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Abstract A new approach involving the concept of modular Ferrers diagram is employed to interpret the Gordon
and McIntosh’s mock theta functions in terms of (n + t)-color partitions. We then provide the generalized versions
of the mock theta functions and their interpretations. We further found some arithmetic properties for two of the
mock theta functions β(q) and ξ(q).
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1 Introduction

In this paper, we study the combinatorics associated with Gordon and McIntosh’s mock theta functions. The
term ‘mock theta functions’ and their associated functions were introduced by Ramanujan. He introduced these
without giving any formal definition and offered seventeen mock theta functions: four of order 3, ten of order
5 and three of order 7. Later, Watson found three more mock theta functions of order 3. He has shown that
Ramanujan’s mock theta functions together with defined by himself satisfy the strong approximation property
according to which at each root of unity ζ , there is a θ -function Tζ (q) such that M(q) = Tζ (q) + O(1) as
q �→ ζ radially, where M(q) is mock theta function, for details see [13]. The strong approximation property was
achieved by satisfying certain modular transformation laws. In a sequel, Gordon and McIntosh obtained modular
transformation laws for two mock theta functions χ3(q) and ρ3(q), given below, of order 3 due to Ramanujan
and Watson, respectively. To do so, they found two more mock theta functions ξ(q) and σ(q) of the order 3 in
[12], given below:

χ3(q) =
∞∑

n=0

qn2
(−q; q)n

(−q3; q3)n
, (1)

ρ3(q) =
∞∑

n=0

q2n(n+1)(q; q2)n+1

(q3; q6)n+1
, (2)
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1314 H. Kaur, M. Rana

ξ(q) = 1 + 2
∞∑

n=1

q6n(n−1)+1

(q; q6)n(q5; q6)n
, (3)

σ(q) =
∞∑

n=1

q3n(n−1)

(−q; q3)n(−q2; q3)n
, (4)

where

(a; q)n =
n−1∏

i=0

(1 − aqi ) and (a; q)∞ =
∞∏

i=0

(1 − aqi ),

and a, q are complex numbers with | q | < 1.
Gordon and McIntosh further found identities relating third order mock theta functions that are considered as
‘third order mock theta conjectures’. McIntosh [13] has introduced three additional mock theta functions of order
6, which are presented below and are appeared in modular transformation laws.

β(q) =
∞∑

n=0

q3n2+3n+1

(q; q3)n+1(q2; q3)n+1
, (5)

v6(q) =
∞∑

n=0

qn+1(−q; q)2n+1

(q; q2)n+1
, (6)

ξ6(q) =
∞∑

n=0

qn+1(−q; q)2n

(q; q2)n+1
. (7)

We turn finally to the tenth order mock theta functions from the Lost Notebook [3] as:

φ10(q) =
∞∑

n=0

q(
n+1

2 )

(q; q2)n+1
, (8)

ψ10(q) =
∞∑

n=1

q(
n+1

2 )

(q; q2)n
, (9)

X10(q) =
∞∑

n=0

(−1)nqn2

(−q; q)2n
, (10)

χ10(q) =
∞∑

n=0

(−1)nq(n+1)2

(−q; q)2n+1
. (11)

Some relations connecting the above tenth order mock theta functions are given by Ramanujan that were
proved by Choi [8]. For the interested reader concerning the study of mock theta functions with their classical
and modern developments we refer [3]. Mock theta functions are closely connected to combinatorics, precisely
partition theory.

In this paper, we study the combinatorial interpretations for coefficients of the mock theta functions given
from (3)-(7) and (10)-(11) in terms of (n + t)-color partitions using modular Ferrers diagram (discussed in next
section), these results are given in Section 2 and 3, respectively. We then provide the combinatorial interpretations
of the generalized version of the mock theta functions in Section 4. Finally we explore some arithmetic properties
for the two mock theta functions β(q) and ξ(q) in Section 5.

2 Interpretations of mock theta functions of Gordon and McIntosh

We start this section by recalling some basic definitions.
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On mock theta functions of Gordon and McIntosh 1315

Definition 1 A Partition, k = (k1, k2, · · · , ks) is a finite sequence of non-increasing positive integers. The
elements ki , i ∈ {1, 2, · · · , s} are called parts or summands. The sum of all parts, denoted by | k |, is called
norm of partition k. The number of partitions of n is denoted by p(n). By convention, p(0) = 1 and p(n) = 0,
for n being a negative number.

Partitions have a graphical representation called a Ferrers diagram (or Young diagram), which is a left-justified
array of cells where the i th row has ki cells as shown in Figure 1 that indicate the partition of 13 into parts
(5, 4, 2, 2).

Fig. 1 Ferrers diagram for partition k=(5,4,2,2)

The notion of modular partitions first presented by MacMahon [15] and is also discussed by Berndt et al. [6]
for the bijective proofs of Ramanujan’s identities for a partial theta function.

Modular Ferrers diagram- These are also named as p-modular Ferrers diagram. For a partition k into parts
ki congruent to u modulo p where 0 < u ≤ p, its p-modular Ferrers diagram is the diagram in which the i th

row has � ki
p � cells, the cells in the last column have u and others have p. The sum of the numbers in all the cells

equals | k |. For example, 2-modular Ferrers diagram for the partition (9, 7, 5, 5, 1) of 27 is shown in Figure 2.
Here we also recall (n+t)-color partition which is another interesting tool to understand q-series combinatorially
that was introduced by Agarwal and Andrews in [1].

Fig. 2 2-modular Ferrers diagram for partition k=(9,7,5,5,1)

Definition 2 An (n + t)−color partition of a positive integer is a partition in which each part of size ‘n’, n ≥ 0
can come with ‘n + t’ different colors. Note that zeros are allowed if and only if t > 0 but zeros cannot repeat.
For t = 0, (n + t)-color partitions are known as n-color partitions and the parts follow the order

11 < 21 < 22 < 31 < 32 < 33 < 41 < 42 < · · · .
Example 1 Consider (n + 1)-color partitions of 2 as:

21, 22, 23, 2101, 2201, 2301, 1111, 1211, 1212, 111101, 121101, 121201.

For simplicity we represent an (n + t)-color partition as

k = ((k1)z1 , (k2)z2 , . . . , (ks)zs ),

a finite non-increasing sequence of colored positive integers into s parts, where ki ’s are parts and zi ’s are colors
or subscripts. Here, (ks)zs will be considered as the least part or smallest part.
The weighted difference of two consecutive parts (ka)za and (kb)zb (where (ka) ≥ (kb)) in an (n + t)-color
partition is ka − kb − za − zb and symbolize the weighted difference by Wa . For example, consider the partition
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1316 H. Kaur, M. Rana

of 7 as (43, 21, 11). Here k1 = 4, k2 = 2, k3 = 1 and z1 = 3, z2 = 1, z3 = 1, then the weighted difference for
two consecutive parts is W1 = −2 and W2 = −1.

Fine [10] provided the combinatorial interpretation of third order mock theta functionψ(q) = ∑∞
n=1

qn2

(q;q2)n
,

of Ramanujan as ‘partition into odd parts without gaps’. Then some more mock theta functions of different
orders have been studied combinatorially in [2,7,17,18]. In 2012, Choi and Kim [9] have given the partition
theoretic interpretations for some third and sixth order mock theta functions as generating functions of n-color
overpartitions. Motivated from their work we provide the interpretations of mock theta functions given by Gordon
and McIntosh of order 3 and 6.

To develop the proof in a systematic manner, we construct the modular Ferrers diagram with colors to
represent an (n + t)-color partition, for instance shown in Figure 3. In Ferrers diagram of a partition k we label
the exposed cell (the cell located at the end of the row) in each row ki as done in [11].

Fig. 3 Modular Ferrers diagram with colors for k = (163, 103, 43)

Now we consider

v6(q) =
∞∑

n=0

qn+1(−q; q)2n+1

(q; q2)n+1
=

∞∑

n=0

qn+1(−q; q2)n+1(−q2; q2)n

(q; q2)n+1
,

and start with 2-modular Ferrers diagram as each term is of the form (a; q2)n . The term qn+1 produces the partition
k(1) containing (n + 1) parts, each equal to 1. Allot the color 1 to each part so Wi between two consecutive parts
is −2 ∀ 1 ≤ i < s. The term (−q; q2)n+1 generates partition k(2) into distinct odd parts ≤ 2n + 1. From the
largest part of k(2), we append each part k(2)j in the following manner: We append 2 starting from the first row to

((k(2)j − 1)/2)th row and attach 1 to ((k(2)j + 1)/2)th row. So W j between the parts where different entries are

attached increases by 1 and for rest of the cases it remains same. The factor (−q2; q2)n produces partition k(3)

with distinct even parts ≤ 2n. Now we fix these parts to the earlier partition and attach 2 starting from the first
row up to (k(3)j /2)

th row. This step does not make any changes in Wi . At the end, (q; q2)−1
n+1 generates partition

k(4) into odd parts ≤ 2n + 1. We fix k(4)j in a similar way as done for k(2)j . But now, we increase the color of

((k(4)j + 1)/2)th part by 1. So value of W j remains unaltered.
Thus we see that v6(q) is the generating function for restricted n-color partition stated in the theorem given

below:

Theorem 1 v6(q) is the generating function for n-color partitions satisfying:

(i) smallest part is of the form (ks)ks or (ks + 1)ks ,

(ii) Wi ≥
⎧
⎨

⎩

−2 if ki ≡ zi (mod 2), ki+1 ≡ zi+1 (mod 2),
0 if ki �≡ zi (mod 2), ki+1 �≡ zi+1 (mod 2),

−1 otherwise,
and Wi ≤ 2 ∀ 1 ≤ i < s.

For clarity of Theorem 1, we show the insertion steps in Figure 4, starting with partition k(1) = (1, 1, 1, 1, 1),
followed by insertion of k(2) = (5, 3), k(3) = (8, 2) and k(4) = (9, 5, 5), respectively.
Another mock theta function ξ6(q) is interpreted as:
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On mock theta functions of Gordon and McIntosh 1317

Fig. 4 Insertion of k(2) = (5, 3) into k(1) = (1, 1, 1, 1, 1) followed by the insertion of k(3) = (8, 2) and k(4) = (9, 5, 5)

Theorem 2 ξ6(q) is the generating function for n-color partitions where smallest part is of the form (ks)ks and
second condition is same as in Theorem 1.

Now we state the interpretation for β(q) given below:

β(q) =
∞∑

n=0

q3n2+3n+1

(q; q3)n+1(q2; q3)n+1
.

Theorem 3 β(q) is the generating function for (n + 1)-color partitions satisfying:

(i) zs ≥ 2 and zi ≥ 3 ∀ i �= s,
(ii) ks ≥ 1 and ks − zs ≡ 1 (mod 2),

(iii) ki ≥
{

3
∑s

j=i+1
(−1) j−1

2 j−i Pj if i even,

3
∑s

j=i+1
(−1) j

2 j−i Pj if i odd,
where,

Pj = k j + z j + 1.

If equality holds then zi = 3, if ki greater than right hand side by A odd (even) units then 4 ≤ zi ≤ 3+ A (3 ≤
zi ≤ 3 + A) and is always even (odd).

To further explain the conditions of the aforementioned theorem, consider the subsequent example.

Example 2 Note that β(q) = q1 + q2 + 2q3 + 2q4 + · · · + 46q21 + 50q22 + 60q23 + · · · which implies that
there are 50 partitions of the number 22 satisfying the conditions of Theorem 3 that are listed in the Table 1.
To explain the relevant partitions and the conditions of Theorem 3 we consider all the relevant colored partitions
for | k |= 22 into three parts ((k1)z1 , (k2)z2 , (k3)z3). From conditions (i) and (ii), let (ks)zs = 12. From condition
(iii),

k2 ≥ 3
s∑

j=3

(−1) j−1

2 j−2 (k j + z j + 1),

k2 ≥ 3
(−1)2

2
(k3 + z3 + 1),

k2 ≥ 6.

If we take k2 as 6 thus equality holds so z2 = 3. Else if we take k2 as 7 so k2 greater than right hand side by 1
unit (odd), then 4 ≤ z2 ≤ 3 + 1 or z2 = 4 and even. We can take (k2)z2 = 74. To find out (k1)z1 , consider two
cases:

Case I When (k2)z2 = 63

k1 ≥ 3
s∑

j=2

(−1) j

2 j−1 (k j + z j + 1),

k1 ≥ 3
(−1)2

2
(k2 + z2 + 1)+ 3

(−1)

22 (k3 + z3 + 1),

k1 ≥ 12.
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1318 H. Kaur, M. Rana

Now to reach at the partition of 22, k1 should be 15, so A = 3 units (odd) greater than the right hand side. Also
4 ≤ z1 ≤ 3 + 3 and is always even. So relevant partitions are (1546312), (1566312).

Case II When (k2)z2 = 74

k1 ≥ 3
s∑

j=2

(−1) j

2 j−1 (k j + z j + 1),

k1 ≥ 3
(−1)2

2
(k2 + z2 + 1)+ 3

(−1)

22 (k3 + z3 + 1),

k1 ≥ 15.

If we choose k1 = 15, we get a partition of 23, so we discard 74 as (k2)z2 . Rest of the partitions of 22 into two
parts can also be calculated in similar manner.

Table 1 50 partitions of | k |= 22 relevant to β(q)

s Relevant colored partitions for | k |= 22

1 223, 225, 227, 229, 2211, 2213, 2215, 2217, 2219, 2221, 2223.

2 21412, 21612, 21812, 211012, 211212, 211412, 211612, 211812, 211812,

20423, 20623, 20823, 201023, 201223, 201423, 19332, 19532, 19732, 19932,

191132, 191332, 19434, 19634, 19834, 191034, 18343, 18543, 18743, 18943,

18445, 18645, 17452, 17652, 17852, 17354, 17554, 16463, 15372.

3 1546312, 1566312.

Now we present the proof of Theorem 3.

Proof The proof follows from 3-modular Ferrers diagram as each term is of the form (a; q3)n . The factor
q3n2+3n+1 generates partition k(1) with (n + 1) parts (1, 6, 12, · · · 6n). Allot the color 3 to each part and the

smallest part is assigned with color 2 (color of k(1)i is calculated using [ k(1)i+1−k(1)i
2 ]) so Wi = 0 ∀ 1 ≤ i < s.

Now we attach k(2)i part from partition k(2) generated by (q2; q3)−1
n+1 containing parts of the form (3n + 2)

and each part ≤ (3n + 2). Append 3 from the largest part of the partition k(2) to the original partition up to
((k(2)i − 2)/3)th row and 2 to ((k(2)i + 1)/3)th row. In the upcoming step, we attach k(3)i part from partition k(3)

generated from (q; q3)−1
n+1 contains parts of the form 3n + 1, where each part ≤ (3n + 1). Fix 3 starting from

the largest part of partition to ((k(3)i − 1)/3)th row. Attach 1 to ((k(3)i + 2)/3)th row and increase the color of
the corresponding part by 1. By tracing the parts we get condition (iii) of the theorem. 
�
The next mock theta function under consideration is σ(q), which can be rewritten as:

σ(q) =
∞∑

n=1

q3n(n+1)−6n

(−q; q3)n(−q2; q3)n
.

To obtain the combinatorial interpretation of the mock theta function σ(q), we first consider the following
function:

σ1(q) =
∞∑

n=1

q3n(n+1)

(−q; q3)n(−q2; q3)n
, (12)

which has combinatorial interpretation given in the following theorem.

Theorem 4 σ1(q) is the generating function for n-color partitions satisfying:

(i) zi ≥ 3 ∀ i ,
(ii) ks − zs ≡ 1 (mod 2) and ks − zs ≥ 3,
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On mock theta functions of Gordon and McIntosh 1319

(iii) ki ≥
{

3
∑s

j=i+1
(−1) j−1

2 j−i Pj + 3 (−1)s

2s−i−1 if i even,

3
∑s

j=i+1
(−1) j

2 j−i Pj + 3 (−1)s+1

2s−i−1 if i odd,
where,

Pj = k j + z j + 1,

If equality holds then zi = 3, if ki greater than right hand side by A odd (even) units then 4 ≤ zi ≤ 3+ A (3 ≤
zi ≤ 3 + A) and is always even (odd),

(iv) each partition is counted with (−1)h where h = ∑s
j=1

(−1) j+1

2 j (Pj − 6)− 2s.

Remark 1 The first three conditions in Theorem 4 contributes towards the count of the partitions enumerated by

the unsigned version of σ1(q), that is, σ1(q) = ∑∞
n=1

q3n(n+1)

(q;q3)n(q2;q3)n
. The condition (iv) including others, count

the number of partitions generated by signed version, that is, σ1(q), here we employ the techniques used in [18].

Theorem 5 σ(q) is the generating function for (n + 3)-color partitions satisfying:

(i) zi ≥ 3 ∀ i ,
(ii) ks − zs ≡ 1 (mod 2) and ks − zs ≥ −3,

(iii) ki ≥
{

3
∑s

j=i+1
(−1) j−1

2 j−i Pj if i even,

3
∑s

j=i+1
(−1) j

2 j−i Pj if i odd,

where,

Pj = k j + z j + 1.

If equality holds then zi = 3, if ki greater than right hand side by A odd (even) units then 4 ≤ zi ≤ 3+ A (3 ≤
zi ≤ 3 + A), and is always even (odd),

(iv) each partition is counted with (−1)h where h = ∑s
j=1

(−1) j+1

2 j Pj − 2s.

Example 3 Consider the expansion of unsigned version of σ(q) as:

∞∑

n=1

q3n(n−1)

(q; q3)n(q2; q3)n
= 1 + q + 2q2 + 2q3 + . . .+ 7q9 + 10q10 + 11q11 + . . . .

As the coefficient of q9 is 7 that shows that the relevant partitions which satisfies first three conditions given in
Theorem 5 are 7 and in the expansion of signed version

∞∑

n=1

q3n(n−1)

(−q; q3)n(−q2; q3)n
= 1 − q + q4 − q5 + q6 − q7 + q8 − q9 − q11 + . . .

coefficient of q9 is −1 and to arrive at the desired result we’ll attach certain weight as defined in condition (iv).
And the seven relevant partitions and corresponding weight is shown in the Table 2.

Table 2 Partitions of | k |= 9 relevant to σ(q)

Partitions h Weight = (−1)h

9403
1
2 (9 + 4 + 1)− 1

22 (0 + 3 + 1)− 4 = 2 1
9603

1
2 (9 + 6 + 1)− 1

22 (0 + 3 + 1)− 4 = 3 − 1
94

1
2 (9 + 4 + 1)− 2 = 5 − 1

96
1
2 (9 + 6 + 1)− 2 = 6 1

98
1
2 (9 + 8 + 1)− 2 = 7 − 1

910
1
2 (9 + 10 + 1)− 2 = 8 1

912
1
2 (9 + 12 + 1)− 2 = 9 − 1

Total weight − 1
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Now, we present the interpretation for ξ(q).

Theorem 6 ξ(q) is the generating function for (n + 4)-color partitions counted twice satisfying:

(i) zi ≥ 6 ∀ i �= s,
(ii) ks − zs ≡ 1 (mod 5), and ks − zs ≥ −4,

(iii) ki ≥
{

6
∑s

j=i+1
(−1) j−1

5 j−i Pj − 18 if i even,

6
∑s

j=i+1
(−1) j

5 j−i Pj − 18 if i odd,
where,

Pj = k j + 4z j + 4.

If equality holds then zi = 6, if ki greater than right hand side by ‘5B + A’ units where A, B ≥ 0 then
zi = A + 6.

Example 4 The relevant partitions of ξ(q) counting twice satisfying Theorem 6 for n = 21 are 201415, 20915,

19726, 2125, 2120, 2115, 2110, 215.

Sketch proof of Theorem 4-6 In the proof of σ1(q), we make use of 3-modular Ferrers diagram and rest of the
proof is same as done for β(q). From Theorem 4, we conclude Theorem 5 with the transition of n-color partition
�→ (n + 3)-color partition. For ξ(q), we consider 6-modular Ferrers diagram and remaining steps are similar as
done for β(q). Hence the details are omitted. 
�

3 Interpretations of tenth order mock theta functions X10(q), χ10(q) of Ramanujan

This section of the paper includes the combinatorial interpretation of tenth order mock theta functions given in
(10)–(11). We start with tenth order mock theta function:

X10(q) =
∞∑

n=0

(−1)nqn2

(−q; q)2n
=

∞∑

n=0

(−1)nqn2

(−q2; q2)n(−q; q2)n+1
.

Theorem 7 X10(q) is the generating function for n-color partitions satisfying:

(i) parts and their subscripts have same parity,
(ii) Wi ≥ 0 and even ∀ 1 ≤ i < s,

(iii) each partition is counted with (−1)h where h = k1+z1
2 .

Next tenth order mock theta function is given as:

χ10(q) =
∞∑

n=0

(−1)nq(n+1)2

(−q; q)2n+1
=

∞∑

n=0

(−1)nq(n+1)2

(−q2; q2)n(−q; q2)n+1
.

Theorem 8 χ10(q) is the generating function for n-color partitions satisfying:

(i) smallest part is of the form (ks)ks ,
(ii) parts and their subscripts have same parity,

(iii) Wi ≥ 0 and even ∀ 1 ≤ i < s,
(iv) each partition is counted with (−1)h where h = k1+z1

2 − 1.

The proof of above theorems follow from the previous section so we omit the details. In the next section, we
give generalized version of all the mock theta functions discussed earlier.

4 Generalized versions

In the coming text, the variables l,m, r are positive integers.
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On mock theta functions of Gordon and McIntosh 1321

4.1 Generalization of v6(q) and ξ6(q)

Mock theta functions v6(q) and ξ6(q) are the members of following 3-parameter family of generating functions:

F (l,m,r)
1 (q) =

∞∑

n=0

ql(n+1)(−qr ; qr )2n+1

(qm; q2m)n+1
.

Theorem 9 F (l,m,r)
1 (q) generates the n-color partition as:

(i) each part ≥ l,
(ii) ks − zs = l − 1 or l + r − 1,

(iii) Wi ≥
⎧
⎨

⎩

−2 if ki − zi ≡ l − 1 (mod 2), ki+1 − zi+1 ≡ l − 1 (mod 2),
2r − 2 if ki − zi �≡ l − 1 (mod 2), ki+1 − zi+1 �≡ l − 1 (mod 2),
r − 2 otherwise,

and Wi ≤ 4r − 2 ∀ 1 ≤ i < s.

Interpretations of v6(q) and ξ6(q) in terms of n-color partitions follows as F (1,1,1)
1 (q). A displacement of

2n �→ 2n + 1 in the factor (qr ; qr )2n+1 for v6(q) affects the smallest part condition.

4.2 Generalization of β(q), σ (q) and ξ(q)

We define a 2-parameter family of generating functions as follows:

F (l,m)
2 (q) =

∞∑

n=1

q2l(n
2)

(qm; ql)n(ql−m; ql)n
,

where l > m.

Theorem 10 F (l,m)
2 (q) generates the (n + l)-color partitions as:

(i) zi ≥ l ∀ i ,
(ii) ks − zs = (l − m)a − l where a ≥ 0,

(iii) ki ≥
⎧
⎨

⎩
l
∑s

j=i+1
m j−i−1(−1) j−1

(l−m) j−i Pj if i even,

l
∑s

j=i+1
m j−i−1(−1) j

(l−m) j−i Pj if i odd,

where,

Pj = k j + (l − 2m)

m
z j + 2(l − m)− l(l − 2m)

m
.

If equality holds then zi = l, if ki greater than right hand side by ‘(l − m)B + m A’ units where A, B ≥ 0
then zi = m A + l.

β(q) is a member of the family qF (3,1)
2 (q) with displacement of n �→ n − 1 and σ(q) is a member of the family

F (3,1)
2 (q) with one more condition for its signed version that is each partition is counted with (−1)h , where

h =
s∑

j=1

(−1) j+1m j−1

(l − m) j
Pj − 2s,

and ξ(q) is a member of the family 1 + 2qF (6,1)
2 (q).
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4.3 Generalization of X10(q) and χ10(q)

Mock theta functions X10(q) and χ10(q) are the members of following 2-parameter family of generating func-
tions:

F (l,r)
3 (q) =

∞∑

n=0

(−1)nqln2

(−qr ; qr )2n
.

Theorem 11 F (l,r)
3 (q) generates the n-color partitions as:

(i) each part ≥ l,
(ii) zi ≥ l ∀ i,

(iii) ki − zi ≡ 2l(s − i) (mod 2r) ∀ i ,
(iv) Wi ≡ 0 (mod 2r) and Wi is non-negative ∀ 1 ≤ i < s,
(v) each part is counted with (−1)h where h = k1+z1

2r + s
(
1 − l

r

)
.

Interpretations of X10(q) and χ10(q) in terms of n-color partitions follows as F (1,1)
3 (q) and a displacement of

2n �→ 2n + 1 in the factor (qr ; qr )2n+1 and n �→ n + 1 in the numerator qln2
for χ10(q) affects the smallest part

condition.

5 Arithmetic Properties for β(q) and ξ(q)

The exploration of arithmetic properties connected to different mock theta functions is also fascinating concept.
In 2018, Zhang and Shi [20] gave some interesting arithmetic properties of the sixth order mock theta function
β(q) using the relation:

�(q3)+ 2q−1�(q3)+ 2β(q) = f2 f 5
3

f 2
1 f 3

6

,

where

�(q) =
∞∑

n=0

(−1)n(q; q2)nqn2

(−q; q)2n
, �(q) =

∞∑

n=0

(−1)n(q; q2)nq(n+1)2

(−q; q)2n+1
,

and

fk = (qk; qk)∞,

for some positive integer k. The main theorem given in [20] is as follows:

Theorem 12 We have

∞∑

n=0

pβ(3n + 1)qn = f 3
3

f 2
1

, (13)

∞∑

n=0

pβ(9n + 5)qn = 3 f 6
3

f 5
1

. (14)

In continuation, Silva and Sellers have studied the arithmetic properties for the third order mock theta function
ξ(q) in [19], presented several infinite families of Ramanujan-like congruences. The proof of these congruences
are based on the mock theta conjecture of ξ(q) given by McIntosh [16] as:

ξ(q) = q2g3(q
3, q6)+ f 4

2

f 2
1 f6

,
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where

g3(x, q) =
∞∑

n=0

(−q; q)nqn(n+1)/2

(x; q)n+1(x−1q; q)n+1
.

Some of the results from [19] are shown below:
∞∑

n=0

pξ (3n)qn = f2 f 4
3

f 2
1 f 2

6

, (15)

∞∑

n=0

pξ (9n)qn = f 2
2 f 6

3

f 4
1 f 3

6

, (16)

∞∑

n=0

pξ (9n + 6)qn = 4
f 3
6

f 2
1

. (17)

Using the above relations, we proposed some recurrence relations connecting the coefficients of mock theta
functions in arithmetic progressions and the restricted partition functions. Before proceeding forward, we need
to define some basic definitions and notations. We recall Ramanujan’s theta function [5,14]:

f (a, b) =
∞∑

n=−∞
a

n(n+1)
2 b

n(n−1)
2 , for |ab| < 1.

Some special cases of f (a, b) are:

φ(q) := f (q, q) =
∞∑

n=−∞
qn2 = f 5

2

f 2
1 f 2

4

,

ψ(q) := f (q, q3) =
∞∑

n=0

qn(n+1)/2 = f 2
2

f1
.

The above function satisfy the following properties (see Entries 19, 20 in [4]).

f (a, b) = (−a,−b, ab; ab)∞, (Jacobi’s triple product identity).

The following infinite product is a useful consequence of Jacobi’s triple product identity.

f 3
1 =

∞∑

n=0

(−1)n(2n + 1)qn(n+1)/2.

Now we present some restricted partitions and their corresponding generating functions.
Let pl(n) denote the number of overpartitions of n into parts with l copies. Then

∞∑

n=0

pl(n)q
n =

(
f2

f 2
1

)l

.

Let pld(n) denote the number of partitions of n into distinct parts with l copies. Then
∞∑

n=0

pld(n)q
n =

(
f2

f1

)l

.

Let pl(n) denote the number of partitions of n into parts with l copies. Then
∞∑

n=0

pl(n)q
n = 1

f l
1

.

Now we prove congruences modulo 15 for pβ(n) where

β(q) =
∞∑

n=0

pβ(n)q
n .
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Theorem 13 We have

∞∑

n=0

pβ(45n + 32)qn ≡ 12
f 6
3

f1
(mod 15). (18)

Proof From (14), we have

∞∑

n=0

pβ(9n + 5)qn = 3 f 6
3

f 5
1

or

∞∑

n=0

pβ(9n + 5)qn = 3 f 5
3

f 5
1

f3.

From binomial theorem, for prime p, we have

f p
1 ≡ f p (mod p).
∞∑

n=0

pβ(9n + 5)qn ≡ 3 f15

f5
f3 (mod 15). (19)

Recall Ramanujan’s beautiful identity [4] (Eq.(7.4.1), p. 161)

f1 = f25(R
−1(q5)− q − q2 R(q5)), (20)

where

R(q) = f (−q, q4)

f (−q2,−q3)
.

Substituting (20) in (19), we obtain

∞∑

n=0

pβ(9n + 5)qn ≡ 3 f15 f75

f5
(R−1(q15)− q3 − q6 R(q15)) (mod 15). (21)

Equating the coefficients of q5n+3 from both sides, dividing both sides by q3 and replacing q5 by q, we obtain

∞∑

n=0

pβ(45n + 32)qn ≡ −3 f3 f15

f1
≡ −3 f 6

3

f1
(mod 15). (22)


�
Corollary 14 For n ≥ 0,

pβ(45n + 23) ≡ 0 (mod 15), (23)

pβ(45n + 41) ≡ 0 (mod 15). (24)

Proof Comparing the coefficients of q5n+2 and q5n+4 from (21), dividing both sides by q2 and q4, respectively.
Then replace q5 by q to get (23) and (24). 
�
Theorem 15 We have

pβ(3n + 1) = p2(n)− 3p2(n − 3)+ 5p2(n − 9)− 7p2(n − 18)+ 9p2(n − 30)+ · · ·
+(−1) j (2 j + 1)p2

(
n − 3 j ( j + 1)

2

)
+ · · · . (25)
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Proof Consider (14) as:

∞∑

n=0

pβ(3n + 1)qn = f 3
3

f 2
1

= 1

f 2
1

· f 3
3 ,

=
( ∞∑

n=0

p2(n)q
n

)⎛

⎝
∞∑

j=0

(−1) j (2 j + 1)q3 j ( j+1)/2

⎞

⎠ ,

=
∞∑

n=0

∞∑

j=0

(−1) j (2 j + 1)p2(n)q
n+3 j ( j+1)/2,

=
∞∑

n=0

∞∑

j=0

(−1) j (2 j + 1)p2

(
n − 3 j ( j + 1)

2

)
qn .

Comparing the coefficients of qn , we arrive at (25). 
�
Theorem 16 We have

∞∑

j=0

pξ

(
3n − 9 j ( j + 1)

2

)
=

∞∑

j=0

(−1) j (2 j + 1)p

(
n − j2 + j

2

)
, (26)

� n
3 �∑

j=0

pξ (9n − 27 j)p3( j) = p2(n), (27)

pξ (9n + 6) = 4p2(n)− 12p2(n − 6)+ 20p2(n − 18)− · · · + 4(−1) j (2 j + 1)

p2(n − 3 j ( j + 1))+ · · · . (28)

Proof Consider (15) as:

∞∑

n=0

pξ (3n)qn = f2

f 2
1

· f3

f 2
6

· f 3
3 ,

( ∞∑

n=0

pξ (3n)qn

)
f 2
6

f3
= f2

f 2
1

· f 3
3 ,

( ∞∑

n=0

pξ (3n)qn

)
ψ(q3) =

( ∞∑

n=0

p(n)qn

)
f 3
3 ,

( ∞∑

n=0

pξ (3n)qn

)⎛

⎝
∞∑

j=0

q3 j ( j+1)/2

⎞

⎠ =
( ∞∑

n=0

p(n)qn

)( ∞∑

k=0

(−1)k(2k + 1)q(k
2+k)/2

)
,

∞∑

n=0

⎛

⎝
∞∑

j=0

pξ

(
3n − 9 j ( j + 1)

2

)⎞

⎠ qn =
∞∑

n=0

( ∞∑

k=0

(−1)k(2k + 1)p

(
n − k2 + k

2

))
qn .

Comparing the coefficients of qn , we get (26). Consider (16),

∞∑

n=0

pξ (9n)qn = f 2
2 f 6

3

f 4
1 f 3

6

,

( ∞∑

n=0

pξ (9n)qn

)(
f6

f 2
3

)3

=
(

f2

f 2
1

)2

,

( ∞∑

n=0

pξ (9n)qn

)( ∞∑

k=0

p3(k)q
3k

)
=

∞∑

n=0

p2(n)q
n,
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∞∑

n=0

⎛

⎝
� n

3 �∑

k=0

pξ (9(n − 3k))p3(k)

⎞

⎠ qn =
∞∑

n=0

p2(n)q
n .

From the last equality, we arrive at (27). Consider (17),

∞∑

n=0

pξ (9n + 6)qn = 4
f 3
6

f 2
1

,

= 4
1

f 2
1

( ∞∑

k=0

(−1)k(2k + 1)q3k(k+1)

)
,

∞∑

n=0

pξ (9n + 6)qn = 4

( ∞∑

n=0

p2(n)q
n

)( ∞∑

k=0

(−1)k(2k + 1)q3k(k+1)

)
,

= 4
∞∑

n=0

( ∞∑

k=0

(−1)k(2k + 1)p2(n − 3k(k + 1))

)
qn,

which leads to (28). 
�
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