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Abstract We establish a Kantorovich variant of Bernstein operators including the beta function inspired by
the King-type operators which preserve certain functions. We provide some pointwise, weighted, and direct
approximation theorems to examine the approximation properties of the introduced sequence of operators.
Furthermore, by graphical and numerical examples, we demonstrate the convergence of defined operators with
the help of the MATLAB program.
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1 Introduction

Many approximating operators have been introduced under certain conditions in order to approximate continuous
functions [1–4,24–31]. It is known that most of the approximating operators say, Ln , preserve em(v) = vm (m =
0, 1), i.e., Ln(e0; v) = e0(v) and Ln(e1; v) = e1(v), n ∈ N. For example, this preservation holds for the
Bernstein, λ-Bernstein (see, [6,8,12,23]) and α−Bernstein polynomials (see [7,9–11]) as well as Baskakov and
Szász-Mirakjan operators (see [13,14] ). For each of such operators Ln(e2; v) �= e2(v) = v2. First time any
non-trivial sequence {Sm} of linear positive operators was presented by King [15] to approximate continuous
functions on [0, 1] although they preserve e0 and e2 functions, i.e., Sm : C[0, 1] → C[0, 1], if there is any
m ∈ N and regardless of the function f ∈ C[0, 1], is given as below:

Sm( f ; y) =
m∑

k=0

f

(
k

m

)(
m
k

) (
r∗

m(y)
)k (1 − r∗

m(y)
)m−k

, 0 � y � 1, (1.1)

where r∗
m(y) : [0, 1] → [0, 1] is defined by

r∗
m(y) =

{
y2 if m = 1

− 1
2(m−1) +

√
m

m−1 y2 + 1
4(m−1)2

if m = 2, 3, . . . .
(1.2)
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1386 K.J. Ansari and F. Özger

When we replace r∗
m(y)by e1, the operators given by (1.1) are reduced to the Bernstein polynomials. This sequence

satisfies Sm(e1; y) = r∗
m(y) and preserves the test functions e0 and e2. One can observe that the operators Sm

provide a better rate of convergence than the classical Bernstein polynomials so long as 0 � y � 1/3. Operators
preserving different test functions have been investigated by various researchers, e.g. [16], [18], [19].

Recently, Bhatt et al. [17] established a new sequence of Bernstein type operators including beta function as
follows:

Cm( f ; y) =
m∑

j=0

�m, j (y) f

(
j

m

)
(1.3)

for σ ∈ C[0, 1] and y ∈ [0, 1], where

�m, j (y) =
(

m

j

)
β(my + j + 1, 2m − j − my + 1)

β(my + 1, m − my + 1)
.

Here β(u, v) is the Beta function defined as

β(u, v) =
∫ 1

0
tu−1(1 − t)v−1dt (u, v > 0).

The present study deals with certain estimates of the Bernstein-Kantorovich type operators based on the beta
function. In section 2, we introduce our sequence of operators. Section 3 is devoted to proving some pointwise
and weighted approximation theorems. In section 4, we give a Lipschitz theorem, estimate the rate of convergence
of defined operators, and obtain a direct approximation theorem. In section 5, we establish an asymptotic and a
quantitative formula. In the last section, we demonstrate certain computer graphics to show the convergence of
defined operators.

2 Preliminary results

Our purpose here is to introduce Kantorovich-type Bernstein operators based on beta functions preserving linear
mapping. Let the sequence of real-valued continuous function θn(y) be defined as

θn(y) =
(

1 + 2

n

)
y − 3

2n
− 1

n2 ,

with 0 � θn(y) < ∞, then we define our operators as follows:

ζn( f ; y) = n
n∑

j=0

Qn, j (θn(y))
∫ j+1

n

j
n

f (t)dt, (2.1)

where

Qn, j (y) =
(

n

j

)
β(ny + j + 1, 2n − j − ny + 1)

β(ny + 1, n − ny + 1)
.

It can be observed that lim
n→∞ θn(y) = y.

Moments of the proposed operators, which are needed throughout the study, are given in the next lemma.

Lemma 2.1 We have the moments for the defined operators (2.1) as follows:

(i) ζn(1; y) = 1;
(ii) ζn(t; y) = y;

(iii) ζn(t2; y) = (n − 1)

n

(nθn(y)+ 1)

n + 2

(nθn(y)+ 2)

n + 3
+ 2

n

(nθn(y)+ 1)

n + 2
+ 1

3n2 ;

(iv)

ζn(t
3; y) = (n − 1)(n − 2)

n2

(nθn(y)+ 3)

n + 4

(nθn(y)+ 2)

n + 3

(nθn(y)+ 1)

n + 2

+9

2

(n − 1)

n2

(nθn(y)+ 2)

n + 3

(nθn(y)+ 1)

n + 2
+ 1

4n3 ;
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(v)

ζn(t
4; y) = (n − 1)(n − 2)(n − 3)

n3

(nθn(y)+ 4)

n + 5

(nθn(y)+ 3)

n + 4

(nθn(y)+ 2)

n + 3

(nθn(y)+ 1)

n + 2

+8(n − 1)(n − 2)

n3

(nθn(y)+ 3)

n + 4

(nθn(y)+ 2)

n + 3

(nθn(y)+ 1)

n + 2

+15(n − 1)

n3

(nθn(y)+ 2)

n + 3

(nθn(y)+ 1)

n + 2
+ 6

n3

(nθn(y)+ 1)

n + 2
+ 1

5n4 .

Corollary 2.2 The central moments for (2.1) are given below:

(i) ζn(t − y; y) = 0;

(ii) ζn((t − y)2; y) = 2n(n + 1)(θn(y)− θ2
n (y))

(n + 2)2(n + 3)
+ 5n2(5n + 11)+ 40n + 12

12n2(n + 2)2(n + 3)
.

3 Pointwise and Weighted Approximation Results

In this part, we focus on pointwise and weighted approximation behaviors of operators ζn( f ; y).
We start by recalling the Lipschitz condition to obtain our first result related to pointwise convergence.
Assume that 0 < κ ≤ 1, T ⊂ R+ = [0,∞) and C(R+) denotes the space of all continuous functions f on

R+ then, a function f in CB(R+) belongs to LipN (κ) if

| f (t)− f (y)| ≤ K f,κ |t − y|κ (t ∈ T, y ∈ R+)

holds, where the constant K f,κ depends on both κ and f .

Theorem 3.1 Let 0 < κ ≤ 1, f ∈ CB(R+) and T ⊂ R+ then, for each y ∈ R+,

|ζn( f ; y)− f (y)| ≤ K f,κ

{
2dκ(y, T )+ 2n(n + 1)(θn(y)− θ2

n (y))

(n + 2)2(n + 3)
+ 5n2(5n + 11)+ 40n + 12

12n2(n + 2)2(n + 3)

}
,

where d(y, T ) is the distance between y and T given as

d(y, T ) = inf{|t − y| : t ∈ T }.
Proof Let y ∈ T̄ such that |y − z| = d(y, T ), where T̄ is a closure of T , then the relation

| f (t)− f (y)| ≤ | f (y)− f (y)| + | f (t)− f (y)| (y ∈ R+)

is satisfied. With the help of relation

|ζn( f ; y)− f (y)| ≤ ζn(| f (y)− f (y)|; y)+ ζn(| f (t)− f (y)|; y)

we have

|ζn( f ; y)− f (y)| ≤ K f,κ

{
|y − z|κ + ζn(|t − y|κ ; y)

}

≤ K f,κ

{
|y − z|κ + ζn(|t − y|κ + |y − z|κ ; y)

}

= K f,κ

{
2|y − z|κ + ζn(|t − y|κ ; y)

}
.

The following relations are satisfied by applying Hölder’s inequality to the above inequality for α = 2/κ and
θ = 2/(2 − κ) :

|ζn( f ; y)− f (y)| ≤ K f,κ

{
2dκ(y, T )+ ζ

1
α

n (|t − y|ακ ; y)ζ
1
θ

n (1
θ ; y)

}

= K f,κ

{
2dκ(y, T )+ ζ

κ
2

n (|t − y|2; y)
}
,

taking into Lemma 2.1 account we complete the proof. 	
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1388 K.J. Ansari and F. Özger

Let y ∈ R+ and 0 < κ ≤ 1, then Lipschitz-type maximal function of order κ is

ωκ( f ; y) = sup
y �=x,y∈R+

| f (y)− f (x)|
|y − x |κ , (3.1)

[22]. We provide a local direct estimate of ζn( f ; y) by the next theorem.

Theorem 3.2 Let f ∈ CB(R+) and 0 < κ ≤ 1, then, we have

|ζn( f ; y)− f (y)| ≤ ωκ( f ; y)

{
2n(n + 1)(θn(y)− θ2

n (y))

(n + 2)2(n + 3)
+ 5n2(5n + 11)+ 40n + 12

12n2(n + 2)2(n + 3)

} κ
2

for all y ∈ R+.

Proof We have the following relations

|ζn( f ; y)− f (y)| = |ζn( f ; y)− f (y)ζn(1; y)|
≤ ζn(| f (t)− f (y)|; y)

≤ ωκ( f ; y)ζn(|t − y|κ ; y)

by the help of (3.1). Also applying Hölder inequality to the last inequality for

α = 2/κ and θ = 2/(2 − κ)

we observe that

|ζn( f ; y)− f (y)| ≤ ωκ( f ; y)ζ
κ
2

n (|t − y|2; y). (3.2)

We obtain the desired result from the last inequality together with Lemma 2.1 and the relation in (3.1). 	

The set of all functions f on R+ having the property

| f (y)| ≤ ψ(y)K f

is called the weighted space Bψ(R+),where a constant K f > 0 depending on f, and ψ(y) = 1 + y2 is a weight
function. Recall that the weighted space Bψ(R+) is a Banach space equipped with the norm

‖ f ‖ψ = sup
y∈R+

| f (y)|
ψ(y)

.

The subspace of all continuous functions in Bψ(R+) is denoted by Cψ(R+) and defined as

C∗
ψ(R+) =

{
f ∈ Cψ(R+) : lim

y→∞
| f (y)|
ψ(y)

< ∞
}
.

Theorem 3.3 Assume that f ∈ C∗
ψ(R+), then the following relation is satisfied for ψ(y) = 1 + y2:

lim
n→∞ sup

y∈R+

|ζn( f ; y)− f (y)|
ψ1+θ (y)

= 0. (3.3)

Proof We have the following relations for any fixed γ > 0:

sup
y∈R+

|ζn( f ; y)− f (y)|
ψ1+θ (y)

≤ sup
x≤γ

|ζn( f ; y)− f (y)|
ψ1+θ (y)

+ sup
x≥γ

|ζn( f ; y)− f (y)|
ψ1+θ (y)

≤ ‖ζn( f ; y)− f ‖C[0,γ ] + ‖ f ‖ψ sup
x≥γ

|ζn(1 + t2; y)|
ψ1+θ (y)

+ sup
x≥γ

| f (y)|
ψ1+θ (y)

. (3.4)
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Using the fact | f (y)| ≤ ψ(y)N we have

sup
x≥γ

| f (y)|
ψ1+θ (y)

≤ ‖ f (y)‖ψ
(1 + γ 2)1+θ .

The parameter γ can be chosen to be so large that the following inequality is satisfied:

‖ f (y)‖ψ
(1 + γ 2)1+θ < ε/3, (3.5)

where ε > 0 is given. By the help of Corollary 2.2, we obtain

‖ f ‖ψ |ζn(1 + t2; y)|
ψ1+θ (y)

→ 0 (n → ∞).

Also, if we choose γ as large as enough, we have

‖ f ‖ψ sup
x≥γ

|ζn(1 + t2; y)|
ψ1+θ (y)

< ε/3. (3.6)

Moreover, bearing in mind Korovkin’s theorem, the expression on the right-hand side of inequality (3.4) becomes

‖ζn( f ; y)− f ‖C[0,γ ] < ε/3. (3.7)

Combining the results in (3.5)-(3.7), the proof is completed. 	

Theorem 3.4 Assume that f ∈ C∗

ψ(R+), then the following relation is satisfied for ψ(y) = 1 + y2:

lim
n→∞ ‖ζn( f ; y)− f (y)‖ψ = 0.

Proof We must prove that the following equality for r = 0, 1, 2:

lim
n→∞

∥∥ζn
(
tr ; y

)− yr
∥∥
ψ

= 0. (3.8)

The Equality (3.8) is satisfied when r = 0 since ζn(1; y) = 1. Since

‖ζn(t; y)− y‖ψ = sup
y∈R+

|ζn(t; y)− y|
ψ(y)

= 0

‖ζn(t; y)− y‖ψ → 0 as n → ∞. Hence, the Equality (3.8) is satisfied for r = 1.
Using the same idea, we obtain

∥∥∥ζn(t
2; y)− y2

∥∥∥
ψ

= sup
y∈R+

∣∣∣∣
(n − 1)

n

(nθn(y)+ 1)

n + 2

(nθn(y)+ 2)

n + 3
+ 2

n

(nθn(y)+ 1)

n + 2
+ 1

3n2 − y2
∣∣∣∣×

1

ψ(y)

= sup
y∈R+

∣∣∣∣
2(n2 + n)(y − y2)

(n + 2)2(n + 3)
− (n + 1)(y + 4y2)

(n + 2)2(n + 3)
− 8(n + 1)(2y + y2)

n(n + 2)2(n + 3)

− (n + 1)(6 + 8y)

n2(n + 2)2(n + 3)
− (n + 1)(6n3 + 13n2 + 4)

2n(n + 2)2(n + 3)

∣∣∣∣×
1

ψ(y)

� 2(n2 + n)

(n + 2)2(n + 3)
sup

y∈R+

∣∣∣∣
y − y2

ψ(y)

∣∣∣∣+
n + 1

(n + 2)2(n + 3)
sup

y∈R+

∣∣∣∣
y + 4y2

ψ(y)

∣∣∣∣

+ 8(n + 1)

n(n + 2)2(n + 3)
sup

y∈R+

∣∣∣∣
2y + y2

ψ(y)

∣∣∣∣+
n + 1

n2(n + 2)2(n + 3)
sup

y∈R+

∣∣∣∣
6 + 8y

ψ(y)

∣∣∣∣

+ (n + 1)(6n3 + 13n2 + 4)

2n(n + 2)2(n + 3)
sup

y∈R+

∣∣∣∣
1

ψ(y)

∣∣∣∣ .

Hence, we have the desired result with the help of [5, Theorem 1]. 	
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1390 K.J. Ansari and F. Özger

4 Certain Approximation Properties

Here, we give a Lipschitz theorem, estimate the rate of convergence, and obtain a direct approximation theorem
for operators (2.1).

Theorem 4.1 The following equality is satisfied

lim
n→∞ ‖ζn( f )− f ‖ = 0

for f ∈ C[0, 1].
Proof The following equalities are satisfied

lim
n→∞ ζn(e0; y) = e0(y),

lim
n→∞ ζn(e1; y) = e1(y)

via Lemma 2.1, and similarly

lim
n→∞ ‖ζn(e2)− e2‖ = 0.

Hence, the Korovkin’s theorem provides the desired result. 	

Assume that t, y ∈ [0, 1], f ∈ C[0, 1], N is a positive number and r ∈ (0, 1] . When the following inequality
is satisfied:

| f (t)− f (y)| � N |t − y|r ,
then a function f is said to be in the Lipschitz class LipN (r) .

Theorem 4.2 Assume that f ∈ LipN (r), where r ∈ (0, 1] , then

|ζn( f ; y)− f (y)| � Nνr
n(y)

is satisfied, where νn(y) = (ζn
(
(t − y)2; y

)) 1
2 .

Proof Since operators (2.1) are monotonic, the following relations are satisfied:

|ζn( f ; y)− f (y)| �
n∑

j=0

Qn, j (y)

∣∣∣∣ f

(
j

n

)
− f (y)

∣∣∣∣

� N
n∑

j=0

Qn, j (y)

∣∣∣∣
j

n
− y

∣∣∣∣
r

= N
n∑

j=0

Q
2−r

2
n, j (y)

(
Qn, j (y)

(
j

n
− y

)2
) r

2

.

We obtain the following relations if we apply Hölder’s inequality for the above series

|ζn( f ; y)− f (y)| � N

⎛

⎝
n∑

j=0

Qn, j (y)

⎞

⎠

2−r
2
⎛

⎝
n∑

j=0

Qn, j (y)

(
j

n
− y

)2
⎞

⎠

r
2

= N

⎛

⎝
n∑

j=0

Qn, j (y)

(
j

n
− y

)2
⎞

⎠

r
2

= N
(
ζn

(
(t − y)2; y

)) r
2
.
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The usual modulus of continuity (MC) for a function f is given as

ω
(

f ; ν1/2
)

= sup
0<h≤ν

sup
y,y+h∈[0,1]

| f (y + h)− f (y)| .

The rate of convergence of operators (2.1) is given via MC in the next step.

Theorem 4.3 Let f ∈ C[0, 1], then we have

|ζn( f ; y)− f (y)| � 2ω( f, ν1/2
n ),

where νn = ζn
(
(t − y)2; y

)
.

Proof With the help of the monotonicity of operators (2.1), we have

|ζn( f ; y)− f (y)| �
n∑

j=0

Qn, j (y)

∣∣∣∣ f

(
j

n

)
− f (y)

∣∣∣∣

�
n∑

j=0

Qn, j (y)ω f

(
j

n
− y

)

�
n∑

j=0

Qn, j (y)

(
1 + ν−2

(
j

n
− y

)2
)
ω f (ν)

=
⎡

⎣1 + ν−2
n∑

j=0

Qn, j (y)

(
j

n
− y

)2
⎤

⎦ω f (ν)

=
[
1 + ν−2ζn

(
(t − y)2; y

)]
ω f (ν).

Choosing ν = ζn
(
(t − y)2; y

)
, we obtain the desired result. 	


Since we want to obtain a direct approximation result for operators (2.1) we use Peetre’s K functional and
the second-order MC. Assuming f ∈ C[a, b], ν > 0 and W2 = {h ∈ C[a, b] : h′, h′′ ∈ C[a, b]} the Peetre’s
K -functional is defined as

K2( f, ν) = inf
h∈W 2

{‖ f − h‖ + ν
∥∥h′′∥∥} .

On the other hand, the second-order MC is defined as

ω2( f, ν) = sup
0<h<ν

sup
a�y<b

{| f (y + 2h)− 2 f (y + h)+ f (y)|}.

The following inequality constructs a link between Peetre’s K -functional and second order MC (see [20]):

K2( f, ν) � N · ω2( f, ν).

Theorem 4.4 Assuming f ∈ C[0, 1] the following inequality is satisfied for a constant N > 0 and for each
n ∈ N:

|ζn( f ; y)− f (y)| � N · ω2 ( f, νn(y)) ,

where νn(y) = (ζn
(
(t − y)2; y

)) 1
2 .
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1392 K.J. Ansari and F. Özger

Proof Set W2 for [0, 1]. For h ∈ W2, employ the Taylor’s expansion to obtain

g(t) = g(y)+ h′(y)(t − y)+
∫ t

y
(t − u)h′′(u)du.

The following relations are satisfied if we apply Lemma 2.1:

ζn(h; y) = g(y)+ h′(y)ζn(t − y)+ ζn

(∫ t

y
(t − u)h′′(u)du; y

)

∣∣ζn(h; y)− h(y)− h′(y)ζn(t − y)
∣∣ � ζn

(∫ t

y
|t − u| ∣∣h′′(u)

∣∣ du; y

)

∣∣ζn(h; y)− h(y)− h′(y)ζn(t − y)
∣∣ � ζn

(
(t − y)2; y

) ∥∥h′′∥∥ .

Hence, we get
∣∣ζn(h; y)− h(y)− h′(y)ζn(t − y)

∣∣

�
(

2n(n + 1)(θn(y)− θ2
n (y))

(n + 2)2(n + 3)
+ 5n2(5n + 11)+ 40n + 12

12n2(n + 2)2(n + 3)

)∥∥h′′∥∥ .

Now,
∣∣ζn( f ; y)− f (y)− h′(y)ζn(t − y)

∣∣

� |ζn( f − h; y)− ( f − h)(y)| + ∣∣ζn(h; y)− h(y)− h′(y)ζn(t − y)
∣∣ .

Using the relation |ζn( f ; y)| � ‖ f ‖, we obtain
∣∣ζn( f ; y)− f (y)− h′(y)ζn(t − y)

∣∣

� ‖ f − h‖ +
(

2n(n + 1)(θn(y)− θ2
n (y))

(n + 2)2(n + 3)
+ 5n2(5n + 11)+ 40n + 12

12n2(n + 2)2(n + 3)

)∥∥h′′∥∥.

We obtain the following inequality when we take the infimum of the right side of the above inequality over all
h ∈ W2:

∣∣ζn( f ; y)− f (y)− h′(y)ζn(t − y)
∣∣ � K2

(
f, ν2

n (y)
)
,

where ν2
n (y) = ζn

(
(t − y)2; y

)
. We obtain the desired result via Peetre’s K -functional property. 	


5 An Asymptotic and a Quantitative Formula

Here, we establish a Voronovskaja-type asymptotic formula and obtain a quantitative Voronovskaja-type theorem
for (2.1). In order to achieve this aim, the following notions are needed.

Assuming f ∈ C[0, 1] and φ(y) = √
y(1 − y) Ditzian-Totik modulus of smoothness [21] is defined as

follows:

ωφ( f, ν) := sup
0<|λ|�ν

{∣∣∣∣ f

(
y + λφ(y)

2

)
− f

(
y − λφ(y)

2

)∣∣∣∣, y ± λφ(y)

2
∈ [0, 1]

}
.

Let us denote the class of all absolutely continuous functions defined on the closed interval [0, 1] by ACloc[0, 1],
then the corresponding Peetre’s K -functional is defined as

Kφ( f, ν) = inf
h∈Wφ [0,1]

{|| f − h|| + ν||φh′|| : h ∈ C1[0, 1], ν > 0
}
,

where

Wφ[0, 1] = {h : h ∈ ACloc[0, 1], ‖φh′‖ < ∞}.
Also, there exists a constant N > 0 so that the following inequality is satisfied:

Kφ( f, ν) � N ωφ( f, ν).

123
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Theorem 5.1 Let y ∈ [0, 1] and f, f ′, f ′′ ∈ C[0, 1]. Then, the following inequality is satisfied for sufficiently
large n:

∣∣∣∣ζn( f ; y)− f ′′(y)μn(y)− f (y)

∣∣∣∣ �
N

n
φ2(y)ωφ

(
f ′′,
√

1

n

)
.

Here

μn(y) = 2n(n + 1)(θn(y)− θ2
n (y))

2(n + 2)2(n + 3)
+ 5n2(5n + 11)+ 40n + 12

24n2(n + 2)2(n + 3)
.

Proof Assuming f ∈ C[0, 1], the following relation is obtained:

f (t)− f (y)− (t − y) f ′(y) =
∫ t

y
(t − u) f ′′(u)du.

This relation implies the following inequality

f (t)− f (y)− (t − y) f ′(y)− f ′′(y)
2

(t − y)2 �
∫ t

y
(t − u)[ f ′′(u)− f ′′(y)]du. (5.1)

If we apply the operators ζn to the each side of (5.1), we have
∣∣∣∣ζn( f ; y)− g(y)− ζn((t − y); y) f ′(y)− f ′′(y)

2
ζn((t − y)2; y)

∣∣∣∣

� ζn

(∣∣∣
∫ t

y
|t − u| | f ′′(u)− f ′′(y)| du

∣∣∣; y

)
. (5.2)

The following quantity which is given in (5.2) is estimated as
∣∣∣∣
∫ t

y
|t − u| | f ′′(u)− f ′′(y)| du

∣∣∣∣ � 2‖ f ′′ − f ‖(t − y)2 + 2‖φ f ′‖φ−1(y)|t − y|3,

where f ∈ Wφ[0, 1]. For sufficiently large n, there exists N > 0 so that the following two inequalities are
satisfied:

ζn((t − y)2; y) � (θn(y)− θ2
n (y))

2 N

n
and

ζn((t − y)4; y) � (θn(y)− θ2
n (y))

4 N

n2 . (5.3)

Taking into relations (5.2)-(5.3) account and Cauchy-Schwartz inequality, the following relations are satisfied:
∣∣∣∣ζn( f ; y)− f (y)− ζn((t − y); y) f ′(y)− f ′′(y)

2

(
ζn((t − y)2; y)+ ζn(1; y)

)∣∣∣∣

� 2‖ f ′′ − f ‖ζn((t − y)2; y)+ 2‖φ f ′‖φ−1(y)ζn(|t − y|3; y)

� N

n
y(1 − y)‖ f ′′ − f ‖ + 2‖φ f ′‖φ−1(y){ζn((t − y)2; y)}1/2{ζn((t − y)4; y)}1/2

� N

n
φ2(y)

{
‖ f ′′ − f ‖ + n−1/2‖φ f ′‖

}
.

We deduce the desired result if we take the infimum of the right-hand side over all f ∈ Wφ[0, 1]. 	

By Theorem 5.1, following result is satisfied:

Corollary 5.2 Assuming f, f ′, f ′′ ∈ C[0, 1], we have the following result:

lim
n→∞ n

{
ζn( f ; y)− f (y)− f ′′(y)μn(y)

}
= 0.
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Theorem 5.3 Assume that f, f ′, f ′′ ∈ C[0, 1] and y ∈ [0, 1]. Then the following relation is satisfied:

lim
n→∞ n (ζn( f ; y)− f (y)) = (y − y2) f ′′(y).

Proof Assume that y ∈ [0, 1] and f, f ′, f ′′ ∈ C[0, 1]. We have the following relation by Taylor’s expansion:

f (t) = f (y)+ (t − y) f ′(y)+ (t − y)2

2
f ′′(y)+ f (t)(t − y)2, (5.4)

where f (t) ∈ C[0, 1] is the Peano’s type remainder such that limt→x f (t) = 0.We have the following relations
for every y ∈ [0, 1] by Corollary 2.2:

lim
n→∞ n · ζn((t − y); y) = 0

and

lim
n→∞ n · ζn

(
(t − y)2; y

)
= 2(y − y2).

The following equality is satisfied:

n (ζn( f ; y)− f (y))

= n · f ′(y)ζn((t − y); y)+ n

2
· f ′′(y)ζn

(
(t − y)2; y

)
+ n · ζn

(
f (t)(t − y)2; y

)
(5.5)

using the linearity of operators ζn in Eq. (5.4).
We have the following relations by Cauchy-Schwartz inequality:

ζn

(
f (t)(t − y)2; y

)
�
√
ζn
(
h2(t); y

) ·
√
ζn
(
(t − y)4; y

);

n · ζn

(
f (t)(t − y)2; y

)
�
√
ζn
(
h2(t); y

) ·
√

n2 · ζn
(
(t − y)4; y

)
. (5.6)

The limit limn→∞ n2 · ζn
(
(t − y)4; y

)
is non-negative and finite for y ∈ [0, 1] by Corollary 2.2. Using uniform

convergence of the operators ζn for f (t) ∈ C[0, 1], we have

lim
n→∞ ζn

(
h2(t); y

)
= h2(y) = 0

uniformly for y ∈ [0, 1] since f (t) ∈ C[0, 1] and lim f (t) = 0. So, we have

lim
n→∞ n · ζn

(
f (t)(t − y)2; y

)
= 0

by Eq. (5.6). The following equality, which completes the proof, is satisfied by Eq. (5.5):

lim
n→∞ n (ζn( f ; y)− f (y)) = (y − y2) f ′′(y).
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Fig. 1 Approximation of operators ζn( f ; y) with different n values

Fig. 2 Error of approximation with different n values

Fig. 3 Approximation of operators ζn( f ; y) with different n values

Fig. 4 Error of approximation with different n values
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Fig. 5 Approximation of operators ζn( f ; y) with different n values

Fig. 6 Error of approximation with different n values

6 Computer Graphics

Here, we demonstrate certain graphics to show the proposed operators ζn( f ; y) approximate functions with
different parameters. We present the convergence and error of convergence of operators ζn( f ; y) to some functions
with three examples.

Example 6.1 We examine convergence of approximating operators ζn( f ; y) towards the f (y) = sin(2πy) for
n = 20, 60, 100. In Figure 1, we demonstrate the convergence of our operators to the function given in this
example for some n values. Figure 2 provides an error of approximation for the information given in Figure 1.
It is clear from Figure 1-2 that operators ζn( f ; y) provide a better rate of convergence when n increases.

Example 6.2 We consider the function f (y) = 3y cos(πy) to see the accuracy of approximation of our operators
ζn( f ; y) for n = 20, 60, 100. Figure 3 and Figure 4 provide convergence and error of convergence of our
operators, respectively. It can be seen from Figure 3-4 that operators ζn( f ; y) provide a better rate of convergence
when n increases.

Example 6.3 We examine approximation of operators ζn( f ; y) to f (y) = |y − 0.5| ey for n = 30, 60, 90. We
demonstrate convergence and error of convergence of our operators in Figure 5 and Figure 6, respectively. We
see from Figure 5-6 that operators ζn( f ; y) provide a better rate of convergence when n increases.
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