prime factor, unless (a,d) = (2,6) ord = 2 and a + 1 is a power of 2.

The following corollary immediately follows from Lemma 1.

Corollary 1 If a prime p divides both ®(a) and ©¢(a) with £ > k, then £ = p°k for some positive integer e
and p || ®¢(a).

We use the following technical lemma on a certain system of two exponential diophantine equations obtained
by Kanold [8].
Lemma 3 Ifthreeprimes{, q1, q> and four positive integerse;, fi(i = 1,2) satisfy two relations ®(q}") = Eq{l
and ®¢(q5?) = qufz simultaneously, then € = 2 and (q7", q5*) = (3%,5) or (5, 3%).

3 Proof of the theorem

As observed in the Introduction, it suffices to prove the theorem for ¢ = £% with £ prime. To this end, we assume
that N is an odd perfect number in the form (1.1) and, for a prime ¢ and a positive integer k, £¢ divides 28; + 1
foralli = 1,2,...,r — 1 but £5* does not divide N. We note that £* divides N from Kanold [6]. Moreover,
Kanold’s proof yields that g; = 1 (mod ¢) for some g;.

Let S denote the set of prime factors g; of N such that g; = 1 (mod £). For each ¢; in S, £ divides ®,; (g;)

for any positive integer j and therefore £X | ]_[];: 1 Puigi) | o (ql.2 p "). Thus, we observe that
1 <#S <4 (3.1)

We begin with settling relatively easy cases.
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Lemma 4 Let ¢ be a prime and k be a positive integer. If €* divides 2; + 1 foralli = 1,2, ...,r — 1 but £5*
does not divide N, then (a) € # q; foralli =1,2,...,r — 1 and (b) £ # p unless k = 2.

Proof We divide into five cases: () £ = g;, k= 1,AD L =gq;, k >2,AID) ¢ = p,k=1,AV) ¢ = p,k > 4,and
V)L=p, k=3.

Case-I1 ¢ = g;,k = 1.Ifk = 1 and £ = g; for some i, then ¢*#i divides N with 28; > £ — 1. If £ > 7, then £°
divides N, which contradicts the assumption.

If g = ¢ = 3, then, since 3 divides 28; + 1 but 28; < S5k = 5, we must have 28; = 2. We observe
that 0’(32) = 13 divides N. If p = 13, then 7,19, 127 € S since (p + 1)/2 = 7, 0(72) = 3 x 19, and
0 (19%) = 3 x 127. Similarly, if p # 13, then we must have either 13, 61,97 € S, p = 61 and 13, 31,331 € S,
or p=97and 13,61,7 € S. Hence, #S > 3 and 28; > 3, which is a contradiction.

Ifg; = € = 5, then we must have 28; = 4 like above. We observe that 11, 71,211 € § sincea(54) =11x71,
o(11%) =5 x 3221, 0(71%) = 5 x 11 x 211 x 2221, and o (211*) = 5 x 1361 x 292661. Moreover, at least
two primes g of 1361, 2221, 3221, 292661 belong to S and therefore #S > 5, contrary to (3.1).

We note that the impossibilities of £ = 3 and ¢ = 5 immediately follow from McDaniel’s result in [9] and
a result of Fletcher, Nielsen, and Ochem [4] mentioned in the Introduction respectively. However, in our cases,
we need only a small amount of computation compared to their arguments.

Case-Il ¢ = g;, k > 2. If k > 2 and £ = g; for some i, then £2Fi divides N with 28; > ¢¥ — 1 > 5k — 1 > 5k.
Hence, £>* divides N, contrary to the assumption.

Case-IIl £ = p,k = 1. If k = 1, then p4 divides N and therefore @ > 4. Since « = 1 (mod 4), « > 5 and
p5 = ¢5% divides N, which is a contradiction.

Case-IV ¢ = p,k > 4. By (3.1), we can take a prime factor ¢; = 1 (mod ¢). It follows from Lemma 2 that each
®,;(qi) (j =1,2,3,4) has a primitive prime factor, which must belong to S since p = €. Thus, #S > 5, which
contradicts (3.1).

Case-V £ = p, k = 3. Let g; be a prime factor = 1 (mod ¢). Like above, each ®,;(g;) (j = 1,2,3) has a
primitive prime factor. Thus, we observe that #S > 4 and, together with (3.1),

#S =4. 3.2)

Assume that there exists an index j such that g; # 1 (mod ¢) but £ divides o(q?ﬂj ). Let d be the multi-
plicative order of ¢; (mod £). It follows from Lemma 1 that de? divides 2B + 1, ged(d, £) = 1 and £ divides
D4(qj), Pae(qj), and P yp2(g;). Hence, 23 divides U(qu.ﬁj) and, together with (3.2), we see that 5% divides
I1 41€SUg;) a(qfl3 7y and then N, which is a contradiction. Thus, we see that if ¢ divides a(qi2 Pi ),theng; € S.

If 3 || 28; + 1) for all gi in S, then 2'2 || N, which is impossible since « = 1 (mod 4). Hence, there
must exist a prime factor g; in S such that ¢* divides a(q?ﬁj ). Lemma 1 yields that ¢4 divides 2 j + 1. each

®,i(g;) (i =1,2,3,4) has a primitive prime factor. Thus, #S5 > 5, which contradicts (3.2).
These arguments prove the lemma. O

Now the only case that remains is the case £ = p and k = 2. Hence, it suffices to prove the following lemma.
Lemma 5 If p? divides 28; + 1 foralli = 1,2, ...,r — 1, then p'° must divide N.

Before proving Lemma 5, we introduce the following lemma.
Lemma 6 Assume that p2 divides 2B + 1 foralli = 1,2,...,r — 1 and @ = 9. Then we have

(a) N has no prime factor qj of N such that the multiplicative order d of q; (mod ) divides 28 +1andd > 1.
In other words, if £ divides a(qizﬂi ), then g; must belong to S.

(b) N has exactly four prime factors g; = 1 (mod ¢).

(¢) 2B:i + 1 = €3 for exactly one q; in S and 2; + 1 = €2 for other three q;’s in S.

Proof We begin with (a). Assume that N has a prime factor ¢; of N such that the multiplicative order d of
g; (mod £) divides 28; + 1 and d > 1. Then, each of ®.(q;), Pn2(q;), Pae(q;), Py2(q;) has a primitive
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prime factor. Hence, N must have at least four prime factors ¢; = 1 (mod £). Now we see that ¢£8 must divide
2
l_[q,-ES o(ql.ﬁ) and

2 2
0 @aeq)Paeap) [[o@ 1 ] o@.
qi€S qi€SU{q;}

which is a contradiction. Hence, N has no prime factor ¢; of N such that the multiplicative order d of ¢; (mod £)
divides 28; + 1.

Now we shall prove (b). If (b) does not hold, then we must have #S < 3 and, since 22 divides I gieS U(ql.2 h D
from (a), we observe that ¢3 divides some a(qi2 bi ) with g; = 1| (mod ¢). Thus, 23 divides 2Bi + 1 and
]_[;=1 D,i(qi) | ‘7(%’2 b ") | N. Since each ®,;(g;) has a primitive prime factor, N has at least three prime
factors = 1 (mod £) other than ¢; and therefore #S > 4. This is a contradiction.

Now, it follows from (a) and (b) that N must have exactly four prime factors g; = 1 (mod ¢) but no prime
factor ¢; of N such that the multiplicative order d of ¢; (mod ¢) divides 28; + 1 and d > 1. This means that
2| ]_[qies a(qizﬁi) with #S < 4. Hence, £ divides some U(inﬁi) with g; = 1 (mod ¢).

But, since ¢ divides 28; + 1 forany i = 1,2,...,r — 1, £> must divide a(ql.zﬁi) for each g; in S. Since
2 ]_[qiesa(qizﬂi), we must have £3 || o(q?ﬂi) for exactly one i in S and £? || o*(ql.z’g") for other three i’sin S.

Now Lemma 1 yields that 2 2B + 1) for exactly one ¢;’s in S and 22 || 2B; + 1) for other three gi’s in
S.

If a prime s other than £ divides 2; 4 1 for some g; in S, then, each of ®(g;), D,2(qi), Pse(gi), Pyp2(gi)
has a primitive prime factor and we must have #§ > 5, contrary to (3.1). Thus (c) holds. O

Proof of Lemma 5 Assume that p? divides 28 + 1 foralli = 1,2, ..., r — 1 but p'? does not divide N. Hence,
we see that 8§ = 4k < o < 5k — 1 = 9 and therefore we must have « = 9. This will eventually turn out to be
impossible. The former part of the proof is devoted to show that several diophantine relations involving primes
in S must hold.

By (3.1), we can take a prime factor ¢; in S and each ®,,(g;) (j = 1, 2) has a primitive prime factor. Thus,
N has at least three prime factors ¢; = 1 (mod ¢). Now Lemma 6 yields that S consists exactly four primes and
2B; 4+ 1 = £3 for exactly one prime ¢; in S and 28; + 1 = £ for the other three in S.

We renumber indices so that S = {q1, g2, 93, g4}, 28i + 1 = 2 fori =1,2,3 and 284+ 1 = £3. Thus,
o (qzﬁ Y = H:;:l ®,; (g4) must be composed of only four primes g1, g2, g3 and £. We can deduce from Corollary
1 that gcd(®,i (g4), P,i(ga)) = £ifi # j. Hence, we have

Dy(ge) = Lgle, D2 (qa) = £q)", D3 (ga) = gl (3.3)

for some permutation (a, b, ¢) of (1, 2, 3) and positive integers h,, hp, ho. We can sort ¢; (i = 1,2, 3) so that

D3(qa) = Lgy".
‘We would like to see that either

D(q1) = Lqi gy, Ppa(qr) = Lql (3.4)

or

De(q1) = Lg", Ppa(q1) = Lq; gy (3.5)

must hold, where (u, v) = (2,3) or (3,2) and e3, e3,e4 > 1. .

We can easily see that @ (q1)Pp2(q1) = 02 ]_[251547]-# q;". By Lemma 3, we cannot have ®(q;) = éqj“
or ®,2(q1) = qu“. Hence, we must have (3.4) or (3.5) with (1, v) = (2,3) or (3,2) and e3, e3 > 1.

Now we shall show that e4 > 1. To this end, assume that ¢4 = 0 to the contrary. Now we may assume that
D(q1) = £qy?, Pp2(qu) = £q5° without the loss of generality. By Lemma 3, neither ®¢(g2) = quf‘ , qu‘ nor
Dp2(q2) = quf ' Kq{“ holds. However, ®;(g2)®,2(g2) is composed of only four primes g1, g3, g4 and £ and,
gcd(Py(q2), Pp2(g2)) = £ by Corollary 1. Hence, we must have @1 (g2) = Zq3f3 for some integers = 1 or 2
and f3 > 0. Similarly, @ (g3) = quz for some integers £ = 1 or 2 and g» > 0. This contradicts Lemma 3.
Thus, we must have e4 > 1 in (3.4) or (3.5).

=\
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Hence, we can renumber indices so that
Der(q1) = g5’ @3-y (q1) = £g5° g4 (3.6)

with e, e3,e4 > 1 and y = 1 or 2. Our present purpose is to show that

®u(qa) = Lgq]' 3.7)
and

hy > L. (3.8)

We prove that ¢ divides e4. It follows from (3.6) that qf(e_b 4. .+qf +1= quij“ or qf—l +odgi+l =

£g5%q,". Hence, we obtain

e e4 _

Lgy’q," =1 (mod qy) . 3.9)

We see that qu = 1 (mod q) since otherwise we must have ®;(g3) = qu‘ or ®pn(g3) = 3(]4{4, which is

incompatible with (3.3) by Lemma 3. Hence, we obtain
0 =0%48% =1 (mod q1). (3.10)

Similarly, we see that qu = 1 (mod ¢1) and, combining (3.9) and (3.10), we obtain

2 2
45" = (gsqsH" =1 (mod qy).
But, since g divides ®,3(q4), £ must divide e4 as desired.
Now, we would like to see that
De(q1) = Lg5 . Pplq1) = Lg57qy" (3.11)

Otherwise, we must have ®¢(g1) = £g5¢,* from (3.6) and, observing that

L' =1 (mod qﬁz)
from the assumption that ®,3(g4) = Eq{” , we obtain
o= (Mfl)e =1 (mod qfin{e“’ez}) .

Since ¢ divides £ as we see above, we have e4 > £ and therefore qf must divide ¢¢ — 1. But, since qq € S, we
have g4 > ¢ and qf > ¢* — 1. This is a contradiction. Thus, we obtain (3.11).
e eq

Nextly, we see that qff divides @2 (¢) and g4 = 1 (mod Zz). Since we have just shown that @2 (q1) = £q,°q,
as in (3.11), we obtain

zlz = (Zq{”)ez =1 (mod qf) ,

where we used that min{ey4, 62} > ¢ like above. By Lemma 2, gcd(ﬂ — 1, ®,2(¢)) = 1 and therefore qﬁ divides
et —1or ® 2 (). But, since g4 > £, qf cannot divide ¢¢ — 1. Hence, qf divides ®,2(£) and Lemma 1 yields that
gs =1 (mod ¢?).

Now we prove (3.7). From (3.3), we see that

quz = (mod qﬁ) .
If g4 divides ©,(q2), then,
et = (Lg")" =1 (mod qa) .

Hence, g4 must divide -1, contrary to the above observation.
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Thus, we must have ®(g2) = quflq3f3. If both f1, f3 > 1, then we must have ®,2(q2) = qu‘, which is

impossible by Lemma 3. If ®¢(g2) = Zq3f 3, then, by Lemma 3, we can have neither ®¢s(q3) = £q}", £g5* nor
qu“ for s = 1, 2, which is a contradiction. Thus we must have (3.7).
Nextly, we prove (3.8). Assume that 41 < £ — 1. Then, we can easily see that

Cu—n\ VD
q1 > 614 > qi
L 2

By (3.11), we must have ®2(q1) = £g57q,*. Hence, observing that £ < 2! and £(¢ — 1) > (£ + 1)(¢ — 2),
we obtain

(-1 2 _ 2(—1)2 LE—1)(L+1) (-2
‘11( ) (qf /z)e(z 1) _ q. (2] N q4( Y(L+1)(£~2)
gqft - Eqﬁz(z—l) 2e(t—=1)p 202—1

12
qy" >

and, noting that e» < 2, = ¢ — 1,

£(e-2)
q2 >

Now, (3.7) implies that
D2 (q2) = Lg{qf’

for some nonnegative integers f3 < 283 = £> — 1 and f4 < 284 = £> — 1. Hence,

0e—1) €=2) ;o\ e(l—1) £2(e—1)(£—3) LL—1)(L+1)(L—4)
- (614 /2) 4y 44

q
q3f3 > = €4 = 2(0—1) T qtlt=ly = 021
tq, n 2
and
Le—4
614( )
e
But, since ®¢(g4) = Eqé’z or Eqé” by (3.3), we have

£(e—4) ¢

_ q g

2q57 > Dylga) > 42 > 74

and g4 < 4/¢ < 1, which is impossible. Hence, we must have (3.8).
Now we prove Lemma 5 using (3.7) and (3.8). If f1 < £ — 4, then

¢ < 61/(1371)61{@—4)/(2—1)
and
—1)—(—4)(e+1
Since
q‘fz(#l) < Pp3(gs) = ZCI{ZZ_],
we have
£2/(e+1)
q1 > [1‘/(@—2_1) > g (3.13)
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Combining (3.12) and (3.13), we obtain

0+2 £—1)(e+2 2
qz4>ql+ >q§ ) )>q4.

It follows from (3.11) that ¢£* | ®,2(g1) | (g% — 1) and therefore
0 = g =1 (mod qﬁz).

Hence, we must have g4 < £, which is a contradiction.
If ¢ > 13 and f1 > £ — 3, then, since ¢ divides ®,2(g1), we have

eiz = (€q§2q24)52 =1 (mod qinin{flshl}>

and, from (3.8), min{ f1, h1} > £ — 3 and qff3 < ¢, We observe that

2—1 h 2 2_
gy TV < 0p3(qa) = Lgl < tqy" =gl !

and therefore
1 2 oy 2
gs < Uz(é_,)qlul < Za—n) T@DHET)

Since £ > 13, we must have g4 < ¢1T15/154+1/2028 90 and g4 £ 1 (mod £), which is a contradiction again.
Now the only possibility leftis p = £ = 5. Then (54 1)/2 = 3 and ®5(3)P25(3) = 112 x 8951 x 391151

must divide N. Hence, 3001 x 3221 | ®5(11)Py5(11) | N and therefore S must contain at least five primes 11,

3001, 3221, 8951, and 391151, contrary to (3.1). This completes the proof of Lemma 5. O

Now we obtain our theorem in the case 7 is a prime power combining Lemmas 4 and 5 and then our theorem
in the general case immediately as mentioned in the Introduction.
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