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Abstract By the Ostrowski theorem, the Riemann zeta-function ζ(s) does not satisfy any algebraic-differential
equation. Voronin proved that the function ζ(s) does not satisfy algebraic-differential equation with contin-
uous coefficients. In the paper, a joint generalization of the Voronin theorem is given, i. e., that a collection
(ζ(s1), . . . , ζ(sr )) does not satisfy a certain algebraic-differential equation with continuous coefficients.
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1 Introduction

Let T be the class of certain type functions. The function f is called independent with respect to T if it does not
satisfy the equation

F( f ) = 0

with any F ∈ T . The first result on the function independence was obtained by O. Hölder for the
Euler gamma-function �(s), s = σ + i t , with respect to the class of polynomials [4]. In other words,
he proved the algebraic-differential independence of �(s), i. e., that there is no any polynomial p(s1,

. . . , sr ) �≡ 0 such that

p
(
�(s), �′(s), . . . , �(r−1)(s)

)
≡ 0.

The aim of this note is a certain independence of the Riemann zeta-function ζ(s). Recall that the function
ζ(s) is defined, for σ > 1, by the Dirichlet series

ζ(s) =
∞∑

m=1

1

ms
,

Communicated by B. Sury.

M. Korolev
Department of Number Theory, Steklov Mathematical Institute of Russian Academy of Sciences, Gubkina str. 8, Moscow, Russia
119991
E-mail: korolevma@mi.ras.ru

A. Laurinčikas (B)
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and is analytically continued to the whole complex plane, except for the point s = 1 which is a simple pole with
residue 1. D. Hilbert, in the description of his 18th problem mentioned [15] that the function ζ(s) is algebraically-
differentially independent, and this is a result of the Hölder theorem on the independence of the function �(s)
and the functional equation

π−s/2�
( s

2

)
ζ(s) = π−(1−s)/2�

(
1 − s

2

)
ζ(1 − s).

Moreover, he conjectured that the function

ζ(s, x) =
∞∑

m=1

xm

ms

also is algebraically-differentially independent. These Hilbert’s conjectures were proved independently by
D. D. Mordukhai-Boltovskoi [9] and A. Ostrowski [11]. A. G. Postnikov generalized [13] the latter results
for the function

L(s, x, χ) =
∞∑

m=1

χ(m)xm

ms
,

where χ(m) is a Dirichlet character.
The most general theorem on the independence of the function ζ(s) belongs to S. M. Voronin. In [15], he

proved the so-called functional independence of ζ(s). More precisely, the following theorem is valid.

Theorem 1 Suppose that F0, . . . , Fm : C
N → C are continuous functions, and identically for s ∈ C

m∑
k=0

sk Fk

(
ζ(s), ζ ′(s), . . . , ζ (N−1)(s)

)
= 0.

Then Fk ≡ 0 for all k = 0, 1, . . . , m.

In [17], S. M. Voronin generalized Theorem 1 for a collection of Dirichlet L-functions

L(s, χ j ) =
∞∑

m=1

χ j (m)

ms
, Res > 1, j = 1, . . . , r,

with pairwise non-equivalent Dirichlet characters χ1, . . . , χr .
Our aim is a joint extension of Theorem 1. For non-negative integers k1, . . . , kr , denote by A the set of

complex numbers Ak1,...,kr such that Ak1,...,kr �= 0 for the tuples (k1, 0, . . . , 0), . . . , (0, . . . , 0, kr ).

Theorem 2 Suppose that Ak1,...,kr ∈ A, and F0, . . . , Fm : C
N1+···+Nr → C are continuous functions, and

identically for s1, . . . , sr ∈ C

m∑
k=0

Fk

(
ζ(s1), ζ

′(s1), . . . , ζ
(N1−1)(s1), . . . , ζ(sr ), ζ

′(sr ), . . . , ζ
(Nr −1)(sr )

)

×
∑

k1+···+kr =k

Ak1,...,kr sk1
1 · · · skr

r = 0. (1)

Then Fk ≡ 0 for all k = 0, 1, . . . , m.

Equation (1) is new in the theory of the function ζ(s).
A proof of Theorem 2 is based on a joint universality theorem for the function ζ(s), and an implied denseness

of its set of values.
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2 Universality

By a Voronin’s work [16], it is well known that the function ζ(s) is universal in the sense that its shifts ζ(s + iτ),
τ ∈ R, approximate a wide class of analytic functions. We recall a modern version of the Voronin theorem.
Let D = {s ∈ C : 1/2 < σ < 1}. Denote by K the class of compact subsets of the strip D with connected
complements, and by H0(K ) with K ∈ K the class of continuous non-vanishing functions on K that are analytic
in the interior of K . Let measA be the Lebesgue measure of a measurable set A ⊂ R. Then the Voronin theorem,
see, for example, [8], asserts that, for every K ∈ K and f (s) ∈ H0(K ) and every ε > 0,

lim inf
T →∞

1

T
meas

{
τ ∈ [0, T ] : sup

s∈K
|ζ(s + iτ) − f (s)| < ε

}
> 0. (2)

The latter statement has a generalization for generalized shifts ζ(s + iϕ(τ)) with a certain function ϕ(τ),
moreover, a joint version on the simultaneous approximation of a collection of analytic functions by (ζ(s +
iϕ1(τ )), . . . , ζ(s + iϕr (τ ))) is known. We will use the function ϕ(τ) involving the Gram functions.

Denote by θ(t), t > 0, the increment of the argument of the function π−s/2�(s/2) along the segment
connecting the points s = 1/2 and s = 1/2 + i t . The function θ(t) is monotonically increasing and unbounded
from above for t > t∗ = 6.2898 . . . , therefore the equation

θ(t) = (τ − 1)π, τ � 0,

has the unique solution tτ for t � t∗, see [6]. The numbers tn , n ∈ N, are called the Gram points, and are used
for the investigation of non-trivial zeros of the function ζ(s). By analogy, tτ with arbitrary positive τ is called
the Gram function.

In [7], the following joint universality theorem for ζ(s) has been obtained.

Theorem 3 Suppose that α1, . . . , αr are fixed different positive numbers. For j = 1, . . . , r , let K j ∈ K and
f j (s) ∈ H0(K j ). Then, for every ε > 0,

lim inf
T →∞

1

T
meas

{
τ ∈ [0, T ] : sup

1� j�r
sup

s∈K j

∣∣∣ζ(s + i t
α j
τ ) − f j (s)

∣∣∣ < ε

}
> 0.

Moreover “lim inf” can be replaced by “lim” for all but at most countably many ε > 0.

In Theorem 3, it is important that the numbers α1, . . . , αr are different. The proof is probabilistic based on
a limit theorem for weakly convergent probability measures in the space of analytic functions.

Note that joint universality theorems obtained in [10] and [12] also can be applied for the proof of Theorem 3.

3 Denseness

It is well known that the set of values of the Riemann zeta-function is dense in a certain sense. The first result in
this direction belongs to H. Bohr. In [1], he proved that the function ζ(s) takes every non-zero value infinitely
many times in the strip

{s ∈ C : 1 < σ < 1 + δ}
with arbitrary positive δ. Further, H. Bohr and R. Courant proved [2] that, for every fixed σ , 1/2 < σ � 1, the
set

{ζ(σ + i t) : t ∈ R}
is everywhere dense in C. The latter result was generalized by S. M. Voronin. He obtained in [14] that the set

{(ζ(s1 + iτ), . . . , ζ(sr + iτ)) : τ ∈ R}
with arbitrary fixed complex numbers s1, . . . , sr , 1/2 < Re s j < 1, j = 1, . . . , r , and s j �= sk for j �= k, and
the set {(

ζ(s + iτ), ζ ′(s + iτ), . . . , ζ (r−1)(s + iτ)
)

: τ ∈ R

}
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with arbitrary s, 1/2 < σ < 1, are everywhere dense in C
r .

Denote by H(D) the space of analytic functions on D endowed with the topology of uniform convergence
on compacta. The space H(D) is infinite-dimensional. Therefore the Voronin universality theorem (2) is a
infinite-dimensional generalization of the mentioned above Bohr-Courant theorem.

In this section we will prove the following denseness result.

Theorem 4 Suppose that α1, . . . , αr are fixed different positive numbers, and N1, . . . , Nr ∈ N. Then, for every
fixed σ , 1/2 < σ < 1, the set

{(
ζ(σ + i tα1

τ ), ζ ′(σ + i tα1
τ ), . . . , ζ (N1−1)(σ + i tα1

τ ), . . . ,

ζ(σ + i tαr
τ ), ζ ′(σ + i tαr

τ ), . . . , ζ (Nr −1)(σ + i tαr
τ )

)
: τ ∈ R

}

is everywhere dense in C
N1+···+Nr .

For the proof of Theorem 4, the following property of polynomials [5] is useful.

Lemma 5 Suppose that s0 �= 0, s1, . . . , sm are complex numbers. Then there exists a polynomial p(s) such that

sk =
(

ep(s)
)(k) ∣∣∣

s=0
, k = 0, 1, . . . , m.

Proof of Theorem 4 Let s jk ∈ C, j = 1, . . . , r , k = 0, 1, . . . , N j , s j0 �= 0, j = 1, . . . , r . Fix 1/2 < σ̂ < 1. In
view of topology of C

N1+...+Nr , it suffices to show that, for every ε > 0, there exists τ ∈ R such that

∣∣∣ζ (k)(̂σ + i t
α j
r ) − s jk

∣∣∣ < ε. (3)

By Lemma 5, there exists the polynomials p j (s), j = 1, . . . , r , such that

s jk =
(

ep j (s−σ̂ )
)(k) ∣∣∣

s=σ̂
, k = 0, 1, . . . , N j , j = 1, . . . , r. (4)

Further, let 
 = (1/2) min (̂σ − 1/2, 1 − σ̂ ), and consider the disk K = {s : |s − σ̂ | � 
}. Suppose finally that
ε1 > 0. By Theorem 2, there exists τ ∈ R (actually, there exists a sequence {τn} ⊂ R, τn → ∞ as n → ∞)
such that

sup
s∈K

∣∣∣ζ(s + i t
α j
τ ) − ep j (s−σ̂ )

∣∣∣ < ε1 (5)

for all j = 1, . . . , r . Let L be the circle |s − σ̂ | = 
/2. Then the integral Cauchy formula implies

ζ (k)(̂σ + i t
α j
τ ) −

(
ep j (s−σ̂ )

)(k) ∣∣∣
s=σ̂

= k!
2π i

∫

L

ζ(z + i t
α j
τ ) − ep j (z−σ̂ )

(z − σ̂ )k+1 dz.

Hence, in view of (4) and (5),

∣∣∣ζ (k)(̂σ + i t
α j
τ ) − s jk

∣∣∣ � k!ε1

2π

∫

L

|dz|
|z − σ̂ |k+1 = k!ε1

2π

(
2




)k

.

Given ε, taking

ε1 < 2πε min
1�k�max (N1,...,Nr )

1

k!
(


2

)k
,

we arrive at (3). 
�
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4 Proof of the main theorem

Proof of Theorem 2 Let, for brevity, N = N1 + · · · + Nr . Denote by s the points of C
N , and by dN the distance

in C
N . Moreover, let

Zk(s1, . . . , sr ) =
∑

k1+···+kr =k

Ak1,...,kr sk1
1 · · · skr

r .

Without loss of generality, we may suppose that α1 = max{α1, . . . , αr }.
We will prove that Fm ≡ 0. Suppose, on the contrairy, that Fm �≡ 0. Then there exists s0 ∈ C

N such that
Fm(s0) �= 0. The continuity of Fm implies that, for a certain fixed δ > 0, there exists ε > 0 such that

|Fm(s)| > δ (6)

for all s ∈ Gε = {s ∈ C
N : dN (s, s0) < ε}. Take 0 < ε1 < ε, and define Gε1 = {s ∈ C

N : dN (s, s0) � ε1}.
Then the functions F0, F1, . . . , Fm−1 are bounded in the disc Gε1 . Define one more disc Gε2 = {s ∈ C

N :
dN (s, s0) � ε2} with 0 < ε2 < ε1. By the proof of Theorem 4, there exists a sequence {τn} ⊂ R, τn → ∞ as
n → ∞, such that, for a fixed 1/2 < σ < 1,

ζ (σ, t
α
τn ) ∈ Gε2 ,

where α = (α1, . . . , αr ), t
α
τn = (tα1

τn , . . . , tαr
τn ), and

ζ (σ, t
α
τn ) =

(
ζ(σ + i tα1

τn
), ζ ′(σ + i tα1

τn
), . . . , ζ (N1)(σ + i tα1

τn
),

. . . , ζ(σ + i tαr
τn

), ζ ′(σ + i tαr
τn

), . . . , ζ (Nr )(σ + i tαr
τn

)
)

.

Therefore, in view of (6),

∣∣∣Fm

(
ζ (σ, t

α
τn )

)∣∣∣ > δ. (7)

It is known [6] that, for τ → ∞,

tτ = 2πτ

log τ

(
1 + log log τ

log τ
(1 + o(1))

)
.

Thus, by a remark on the number α1, as n → ∞,

Zm(σ + i tα1
τn

, . . . , σ + i tαr
τn

) = Am,0,...,0(σ + i tα1
τn

)m + o(|σ + i tα1
τn

|m),

and

Zk(σ + i tα1
τn

, . . . , σ + i tαr
τn

) = o(|σ + i tα1
τn

|m)

for k < m. This and (7) show that

∣∣∣∣∣
m∑

k=0

Fk

(
ζ (σ, t

α
τn )

)
Zk

(
σ + i t

α
τn

)
∣∣∣∣∣ → ∞

as n → ∞. However, this contradicts the hypothesis (1) of the theorem. Thus, Fm ≡ 0.
Now, similarly as above, we obtain that Fk ≡ 0 for k = m − 1, . . . , 1, 0. The theorem is proved. 
�
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12. Pańkowski, Ł.: Joint universality for dependent L-functions. Ramanujan J. 45(1), 181–195 (2018)
13. Postnikov, A. G.: A generalization of one Hilbert’s problem. DAN SSSR 107(4), 512–515 (1956) (in Russian)
14. Voronin, S. M.: The distribution of the nonzero values of the Riemann ζ -function. Trudy Math. Inst. Steklov 128, 131–150

(1972) (in Russian)
15. Voronin, S. M.: The differential independence of ζ -functions. DAN SSSR 209, 1264–1266 (1973) (in Russian)
16. Voronin, S. M.: Theorem on the “universality” of the Riemann zeta-function. Izv. Akad. Nauk SSSR, Ser. Matem. 39(3), 475–486

(1975) (in Russian) ≡ Math. USSR Izv. 9(3), 443–453 (1975)
17. Voronin, S. M.: The functional independence of Dirichlet L-functions. Acta Arith. 27, 493–503 (1975) (in Russian)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under a publishing agreement
with the author(s) or other rightsholder(s); author self-archiving of the accepted manuscript version of this article is solely governed
by the terms of such publishing agreement and applicable law.

123



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2025-10-24T16:11:30+0530
	Preflight Ticket Signature




