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Abstract We establish a Kantorovich variant of Bernstein operators including the beta function inspired by
the King-type operators which preserve certain functions. We provide some pointwise, weighted, and direct
approximation theorems to examine the approximation properties of the introduced sequence of operators.
Furthermore, by graphical and numerical examples, we demonstrate the convergence of defined operators with
the help of the MATLAB program.
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1 Introduction

Many approximating operators have been introduced under certain conditions in order to approximate continuous
functions [1-4,24-31]. It is known that most of the approximating operators say, £,, preserve e, (v) = v (m =
0, 1), i.e., £,(e0; v) = ep(v) and £,(e1; v) = e1(v), n € N. For example, this preservation holds for the
Bernstein, A-Bernstein (see, [6,8,12,23]) and @ —Bernstein polynomials (see [7,9—11]) as well as Baskakov and
Szasz-Mirakjan operators (see [13,14] ). For each of such operators £, (e2; v) # e2(v) = v2. First time any
non-trivial sequence {G,,} of linear positive operators was presented by King [15] to approximate continuous
functions on [0, 1] although they preserve ¢g and e, functions, i.e., S, : C[0, 1] — CJO0, 1], if there is any
m € N and regardless of the function f € C[0, 1], is given as below:

m k .
Sn(f3y) = Zf(a> (Z) () (1=rmm)" ™, o<y <, (1.1)
k=0

where 7, (y) : [0, 1] — [0, 1] is defined by

2 itm=1

1 (1.2)

1 2 o —
5= T Y + gz {m=2.3.....

rm(y) = i
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1386 K.J. Ansari and F. Ozger

When we replace r; () by e, the operators given by (1.1) are reduced to the Bernstein polynomials. This sequence
satisfies S, (e1; y) = r; (v) and preserves the test functions eg and e;. One can observe that the operators &,
provide a better rate of convergence than the classical Bernstein polynomials so long as 0 < y < 1/3. Operators
preserving different test functions have been investigated by various researchers, e.g. [16], [18], [19].

Recently, Bhatt et al. [17] established a new sequence of Bernstein type operators including beta function as
follows:

- j
Cu(fiy) = Zogm,,-(wf (;) (1.3)
j=
foro € C[0, 1] and y € [0, 1], where
) = <m)ﬂ(my+j+1, 2m — j —my + 1)
Om = Bmy + 1, m—my+ 1)

Here S (u, v) is the Beta function defined as

1
ﬁ(u,v):/ AT =nvldr (u,v > 0).
0

The present study deals with certain estimates of the Bernstein-Kantorovich type operators based on the beta
function. In section 2, we introduce our sequence of operators. Section 3 is devoted to proving some pointwise
and weighted approximation theorems. In section 4, we give a Lipschitz theorem, estimate the rate of convergence
of defined operators, and obtain a direct approximation theorem. In section 5, we establish an asymptotic and a
quantitative formula. In the last section, we demonstrate certain computer graphics to show the convergence of
defined operators.

2 Preliminary results

Our purpose here is to introduce Kantorovich-type Bernstein operators based on beta functions preserving linear
mapping. Let the sequence of real-valued continuous function 6, (y) be defined as

6 =(1+2)y— 2>
nY) = n)? T T a?

with 0 < 6, (y) < oo, then we define our operators as follows:

Jj+!

G0 =1y 0y @) [, roa, @1
Jj=0 "
where
00 1(y) = <n>ﬂ(ny+j+1,2n—j—ny+l)
I EG) T By Ly + 1)

It can be observed that lim 6,(y) = y.
n—oo
Moments of the proposed operators, which are needed throughout the study, are given in the next lemma.

Lemma 2.1 We have the moments for the defined operators (2.1) as follows:

(i) tu(l;y) =1;
(1) bnts ) = 1) (6 1) (6 2) 2 mb o1
(i) 6,2 y) = (n—=1) 0, (y) + 1) 6, (y) +2) 2 @m0, (y) + 1 +

i) n+2 n+3 no n+2 3n2’
iv
(S y) = (n =1 =2) 0, (y) +3) (6 (y) +2) 6, (y) + 1)
o n? n+4 n+3 n+2
S(m—1) 6, (y) +2) () +1) 1
2 n? n+3 n+2 4n3
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Pointwise and weighted estimates for... 1387

(v)
Gt y) = (n—1Dm—2)(n—3) (n0,(y) +4) (n0,(y) + 3) 6, (y) +2) (n6,(y) + 1)
it Y= n3 n+5 n+4 n+3 n—+2
8(n — D(n —2) (n6(y) + 3) n6,(y) +2) (n6,(y) + 1)
+ 3
n n+4 n+3 n+2
+15(n —D @6, (y) +2) 06, (»+1) 6 6N+ 1
n3 n+3 n+2 . n42 sS4’

Corollary 2.2 The central moments for (2.1) are given below:
(i) Ga(t =y y) =0;

_n2 2
(i) 60t — Y 3) = 2n(n+ 1)@, (y) —07(y))  Sn*(Sm+11) +40n + 12

(n+2)%(n+3) 12n2(n +2)%(n + 3)

3 Pointwise and Weighted Approximation Results

In this part, we focus on pointwise and weighted approximation behaviors of operators ¢, (f; y).
We start by recalling the Lipschitz condition to obtain our first result related to pointwise convergence.
Assume that 0 <k < 1, T C R4 = [0, o0) and C (R ) denotes the space of all continuous functions f on
Ry then, a function f in Cp(Ry) belongs to Lipy (k) if

lf() = fODI < Kpelt —y[F (teT,yeRy)
holds, where the constant K 7, depends on both « and f.
Theorem 3.1 Let0 <k <1, f € Cp(R}) and T C Ry then, for each 'y € Ry,

2n(n+ 1)(0,(y) — 02(y)) . 5n*(5n+ 11) +40n + 12}

|§n(f; y) — f()’)l = Kf,K {2d (y, T)+ (n+2)2(n 13) 12}’12(}’1 _|_2)2(n+3)

where d(y, T) is the distance between y and T given as
d(y,T)=inf{|t —y| : t € T}.
Proof Lety € T such that ly —z| =d(y, T), where T is a closure of 7', then the relation

IfF@) = fDII=1fO)=FWDI+1f@O = fODI (v eRy)

is satisfied. With the help of relation

160 (f59) = DI =6 F ) = FODLEY) + 8 f@O = FODI5 )

we have
16 (F5 ) = FOI = Ky Iy = 21+ Gallr = y15 )]
= Kpae{ly =20 + 6l = 31 + 1y = 215 )}
= Kpuf2ly =2 + allr = v ).

The following relations are satisfied by applying Holder’s inequality to the above inequality for « = 2/« and
0=2/2—k):

1 1
[6n(f39) — O] =< K {2d”(y, T) + &8 (It — 15 &) (19 y)}

= K {20500 D+ 57 (= v

taking into Lemma 2.1 account we complete the proof. O
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1388 K.J. Ansari and F. Ozger

Lety € Ry and 0 < « < 1, then Lipschitz-type maximal function of order « is

Lf ) = f&)l

wc(fiy)=sup (3.1
y£x,yeR, |y —x[¢
[22]. We provide a local direct estimate of ¢, (f; y) by the next theorem.
Theorem 3.2 Let f € Cp(Ry) and 0 < k < 1, then, we have
180 (f53) = fFO] = @ (f19) {2'1(”;; 2(26;’12((?_:39)3@)) Sni;’;(: }:)2;310: ;12 } 2
forally € Ry.
Proof We have the following relations
16 (f2 ) = O =16 (f3 3) = F (D) Ea(L5 y)]
= &l f@®) = fMEY)
S oc(fi et =y y)
by the help of (3.1). Also applying Holder inequality to the last inequality for
a=2/k and 6 =2/2—«)
we observe that
180 (f5y) = FO] = o (f y)in%(lt —yI% ). (3.2)
We obtain the desired result from the last inequality together with Lemma 2.1 and the relation in (3.1). O

The set of all functions f on R having the property

lfDI =¥ (Ky

is called the weighted space By (R ), where a constant K y > 0 depending on f, and ¥ (y) = 1+ y? is a weight
function. Recall that the weighted space By, (R.) is a Banach space equipped with the norm

I flly = sup Uc(—y”
)7€R+ I/I(y)
The subspace of all continuous functions in By, (R4 ) is denoted by Cy (R ) and defined as
P AC)]
* — .
Cw(RQ = {f € Cy(Ry): }ll)néo ) <0o0¢.

Theorem 3.3 Assume that f € C ;’/‘, (R..), then the following relation is satisfied for ¥ (y) = 1 + y?:

| 6 (f59) = FO)
1 =0. 3.3
i S TG G-

Proof We have the following relations for any fixed y > 0:

sup 160 (f5 ) — F ()] < sup 160 (f5 ) — F ()] + sup 16 (f5¥) — FOD)I
yeRy Y1+ (y) T asy Y1+ (y) xzy Y1+ (y)
. (AR
<N (f3¥) = flicroy + ”f”‘”fg T (y)
[f (I
RN
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Pointwise and weighted estimates for... 1389
Using the fact | f(y)| < ¥ (y)N we have
sup A1 V)] 17
wzy YIHO(y) T (L y2)iH0
The parameter y can be chosen to be so large that the following inequality is satisfied:
ILf Dl
m < 6/3, (35)
where € > 0 is given. By the help of Corollary 2.2, we obtain
|2, (1 4 1% y)
1 lly = =22 = 0 (n — 0).
viT(y)
Also, if we choose y as large as enough, we have
|20 (1 + 1% y)]
| flly sup —=——— < €/3. (3.6)
v =g =

Moreover, bearing in mind Korovkin’s theorem, the expression on the right-hand side of inequality (3.4) becomes

18, (3 ¥) = flicron < €/3.
Combining the results in (3.5)-(3.7), the proof is completed.

Theorem 3.4 Assume that f € C ;’/‘, (R..), then the following relation is satisfied for ¥ (y) = 1 + y?:

lim (15, (f5y) = f(Wlly =0.
n—od
Proof We must prove that the following equality for r = 0, 1, 2:

lim [[g, ("5 y) =y ||1// =0.

n—o00

The Equality (3.8) is satisfied when r = 0 since ¢, (1; y) = 1. Since

[£n (25 y) — ¥l
n t; — = _— =
1025 y) = ylly ;;g: 0

0

En(t; y) — y||w — 0 as n — oo. Hence, the Equality (3.8) is satisfied for r = 1.
Using the same idea, we obtain

(13 y) _y2H¢

(=1 @6+ 1D 0, (N+2) 206, +D 1
n n+2 n+3 n o n+2 32 Y
20 +m(y—y)  +DO+4D) 8+ D2y +y?)

n+2)2n+3) n+2)2n+3) nn+2)2(n+3)

1
"
v (y)

= sup
yeRy

yER4
(A DOG+8y)  (+ D(6r’ +13n% +4) L]
n2(n +2)2(n + 3) 2n(n +2)%(n +3) V()
2(n2+n) y—y2 n—+1 y—i—4y2
< ——————— sup sup
(n+22m+3) yer, | ¥ | 0 +2)20+3) yer, | V()
8(n+1) . 2y 4 y? n+1 wp |68
nn 1220+ 3) yen | ¥ | 20+ 22+ 3) e | YO

(n + 1)(6n° + 130 + 4) “
M+ 22 +3)  yen

5]
v |

Hence, we have the desired result with the help of [5, Theorem 1].

3.7

O

(3.8)

@ Springer



1390 K.J. Ansari and F. Ozger

4 Certain Approximation Properties

Here, we give a Lipschitz theorem, estimate the rate of convergence, and obtain a direct approximation theorem
for operators (2.1).

Theorem 4.1 The following equality is satisfied
lim [[£,(f) = fl =0
n—od

for f € C[0O, 1].

Proof The following equalities are satisfied

lim ¢,(eo; y) = eo(y),
n—0oo

lim gy, (e1;y) = ei(y)
n—o0
via Lemma 2.1, and similarly
lim [|£,(e2) — ez = 0.
n—o0

Hence, the Korovkin’s theorem provides the desired result. O

Assume that 7, y € [0, 1], f € C[0, 1], N is a positive number and r € (0, 1]. When the following inequality
is satisfied:

() = fOI < Nt =yl
then a function f is said to be in the Lipschitz class Lipy (r) .

Theorem 4.2 Assume that f € Lipy (r), where r € (0, 1], then

[En(f59) = FO)I < Nvj(y)

is satisfied, where v, (y) = (g“,, ((t — 2 y))% .

Proof Since operators (2.1) are monotonic, the following relations are satisfied:

6 (F: ) = FOI < S 0 (0) 'f (ﬁ) - f(y)‘
j=0
<N 0ui() ’ﬁ ~y

Jj=

n 2= . 2\ 2
=NY 0,51 (Qn,,(w <£—y> ) :

j=0
We obtain the following relations if we apply Holder’s inequality for the above series

r
2 2

n . 2
3 0 (% - y)
j=0

16 (f13) = FON SN[ D 0nj(»)
j=0

2

n . 2
N3 0.0 <£ - y)

j=0

N (6 (6= »2y))*
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Pointwise and weighted estimates for... 1391

The usual modulus of continuity (MC) for a function f is given as

o(F:v'?) = sup sup F M) = f O

O<h<v y,y+he[0,1]
The rate of convergence of operators (2.1) is given via MC in the next step.
Theorem 4.3 Let f € C[0, 1], then we have

1/2

160 (f39) = FOI < 20(f, v ),

where v, = &, ((t — )5 y).

Proof With the help of the monotonicity of operators (2.1), we have
n J
1625 9) = OIS Qi () ‘f (;) - f(y)‘
j=0

<Y 0wy (% - y)

J=0

n . 2
<Y 0 (1 +v72 (ﬁ - y) ) wf(v)

j=0
n j 2

=|14v72 Z On,;j(y) (; - y) wr(v)
j=0

[1+072% (0= 9% 5) o).

Choosing v = &, ((t — y)%; y), we obtain the desired result. o

Since we want to obtain a direct approximation result for operators (2.1) we use Peetre’s K functional and
the second-order MC. Assuming f € C[a, b], v > 0 and W? = {h € Cla,b): W, h" € Cla, b]} the Peetre’s
K -functional is defined as

Ky(f.v) = inf {IIf —hl+v|n"|}.
heWw?
On the other hand, the second-order MC is defined as

wr2(fiv) = sup  sup {|f(y+2h)=2f(y+h) + fWI}
O<h<va<y<b

The following inequality constructs a link between Peetre’s K -functional and second order MC (see [20]):
Ko(f,v) < N-war(f,v).

Theorem 4.4 Assuming f € CIO0, 1] the following inequality is satisfied for a constant N > 0 and for each
neN:

16,(f59) — fFOI S N -2 (f,vn(y)),

where vy (y) = (60 (( — )% ¥)) 7 .
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1392 K.J. Ansari and F. Ozger

Proof Set W? for [0, 1]. For h € W2, employ the Taylor’s expansion to obtain

t
g =g +h M-y + / (t —wh" (u)du.
y

The following relations are satisfied if we apply Lemma 2.1:

t
Cn(h; y) =g +H (&t — y) + & (/ (t — u)h" (u)du; y)
y

t
|ea(h; ) — h(y) — K (D)t — Y)| < G </ It — ul |h" (w)| du; y)
s

60 (hs ) = h ) = ' &t = 0] < & (€= 0% y) 1]
Hence, we get
G0 (hs y) = h(y) = h' (V) (t — )|

- <2n(n+1)(9,,(y)—9,$(y)) 5n2(5n+11)+40n+12) I
b (n+2)2(n+23) 12n2(n +2)2(n + 3) '

Now,

6a(f53) = f() = K (0l = y)|
<ea(f = h; y) = (f = DD+ [¢uh; y) = h(y) — B ()&t — )| -
Using the relation |£,(f; y)| < || fIl, we obtain
[6a(f2y) = FO) = (30t — y)| i i
2 1) (6 (y) — 62 5n2(5n + 11) +40n + 12\ , ,
<||f_h||+<n(n+)( 2(y) ) n(nz+ )v; n + )”h I
(n+2)*(n+3) 12n*(n + 2)*(n + 3)

We obtain the following inequality when we take the infimum of the right side of the above inequality over all
h e W

[6a(f19) = fFO) =R (0 — y)| < K2 (f, V,f(y)> ,

where v,%(y) =1, ((t — )% y) . We obtain the desired result via Peetre’s K -functional property. O

5 An Asymptotic and a Quantitative Formula

Here, we establish a Voronovskaja-type asymptotic formula and obtain a quantitative Voronovskaja-type theorem
for (2.1). In order to achieve this aim, the following notions are needed.
Assuming f € C[0, 1] and ¢(y) = /y(1 — y) Ditzian-Totik modulus of smoothness [21] is defined as

follows:
= A AP
we(f,v): sup Hf(;;.p&) f(y (}’)>

0<|2|<v 2 2

,yi@e[o,l]}.

Let us denote the class of all absolutely continuous functions defined on the closed interval [0, 1] by ACj,[0, 1],
then the corresponding Peetre’s K -functional is defined as

Ko(f,v) = inf —h K| :heco, 1], 0},
o(fv) hevlvﬁ[o,u{”f | +vllgh'l| - h € C'[0,1],v > 0}

where
Wyl0, 11 = {h : h € ACioc[0, 1], [|¢h']| < oo}.
Also, there exists a constant N > 0 so that the following inequality is satisfied:

Ky(f.v) <N wg(f,v).
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Theorem 5.1 Let y € [0, 1] and f, f’, f” € C[0, 1]. Then, the following inequality is satisfied for sufficiently
large n:
. " N 2 " 1
G(fiy) = PO () = fO| S — "M f704/ )
Here

2n(n + 1)@, (y) — 02())  5n*(5n + 11) + 40n + 12
2(n +2)%(n+3) 24n’(n +2)>(n+3)

mn(y) =

Proof Assuming f € C[0, 1], the following relation is obtained:

t
FO = fO) == 0F'G) = / (t — ) f" (w)du.
y

This relation implies the following inequality

")
2

t
fO—=fOM—=@C=nfG- (1 —y)7° < / (t —w[f" @) — f"()]du. (6.1
y

If we apply the operators ¢, to the each side of (5.1), we have

")
2

(i y) —8() — &t =y M (y) — Gt — )5 y)

t
< ;(\f t—ul 1F"@) = £ ()] du ;y). (5:2)
\

The following quantity which is given in (5.2) is estimated as

20" = fl =+ 20ef llp~ )l — y P2,

1
/ e —ul | f" @) — f" ()] du
y

where f € Wy[0, 1]. For sufficiently large n, there exists N > 0 so that the following two inequalities are
satisfied:

(0 (y) — 67 (y)*N
n
(On(y) — 02(»))*N
n2 ’

& ((t — ¥)%5 y) < and

&t =y y) < (5.3)

Taking into relations (5.2)-(5.3) account and Cauchy-Schwartz inequality, the following relations are satisfied:

G (59 = FO) =t = 3 0 ) — L2

20" = Fliga( — ) y) +21of o~ eallt — v y)
N
<=7 = fll+ 20 16~ G (2 — )% Y212 — p)*5 )2

(&a (= V)5 ¥) + 615 )

N
<=2 W[ = Fl+n"Pler 1}
n

We deduce the desired result if we take the infimum of the right-hand side over all f € W,[0, 1]. |
By Theorem 5.1, following result is satisfied:

Corollary 5.2 Assuming f, f', f” € C[0, 1], we have the following result:

lim n {Cn(f; y)—f(y)— f”(y)un(y)} =0.
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1394 K.J. Ansari and F. Ozger

Theorem 5.3 Assume that f, f', f” € C[0, 1] and y € [0, 1]. Then the following relation is satisfied:
Jlm 1 (Gu(f13) = fO) ==y "),
Proof Assume that y € [0, 1] and f, f’, f” € C[0, 1]. We have the following relation by Taylor’s expansion:

(t—y)?

fO=fOM+@e=nf»+ Tf”(y) +fO =), (5.4)

where f(t) € C[0, 1] is the Peano’s type remainder such that lim;_, , f(#) = 0. We have the following relations
for every y € [0, 1] by Corollary 2.2:

lim n-& (& —y);y)=0
n—o0
and

lim n- ¢, ((t -4 y) =2(y — y9.

n—oo

The following equality is satisfied:

n (G (f;y) =)
_ ’ . n 1 2. 2.
=1 S WG = 0+ 5 06 (=95 y) +n- 5 (FoOE - 0% y) (5.5)

using the linearity of operators ¢, in Eq. (5.4).
We have the following relations by Cauchy-Schwartz inequality:

En (f(t)(t - % y) < \/;“n (h%(1); y) - \/in (=4 y);
n G (FO@=%7) < o (2005 3) - 2 6 (6= 9% ). (5.6)

The limit lim,,_ o0 12 - Cn ((t — y)4; y) is non-negative and finite for y € [0, 1] by Corollary 2.2. Using uniform
convergence of the operators ¢, for f(¢) € C[0, 1], we have

lim ¢, (K0 y) = H*() =0
n—o00
uniformly for y € [0, 1] since f(z) € C[0, 1] and lim f(¢) = 0. So, we have
tim 76 (£ =% y) =0
n—oo
by Eq. (5.6). The following equality, which completes the proof, is satisfied by Eq. (5.5):

Jlim 1 (G(f13) = fO) ==y ).
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1.0 :X/
0.8 :
. — f(y)
— =20
—— n,=60
n3=100

L Il L L L L L L Il L
0.2 0.4 0.6

Fig. 1 Approximation of operators ¢, (f; y) with different n values

020k
015+
—— Errory (n=20)
010} —— Errory, (n=60)
Errorz (n=100)
0.05
02

o8 10 )’_ f(y)
[ — ny=20
r —— n,=60
[ n3=100
-2f
_3;

Fig. 3 Approximation of operators ¢, (f; y) with different n values

1

035
0.30

0.25
—— Errory (n=20)

—— Errory, (n=60)
Errors (n=100)

0.20

0.15

0.10

0.05

P R
0.2 0.4 0.6 0.8 1.0

Fig. 4 Error of approximation with different n values
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— f(y)
— n1=30
I72=60
n3=90
oz o4 ‘0.6“‘0.8“‘1.0)/
Fig. 5 Approximation of operators ¢, (f; y) with different n values
R
05k
[ —— Errorq (n=30)
010
I Error, (n=60)
[ Errors (n=90)
0.05F
[ L L L L L L \\/ 1 L L L L 2yl L L L L L L
02 0.4 06 08 w0

Fig. 6 Error of approximation with different n values

6 Computer Graphics

Here, we demonstrate certain graphics to show the proposed operators &, (f; y) approximate functions with
different parameters. We present the convergence and error of convergence of operators &, (f; y) to some functions
with three examples.

Example 6.1 We examine convergence of approximating operators ¢, (f; y) towards the f(y) = sin(2ry) for
n = 20,60, 100. In Figure 1, we demonstrate the convergence of our operators to the function given in this
example for some n values. Figure 2 provides an error of approximation for the information given in Figure 1.
It is clear from Figure 1-2 that operators ¢, (f; y) provide a better rate of convergence when n increases.

Example 6.2 We consider the function f(y) = 3¥ cos(xry) to see the accuracy of approximation of our operators
¢n(f;y) for n = 20, 60, 100. Figure 3 and Figure 4 provide convergence and error of convergence of our
operators, respectively. It can be seen from Figure 3-4 that operators ¢, (f; y) provide a better rate of convergence
when 7 increases.

Example 6.3 We examine approximation of operators ¢, (f; y) to f(y) = |y — 0.5] ¢” for n = 30, 60, 90. We
demonstrate convergence and error of convergence of our operators in Figure 5 and Figure 6, respectively. We
see from Figure 5-6 that operators &, (f; y) provide a better rate of convergence when 7 increases.
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