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Abstract In this article, we prove that if a Hibi ring satisfies property N, then its Segre product with a polynomial
ring in finitely many variables also satisfies property N>. When the polynomial ring is in two variables, we also
prove the above statement for N3. Moreover, we study the minimal Koszul relations of the second syzygy module
of Hibi rings.
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1 Introduction

A classical problem in commutative algebra is to study the graded minimal free resolution of graded modules over
polynomial rings. Let S be a standard graded polynomial ring in finitely many variables over a field K and I be
a graded S-ideal. To study the graded minimal free resolution of S//, Green and Lazarsfeld [9] defined property
N, for p € N. Thering S/1 satisfies property N, if S/I is normal and the graded minimal free resolution of S//
over § is linear upto pth position. In this article, we study the Green—Lazarsfeld property N, for Segre product
of Hibi rings and the minimal Koszul sygygies of the Hibi ideals and the initial Hibi ideals.

Let L be a finite distributive lattice and P = {py, ..., p,} be the subposet of join-irreducible elements of L.
Let K be a field and let R = K[y1, ..., Yu, 21, ..., Zn] be a polynomial ring over K. The Hibi ring associated
with L, denoted by R[L], is the subring of R generated by the monomials u, = (] pica yi) (] pida z;) where
o € L. Hibi [14] showed that R[L] is a normal Cohen—Macaulay domain of dimension #P + 1, where #P is the
cardinality of P. Let K[L] = K[{x, : « € L}] be the polynomial ring over K and & : K[L] — R[L] be the K-
algebra homomorphism with x > u. The ideal I}, = (x4xg — XarpXavp : @, B € L and a, B incomparable)
is the kernel of the map . It is called the Hibi ideal associated to L.

In past, various authors have studied minimal free resolution of Hibi rings. Ene et al. [6] provided a com-
binatorial formula for the regularity of Hibi rings. In [5,8], the authors have characterized all Hibi rings with
linear resolution. Ene [7] characterizes all simple planar distributive lattices for which the associated Hibi ring
satisfies property N». Das and Mukherjee [4] described the generators of second syzygy module of simple planar
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1444 D. Veer

distributive lattices. Additionally, the author [25] has proved several results regarding property N, of Hibi rings,
including a characterization of those Hibi rings that satisfy property N, for p > 4.

The Segre product of polynomial rings may be viewed as a Hibi ring. Let A = K[x1,0, ..., X1,5,] % -+ *
Kl[xr0,...,Xrn,]be the Segre product of r polynomial rings, where n; > 1 and n; € N for all i. Sharpe [21]
proved in 1964 that if r = 2, then A satisfies property N». For r = 2, Lascoux [16] and Pragacz-Weyman [18]
proved that A satisfies property N3 if K contains the rational field Q. Hashimoto [11] showed that if r = 2,
ni, ny > 4 and characteristic of the field K is 3, then A does not satisfy property N3. Rubei [19,20] proved that
if » > 3 and char(K) = 0, then A satisfies property N3 but it does not satisfy property Na.

It is known that if a poset in disconnected, then the associated Hibi ring is the Segre product of the Hibi
rings associated to each individual connected piece of the poset. Let P be a poset that is disjoint union of a
poset Py and an isolated point. In this article, we prove that if R[Z(P;)] satisfies property N, for p < 3, then so
does R[Z(P)]. Our proof follows the argument of Rubei [19] which is combinatorial in nature. The core idea of
Rubei’s approach is as follows: in [3,23], it was shown that multigraded Betti numbers of affine semigroup rings
can be computed using homologies of squarefree divisor complexes. Utilizing the results of [3,23], it is suffices
to prove that for p = 2, the first homology of certain squarefree divisor complexes vanishes, whereas for p = 3,
the second homology of certain squarefree divisor complexes vanishes. For p = 2 (resp. p = 3), we begin by
showing that every 1-cycle (resp. 2-cycle) y of the simplicial complex A is homologous to an 1-cycle (resp. a
2-cycle) of a subcomplex of A. We then use this result to demonstrate that y is, in fact, a boundary of A.

We generalize the above result for p = 2 to the case when P is the disjoint union of a poset P; and a chain.
More precisely, we show that if R[Z(Py)] satisfies property N;, then R[Z(P)] also satisfies property N>. To
prove this, we use induction on the length of the chain. The above result serves as the base case for the induction.
This proof is motivated from Rubei [20]. Following the combinatorial argument outlined in the previous result,
we first show that every 1-cycle y of the simplicial complex A is homologous to an 1-cycle y’ of a simplicial
complex of X, which contains A as a subcomplex. We then note that ¢’ is homologous to 0 is X using the
hypothesis R[Z(P;)] satisfies property N,. Finally, we consider different cases to show that y is homologous to
01in A, which is equivalent to saying that y is a boundary of A.

Next, we inquire the following: if a Hibi ring does not satisfy property N>, then which Koszul relations will
be in the minimal generating set of its second syzygy module. We provide a partial answer this question. In the
process, we characterize the Koszul relations pairs of the initial Hibi ideals under a fixed monomial order.

The article is organized as follows. In Sect. 2, we recall some basic notions of algebra and combinatorics.
Section 3 is about the results on property N, of Segre products of Hibi rings. Finally, in Sect. 4, we study the
Koszul relation pairs of the Hibi ideals and initial Hibi ideals.

2 Preliminaries

We start by defining some notions of posets and distributive lattices. For more details and examples, we refer the
reader to [22, Chapter 3]. Throughout this article, all posets and distributive lattices will be finite.

Let P be a poset. We say that two elements x and y of P are comparable if x < y or y < x; otherwise x and y
are incomparable. For x, y € P, we say thaty covers xif x < y and thereisnoz € P withx < z < y. We denote
itby x < y. A poset is completely determined by its cover relations. A chain C of P is a totally ordered subset of
P.The length of achain C of P is#C — 1. A subset « of P is called an order ideal of P if it satisfies the following
condition: forany x e v and y € P,if y < x, then y € «. Define Z(P) := {o € P : « is an order ideal of P}.
It is easy to see that Z(P), ordered by inclusion, is a distributive lattice under union and intersection. Z(P) is
called the ideal lattice of the poset P.

Let P and Q be two posets. The ordinal sum P & Q of the disjoint posets P and Q is the poset on the set
P U Q with the following order: if x,y € P @ Q, then x < y ifeitherx,y € Pandx <yin Porx,y € Q
andx <yinQorx € Pandy € Q. Let P, Q be posets on disjoint sets. The disjoint union of posets P and Q
is the poset P + Q on the set P U Q with the following order: if x,y € P + Q, then x < y ifeitherx,y € P
andx <yinPorx,y € Qandx < yin Q. A poset which can be written as direct sum of two posets is called
disconnected. Otherwise, P is connected.

Let L be a distributive lattice. An element x € L is called join-irreducible if x is not the minimal element of
L and whenever x = y V z for some y, z € L, we have either x = y or x = z. Let P be the subposet of join-
irreducible elements of L. By Birkhoff’s fundamental structure theorem [22, Theorem 3.4.1], L is isomorphic
to the ideal lattice Z(P). Write P = {p1, ..., pp}andlet R = K[y, ..., ¥n, 21, - - - » Zn] be a polynomial ring
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in 2n variables over a field K. The Hibi ring associated with L, denoted by R[L], is the subring of R generated
by the monomials uy = ([, cq i) ([ ], ¢4 2i) Where o € L.

Let K[L] = K[{xq : @ € L}] be the polynomial ring over K and 7 : K[L] — R[L] be the K-algebra
homomorphism with x, + uy. Let I = (xgXg — XqnpXevg @ @, B € L and «, B incomparable) be an
K[L]-ideal.

Let < be a total order on the variables of K[L] with the property that one has x, < xgif « < Bin L.
Consider the graded reverse lexicographic order < on K[L] induced by this order of the variables.

Theorem 2.1 [12, Theorem 6.19] The generators of Iy described above forms a Grobner basis of ker(r) with
respect to <. In particular, ker(w) = I.

The ideal I, is called the Hibi ideal of L. By Theorem 2.1, it follows that
inc(I) = (xgxpg : @, B € L and o, B incomparable).

It is easy to see that if P = {p1, ..., py} is a chain with p; < --- < p,, then Z(P) = {4, {p1}, {p1, P2},
<. {p1,---, pn}}- Thus, the Hibiring R[Z(P)] = K[z1 - - Zn, Y122 ** Zn» - --» Y1 - - - Ynl, Whichis a polynomial
ring in n + 1 variables. Let Py and P> be two posets and P be their disjoint union. It was observed in [13] that
R[Z(P)] = R[Z(P1)] * R[Z(P>)], where x denotes the Segre product.

2.1 Green—Lazarsfeld property

Let S = K[x1, ..., x,] be a standard graded polynomial ring in n variables over a field K and M be a graded
S-module. Let I be the graded minimal free resolution of M over S:

F:0— @S(_j)ﬁrj SN @S(_j)ﬂlj - @S(_J-)ﬂoj-.
' J J

J

The numbers B;; are called the minimal graded Betti numbers of the module M.

Let I be a graded S-ideal. We say that S/ satisfies Green—Lazarsfeld property N, if S/I is normal and
Bij(S/1) =0fori # j+ land 1 <i < p. Therefore, S// satisfies property Ny if and only if it is normal; it
satisfies property N if and only if it is normal and 7 is generated by quadratics; it satisfies property N, if and
only if it satisfies property N and [ is linearly presented and so on. We know that the Hibi rings are normal and
the Hibi ideals are generated by quadratics. Hence, the Hibi rings satisfy property Nj.

2.2 Squarefree divisor complexes

Let H C N" be an affine semigroup and K [ H ] be the semigroup ring attached to it. Suppose that iy, ..., hy,, € N"
is the unique minimal set of generators of H. We consider the polynomial ring T = K[#1, ..., t,] in n variables.
Then K[H] is the subring of 7' generated by the monomials u; = ]_[’}:1 119 for 1 < i < m, where h;(j)
denotes the jth component of the integer vector ;. Consider a K-algebra map S = K[xy,...,x,] > K[H]
with x; — u; fori = 1, ..., m. Let Iy be the kernel of this K-algebra map. Set degx; = h; to assign a Z"-
graded ring structure to S. Let m be the graded maximal S-ideal. Then K[H] as well as /i become Z"-graded
S-modules. Thus, K[H] admits a minimal Z"-graded S-resolution F.

Given h € H, we define the squarefree divisor complex Ay, as follows:
Ap:=1F C[m]: Hu,' divides tf(l) . --t,i’(") in K[H]; .
ieF
We denote the ith reduced simplicial homology of a simplicial complex A with coefficientsin K by ﬁ,- (A, K).

Proposition 2.2 [3, Proposition 1.1], [23, Theorem 12.12] With the notation and assumptions introduced one
has Tor; (K[H], K);, = Hi—1(Ay, K). In particular,

Bin(K[H]) = dimg H;_1(Ap, K).
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Definition 2.3 Let H C N" be an affine semigroup generated by A1, ..., h,. An affine subsemigroup H' C H
generated by a subset of {hy, ..., h,;,} will be called a homologically pure subsemigroup of H if for all h € H’
and all h; with h — h; € H, it follows that h; € H'.

Let H' be a subsemigroup of H generated by a subset X of {h1, ..., h,},andletS’ = K[{x; : h; € X}] C S.
Furthermore, let F’ be the Z"-graded free S’-resolution of K[H’]. Then, since S is a flat §’-module, ' ®¢ S is a
7" -graded free S-resolution of S/IyS. The inclusion S’ /IS Qg S — §/Iy S induces a Z"-graded S-module
complex homomorphism F' ® ¢ S — F. Applying _ ®s K on this complex homomorphism with K = S/m, we
obtain the following sequence of isomorphisms and natural maps of Z"-graded K -modules

Tor{ (K[H', K) = H;(F' ®¢ K) = H;(F ®g ) ®5 K) —
H;(F ®s K) = Tor? (K[H], K).

We need the following proposition several times in this paper.

Proposition 2.4 [5, Corollary 2.4] Let H' be a homologically pure subsemigroup of H. If F' is the minimal
7" -graded free S'-resolution of K[H'] and F is the minimal 7" -graded free S-resolution of K[H), then the
complex homomorphism F' ® S — F induces an injective map F' @ K — F ® K. Hence,

Tord (K[H'], K) — Tor} (K[H], K)

is injective for all i. In particular, any minimal set of generators of Syz;(K[H']) is part of a minimal set of
generators of Syz; (K[H]). Moreover, ﬂ,-j(K[H/]) < Bij(K[H]) foralli and j.

Let us now define the semigroup ring structure on Hibi rings. Let L = Z(P) be a distributive lattice with
P ={p1,..., pp}. For o € L, define a 2n-tuple h, such that for 1 <i <n,

atith positionif p; € a,
atith positionif p; ¢ «,
at (n +i)th position if p; € «,

_—0 O =

at (n + i)th position if p; ¢ «.

Let H be the affine semigroup generated by {hy : « € L}. Then, we have K[H] = R[L]. Let 8,y € L
such that § < y.Define L} = {o € L : 8 < «a < y}. Clearly, L is a sublattice of L. Let H; be the affine
subsemigroup of H generated by {hy : @ € L1}.

Proposition 2.5 Let H and H| be as defined above. Then Hj is a homologically pure subsemigroup of H.

Proof We show thatifo ¢ Ly thenh — hy ¢ H forall h € H;. Suppose o ¢ L then eithera & y ora # B.
If o £ y, then there exists a p; € « such that p; ¢ y. So i’ entry of h is 1 but for any o’ € Ly, i'" entry
of hy is 0. Hence, h — hy ¢ H forall h € H;.
If « # B, then there exists a p; € 8 such that p; ¢ . So (n + 7)™ entry of hy is 1 but for any o’ € Ly,
(n+ j) entry of hy is 0. Hence, h — hy ¢ H forall h € Hj. |

3 Property N, for Segre products of Hibi rings

In this section, we discuss the property N, of Segre products of Hibi rings for p € {2, 3}. Let P, and P, be
two posets and P be their disjoint union. From Sect. 2, we know that the Segre product of Hibi rings R[Z(P;)]
and R[Z(P,)] is isomorphic to the Hibi ring R[Z(P)]. We also know that a poset P is a chain if and only if
R[Z(P)] is a polynomial ring. From Sect. 2.2, recall the definition of the semigroup associated to a Hibi ring.
Fori € {1, 2}, let H; be the affine semigroup generated by {hy : « € Z(P;)} and let H be the affine semigroup
associated to the Hibi ring R[Z(P)]. Since Z(P) = {(«, B) : « € Z(Py) and B € Z(P>)}, itis easy to see that H
is generated by {(hy, hg) : @ € Z(P1) and B € Z(P»)}.
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3.1 Segre product of a Hibi ring with a polynomail ring in two variables

Theorem 3.1 Let Py, P>, P, Hy, Hy and H be as above. Then, foreachl € {1, 2}, H; is isomorphic to a homolog-
ically pure subsemigroup of H. In particular, if B;j(R[Z(P))]) # O for some | € {1, 2}, then B;;(R[Z(P)]) # 0.

Proof By symmetry, it suffices to prove the theorem for / = 1. Consider the subsemigroup G| of H generated
by {(hy, hy) : @ € Z(Py)}, where ¢ is the minimal element of Z(P5). It is easy to see that G is isomorphic to
the semigroup H;. Also, observe that § = (¢, @) and y = (P1, ¥) are the order ideals of H. The subsemigroup
G is generated by {h, : § < n < y}. So by Proposition 2.5, G is a homologically pure subsemigroup of H.
The second part of the theorem follows from Proposition 2.4. Hence the proof. O

3.2 Segre product of a Hibi ring with a polynomail ring

Corollary 3.2 Let P be a poset such that it is a disjoint union of two posets Py and P>. If R[Z(P)] satisfies
property N, for some p > 2, then so does R[Z(P1)] and R[Z(P)].

Proof The proof follows from Theorem 3.1. O

Lemma 3.3 Ler R[Z(P)] be a Hibi ring associated to a poset P. Then the following statements hold:

(@) If P2a(R[Z(P)]) = 0, then R[Z(P)] satisfies property N».
(b) If R[Z(P)] satisfies property N> and B35(R[Z(P)]) = 0, then it satisfies property N3.

Proof (a) Hibirings are algebra with straightening laws (ASL) and straightening relations are quadratic [ 14, Sect.
2]. ASL with quadratic straightening relations are Koszul [15]. So by [15, Lemma 4], 82 (R[Z(P)]) = 0 for
all j > 5. This concludes the proof.

(b) The proof follows from [1, Theorem 6.1].

In this subsection, we prove Theorem 3.4.

Theorem 3.4 Let P| be a poset, P, = {b} and p € {2, 3}. Let P be the disjoint union of Py and Py. If R[Z(Py)]
satisfies property N, , then so does R[Z(P)].

The proof of the above theorem follows the argument of Rubei [19]. Let P; and P> be as in theorem. So
Z(P) = {(a,B) : @ € I(P1), B € I(P2)}. Let H be the affine semigroup generated by {(hy, hg) : o €
Z(P1), B € Z(Py)}. In order to prove the above theorem, by Proposition 2.2 and Lemma 3.3, it is enough to
show that for p € {2, 3}, if h = (hy, h2) € H withdeg(h) = p + 2, then H, 1(Ap) = 0. Fori =1, 2, let H;
be the affine semigroup generated by {h, : @ € Z(P;)}. Observe that H> is generated by two elements gy and
hypy. For simplicity, we denote A by hy.

Let A be a simplicial complex on a vertex set V. The support of a simplex o in A is the set of all vertices
veVsuchthatv e 0. Leta = Zi ajo; where ¢; € Z, be a chain in A. The support of «, denoted by sp(«), is
the union of the support of the simplexes o;. We denote the i-skeleton of A by ski(A).

Notation 3.5 Let g € H| withdeg(g) = d.
(a) Denote g, = (g, g'), where g = (d — €)hy + €hp € Hyand e € {0, ..., d)}.
(b) ForO0 <l <d —1, let

Fl(A,) = U U
(Ag) Sln8d g, ijell,.., d}(
s.t. g1+-+8a=8

(Gigs ) - - 81y hp))-

Lemma 3.6 Under the notations of Notation 3.5.

(a) Foralli <1 —1, Hi(F'(Ag) = Hi(Ay).
(b) Fore € {1,2}, Fl(Ag) C Ay, ifandonly ifl <d —e — 1.

Proof (a) The proof follows from F!(Az) = sk!(Ay).
(b) Let g1,...,84 € H; be such that Zle gi = g. Observe that for any {ip,...,7;} < [d],
{(8iy> hp)s - ., (g, hyp)} is a simplex in Ag,_ifand only if/ <d — e — 1.
O
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Let ¢ € Hy withdeg(g) =d andlete € {0, ..., d}. Note that A,, = A, forall € € {0, d}. Also, we have
Ag, = Ag, .. Thus, to prove the theorem, it suffices to consider the cases iy = (p + 2 — €)hg + €hy,, where
e e{l,2}and p € {2, 3}.

Remark 3.7 Let g € Hy withdeg(g) =d and € € {0, ...,d}. Let g1, ..., g4 € Hy be such that g = Z?:l gi-
Observe that o = {(gi,. k). ... (Giy_crrs h)} & Ay foranyii, ... ig—eq1 € {1,...,d}.Forl € {1,...,d}
withl #ij, je{l,...,d —e+ 1}, let

d—e+1
o= (—Df”{(gi,, o). (8iy ). (G ). (8ig h@)}
j=1
be a (d — €)-chainin A, . Then 9o = do’.
Definition 3.8 For any ¢ € H; with deg(g) = d and € € {1,...,d}, we define Rg . to be the following

simplicial complex:

Y o (
81s8dE€HL i1, ig—1€{1,....d}
s.t. g1+...+84=¢ il#im

(&ivs hb)s s (&ieys hp), (8 h). -y (i hp)).

Lemma 3.9 Let g € Hy withdeg(g) = d and € € {1, 2}. Assume that

(@) (,d) €{(0,3),(1,4)} and
(b) Hi(Ag_,)=0.

Then H;(Rq.c) = 0.

Proof Observe that Ry © A, . 1f € = 1, then sk?(Ag, ) C sk*(Rg.c). Thus, Hi(Ag_,) = Hi(Ry.) for
i =0, 1. So we only have to consider the case € = 2. Let 8 be an i-cycle in R, ¢. Since H;(Ag,_,) = 0, there
exists an (i + 1)-chain n in A, | such that 9n = B. Suppose n = Zj cjoj, where o; is an (i + 1)-simplex in
Ag._,- Now consider an (i 4 1)-chain  in Rg,c such thaty =}~ cjo}, where o = 0} if 0; € Ry else o is
as defined in Remark 3.7 corresponding to ;. Then 0y = B. O

Lemma 3.10 Let g € Hy withdeg(g) =4 and € € {1,2}. Every I-cycle y in Ag_ is homologous to an 1-cycle
in F1(Ag) (C Ay)).

Proof We prove the lemma by induction on the cardinality of (sp(y) N sk%(A e\ F N ¢)-
Let (f, hp) € sp(y). Let S(r,p,) be the set of 1-simplexes of y with vertex (f, hp). For o = {v, (f, hp)} €

S(f.hy)s let o’ = {v, (f, hy)}. Clearly, ¢’ is an I-simplex of A, . Let o = ZUGS(_f,hb)(_U + o) be the 1-cycle

inAg,.
Now, we show that for a vertex v in Ay, if (v, (f, hp)) € Ag,, thenv € R, s . Observe that

Ro ¢1= U U (&iy» hp). (&> hop)
§=f 81,82,83€H] i13i2€{1,2»3}< 8ir» 102, 81z, 40 >
st gi+gtgz=¢—f i1Fi2
and
Ro_sn = U U (&i1s Mp), (8ia» o).
s/ g1.82. 3¢ Hi i.,ize{1,2,3}( & 8iz» )

st g1+g+g3=¢—f L1Fi2

Ife = 1,thenv = (f’, hy) forsome f' € Hj suchthatg— (f + f) € Hy.If e = 2, theneither v = (f', hy)
orv = (f’, hp) for some f’ € Hy such that g — (f + f’) € H;. Inboth cases, v € Ry .

So we obtain that sp(a) € C, where C is the union of the cones ((f, hp), Rg—r.e) and ((f, hy), Rg—f.e).
Notice that C C A, . Since Hibi rings satisfy property Ny, we have I—NIO(A(g_f)gfl) = 0. Thus, IZIVO(Rg_f,E) =0
by Lemma 3.9. Since ﬁi(C) = ﬁi_l (Rg—f,e), we have ﬁl (C) = 0. Thus, « is homologous to O which implies
that o is homologous to o + «.

Observe that #((sp(y +a) Nsk®(Ag )\ FL(Ay)) < #((sp(y) Nsk®(Ag )\ F1(A,)). Hence, we conclude
the proof by induction. O
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Proof of Theorem 3.4 for Ny We have to show thatif 4 = (hy, hy) € H withdeg(h) = 4, then ﬁl (Ap) =0.
We consider the following cases:

(1) Assume that hy = 3hg + hyp. Let y be an 1-cycle in Ay,. By Lemma 3.10, y is homologous to an 1-cycle
y of F! (Ahl) C Ay In other words, there exists a 2-chain w in Ap such that du = y — y'. Also,
H,(F? (Ap))) = Hl(Ahl) = 0, where the isomorphism is due to Lemma 3.6(a) and the equahty is by
hypothesm As F! (Ahl) C F? (Ap,), there exists a 2-chain ,u in F2(Ahl) such that ou’ = y’. Since
F? (Ap,) € Ap, ' is a2-chain in Aj. Therefore, [y'] = 0in Hi(Ap). So [y] =01 1n Hl(Ah)

(2) Consider hy = 2hy+2hp. Every 1-cycle y in Ay, is homologous to an 1-cycle y'in F! (Ap,) by Lemma 3.10.
Butin this case, FZ(A;,1 ) is not contained in Aj,. Since Hy (F2(Ay,)) = 0, there exists a 2-chain 1 in F2(Ay,)
such that du = y’. Let u = ) _; ¢cjo;, where o; is a 2-simplex in FZ(A;,I) Consider a 2-chain v in Aj, such
that = ), ¢c;0/, where o] = o; if 0; € A, else o/ is as defined in Remark 3.7 corresponding to o;. Then
9y = y'. Therefore, [y'] = 0 in Hi(Ap). So [y]=0in H\(Ay,). Hence the proof.

O

Lemma 3.11 Let g € Hy withdeg(g) = 5 and € € {1,2}. Every 2-cycle y in Ag_ is homologous to a 2-cycle
in F2(Ag) (C Ag)).

Proof We prove the result by induction on the cardinality of (sp(y) N skO(AgE)) \ F 2(A g)-

Let (f, hp) € sp(y). Let S, be the set of 2-simplexes of y with vertex (f, hp). Foro = {v, u, (f, hp)} €
Sy, leto’ = {v, u, (f, hy)}. Clearly, o’ is a 2-simplex of Ay, . Leta = Zoeswb)(—a + o’) be the 2-cycle
inAg,.

Now, we show that for vertexes v, u in Ag_, if (v, u, (f, hp)) € A, , then (v, u) € Ry_ 1. Observe that

R, 1 = U U ishg), (gi,, h ins
g—fi1 St i H i]’iz’l_3€{1w.’4}<(gll #)s (8in» hy)(8is (ZJ))
s.t. g1 +-+ga=g—f i1 #ik
and
R,_¢r = U U iy hp), (gir, hg)(gins hyp)).
g—f elomacHy sl 4}((811 b)s (&irs hp)(8iy Q)))
s.t. g1t +g4=g—f i1 ik

If € = 1, then (v, u) = ((f1, hg), (f2, hy)) for some f1, fo» € Hy suchthat g — (f + f1 + f») € H;. If
€ = 2, then either (v, u) = ((f1, hy), (f2, hy)) or (v, u) = ((f1, hp), (f2, hy)) for some fi, fr € Hj such that
g — (f + fi+ f2) € Hi. Inboth cases, (v, u) = ((f1, hgp), (f2, hp)) S Rg—fe.

So we obtain that sp(a) € C, where C is the union of the cones ((f, hp), Rg—r.¢) and ((f, hy), Rg—f.¢).
Notice that C € Ay . Since R[Z(P)] satisfies property N, we have ﬁl (Ag—1),_,;) = 0. Thus by Lemma 3.9,
ﬁl (Rg—r,e) = 0. Since ﬁi(C) = ﬁi_l(Rg_f’e), we have ﬁz(C) = 0. Thus, « is homologous to 0. So o is
homologous to o + «.

Observe that #((sp(y +a) Nsk®(Ag )\ F2(Ag)) < #((sp(y) Nsk®(Ag )\ F2(Ay)). Hence, we conclude
the proof by induction. O

Proof of Theorem 3.4 for N3 We have to show thatif i = (hy, ho) € H withdeg(h) = 5, then ﬁz(Ah) =0.
We consider the following cases:

(1) Cons1der hy = 4hg + hy. Let y be a 2-cycle in Ay,. By Lemma 3.11, y is homologous to a 2—cycle
y of F3 (Ahl) C_Aj. In other words, there exists a 3-chain w in Ap such that oy = y — y’. Also,
H)(F 3(Ah1 ) = Hz(Ahl) = 0, where the 1somorphlsm is due to Lemma 3.6 and the equahty holds because

[I(Pl)] satisfies property N3. As F2(Ah1) c F? (Ap,), there exists a 3-chain ,u, in F3(Ah1) such that
8;/. = y’. Since F3 (Ap,) € Ap, ¢ is a 3-chain in Ay. Therefore, [y'] = 0 in Hl(Ah) So[y] =0in
Hi(Ap).

(2) Assume hy = 3hy + 2hp. By Lemma 3.11, every 2-cycle y in Aj is homologous to a 2-cycle y” in F? (Apy).
But in this case, F> (Apy) ;(_ Ay. Since Hz(F3(Ah])) = 0, there exists a 3-chain u in F3(Ahl) such that
ou =y Let u = Z, cijoi, where o; is a 3-simplex in F3(Ah1). Consider a 3-chain i in Ay such that
V¥ = Y ;cio{, where o/ = o0; if 0; € A, else o/ is as defined in Remark 3.7 corresponding to o;. Then
9y = y'. Therefore, [y'] = 0 in Hy(Ap). So [¥y]=0in H>(Ay,). Hence the proof.
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O
In this subsection, we show that if a Hibi ring satisfies property N, then its Segre product with a polynomial
ring in finitely many variables also satisfies property N;.

Proposition 3.12 Let P be a poset such that it is a disjoint union of a poset Py and a chain Py = {ay, ..., a,}
with ay < --- < ay. Let {x} be a poset and P} be the ordinal sum P> & {x}. Let Q be the disjoint union of the
posets Py and P2’. If R[Z(P)] satisfies property Na, then so does R[Z(Q)].

Theorem 3.13 Let P be a poset such that it is a disjoint union of a poset Py and a chain Py. If R[Z(P1)] satisfies
property Ny, then so does R[Z(P)].

Proof The proof follows from Theorem 3.4 and Proposition 3.12. |

Now, this subsection is dedicated to the proof of the Proposition 3.12. The proof of Proposition 3.12 is
motivated from Rubei [20].

Let P be a poset such that it is a disjoint union of two posets Py and P». Let {x} be a poset and P} be the
ordinal sum P, @ {x}. Let Q be the disjoint union of posets P; and P,. Let H and H' be the affine semigroups
generated by {hy : o € Z(Q)} and {hg : B € I(P)} respectively. Fori € {1, 2}, let H; be the affine semigroup
generated by {h, : @ € Z(P;)}. For o € Q, the first entry of sy is 1 if x € o and the second entry of 4, is 1 if
X ¢ a.

Note : Leth € H with deg(h) = d. In this subsection, we either denote & by (e, d — €, h’), where i’ € H'
or we denote it by (e, d — €, ha, h1), where h; € H; foralli =1, 2.

Leth € H withdeg(h) =d. Thenh = (¢,d — €, h'), where i’ € H', e < d, ¢ € N. Let X}, be the following
simplicial complex:

Xn = ApUA—1,d—etr1.n) Y. UAdn)-

Observe that A g5y = Apr = A,0,1)- Let y be an 1-cycle in X,. For every vertex v € y, let S, ,, be the set
of simplexes of y with vertex v and j,,, be the O-cycle such that v * 1y, = 3 s, , T where * denotes the
joining.

Proposition 3.14 Ler h € H with deg(h) = 4. Let y be an 1-cycle in Ayj,. Then there exists an 1-cycle y’ in
A0.4,7y such that y is homologous to y' in Xp.

Proof Let hy,, ..., hy, be the vertices of y with non-zero first entry. In other words, these are all the vertices
hy of y such that x € w. For 1 <i <m,let i = «; \ {x}. Observe that Mg, .y is in Ah_hal and

ﬁ] <ha1 * Ap—py, U hg, * Ah_ha1> = ﬁo <Ah_ha1) =0,

where the last equality holds because R[Z(Q)] satisfies property Ni. S0 ha, *in,, y —hp, * ith,, ,y is homologous
to 0in Xj,. Hence, y; := y — (hy, * Phgy .y — hg, * P, ,y) is homologous to y in X. Informally speaking, we
have got y from y by replacing the vertex iy, with hg, . Inductively, define

Vi i = Vi1 — (hay * g, yiy — Rp; % Mgy ,yimy)

for 2 < i < m. Since all the vertexes of y,, have first entry zero, we have y,, € A(,q4.7). We set y' = y,, and
prove that y,, is homologous to y in Xj,. To prove this, it suffices to show that hg; * (. vy — B * hy, yi;
is homologous to 0 for 2 <i < m. l l

Let 6y be the sum of simplexes t of Pehg, i1 such that 7 is a vertex of Aj_ ha; and let #; be the sum of
simplexes 7 of Mg, i , such that T isnot a vertex of Apn_p.. . Observe that Mg, yie1 = = 0y + 6 and 0, is a 0-cell
inAe_1,5-¢n)— ha - Slnce Mg,y is a O-cycle, 0y is a 0- cycle of Ap_ he and 0 is aO cycle of A1 5-¢ ny— h -
Furthermore, since R[Z(Q)] satlsﬁes property Ni, 6y is homologous t0 0in Ap—_p, o and 6; is homologous to

0 in A(c—1,5-¢,n)—h,, - Thus, they are homologous to 0 in X),. Therefore, ha; * [y, iy — hp; * Ihg,,yioy 18
homologous to 0 in X,. This concludes the proof. O
Lemma 3.15 LetP = {q1, ..., q,} be achain such that q| <- - - <gq, and let H be the semigroup corresponding

to RIZ(P)]. Leth = Y"%_, hy, € H. Then
Ap = (hgy, ..., hay).

@ Springer



Green-Lazarsfeld property N, for Segre product of Hibi rings 1451

Proof 1t is enough to show that for some « € Z(P), if hy ¢ {hg,, ..., ha,}, then hy is not a vertex of Ay, If
o = {J, then the entry corresponding to “q; ¢ «” in h — hy will be -1. So hy is not a vertex of Ay. If o < «
foralli € {1,...,d}, then h — h, ¢ H. Hence, h, is not a vertex of A;,. Now suppose for alli € {1,...,d},
o j_i o. Let {hail’ ..+» hg; } be the subset of {hq,, ..., hq,} such that hy < haij forall j = 1,...,m. Let
o =1{q1,...,qs},where 1 <s <r—1.0bserve that the entries corresponding to gs; and g5 in & are m. But the
entries corresponding gs and g5 in & — hy are m — 1 and m respectively. Hence, i — hy ¢ H. This completes
the proof. O

From now onwards, let P be a poset such that it is a disjoint union of a poset P; and a chain P, = {ay, ..., a,}
with a; < --- < a,. Let Pz’ be the ordinal sum P> @ {x}. Furthermore, let Q be the disjoint union of posets P;
and P;. Let H P be the semigroup associated to R[Z(P;)].

Lemma 3.16 Let h = Z;j:] ho; € Hwithh = (e,d — €, h'), € > 1. Forr < d, assume that there are exactly
r number of i’s with o; = ozil U P>, where ozil € Z(Py). Lett = {hg,, ..., hg,, } be an m-simplex of X;,. Then
T € Ay if and only if there are atmost r number of B;’s with f; = ﬂil U Py, where :351 e Z(Py).

Proof If we write h = (¢,d — €, hp, hy), where h; € H; foralli = 1,2, then (¢ — 1,d —e + 1,h') =
(e—1,d—e+1,hp,hy).Forl <i <d,leta; = (al.z, al.l), where aiz IS I(P2’) and Olil € Z(Py), So we can write
he; = (1,0, hp,, h%") if x € ; and hy;, = (0, 1, h“iz’ hal;) if x ¢ aiz, where halg € Hp and hal; € H;. We have

d d
h=) hy. (ed—eh)=7) hp.
i=l

i=1
Lett = {hm, R hﬂ1+l} and 1) = {hﬁlz’ R hﬂz 1}. Note that 71, 7 could be multisets.
m m-+

Now we show that 7 € Ay if and only if 7o C {ha%, el hag}. Observe thatif T € Ay, then (¢,d — €, hp) —
Z;@f hﬂ% c HPé.Hence, 7 C {halz, R haﬁ},by Lemma 3.15. On the other hand, if 7, C {ha%, ...,haﬁ},then
(e,d—e, hz)—Z;f':II hﬂf € HPZ/.Sincet € Xy, thereexistsanip € {0, ..., e} suchthatt € A_jy d—e+ig,ha,h1)-
So (e —ig,d — € +ig, ha, hy) — Z;-":ll hp; € H. Therefore, hy — Z;”:ll hﬁ} € H|. Weobtain T € Ay,.

The proof of ‘only if” part follows from the above claim. To prove ‘if’, it suffices to show that o, C
{ha%, R h“ﬁ}' For1 <i < ¢, we have

€—i € e+r d
€—id—€+ih)=Y hp+ Y hp+ Y hey+ Y. hoa € Hpy.
j=1 j=e—i+1 j=e+1 j=e—r+1
Letig € {0, ..., €} be such that T € Ay d—e+tip,ha,ny)- Since there are atmost » number of B;’s in T with

Bi = B! U P>, where B! € Z(Py), the multiplicity of & p, in 7, is atmost r. So by Lemma 3.15,

C C
7 C {hpz/, ""hl’z”th’""th’hag_r+|""’ha2} - {halz, ...,has},

where the multidegrees of /1 p; and & p, in the middle set are € —io and r respectively. Hence, 72 © {halz, e ha§ }.
O

Remark 3.17 (1)Let p € {2,3}and h = Zf’j he, € H. Assume that there is an o € Z(P}) \ {7, ..., a§+2}.
Leth = le:]z hg; be an element of H such that

o if x ¢ «;,
Bi = 1 2 .
a; Vo ifx € a.
For v = {hy,, ..., hy,}, define 7’ := {h,,, ..., hy,}, where
b= 1Yi ifx ¢y,
/ yjl Ua(z) if x € y;.
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Then 7 is a simplex of A, if and only if ¢’ is a simplex of Aj. Therefore, A, = Aj.
@ Letpe{23bandh =Y hy € H.Leta?, @ € {0, ... 02} witho? # & Leth = Y0 hy,
be an element of H such that
o if Otiz £ o?, a2,
Bi = al.l ua? if o :ail Ua?,
Oll-l Ua? if o = ocil UaZ.

For v = {hy,, ..., hy,}, define 7’ ;= {h,,, ..., hy,}, where

Vi if y? #a? a2,
1152 / 1 2
vj = ijoz if yjzijoz,

1 2 R )
y; Ua if yj=vy; Jas.
Observe that 7 is a simplex of Ay, if and only if 7’ is a simplex of Aj. Therefore, A, = Aj.

Proposition 3.18 Let h = (1,3, ha, hy) = Y.1_, ha; € H. Assume that T(P;) < {3, ..., a2} and there are
exactly two i’s with ozi2 = P». Let y be an I-cycle in Ay. If y is homologous to 0 in X, then it is also homologous
to 0in Ay,.

Proof Letn = ) c,0, where ¢, € 7Z, be a 2-chain in X}, such that 3n = y. We construct an 5" in Ay, such
that an = y. Let {hy,, hy,, h,,} be a simplex in . By Lemma 3.16, it is not a simplex of A if and only if
vjz. = Pyfor j=1,2,3. Leto = {hy,, hy,, h,,} be a simplex in n such that it is not a simplex of Aj. Note that

0,4, hy, hy) — 21'3:1 h,; € H, call it h,,. Observe that {h,,, ..., h,,} is a face of X;. Define

3
o' = > (=1 My o Ry )
j=1

By Lemma 3.16, vf # P,. Therefore, o’ is a 2-chain in Aj,. Observe that do = 9o’'. Take ' = Zaen o0,
where ¢’ = o if 0 € Ay, otherwise o’ is as defined above for o. Then n’ is a 2-chain in Ay, and 97’ = y. This
completes the proof. O

Remark 3.19 Let Q be a poset such that it is a disjoint union of a poset P; and a chain Pz’ = {ay, ap, x}, with
a; < ap < x. Assume that R[Z(Py)] satisfies property N». Let H be the semigroup associated to R[Z(Q)]. Let
A={B],....Bi}. B =1{B]. B8], 6]} where B}, 8! € Z(Py), be two multisets with {8], 8)} N {B], B}} = 0,

jo i
1311 #1321 andZﬂeAhﬂ ZZﬂeBhﬁ € H. Let
S = {{vl,...,v4} C7(0) : {u%,...,uﬁ} — 7(P}) and {u},...,u}} c {A,B}}.

Let A’ be the simplicial complex whose facets are {h,,, . .., hy,}, where {v1, ..., v4} € S. The choices of A and
B, up to isomorphism, are following:

@ (B, B} = {B3. By}, 83 # &4,

(®) (Bi. B2} = (Bs. Bi). 85 = 8},

(©) Bl = B3, By # By» 83 # 8y and B} ¢ {83, 84},
(d) B} = B3, By # B4.03 and 83 = 5,

() B = B3, B # B1. 83 # 8, and B, = 53,

(@) Bl = B3, By # B4 and By =8} =4y,

(h) Bl = B3 = Bs. 83 # &) and B} ¢ {83, 81,

(i) Bl = B = Bi, Bi # 6} and 8} = 3},

() Bl = B3 = By, 83 # 8, and B} =33,

&) Bl = B3 =By, By =85 =48},
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W) (Bl BN {B3. BiY =10, B3 = B} 85 = 5},
(m) each element of A and B appears with multiplicity 1 and AN B = {8 11 ,321 }.

One can use a computer to check that ﬁl (A") =0.

Proposition 3.20 Let h = (1,3, ha, hy) = Yt_| ha, € H. Assume that {3, ..., a3} = T(P}) (as a multiset).
Let y be an 1-cycle in Ap. If y is homologous to 0 in Xy, then it is also homologous to 0 in Ay,

Proof Letn =) cy0, Where ¢, € Z be a 2-chain in X, such that 3n = y. Let {h,,, h,, hy,} be a simplex in
n. By Lemma 3.16, it is not a simplex of Ay if and only if there exist exactly two j's with vjz. = P,. We prove
the proposition by induction on k7 := ) |¢,|, where o is a simplex of 1 but it is not a simplex of A,.

Let o1 = {hy,, hy,, hy,} be a simplex in 7 such that it is not a simplex of A; and v, vj, = P>. Leta be the
sign of the coefficient of o7 in 1. Observe that {hvj1 , h”jz} is a simplex in doq and it is not in Ay. Since 97 is in
Ap, there is another {h,, , h,; } in 9n with the opposite sign. So there is a simplex o7 of 7 but not a simplex of
Ay, such that o1 # 02 and d(ao] 4 boy) is an 1-cycle in Ay, where b is the sign of the coefficient of o in 7.

Let 01, 07 be as above. We will define an 5 such that k7' < k. Suppose o1 and o7 are the faces of the
same facet, say F. Let 03 and o4 be other two faces of F. Then 03,04 € A, by Lemma 3.16 and there exist
c,d € {1, —1} such that d(co3 + doy) = d(ao| + bor). Define

N1 :=n — (ao| + boz) — (co3 + doy).

Observe that dn; = 9n.

On the other hand, suppose o and o5 are not the faces of the same facet. Fori = 1, 2, let F; be the facet of X},
such that o; is a face of F;. Write Fy = {hg,, ..., hp,}and F» = {hg,, hp,, hs,, hs,}.Let A = {Bl, ..., Bi}, B =
{/311 , ,821, 8{ , 85}. For A and B, let A’ be as defined in Remark 3.19. Observe that A’ is a subsimplicial complex
of Ay and d(ao| + boy) is an 1-cycle in A’. Since Hy(A) = 0, there exists a 2-chain Hoy.0o in A’ such that
oy ,0o = 0(aor + boy). Define

n =n—(ao| + bor) — oy ,0,-
Observe that a1 = d7. Also, notice that in both cases, k' < k". Hence the proof. O

Proof of Proposition 3.12 Let H and H' be the semigroup associated to R[Z(Q)] and R[Z(P)] respectively.
To prove the theorem, by Proposition 2.2 and Lemma 3.3, it suffices to show that for all € € {0, ..., 4}, if
h=(4—¢hy,h) = Z?:l he; € H then ﬁl (Ap) = 0. We prove the theorem in the following two cases:
Z(P)) ¢ {a,...,a3} and Z(P;) C {a?,...,a?}). In particular, if n > 3, then we always have Z(P;) ¢
{a%, el ozf}.

(a) Assume that Z(P}) ¢ {a%, ce, Oli}. If P} eia%, e ai}, then byBemark 3.17(1), A, = Ay, where K is
as defined in Remark 3.17(1). Observe that & = (0, 4, h’), where i’ € H’. We know that Ay = Ap. By
hypothesis, H (Aj;) = 0. Therefore, Hi (A7) = 0.1f P} ¢ {3, ..., a3}, thenh = (0,4, h'), where ' € H'.
Thus, H,(A;) = 0.

(b) Now we assume that I(Pz/) C {a]2, e, aZ}. We prove this case in two subcasesn = l andn = 2. If n = 1,
then by Remark 3.17(2), it is enough to consider the subcase & = (1, 3, h7, h1) and there are exactly two aiz’s
with o;l.z = P5.Let y be an 1-cycle in Ajy. By Proposition 3.14, there exists an 1-cycle y" of A(o,4,1,,,) such
that y is homologous to 3’ in Xj,. By hypothesis, y’ is homologous to 0 in Aj. Thus, by Proposition 3.18,
y is homologous to 0 in Aj. This concludes the proof for n = 1. For n = 2, if I(P2’) - {a%, el af}, then

Z(Py) = {oc12, ey af}. By the similar argument of the case n = 1 and Proposition 3.20, we are done in this
subcase also. Hence the proof.

4 Minimal Koszul syzygies of Hibi rings

Let S = K[xq, ..., x,] be a standard graded polynomial ring over a field K. Let I = (fi, ..., fn) be a graded
idealin S. Let {eq, ..., e, } be a basis of the free S-module $”. Define amap ¢ : ™ — S by ¢(e;) = f;. Then,
ker ¢ is the second syzygy module of S//, denoted by Syz>(S/1). Let f; and f; be two distinct generators of /.
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(a) Hi(A;K) =0 (b) Hi(A;K) =0 () Hi(A;K) =0

(d) Hi(A;K) =0 (e) Hy(A;K) =0 (f) Hi(A;K) =0

(8) Hi(AK) = K (h) Hy(A;K) =0 (i) Hi(A;K) =0
() Hi(A;K) =0 (k) Hi(A;K) =0

Fig. 1 All possible cardinality 4 subsets of L in Theorem 4.2

Then the Koszul relation fie; — f;e; belongs to Syz2(S/1). We say f;, f; a Koszul relation pair if fie; — fje;
is a minimal generator of Syz>(S/1I).

Let L = Z(P) be adistributive lattice. Let R[L] = K[L]/I be the Hibi ring associated to L. Let < be a total
order on the variables of K [L] with the property that x, < xg if & < B in L. Consider the reverse lexicographic
order < on K[L] induced by this order of the variables. Recall from Sect. 2, we have

inc(Ip) = (xgxpg : @, B € L and «, B incomparable).

Let us define D> := {(«, B) : @, B € L and «, § incomparable}.

4.1 Syzygies of initial Hibi ideals

Let K be afield and A be a simplicial complex on a vertex set V = {vy, ..., v,}. Let K[A] be the Stanley-Reisner
ring of the simplicial complex A. We know that K[A] = §/Ia, where S = K[x1,...,x,]and In = {x;, - - - x;, :
{vi;,...,vi,} ¢ A}. Since K[A] is a Z"-graded S-module, it has a minimal Z"-graded free resolution. Let

W cCV;weset Ay ={F € A: F C W}. Itis clear that Ay is again a simplicial complex.

Let L = Z(P) be adistributive lattice. We know that L is a poset under the order @ < g if there is a chain from
a to B. Let A(L) be the order complex of L. We have K[A(L)] = K[L]/Ia(1), where K[L] = K[{xy : @ € L}]
and InL) = (Xg; =+ X, © {a1, ..., 0} ¢ A(L)).

Lemma 4.1 /o) =ino(Ip).

Proof If a, B € Q such that « and B are incomparable, then {«, B} ¢ A(L). Hence, xoxg € Ia(L).
On the other hand, if x4, - - - xo, € Ia(1), then {aq, ..., o} is not a chain. So there exist o, B € {ay, ..., o)}
such that o and B are incomparable. Hence, xy, - - - Xo, € (xoXxg) € in< (). This concludes the proof. O

Theorem 4.2 Let (a1, B1), (a2, B2) € Dy. Then x4, Xp,, XayXp, is a Koszul relation pair of K[L]/in.(I) if
and only if either aa V By < a1 A Brorar V B1 <o A Bo.
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Proof Suppose xq,Xg,, XayXp, is a Koszul relation pair of K[A(L)]. Let W = {1, B1, a2, B2}. Then, by [2,
Theorem 5.5.11, H; (Aw; K) # 0. All possible subsets of L with cardinality 4 are listed in Fig. 1. For W' C L
with #W’ = 4, one can check that H;(Ay; K) # 0 only if W’ is as in Fig. 1g. Hence, the forward part follows.

For the converse part, suppose (a1, B1), (@2, B2) € D;. Without loss of generality, assume that o VvV 81 <
oy A Bo. Let W = {ay, B1, az, B2}. It is easy to see that

~ K for j=1,
Hi(Aw: K) = !
0 for j#1.
So by [2, Theorem 5.5.1], x4, Xg,, Xa,Xg, is a Koszul relation pair of K[A(L)]. Hence the proof. |

4.2 Syzygies of Hibi ideals

Let L = Z(P) be a distributive lattice with #L = n. Let R[L] = K[L]/I; be the Hibi ring associated to L.
There exists a weight vector w = (wq, ..., w,) with strictly positive integer coordinates such that in, (/1) =

in.(Ir) [17, Theorem 22.3]. Consider the polynomial ring I/(_[\f] = K[L][#] and the integral weight vector
W= (wi, ..., wy, 1). Let f = Y, ¢cil; € K[L], where ¢; € K \ {0} and /; is a monomial in K[L]. Let [ be a

monomial in f such that w(l) = max;{w(l;)}. Define f =Y, P O-wl 1 1f we grade I?FL/] by deg(r) =1
and deg(x;) = w; for all i, then f is homogeneous. Note that the image of f in K[L]/(t —1)is f, and its image
in K[L]/(t)isin., (f). Define I} := (f |f € I1). We have

I~L = (xqXp —/;Jﬂxav,g t«, p € L and o, B incomparable).

Observation 4.3 Let («1, B1), (a2, B2) € Da. From the proof of [17, Theorem 22.9], we have

(@) If X, X, — Xay A1 Xay VB> Xan Xy — XaynprXasv p, IS @ Koszul relation pair ofK[L]/Il, then xo,Xg,, Xar Xp,
is a Koszul relation pair of K[L]/in-(I).

(b) If xq, X8, — Xay A1 XaiVBrs XanXBy — XasnprXasvp, 18 not a Koszul relation pair of I?Ef]/lz then xq,xg, —
Xay B Xay VBl Xaa Xy — XayAprXarvp, 1S not a Koszul relation pair of R[L].

(¢) From (a) and (b), we obtain that if Xo,Xg, — Xa;AB1 Xai V> XarXBy — XasnfaXarvp, 18 a Koszul relation pair
of R[L], then xq,Xg,, Xo, X, is a Koszul relation pair of K[L]/in.(IL).

Theorem 4.4 Let (a1, B1), (a2, B2) € Do If Xg X8, — Xay a1 Xy v > Xan X By — XaanpaXanv s 18 a Koszul relation
pair of R[L], then either aa vV B2 < a1 A Broray VvV B1 <oy A Po.

Proof The proof follows from Observation 4.3(c) and Theorem 4.2. O
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