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Abstract Let G be a simple connected graph of order n. Denote by D(G) the distance matrix of G and by
T r(G) the diagonal matrix of its vertex transmissions. For 0 ≤ α ≤ 1, the generalized distance matrix Dα(G)

of G is defined as Dα(G) = αT r(G) + (1 − α)D(G). The generalized distance energy of a graph G (energy of

G with respect to the generalized distance matrix) is defined as E Dα (G) = ∑n
i=1

∣
∣
∣∂i − 2αW (G)

n

∣
∣
∣ , where W (G)

is the transmission (also called the Wiener index) of a graph G and ∂1 ≥ ∂2 ≥ · · · ≥ ∂n are the eigenvalues of
Dα(G). In this paper, we establish new upper and lower bounds for E Dα (G) in terms of various graph invariants,
and we characterize the extremal graphs for which these bounds are attained.

Keywords Generalized distance matrix · Generalized distance energy · Bound · Extremal graph

1 Introduction

Every graph G in this paper is connected, undirected, simple and has n vertices. The distance matrix D(G) of
a connected graph G is the (symmetric) matrix indexed by the vertices of G and with its (i, j)-entry di j equal
to the distance between the vertices vi and v j , i.e., the length of a shortest path between vi and v j in G. Till
now, the distance spectrum of a connected graph has been investigated extensively; for spectral properties of
D(G) see the survey [8]. The diameter of G is the maximum distance between any two vertices of G. We say
that a graph is k-transmission regular (or transmission regular) if its distance matrix has a constant row sum
equal to k. Naturally, just as regular graphs, transmission regular graphs are also of particular interest in spectral
graph theory. The Wiener index (or transmission) of a graph G, denoted by W (G), is a topological index used in
theoretical chemistry to characterize the structure of organic molecules. It is calculated by summing the distances
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Energy of graphs with respect to... 1479

between all unordered pairs of vertices in the graph. Clearly, W (G) = 1
2

n∑

i=1

n∑

j=1

di j . The transmission of a vertex

vi , denoted by T r(vi ) (or T ri ), is the sum of its distances to every other vertex in the graph.
In [9] Aouchiche and Hansen introduced the distance Laplacian matrix DL(G) = T r(G) − D(G) and the

distance signless Laplacian matrix DQ(G) = T r(G) + D(G), where T r(G) is the diagonal matrix of vertex
transmissions of G. The spectral properties of D(G), DL(G) and DQ(G) have attracted much more attention of
the researchers and a large number of papers have been published regarding their spectral properties, like spectral
radius, second largest eigenvalue, smallest eigenvalue, etc. For some recent works we refer to [2,4,5,7–9,11,18]
and the references therein.

For 0 ≤ α ≤ 1, Cui et al. [10] introduced the generalized distance matrix Dα(G) as a convex combinations
of T r(G) and D(G), defined as Dα(G) = αT r(G) + (1 − α)D(G) and also mentioned that the matrices
Dα(G) can underpin a unified theory of the matrices D(G), DL(G) and DQ(G). Since the matrix Dα(G) is
real symmetric, all its eigenvalues are real. Therefore, we can arrange them as ∂1 ≥ ∂2 ≥ · · · ≥ ∂n . The largest
eigenvalue ∂1 of the matrix Dα(G) is called the generalized distance spectral radius of G (from now onwards,
we will denote ∂1 by ∂(G)). The generalized distance spectral spread of a connected graph G is defined in [22]
as SDα (G) = ∂1 − ∂n . Various lower and upper bounds for the parameter SDα (G) can be found in [22].

The notion of energy of a graph [16] was introduced in 1978 by Ivan Gutman and has its origin in theoretical
chemistry. Let λ1, λ2, . . . , λn be the adjacency eigenvalues of a graph G. The energy of a graph G, denoted by

E(G), is defined as E(G) =
n∑

i=1

|λi | (see [17] and [20] for details and an exhaustive list of references). Let

ρD
1 ≥ ρD

2 ≥ · · · ≥ ρD
n , ρL

1 ≥ ρL
2 ≥ · · · ≥ ρL

n and ρ
Q
1 ≥ ρ

Q
2 ≥ · · · ≥ ρ

Q
n be respectively the distance, distance

Laplacian and distance signless Laplacian eigenvalues of the graph G. The distance energy of a graph G was

introduced in [19] as the sum of the absolute values of the distance eigenvalues of G, that is E D(G) =
n∑

i=1

|ρD
i |.

It is easy to see that

n∑

i=1

ρD
i = 0 and

n∑

i=1

(ρD
i )2 = 2

∑

1≤i< j≤n

(di j )
2. (1)

For some recent results on the distance energy of a graph, we refer to [11,12,15,25] and the references therein.
Let us introduce auxiliary eigenvalues �i , corresponding to the generalized distance eigenvalues as �i =

∂i − 2αW (G)
n . Analogous to the definitions of distance Laplacian energy E L(G) (see [26]) and distance signless

Laplacian energy E Q(G) (see [7]), Alhevaz et al. [3] defined the generalized distance energy of G as the mean
deviation of the values of the generalized distance eigenvalues of G, that is

E Dα (G) =
n∑

i=1

∣
∣
∣
∣∂i − 2αW (G)

n

∣
∣
∣
∣ =

n∑

i=1

|�i |.

Let t be the largest positive integer such that ∂t ≥ 2αW (G)
n and Mk(G) = ∑k

i=1 ∂i be the sum of k largest
generalized distance eigenvalues of G. It was shown in [3] that

E Dα (G) = 2

(

Mt − 2αtW (G)

n

)

= 2 max
1≤ j≤n

⎛

⎝
j∑

i=1

∂i − 2α jW (G)

n

⎞

⎠ .

It is easy to see that
∑n

i=1 �i = 0. Also, since
∑n

i=1 ∂i = 2αW (G) and
n∑

i=1

∂2
i = trace[Dα(G)]2 = 2(1 −

α)2
∑

1≤i< j≤n

(di j )
2 + α2

n∑

i=1

T r2
i , hence by the definition of �i , we see that

∑n
i=1 �2

i = 2ζ, where ζ = (1 −

α)2 ∑
1≤i< j≤n (di j )

2 + α2

2

n∑

i=1

T r2
i − 2α2W 2(G)

n
. It is clear from the definition that E D0(G) = E D(G) and
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1480 A. Alhevaz et al.

2E
D 1

2 (G) = E Q(G). This shows that the concept of generalized distance energy of a graph G merges the theories
of distance energy and the distance signless Laplacian energy of a graph G. Therefore, it will be interesting to
study the quantity E Dα (G) and explore some properties like the bounds, the dependence on the structure of a
graph G and the dependence on the parameter α. For some recent results, we refer to [1,3,6,23] and the references
therein.

In this paper, we give some new bounds for the generalized distance energy E Dα (G) of a connected graph
G. We obtain some upper and lower bounds for E Dα (G) in terms of different graph invariants and characterize
the extremal graphs attaining these bounds.

2 Preliminary results

We start this section with the following lemma, which characterizes the graphs with two distinct generalized
distance eigenvalues.

Lemma 1 A connected graph G has two distinct Dα(G) eigenvalues if and only if G is a complete graph.

Proof The proof is similar to that of [18, Lemma 2], and is excluded. ��
We will make use of the following lemma in our subsequent results.

Lemma 2 [21] If A is an n × n non-negative matrix with the spectral radius λ(A) and row sums r1, r2, . . . , rn,
then min1≤i≤n ri ≤ λ(A) ≤ max1≤i≤n ri . Moreover, if A is irreducible, then one of the equalities holds if and
only if the row sums of A are all equal.

Note that the i-th row sum of Dα(G) is ri = αT ri + (1 − α)
∑n

j=1 di j = T ri . Hence, we get the following
result.

Corollary 1 Let G be a connected graph of order n. Let T rmax and T rmin be the largest and least transmissions
of G, respectively. Then T rmin ≤ ∂(G) ≤ T rmax. Moreover, one of the equalities holds if and only if G is a
transmission regular graph.

Since for a graph with diameter at most two, we have T ri = 2n − 2 − di , for all i = 1, . . . , n, it follows that
a graph G with diameter at most two is transmission regular if and only if it is degree regular.

Corollary 2 Let G be a connected graph of order n and with maximum degree �. Then

∂(G) ≥ 2n − � − 2,

with equality if and only if G is a regular graph with diameter at most 2.

Lemma 3 [27] If A is a symmetric matrix with eigenvalues λ1 ≥ λ2 ≥ · · · ≥ λn, then, for any non-zero vector
x ∈ Rn, we have

xT Ax ≥ λnxT x.

Furthermore, the equality holds if and only if x is an eigenvector of A corresponding to the smallest eigenvalue
λn .

Lemma 4 [10] If G is a connected graph of order n, then

∂(G) ≥ 2W (G)

n
,

with equality if and only if G is transmission regular.

Lemma 5 If the transmission degree sequence of G is {T r1, T r2, . . . , T rn}, then

∂(G) ≥
√
∑n

i=1 T r2
i

n
,

with equality if and only if G is transmission regular.

Proof The proof is analogous to that of [7, Theorem 2.2], and is excluded. ��
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Energy of graphs with respect to... 1481

Lemma 6 [10] If the transmission degree sequence and the second transmission degree sequence of G are
{T r1, T r2, . . . , T rn} and {T1, T2, . . . , Tn}, respectively, then

∂(G) ≥
√
√
√
√
∑n

i=1

(
αT r2

i + (1 − α)Ti
)2

∑n
i=1 T r2

i

.

Moreover, if 1
2 ≤ α ≤ 1, the equality holds if and only if G is transmission regular.

Remark 1 Keeping all of the notations from Lemma 6, we have

∂(G) ≥
√
√
√
√
∑n

i=1

(
αT r2

i + (1 − α)Ti
)2

∑n
i=1 T r2

i

≥ 2W (G)

n
.

In fact, as we always have
∑n

i=1 Ti = ∑n
i=1 T r2

i , and also applying Cauchy-Schwarz inequality we have
(∑n

i=1 Ti
)2 ≤ n

∑n
i=1 T 2

i and
(∑n

i=1 T ri
)2 ≤ n

∑n
i=1 T r2

i , hence we get

∂(G) ≥
√
√
√
√
∑n

i=1

(
αT r2

i + (1 − α)Ti
)2

∑n
i=1 T r2

i

≥
√
√
√
√
(∑n

i=1(αT r2
i + (1 − α)Ti )

)2

n
∑n

i=1 T r2
i

=
√
√
√
√
(∑n

i=1 T r2
i

)2

n
∑n

i=1 T r2
i

=
√
∑n

i=1 T r2
i

n
≥
√
(∑n

i=1 T ri
)2

n2 = 2W (G)

n
.

Lemma 7 [24] Let X and Y be Hermitian matrices of order n such that Z = X + Y. Then

λk(Z) ≤ λ j (X) + λk− j+1(Y ), n ≥ k ≥ j ≥ 1,

λk(Z) ≥ λ j (X) + λk− j+n(Y ), n ≥ j ≥ k ≥ 1,

where λi (M) is the i-th largest eigenvalue of the matrix M. In either of these inequalities, equality holds if and
only if there exists a unit vector that is an eigenvector to each of the three eigenvalues involved.

Lemma 8 [14] Let B and C be two real symmetric matrices of size n. Then for any 1 ≤ k ≤ n,

k∑

i=1

λi (B + C) ≤
k∑

i=1

λi (B) +
k∑

i=1

λi (C),

where λi (M) is the i-th largest eigenvalue of M.

3 Bounds for the generalized distance energy

In this section, we obtain some sharp upper and lower bounds for the generalized distance energy E Dα (G) of a
connected graph G, in terms of the order n, the Wiener index W (G), the transmission degrees, the generalized
distance spectral spread Dα S(G) and the parameter α ∈ [0, 1]. We also characterize the extremal graphs attaining
these bounds.

The following results give the generalized distance energy of a graph of diameter 2 in terms of the sum of
the adjacency eigenvalues of G.

Theorem 1 Let G be a connected r-regular graph of order n and size m having diameter 2. Then

E Dα (G) = 2(1 − α) (2n − 2t − r + Un−t+1) ,

where Un−t+1 = ∑n−t+1
i=1 λi , is the sum of the n − t + 1 largest adjacency eigenvalues of G and t, 1 ≤ t ≤ n,

is the number of generalized distance eigenvalues of G which are greater than or equal to 2αW (G)
n .
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1482 A. Alhevaz et al.

Proof Let λ1 ≥ λ2 ≥ · · · ≥ λn be the adjacency eigenvalues and ∂1 ≥ ∂2 ≥ · · · ≥ ∂n be the generalized
distance eigenvalues of G. Since G is a connected r -regular with diameter two, the transmission of each vertex
v ∈ V (G), T r(v) = r + 2(n − 1 − r) = 2n − r − 2 and so 2W (G) = 2n(n − 1)− 2m. The generalized distance
matrix can be written as

Dα(G) = αT r(G) + (1 − α)D(G) = α(2n − r − 2)I + (1 − α)(2J − 2I − A(G)),

hence ∂1 = 2n − 2 − r and ∂i = α(2n − r + λn−i+2) − λn−i+2 − 2, for i = 2, 3, . . . , n. Since t is the number
of generalized distance eigenvalues of G which are greater than or equal to 2αW (G)

n , using the definition of
generalized distance energy, we obtain

E Dα (G) = 2

(
t∑

i=1

∂i − 2αtW (G)

n

)

= 2

(

2n − 2 − r +
t∑

i=2

(
α(2n − r + λn−i+2) − λn−i+2 − 2

)

−αt

(

2n − 2 − 2m

n

))

= 2

(

2n − 2t − r + α

(

t

(
2m

n
+ 2 − r

)

− 2n + r

)

+ (1 − α)

n−t+1∑

i=1

λi

)

.

Since 2m = nr , from the above, we get the required result. ��
The following theorem gives a lower bound for the generalized distance energy in terms of the order n, the

Wiener index W (G), the minimum transmission T rmin, and the parameter α of any graph G.

Theorem 2 Let G be a connected graph of order n having minimum transmission degree T rmin and Wiener
index W (G). Then

E Dα (G) >
2nT rmin − 4αW (G)

n(n − 1)
. (2)

Proof Let ∂1 ≥ ∂2 ≥ · · · ≥ ∂n be the generalized distance eigenvalues and t is the number of generalized
distance eigenvalues of G which are greater than or equal to 2αW (G)

n . Note that
∑n

i=1 ∂i = 2αW (G) and

2αW (G) ≥ ∂1+(n−1)∂n, also by Corollary 1, T rmin ≤ ∂1 ≤ T rmax. We have ∂n ≤ 2αW (G)−∂1
n−1 ≤ 2αW (G)−T rmin

n−1 .

Using the definition of generalized distance energy, we have

E Dα (G) = 2 max
1≤ j≤n

⎛

⎝
j∑

i=1

∂i − 2α jW (G)

n

⎞

⎠ ≥ 2

(
n−1∑

i=1

∂i − 2α(n − 1)W (G)

n

)

= 2

(

2αW (G) − ∂n − 2α(n − 1)W (G)

n

)

= 4αW (G)

n
− 2∂n

≥ 4αW (G)

n
− 4αW (G) − 2T rmin

n − 1
= 2nT rmin − 4αW (G)

n(n − 1)
.

By contradiction, we will prove that the inequality in (2) is strict. For this, we assume that equality holds in
(2). Then all the inequalities in the above must be equalities. Thus we have

max
1≤ j≤n

⎛

⎝
j∑

i=1

∂i − 2α jW (G)

n

⎞

⎠ =
n−1∑

i=1

∂i − 2α(n − 1)W (G)

n
(3)

and

∂n = 2αW (G) − ∂1

n − 1
= 2αW (G) − T rmin

n − 1
. (4)

From (3), we have t = n − 1. From (4), we have ∂2 = · · · = ∂n and G is a transmission regular graph (by
Corollary 1). Since t = n − 1, we have ∂n <

2αW (G)
n ≤ ∂n−1 = ∂n , a contradiction. This completes the proof of

the theorem. ��
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Energy of graphs with respect to... 1483

Since Dα(G) = αT r(G)+ (1−α)D(G), by taking k = n and j = 1 in first inequality and k = n and j = n
in second inequality of Lemma 7, we get

λn(αT r(G)) + λn((1 − α)D(G)) ≤ λn(Dα(G))

≤ λ1(αT r(G)) + λn((1 − α)D(G)), (5)

and hence we obtain the following upper bound for the smallest generalized distance eigenvalue ∂n,

∂n(G) ≤ αT rmax + (1 − α)ρD
n , (6)

where ρD
n is the smallest distance eigenvalue, with equality if and only if G is a transmission regular graph.

Hence, we get the following result.

Theorem 3 Let G be a connected graph of order n having maximum transmission degree T rmax and smallest
distance eigenvalue ρD

n . Then

E Dα (G) ≥ 4αW (G)

n
− 2αT rmax − 2(1 − α)ρD

n , (7)

equality occurs if and only if G is a transmission regular graph and t = n − 1.

Proof The first part of the proof is similar to that of Theorem 2.
Now, suppose that equality holds in (7). From equality in (3), we have t = n − 1 and from equality in (6),

we get G is a transmission regular graph.
Conversely, let G be a transmission regular graph and t = n − 1. Then T rmax = T rmin and ∂n = αT rmax +

(1 − α)ρD
n . Since t = n − 1, we have

E Dα (G) =
n−1∑

i=1

(

∂i − 2αW (G)

n

)

+ 2αW (G)

n
− ∂n

= 2

(
2αW (G)

n
− ∂n

)

= −2(1 − α)ρD
n

= 4αW (G)

n
− 2αT rmax − 2(1 − α)ρD

n .

��
The following result gives a lower bound for the generalized distance energy E Dα (G), in terms of the order

n, the largest transmission of G, and also the parameter α.

Theorem 4 For a graph G of order n, let T rmax be the largest transmissions of G and

	 =
∣
∣
∣
∣det

(

Dα(G) − 2αW (G)

n
I

)∣
∣
∣
∣ .

Then

E Dα (G) ≥ (1 − α)
2W (G)

n

+

√
√
√
√
√2ζ −

(

T rmax − 2αW (G)

n

)2

+ (n − 1)(n − 2)

(
	

T rmax − 2αW (G)
n

) 2
n−1

, (8)

where 2ζ = 2(1 − α)2 ∑
1≤i< j≤n(di j )

2 + α2 ∑n
i=1 T r2

i − 4α2W 2(G)
n . Equality holds if and only if either G is a

complete graph or a k-transmission regular graph with three distinct Dα-eigenvalues
⎛

⎝k,

√
M − k2(1 − α)2

n − 1
+ αk,−

√
M − k2(1 − α)2

n − 1
+ αk

⎞

⎠ ,

where M = 2(1 − α)2 ∑
1≤i< j≤n(di j )

2.
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1484 A. Alhevaz et al.

Proof We have

(
E Dα (G)

)2 =
n∑

i=1

(

∂i − 2αW (G)

n

)2

+ 2
∑

1≤i< j≤n

∣
∣
∣
∣∂i − 2αW (G)

n

∣
∣
∣
∣

∣
∣
∣
∣∂ j − 2αW (G)

n

∣
∣
∣
∣

= 2ζ + 2

(

∂1 − 2αW (G)

n

) n∑

i=2

∣
∣
∣
∣∂i − 2αW (G)

n

∣
∣
∣
∣

+2
∑

2≤i< j≤n

∣
∣
∣
∣∂i − 2αW (G)

n

∣
∣
∣
∣

∣
∣
∣
∣∂ j − 2αW (G)

n

∣
∣
∣
∣ , (9)

where 2ζ = 2(1−α)2 ∑
1≤i< j≤n(di j )

2+α2 ∑n
i=1 T r2

i − 4α2W 2(G)
n . By the Arithmetic-Geometric mean inequal-

ity, we get

∑

2≤i< j≤n

∣
∣
∣
∣∂i − 2αW (G)

n

∣
∣
∣
∣

∣
∣
∣
∣∂ j − 2αW (G)

n

∣
∣
∣
∣

≥ (n − 1)(n − 2)

2

(
n∏

i=2

∣
∣
∣
∣∂i − 2αW (G)

n

∣
∣
∣
∣

) 2
n−1

(10)

= (n − 1)(n − 2)

2

(
	

∂1 − 2αW (G)
n

) 2
n−1

. (11)

Using inequality (11) in (9), we get

(
E Dα (G)

)2 ≥ 2ζ + 2

(

∂1 − 2αW (G)

n

)(

E Dα (G) −
(

∂1 − 2αW (G)

n

))

+(n − 1)(n − 2)

(
	

∂1 − 2αW (G)
n

) 2
n−1

,

that is,

(
E Dα (G)

)2 − 2

(

∂1 − 2αW (G)

n

)

E Dα (G) −
[

2ζ − 2

(

∂1 − 2αW (G)

n

)2

+(n − 1)(n − 2)

(
	

∂1 − 2αW (G)
n

) 2
n−1 ]

≥ 0.

By solving the above inequality, we get

E Dα (G) ≥ ∂1 − 2αW (G)

n

+

√
√
√
√
√2ζ −

(

∂1 − 2αW (G)

n

)2

+ (n − 1)(n − 2)

(
	

∂1 − 2αW (G)
n

) 2
n−1

.

Since by Corollary 1 and Lemma 4, 2W (G)
n ≤ ∂1 ≤ T rmax, we get

E Dα (G) ≥ (1 − α)
2W (G)

n
.

+

√
√
√
√
√2ζ −

(

T rmax − 2αW (G)

n

)2

+ (n − 1)(n − 2)

(
	

T rmax − 2αW (G)
n

) 2
n−1

. (12)
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Hence we get the required result in (8). Then the first part of the proof is done.
Suppose that equality holds in (8). Then all the inequalities in the above must be equalities. Then ∂1 =

2W (G)
n = T rmax. By Corollary 1 and Lemma 4, G is a transmission regular graph. From equality in (10), we get∣

∣
∣∂2 − 2αW (G)

n

∣
∣
∣ =

∣
∣
∣∂3 − 2αW (G)

n

∣
∣
∣ = · · · =

∣
∣
∣∂n − 2αW (G)

n

∣
∣
∣ , and hence

(
n∑

i=2

∣
∣
∣
∣∂i − 2αW (G)

n

∣
∣
∣
∣

)2

= (n − 1)

(

2ζ −
(

∂1 − 2αW (G)

n

)2
)

,

then for each i = 2, . . . , n, we have

∣
∣
∣
∣∂i − 2αW (G)

n

∣
∣
∣
∣ =

√
√
√
√2ζ −

(
∂1 − 2αW (G)

n

)2

n − 1
.

Hence
∣
∣
∣∂i − 2αW (G)

n

∣
∣
∣ can have at most two distinct values and we arrive at the following:

(i): G has exactly one distinct Dα-eigenvalue. Then G = K1.

(i i): G has exactly two distinct Dα-eigenvalues. Then by Lemma 1, G = Kn .

(i i i): G has exactly three distinct Dα-eigenvalues. Then ∂1 = 2W (G)
n , also

∣
∣
∣∂i − 2αW (G)

n

∣
∣
∣ =

√
2ζ−

(
2(1−α)W (G)

n

)2

n−1 ,

i = 2, . . . , n. Also, G is k-transmission regular graph. Then we get G as a graph with three distinct Dα-eigenvalues
⎛

⎝k,

√
M − k2(1 − α)2

n − 1
+ αk,−

√
M − k2(1 − α)2

n − 1
+ αk

⎞

⎠ ,

where M = 2(1 − α)2 ∑
1≤i< j≤n(di j )

2. Hence, the result follows. ��
Theorem 5 Let G be a connected graph of order n. If 0 ≤ α ≤ 1

2 , then

E Dα (G) ≥ (1 − α)

√
∑n

i=1 T r2
i

n
+ (n − 1)

⎛

⎝

∣
∣
∣det

(
Dα(G) − 2αW (G)

n

)∣
∣
∣

(1 − α)

√∑n
i=1 T r2

i
n

⎞

⎠

1
n−1

.

Equality holds if and only if either G is a complete graph or G is a graph with three distinct Dα-eigenvalues.

Proof Applying the Cauchy-Schwarz inequality for the vectors (1, 1, . . . , 1
︸ ︷︷ ︸

(n-1) times

) and

(√∣
∣
∣∂2 − 2αW (G)

n

∣
∣
∣,

√∣
∣
∣∂3 − 2αW (G)

n

∣
∣
∣, . . . ,

√∣
∣
∣∂n − 2αW (G)

n

∣
∣
∣

)

, we get

E Dα (G) ≥ ∂1 − 2αW (G)

n
+ (n − 1)

·
(∣
∣
∣
∣∂2 − 2αW (G)

n

∣
∣
∣
∣

∣
∣
∣
∣∂3 − 2αW (G)

n

∣
∣
∣
∣ . . .

∣
∣
∣
∣∂n − 2αW (G)

n

∣
∣
∣
∣

) 1
n−1

= ∂1 − 2αW (G)

n
+ (n − 1) ·

⎛

⎝

∣
∣
∣det

(
Dα(G) − 2αW (G)

n

)∣
∣
∣

∂1 − 2αW (G)
n

⎞

⎠

1
n−1

.

Define a function

f (x) = x + (n − 1)

⎛

⎝

∣
∣
∣det

(
Dα(G) − 2αW (G)

n

)∣
∣
∣

x

⎞

⎠

1
n−1

,
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then

f ′(x) = 1 −
∣
∣
∣det

(
Dα(G) − 2αW (G)

n

)∣
∣
∣

1
n−1

x
n

n−1
,

and

f ′′(x) =
n
∣
∣
∣det

(
Dα(G) − 2αW (G)

n

)∣
∣
∣

1
n−1

(n − 1)x
2n−1
n−1

.

For maxima or minima, f ′(x) = 0, which implies x =
∣
∣
∣det

(
Dα(G) − 2αW (G)

n

)∣
∣
∣

1
n
. At this point,

f ′′(x) = n

n − 1

∣
∣
∣
∣det

(

Dα(G) − 2αW (G)

n

)∣
∣
∣
∣

−1
n ≥ 0 for all n > 1.

Thus the function f (x) attains its minimum at x =
∣
∣
∣det

(
Dα(G) − 2αW (G)

n

)∣
∣
∣

1
n
, and the minimum value is

f

(∣
∣
∣
∣det

(

Dα(G) − 2αW (G)

n

)∣
∣
∣
∣

1
n
)

= n

∣
∣
∣
∣det

(

Dα(G) − 2αW (G)

n

)∣
∣
∣
∣

1
n

.

Since 2
∑

1≤i< j≤n(di j )
2 <

(
∑n

i=1 T ri)
2

n (see [13]), and by Cauchy-Schwarz inequality, we have

(
n∑

i=1

∣
∣
∣
∣∂i − 2αW (G)

n

∣
∣
∣
∣

)2

≤ n
n∑

i=1

(

∂i − 2αW (G)

n

)2

,
( n∑

i=1

Ti

)2 ≤ n
n∑

i=1

T 2
i

and
( n∑

i=1

T ri

)2 ≤ n
n∑

i=1

T r2
i .

Then we obtain

n∑

i=1

∣
∣
∣
∣∂i − 2αW (G)

n

∣
∣
∣
∣

≤

√
√
√
√
√n

⎛

⎝2(1 − α)2
∑

1≤i< j≤n

(di j )2 + α2
n∑

i=1

T r2
i − 4α2W 2(G)

n

⎞

⎠

<

√
√
√
√n

(
(1 − α)2

(∑n
i=1 T ri

)2

n
+ α2

n∑

i=1

T r2
i − α2

(∑n
i=1 T ri

)2

n

)

=
√
√
√
√n

(

(1 − 2α)

(∑n
i=1 T ri

)2

n
+ α2

n∑

i=1

T r2
i

)

.

If 0 ≤ α ≤ 1
2 , then

√
√
√
√n

(

(1 − 2α)

(∑n
i=1 T ri

)2

n
+ α2

n∑

i=1

T r2
i

)

≤
√
√
√
√n

(

(1 − 2α)

n∑

i=1

T r2
i + α2

n∑

i=1

T r2
i

)
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= (1 − α)

√
√
√
√n

n∑

i=1

T r2
i .

Hence we have

(1 − α)

√
∑n

i=1 T r2
i

n
>

∣
∣
∣∂1 − 2αW (G)

n

∣
∣
∣+ · · · +

∣
∣
∣∂n − 2αW (G)

n

∣
∣
∣

n

≥
(∣
∣
∣
∣∂1 − 2αW (G)

n

∣
∣
∣
∣ · · ·

∣
∣
∣
∣∂n − 2αW (G)

n

∣
∣
∣
∣

) 1
n

.

For 0 ≤ α ≤ 1
2 , this implies

∣
∣
∣
∣det

(

Dα(G) − 2αW (G)

n

)∣
∣
∣
∣

1
n

< (1 − α)

√
∑n

i=1 T r2
i

n
.

On the other hand, by Lemma 5 and inequality 2W (G)
n =

√
(
∑n

i=1 T ri)
2

n2 ≤
√∑n

i=1 T r2
i

n , we have

∂1 ≥
√
∑n

i=1 T r2
i

n
≥ (1 − α)

√
∑n

i=1 T r2
i

n
+ 2αW (G)

n

≥
√

2(1 − α)2
∑

1≤i< j≤n(di j )2 + α2
∑n

i=1 T r2
i − 4α2W 2(G)

n

n

+2αW (G)

n
.

Therefore, the function is increasing in the interval

∣
∣
∣
∣det

(

Dα(G) − 2αW (G)

n

)∣
∣
∣
∣

1
n

< (1 − α)

√
∑n

i=1 T r2
i

n
≤ x,

then f (x) ≥ f

(

(1 − α)

√∑n
i=1 T r2

i
n

)

, and

E Dα (G) ≥ (1 − α)

√
∑n

i=1 T r2
i

n
+ (n − 1)

⎛

⎝

∣
∣
∣det

(
Dα(G) − 2αW (G)

n

)∣
∣
∣

(1 − α)

√∑n
i=1 T r2

i
n

⎞

⎠

1
n−1

.

By this, the first part of the proof is done. The remaining of the proof is similar to that of Theorem 4, and hence
is omitted. ��

We now focus on establishing upper bounds for the generalized distance energy of graphs. We begin by
relating the distance energy and generalized distance energy of graphs.

Theorem 6 Let G be a connected graph with transmission degree sequence {T r1, T r2, . . . , T rn}. Then

E Dα (G) ≤ (1 − α)E D(G) + 2α

t∑

i=1

(

T ri − 2W (G)

n

)

, (13)

where t, 1 ≤ t ≤ n, is the number of generalized distance eigenvalues of G which are greater than or equal to
2αW (G)

n .
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1488 A. Alhevaz et al.

Proof Using Lemma 8, we obtain

k∑

i=1

∂i ≤ α

k∑

i=1

T ri + (1 − α)

k∑

i=1

ρD
i ,

where ρD
i is the i-th largest eigenvalue of distance matrix D(G). From the definition of distance energy, we have

E D(G) =
n∑

i=1

|ρD
i | = 2

∑

ρD
i ≥0

ρD
i

= 2 max

{
k∑

i=1

ρD
i , 1 ≤ k ≤ n

}

≥ 2
k∑

i=1

ρD
i , 1 ≤ k ≤ n.

From the above two results, for any k, we get

2
k∑

i=1

∂i ≤ 2α

k∑

i=1

T ri + (1 − α)E D(G).

From the above, we can write

2
t∑

i=1

∂i − 4αtW (G)

n
≤ 2α

t∑

i=1

T ri + (1 − α)E D(G) − 4αtW (G)

n
,

where t, 1 ≤ t ≤ n, is the number of generalized distance eigenvalues of G which are greater than or equal to
2αW (G)

n . Hence, we get the required result. ��
Recently, Alhevaz et al. [3] presented the following relation between distance energy and generalized distance

energy of graphs:

E Dα (G) ≤ (1 − α)E D(G) + α

n∑

i=1

∣
∣
∣
∣T ri − 2W (G)

n

∣
∣
∣
∣ . (14)

Remark 2 The given upper bound in (13) is better than the upper bound in (14).

Proof We can assume that T r1 ≥ T r2 ≥ · · · ≥ T rn . Suppose that z is the largest positive integer such that
T rz ≥ 2W (G)

n . Thus, we have

z∑

i=1

(

T ri − 2W (G)

n

)

=
z∑

i=1

T ri − 2zW (G)

n
= 2W (G) −

n∑

i=z+1

T ri − 2zW (G)

n

= 2W (G)(n − z)

n
−

n∑

i=z+1

T ri =
n∑

i=z+1

(
2W (G)

n
− T ri

)

.

Also

n∑

i=1

∣
∣
∣
∣T ri − 2W (G)

n

∣
∣
∣
∣ =

z∑

i=1

(

T ri − 2W (G)

n

)

+
n∑

i=z+1

(
2W (G)

n
− T ri

)

.

From the above two relations, we get

n∑

i=1

∣
∣
∣
∣T ri − 2W (G)

n

∣
∣
∣
∣ = 2

z∑

i=1

(

T ri − 2W (G)

n

)

.
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Now we have to show that

z∑

i=1

(

T ri − 2W (G)

n

)

= max

{
k∑

i=1

(

T ri − 2W (G)

n

)

; 1 ≤ k ≤ n

}

,

that is,

k∑

i=1

(

T ri − 2W (G)

n

)

≤
z∑

i=1

(

T ri − 2W (G)

n

)

, 1 ≤ k ≤ n. (15)

If k = z, then the equality holds in (15). Otherwise, k �= z. Now, consider the following two cases:

(i): k < z. Since
∑z

i=k+1

(
T ri − 2αW (G)

n

)
≥ 0 and

z∑

i=1

(

T ri − 2W (G)

n

)

=
k∑

i=1

(

T ri − 2W (G)

n

)

+
z∑

i=k+1

(

T ri − 2W (G)

n

)

,

we get the result in (15).

(ii): k > z. Since
∑k

i=z+1

(
T ri − 2W (G)

n

)
< 0, we have

k∑

i=1

(

T ri − 2W (G)

n

)

=
z∑

i=1

(

T ri − 2W (G)

n

)

+
k∑

i=z+1

(

T ri − 2W (G)

n

)

<

z∑

i=1

(

T ri − 2W (G)

n

)

,

which gives the result in (15). Therefore,

n∑

i=1

∣
∣
∣
∣T ri − 2W (G)

n

∣
∣
∣
∣ = 2

z∑

i=1

(

T ri − 2W (G)

n

)

= 2 max

{
k∑

i=1

(

T ri − 2W (G)

n

)

, 1 ≤ k ≤ n

}

≥ 2
t∑

i=1

(

T ri − 2W (G)

n

)

.

��
The following result gives an upper bound for the generalized distance energy E Dα (G), in terms of the order

n, the Wiener index W (G), the transmission degrees, and the parameter α.

Theorem 7 Let G be a connected graph of order n. If 0 ≤ α ≤ 1
2 , then

E Dα (G) ≤ (1 − α)

√∑n
i=1(αT r2

i + (1 − α)Ti )2

∑n
i=1 T r2

i

+
√
√
√
√(n − 1)

(

2ζ − (1 − α)2

(∑n
i=1(αT r2

i + (1 − α)Ti )2

∑n
i=1 T r2

i

))

, (16)

where 2ζ = 2(1 − α)2 ∑
1≤i< j≤n(di j )

2 + α2 ∑n
i=1 T r2

i − 4α2W 2(G)
n . Equality holds if and only if either G is a

complete graph or G is a graph with three distinct Dα-eigenvalues.
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Proof By applying the Cauchy-Schwarz inequality to the vectors (1, 1, . . . , 1
︸ ︷︷ ︸

(n-1) times

) and
( ∣
∣
∣∂2 − 2αW (G)

n

∣
∣
∣ ,

∣
∣
∣∂3 − 2αW (G)

n

∣
∣
∣ , . . . ,

∣
∣
∣∂n − 2αW (G)

n

∣
∣
∣
)

, we get

(

E Dα (G) −
(

∂1 − 2αW (G)

n

))2

≤ (n − 1)

(

2(1 − α)2
∑

1≤i< j≤n

(di j )
2 + α2

n∑

i=1

T r2
i

−4α2W 2(G)

n
−
(

∂1 − 2αW (G)

n

)2 )

. (17)

Then

E Dα (G) ≤ ∂1 − 2αW (G)

n

+

√
√
√
√
√(n − 1)

⎛

⎝2(1 − α)2
∑

1≤i< j≤n

(di j )2 + α2
n∑

i=1

T r2
i − 4α2W 2(G)

n
−
(

∂1 − 2αW (G)

n

)2
⎞

⎠.

The function

f (x) = x +

√
√
√
√
√(n − 1)

⎛

⎝2(1 − α)2
∑

1≤i< j≤n

(di j )2 + α2
n∑

i=1

T r2
i − 4α2W 2(G)

n
− x2

⎞

⎠

decreases if and only if x ≥
√

2(1−α)2
∑

1≤i< j≤n(di j )
2+α2

∑n
i=1 T r2

i − 4α2W 2(G)
n

n . Since 2
∑

1≤i< j≤n(di j )
2 <

(
∑n

i=1 T ri)
2

n (see [13]), and by Cauchy-Schwarz inequality we have
(∑n

i=1 Ti

)2 ≤ n
∑n

i=1 T 2
i and

(∑n
i=1 T ri

)2 ≤ n
∑n

i=1 T r2
i , then we get

√

2(1 − α)2
∑

1≤i< j≤n(di j )2 + α2
∑n

i=1 T r2
i − 4α2W 2(G)

n

n

<

√
√
√
√

(1−α)2(
∑n

i=1 T ri)
2

n + α2
∑n

i=1 T r2
i − α2(

∑n
i=1 T ri)

2

n

n

=

√
√
√
√ (1 − 2α)

(
∑n

i=1 T ri)
2

n + α2
∑n

i=1 T r2
i

n
.

If 0 ≤ α ≤ 1
2 , then

√
√
√
√ (1 − 2α)

(
∑n

i=1 T ri)
2

n + α2
∑n

i=1 T r2
i

n
≤
√

(1 − 2α)
∑n

i=1 T r2
i + α2

∑n
i=1 T r2

i

n

= (1 − α)

√
∑n

i=1 T r2
i

n

≤ (1 − α)

√
√
√
√
(∑n

i=1 T r2
i

)2

n
∑n

i=1 T r2
i
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≤ (1 − α)

√
√
√
√
(∑n

i=1(αT r2
i + (1 − α)Ti )

)2

n
∑n

i=1 T r2
i

≤ (1 − α)

√∑n
i=1(αT r2

i + (1 − α)Ti )2

∑n
i=1 T r2

i

.

Then for 0 ≤ α ≤ 1
2 , by Lemma 6 and Remark 1, we get

∂1 ≥
√∑n

i=1(αT r2
i + (1 − α)Ti )2

∑n
i=1 T r2

i

≥ (1 − α)

√∑n
i=1(αT r2

i + (1 − α)Ti )2

∑n
i=1 T r2

i

+ 2αW (G)

n

≥
√

2(1 − α)2
∑

1≤i< j≤n(di j )2 + α2
∑n

i=1 T r2
i − 4α2W 2(G)

n

n
+ 2αW (G)

n
.

Hence

f (x) ≤ f

(

(1 − α)

√∑n
i=1(αT r2

i + (1 − α)Ti )2

∑n
i=1 T r2

i

)

,

and

E Dα (G) ≤ (1 − α)

√∑n
i=1(αT r2

i + (1 − α)Ti )2

∑n
i=1 T r2

i

+
√
√
√
√(n − 1)

(

2ζ − (1 − α)2

(∑n
i=1(αT r2

i + (1 − α)Ti )2

∑n
i=1 T r2

i

))

.

Therefore, the first part of the proof is done. The remainder of the proof is similar to that of Theorem 4, and
hence is omitted. ��

Now, we give an upper bound for E Dα (G) in terms of the order n, the Wiener index W (G), the transmission
degrees, the generalized distance spectral spread SDα (G) and the parameter α.

Theorem 8 Let G be a connected graph of order n ≥ 2. Then

E Dα (G) ≤ SDα (G) +

√
√
√
√
√(n − 2)

⎛

⎝2(1 − α)2
∑

1≤i< j≤n

(di j )2 + α2
n∑

i=1

T r2
i − 4α2W 2(G)

n

⎞

⎠. (18)

Equality holds if and only if G is a graph with three or four distinct Dα-eigenvalues.

Proof Using the Cauchy-Schwarz inequality for the vectors (1, 1, . . . , 1
︸ ︷︷ ︸

(n-2) times

) and
( ∣
∣
∣∂2 − 2αW (G)

n

∣
∣
∣ ,
∣
∣
∣∂3 − 2αW (G)

n

∣
∣
∣ ,

. . . ,

∣
∣
∣∂n−1 − 2αW (G)

n

∣
∣
∣
)

, we have

(
n−1∑

i=2

∣
∣
∣
∣∂i − 2αW (G)

n

∣
∣
∣
∣

)2

≤
(

n−1∑

i=2

1

)(
n−1∑

i=2

∣
∣
∣
∣∂i − 2αW (G)

n

∣
∣
∣
∣

2
)

,

then

E Dα (G) ≤
∣
∣
∣
∣∂1 − 2αW (G)

n

∣
∣
∣
∣+

∣
∣
∣
∣∂n − 2αW (G)

n

∣
∣
∣
∣

123



1492 A. Alhevaz et al.

+
√
√
√
√(n − 2)

(

2ζ −
((

∂1 − 2αW (G)

n

)2

+
(

∂n − 2αW (G)

n

)2
))

,

where 2ζ = 2(1 − α)2 ∑
1≤i< j≤n(di j )

2 + α2 ∑n
i=1 T r2

i − 4α2W 2(G)
n . Let vn be the vertex with T rn = T rmin.

Taking x = (x1, . . . , xn)T , where

xi =
{

1 if i = n,

0 otherwise.

Then by Lemma 3, we have

∂n(G) ≤ xT Dαx
xT x

= αT rmin.

If x is the eigenvector of Dα corresponding to ∂n(G), then it must orthogonal to eigenvector of ∂1(G). It follows

that x is not the eigenvector of Dα, then ∂n(G) < αT rmin. Also, since T rmin = nT rmin
n ≤

∑n
i=1 T ri

n = 2W (G)
n ,

hence ∂n(G) < αT rmin ≤ 2αW (G)
n . Then

E Dα (G) ≤ ∂1 − ∂n

+
√
√
√
√(n − 2)

(

2ζ −
((

∂1 − 2αW (G)

n

)2

+
(

∂n − 2αW (G)

n

)2
))

.

Define a function

f (x, y) = SDα (G) +
√

(n − 2)
(
2ζ − (x2 + y2)

)
.

Differentiating f (x, y) with respect to x and y, we have

fx = − x
√

n − 2
√

2ζ − (x2 + y2)
, fy = − y

√
n − 2

√
2ζ − (x2 + y2)

fxx = − (2ζ − y2)
√

n − 2
√

(2ζ − (x2 + y2))3
, fyy = − (2ζ − x2)

√
n − 2

√
(2ζ − (x2 + y2))3

,

fxy = − xy
√

n − 2
√

(2ζ − (x2 + y2))3
.

For maxima or minima, fx = 0 and fy = 0 which implies x = y = 0. At this point the values of fxx , fyy, fxy

and � = fxx fyy − f 2
xy are fxx = −

√
n−2
2ζ

, fyy = −
√

n−2
2ζ

, fxy = 0 and � = fxx fyy − ( fxy)
2 = n−2

2ζ
≥ 0.

Then f (x, y) attains maximum value at x = y = 0, hence f (0, 0) = Dα S(G) + √
2ζ(n − 2). Thus

E Dα (G) ≤ SDα (G) +√
2ζ(n − 2).

The remainder of the proof is similar to that of Theorem 4, and is omitted here. ��
Since Dα(G) = αT r(G)+ (1 −α)D(G), by taking k = 1 and j = 1 in first inequality of Lemma 7, we get

λ1(Dα(G)) ≤ λ1(αT r(G)) + λ1((1 − α)D(G)). (19)

If T rmax = max1≤i≤n T ri , T rmin = min1≤i≤n T ri and the distance spread SD(G) = ρD
1 − ρD

n , then from (5)
and (19), we have

λ1(Dα(G)) − λn(Dα(G)) ≤ α (λ1(T r(G)) − λn(T r(G)))

+(1 − α)(λ1(D(G)) − λn(D(G)))

≤ α(T rmax − T rmin) + (1 − α)SD(G),

hence SDα (G) ≤ α(T rmax − T rmin) + (1 − α)SD(G). Then the following observation follows from Theorem 8.
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Theorem 9 Let G be a connected graph of order n ≥ 2, having maximum transmission degree T rmax, minimum
transmission degree T rmin and the distance spread SD(G). Then

E Dα (G) ≤ α(T rmax − T rmin) + (1 − α)SD(G)

+

√
√
√
√
√(n − 2)

⎛

⎝2(1 − α)2
∑

1≤i< j≤n

(di j )2 + α2
n∑

i=1

T r2
i − 4α2W 2(G)

n

⎞

⎠.

Equality holds if and only if G is a graph with three or four distinct Dα-eigenvalues.

4 A concluding remark

The energy of a graph is one of the important topics in spectral graph theory. Graph energy is the energy of a
symmetric matrix representing a network. In the literature, there are several different types of matrices that can
be used to describe a network (e.g., an adjacency matrix, a Laplacian matrix, a distance matrix, a generalized
distance matrix), each of these matrices produces a different energy. In this paper, our attention was focused on
upper and lower bounds on the generalized distance energy of graphs in terms of different graph parameters.
Moreover, we characterize the extremal graphs. Concluding this paper, we ask the following natural questions:

Problem 10 Which graph gives the maximal or minimal generalized distance energy in terms of n only?

Problem 11 To find some relations between the generalized distance energy and other graph energies for general
graphs.
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