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Abstract An elimination method is a sequence of elementary row or column operations to divide a matrix into
parts with partial zeroing of columns or rows of the matrix leading to a matrix factorization implicitly. We present
a generalized elimination algorithm for solving real and Diophantine linear systems. The algorithm uses a zeroing
process based on two index sets and provides a mechanism for constructing factorizations such as block LU
factorization as well as the W Z and the Z W factorizations under a common framework. We also introduce the
octant interlocking factorization method and present two new factorizations named as the O DS and the SDO
factorizations. Necessary and sufficient conditions under which the generalized elimination method is carried
out are proposed.
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1 Introduction

A block matrix is a matrix whose entries are themselves matrices. Linear algebra is best done with block matrices.
Block matrices appear in most modern applications of linear algebra because the notation highlights essential
structures in matrix theory. Matrix operations on block matrices can be carried out by treating the blocks as
matrix entries. A block algorithm in matrix computation is defined by operations on submatrices rather than
matrix elements. Theoretical and practical studies on the numerical stability, complexity, pivoting strategies,
parallel implementation and existence conditions of matrix decompositions have been done [5,6,18,20].

The numerical solution of linear systems on the multicore architecture is an important issue for high perfor-
mance computing. Blocking is a well-known optimization technique for improving the effectiveness of memory
hierarchies. See [3,5,15,22,26].

Here, we present a generalized block elimination method which produces some interesting matrix factoriza-
tions. Let R and R

m×n denote the set of real numbers and the set of m × n real matrices, respectively.

Definition 1.1 Let [n] = {1, . . . , n} and αi ⊂ [n], for i = 1, . . . , s. We say α = {α1, . . . , αs} is an index set of
[n] if and only if αi

⋂
α j = ∅, whenever i �= j , and ∪s

i=1αi = [n]. We denote cardinality of t by |t |.
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1530 E. Golpar-Raboky

Let A ∈ R
n×n and α = {α1, . . . , αs} and β = {β1, . . . , βs} be two index sets of [n]. Assume that A(:, β j )

denote the n × |β j | submatrix of A containing the columns specified by β j , A(αi , β j ) denote the |αi | × |β j |
submatrix of A composed of the rows specified by αi and the columns specified by β j .

Note: Throughout the remainder of the paper, we assume that α = {α1, . . . , αs}, β = {β1, . . . , βs} are two
index sets of [n] such that |αi | = |βi | and A is a s × s block matrix. A(αi , β j ), 1 ≤ i, j ≤ s, denote the (i, j)th
block of A respect to the index sets α and β.

The leading principal submatrices of A with respect to the index sets α and β are defined as:

A(∪k
i=1αi ,∪k

j=1β j ) =
⎛

⎜
⎝

A(α1, β1) . . . A(α1, βk)
...

. . .
...

A(αk, β1) . . . A(αk, βk)

⎞

⎟
⎠ , k = 1, . . . , s.

Let Pα = (eα1 , . . . , eαs ) and Pβ = (eβ1 , . . . , eβs ) denote two partial permutation matrices with respect to the
index sets α and β, respectively. Define

Aα,β = PT
α APβ =

⎛

⎜
⎝

A(α1, β1) . . . A(α1, βs)
...

. . .
...

A(αs, β1) . . . A(αs, βs)

⎞

⎟
⎠ . (1.1)

We recall that a partitioned nonsingular matrix A ∈ R
n×n is said to be block strongly nonsingular if every

leading principal block submatrices of A are nonsingular. A block strongly nonsingular matrix has a block LU
decomposition [14]. Now, we extend the definition as follows.

Definition 1.2 The matrix A ∈ R
n×n is said to be (α, β)-block strongly nonsingular, if and only if

A(∪k
i=1αi ,∪k

i=1βi ), for k = 1, . . . , s, are nonsingular.

Definition 1.3 [7] The matrix A ∈ R
n×n is called column (α, β)-block diagonally dominant (with respect to the

matrix norm ‖.‖) if and only if A(αi , βi ) are nonsingular, and

‖A−1(α j , β j )‖−1 −
∑

j �=i

‖A(αi , β j )‖ ≥ 0, j = 1, . . . , s. (1.2)

If a strict inequality holds in (1.2) then A is called (α, β)-block strictly diagonally dominant by columns(with
respect to the matrix norm ‖.‖). The matrix A is block diagonally dominant by rows if AT is block diagonally
dominant by columns.

Let A be a (α, β)-block strictly diagonally dominant matrix. Then, A(∪k
i=1αi ,∪k

i=1βi ) are nonsingular, for
k = 1, . . . , s, and A is a (α, β)-block strongly nonsingular matrix.

Remark 1.1 [18] According to (1.1), A(αi , β j ) is the (i, j)th block of Aα,β which is also the (i, j)th block of A
respect to the index sets α and β. Thus, terms and results that we use to describe the block matrix Aα,β can be
extended to A with respect to the index sets

α and β, by applying two partial permutation matrices Pα and Pβ . For instance, the matrix A is (α, β)-block
strongly nonsingular ((α, β)-block diagonally dominant) if and only if Aα,β is block strongly nonsingular (block
diagonally dominant).

Example 1.1 Let α = {{3}, {2}, {1}}, β = {{1}, {2}, {3}} and

A =
⎛

⎝
1 1 3
1 3 1
4 1 1

⎞

⎠ .

Then,

Aα,β =
⎛

⎝
4 1 1
1 3 1
1 1 3

⎞

⎠ .

This shows that A is (α, β)-block strongly nonsingular and (α, β)-block strictly diagonally matrix.
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Block elementary row and column operations play important roles in linear algebra. The elementary row opera-
tions can be generalized as follows. In cases (i) − (i i i) below, assume that |αi | = |α j |.

(i) Row switching: a row block within the matrix can be interchanged with another row block:

A(α j , :) � A(αi , :),
(ii) Row multiplication: each element in a row block can be multiplied by a nonzero constant. Let ni = |αi | and
M ∈ R

ni ×ni be a diagonal matrix, with diagonal entries mk �= 0,

M(k, j) =
{

mk k = j

0 k �= j.

Then,
M A(αi , :) → A(αi , :),

is the matrix produced from A by multiplying the row block A(αi , :) by m = (m1, · · · , mni ).
(iii) Row addition: a row block can be the sum of that row block and a multiple of another row block:

A(αi , :) + M A(α j , :) → A(αi , :),
where, the matrix M is defined in (ii). An elimination method is a sequence of elementary row or column
operations to divide a matrix into parts with partial zeroing of columns or rows of the matrix leading to a matrix
factorization implicitly. In doing this, we need a zeroing process which depends on choosing the index sets t and
b as follows:

Let A(1) = A ∈ R
n×n , α = {α1, . . . , αs} and β = {β1, . . . , βs} be the index sets of [n], where |αi | =

|βi | = ni , i = 1, . . . , s and
∑s

i=1 ni = n. In the kth step we have the matrix A(k) = Mk−1 . . . M1 A. If
det (A(k)(αk, βk)) �= 0, then we compute Mk A(k) for zeroing A(k)(αc

k , βk), where αc
k = [n] − ∪k

i=1αi . Define
rk ∈ R

n×|βk | by

rk(∪k
i=1αi , :) = 0, rk(α

c
k , :) = A(k)(αc

k , βk)A(k)(αk, βk)
−1, (1.3)

and the elementary matrix by

Mk = I − rk I (:, αk)
T . (1.4)

A matrix of the form (1.4) is an elimination transformation and M−1
k = I + rk I (:, αk)

T . Moreover,

Mk A(k) = (I − rk I (:, αk)
T )A(k) = A(k) − rk A(k)(αk, :), (1.5)

and
I (αc

k , :)Mk AI (αc
k , :) = 0.

By repeatedly applying (1.3)–(1.5) we generate a zeroing procedure to obtain a matrix factorization of A. If no
singular pivot are encountered, then det(A(k)(αk, βk)) �= 0, and Ms−1 . . . M1 A = C , then

A = BC, (1.6)

where

B = M−1
1 . . . M−1

s−1
= (I − r1 I (:, α1)

T )−1 . . . (I − rs−1 I (:, αs−1)
T )−1

= (I + r1 I (:, α1)
T ) . . . (I + rs−1 I (:, αs−1)

T )

= I + ∑s−1
i=1 ri I (:, αi )

T .

(1.7)

From the elimination process (1.3)-(1.5), we have

B(αc
k , βk) = rk(α

c
k , :), C(αc

k , βk) = 0, (1.8)

for k = 1, . . . , s − 1.
Here, we present the generalized elimination method for solving the linear system Ax = d and computing

the matrix factorization A = BC.
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1532 E. Golpar-Raboky

Algorithm 1.1 Generalized Elimination Algorithm (G E A)
Input: A ∈ R

n×n, d ∈ R
n and two index sets α = {α1, . . . , αs} and β = {β1, . . . , βs}, where |αi | =

|βi |, i = 1, . . . , s.
Output: The matrix factorization A = BC and a solution to Ax = d.

(1) Let A(1) = A, d(1) = d and B = I , where I is an n × n identity matrix.
(2) for k = 1, . . . , s − 1 do

rk(αk, :) = 0, rk(α
c
k , :) = A(k)(αc

k , βk)A(k)(αk, βk)
−1,

Mk = I − rk I (:, αk)
T , B = B + rk I (:, αk)

T ,

A(k+1) = Mk A(k), d(k+1) = Mkd(k).

end for
(3) Set C = A(s), which solves Cx = d(s) and compute the matrix factorization A = BC.

This partitioned algorithm does precisely the same arithmetic operations as any other variant of block Gaussian
elimination [18,20]. Algorithm 1.1 is an alternative to block Gaussian elimination with respect to the index sets
α and β. Different choices of the parameters will result in different decompositions.

Using (1.1) and Theorem 13.2 in [20], we provide a necessary and sufficient condition under which Algorithm
1.1 can be carried out.

Theorem 1.1 (Factorization theorem) Let A ∈ R
n×n. The generalized elimination algorithm can be performed

on A to produce the matrix factorization (1.6) if and only if A is a (α, β)-block strongly nonsingular matrix.
Moreover, the factorization is unique.

Proof Suppose k − 1 steps in Algorithm 1.1 have been executed. At the beginning of step k the matrix A has
been overwritten by Mk−1 . . . M1 A = A(k−1) and we have

|det (A(∪k
i=1αi ,∪k

i=1βi ))| = |
k∏

i=1

det (A(k−1)(αi , βi ))|.

Thus, if A(∪k
i=1αi ,∪k

i=1βi ) is nonsingular, then the kth pivot A(k)(αk, βk) is also nonsingular.
Now, let be (α, β)-block strongly nonsingular. Then, Aα,β defined by (1.1) is a block strongly nonsingular

matrix and has a unique block LU factorization [18]. This, results in the uniqueness of matrix decomposition of
Algorithm 1.1.

It turns out the kth pivot, A(k)(αk, βk) is singular if A(∪k
i=1αi ,∪k

i=1βi ) is singular. Therefore, Algorithm 1.1
will fail if the pivot submatrices A(k)(αk, βk) are singular for some 1 ≤ k ≤ s − 1.

Let A ∈ R
n×n be a (α, β)-block strongly nonsingular matrix. Then we have the matrix factorization A = BC

from Algorithm 1.1 and a block LU factorization Aα,β = LU. Since, A = Pα Aα,β PT
β we have

BC = Pα LU PT
β = (Pα L PT

α )(Pα PT
β )(PβU PT

β ) = Lα,α Dα,βUβ,β,

BC = Pα LU PT
β = (Pα L PT

β )(Pβ PT
α )(PαU PT

β ) = Lα,β Dβ,αUα,β .

(1.9)

Therefore, the generalized factorization A = BC can be obtained from a block LU factorization of Aα,β .

Remark 1.2 The matrix B is invertible such that B(α(i), β(i)) = I , for i = 1, . . . , s and according to (1.7),
B−1 has the same structure as B. Moreover, if αi = βi , for i = 1, . . . , s, then C has the same structure as BT .

There are two main possibilities to compute rk(α
c
k , :) in step 2 of Algorithm 1.1. We can apply Gaussian elim-

ination with partial pivoting to factorize A(k)(αk, βk) or compute A(k)(αk, βk)
−1 explicitly, which is attractive

for parallel machines (see Theorem 13.6 in [20]).
One class of matrices for which G E A can be performed is (α, β)-block diagonally dominant. According to

(1.9) and Theorems 13.6, 13.7 and 13.8 in [20], we have the next results.
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Theorem 1.2 Suppose A ∈ R
n×n is nonsingular and (α, β)-block diagonally dominant by columns with respect

to a subordinate matrix norm. Then, G E A can be performed on A to produce the matrix factorization (1.6).
Furthermore, if A(k) denotes the matrix obtained after k − 1 steps of Algorithm 1.1, then

max
k≤i, j≤s

‖A(k)(αi , β j )‖2 ≤ 2 max
1≤i, j≤s

‖A(αi , β j )‖2 (1.10)

Proof According to (1.1), Aα,β is a block diagonally dominant matrix and has a block LU factorization. It
concludes that G E A can be performed on A. The proof of (1.10) follows the lines of the proof for Theorem 13.8
in [20] for partitioned matrix A with respect to the index sets α and β.

For a general matrix the level of instability can be bounded in terms of the condition number and the growth factor
for Gaussian elimination without pivoting. A consequence is that the factorization is stable for a matrix A that is
symmetric positive definite or point diagonally dominant by rows or columns as long as A is well-conditioned
(see [20] for details).

In the following, one main result of Algorithm 1.1 for solving the linear Diophantine system

Ax = d, A ∈ Z
n×n, x ∈ Z

n, d ∈ Z
n, (1.11)

is presented.

Definition 1.4 A ∈ Z
n×n is a unimodular matrix if and only if | det(A)| = 1.

Note that if A is unimodular then A−1 is also unimodular.

Definition 1.5 We say that A ∈ Z
n×n is (α, β)-block strongly unimodular if and only if A(∪k

i=1αi ,∪k
i=1βi ), for

k = 1, . . . , s, are unimodular.

According to Theorem 1.1, we have the next result.

Theorem 1.3 Let A ∈ Z
n×n be (α, β)-block strongly unimodular and b ∈ Z

n. Then, Algorithm 1.1 produces an
integer solution for the linear Diophantine system (1.11) as well as an integer factorization of A.

Proof Using the process of proving Theorem 1.1, we can show A(k) are integer matrices and |det (A(k)(αk, βk))| =
1, for k = 1, . . . , s. Since, Mk are unimodular, for k = 1, . . . , s, then C and B are integer matrices. This completes
the proof.

Different choices of the index sets α and β in Algorithm 1.1 result in various matrix factorizations. We show how
to choose the parameters for computing the LU , W Z and Z W factorizations. We also present two new quadrant
interlocking factorizations and show how to set t and b to compute the factorizations.

2 2 × 2 block matrix factorizations

Here, we introduce two index sets of [n].
The first index set is α = {α1, . . . , αn}, such that

αi =
{

i+1
2 , i f i is odd

n − i
2 + 1, i f i is even.

(2.12)

We define the second index set β = {β1, . . . , βn} as follows. If n is an even number, define

βi =
{

n
2 − i+1

2 + 1, i f i is odd
n
2 + i

2 , i f i is even,
(2.13)

and if n is an odd number, define

βi =
{

n+1
2 − i

2 , i f i is even
n+1

2 + i−1
2 , i f i is odd.

(2.14)
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1534 E. Golpar-Raboky

Fig. 1 Matlab code for computing the 2 × 2 block factorization

We can also define αk and βk from cardinal 2 and compute some special block matrix factorizations. If n is an
even number, set s = n

2 and define

αk = {k, n − k + 1}, βk = {s − k + 1, s + k}, k = 1, . . . , s, (2.15)

and if n is an odd number, set s = n+1
2 and define

αk = {k, n − k + 1}, αs = {s}, β1 = {s}, βk+1 = {s − k, s + k}, k = 1, . . . s − 1. (2.16)

Here, we give a MATLAB code for Algorithm 1.1, where A ∈ R
n×n , a and b are two index sets and all the

blocks are of size 2 × 2.

2.1 Quadrant interlocking factorization

The quadrant interlocking factorization (QIF) is an alternative to the LU factorization, well suited for imple-
mentation on parallel computers. Several versions of this factorization have been presented: [8,10–13,19,25]. A
direct method, called W Z factorization method, for the solution of the linear system Ax = b was introduced by
Evans and Hotzopoulos [8]. The structure of the factors is of butterfly form. The WZ factorization conveniently
offers a parallel method for solving dense square linear systems and can be faster than the LU factorization for
large matrices [1,2,23,24]. Several algorithms have been proposed for computing the W Z factorization. One,
known as the parallel implicit elimination (PIE), was introduced by Evans [9]. The algorithm uses an elimination
method by zeroing the elements of the first and the last columns, simultaneously. Raboky and Mahdavi-Amiri
presented several algorithms for computing the W Z factorization, using basic ABS algorithms [16], block scaled
ABS algorithms [17] and the Wedderburn rank reduction formula [21].

Here, we introduce the W Z factorization and produce the factorization using the generalized elimination
method.

Definition 2.1 Consider two index sets α and β defined by (2.15) or (2.16). A block matrix A is called a W -
matrix if the possible nonzero elements A(βi , β j ) have j ≥ i and it is called a Z -matrix if the possible nonzero
elements have j ≥ i . These matrices have the following forms:

with the gray parts standing for possible nonzeros.
Consider two n × n permutation matrix using (2.15) and (2.16) as follows:

Pα = [eα1 , . . . , eαs ], Pβ = [eβ1 , . . . , eβs ] (2.17)

where, ei be the i th column of an n × n identity matrix.
Let L , U ∈ R

n×n be block lower and upper triangular matrices with 2 × 2 block diagonals, respectively.
Then,

W = Pα L PT
α , Z = PαU PT

α , (2.18)
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Fig. 2 Structures of the unit W-matrix (left) and Z-matrix (right)

and

Z = Pβ L PT
β , W = PβU PT

β , (2.19)

where W is a W -matrix and Z is a Z -matrix. Triangular matrices are similar to W and Z matrices and any
structural property of W and Z implies a consequent structural property on L and U [4].

Definition 2.2 We say that a matrix A is factorized in the WZ form if

A = W Z , (2.20)

where the matrix W is a W -matrix and Z is a Z-matrix.

Here, we show how to choose the index sets such that Algorithm 1.1 computes a W Z factorization. Consider
two index sets α and β defined by (2.15) if n is even and (2.16) if n is odd. Let A be a W -matrix, then there exist
the possible nonzero elements A(αi , α j ) for j ≤ i and if A is a Z -matrix, then there exist the possible nonzero
elements A(βi , β j ) for j ≤ i .

Let αk = βk = {k, n − k + 1} and αc
k = βc

k = {k + 1 : n − k}, for k = 1, . . . s. Then, Algorithm 1.1, zeros
{k + 1 : n − k}th elements in the kth column and the (n − k + 1)th column, simultaneously. This zeroing process
leads to a W Z factorization for A as follows.

Theorem 2.1 Let A ∈ R
n×n and the index set α is defined by (2.15) (or (2.16)). Then, G E A computes a W Z

factorization if and only if A is (α, α)-block strongly nonsingular. Moreover, the factorization is unique.

Proof The proof of the existence and uniqueness of W Z factorization follows the lines of the proof for Theorem
1.1. From (1.9), since Pα PT

α = I , we have

BC = (Pα L PT
α )(Pα PT

α )(PαU PT
α ),

and by (2.18), we have
A = BC = W Z

The function BlockGen(A, a, a) produces a W Z factorization of A, where a is defined by (2.12).

Definition 2.3 We say that a matrix A is factorized in the form ZW if

A = Z W, (2.21)

where W is a W -matrix, Z is a Z -matrix.

Now, let αk = βk = {s − k + 1, s + k} and αc
k = βc

k = {1 : s − k, s + k + 1 : n}, for k = 1, . . . s. Then,
Algorithm 1.1 zeros 1 : s − k − 1, s + k : nth elements in the (s − k)th column and the (s + k − 1)th column,
simultaneously. This zeroing process leads to a Z W factorization for A.

Theorem 2.2 Let A ∈ R
n×n and the index set β defined by (2.15) (or (2.16)). Then, G E A computes an Z W

factorization if and only if A is (β, β)-block strongly nonsingular. Moreover, the factorization is unique.

Proof The proof of the existence and uniqueness of Z W factorization follows the lines of the proof for Theorem
1.1. From (1.1), since Pβ PT

β = I , we have

BC = (Pβ L PT
β )(Pβ PT

β )(PβU PT
β ),

and by (2.19), we have
A = BC = Z W

The function BlockGen(A, b, b) produces a Z W factorization of A, where b is defined by (2.13) or (2.14).
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Fig. 3 Structures of the S-matrix (left), O-matrix (middle) and D-matrix (right)

Fig. 4 Special structures of the D-matrix

2.2 Octant interlocking factorization

In this section, we describe the octant interlocking factorization (OIF) method and its existence conditions. The
O I F method factorizes A such that the structure of the factors is of rhombus form.

Definition 2.4 Let R
n×n . Consider two index sets α and β defined by (2.15) or (2.16). A matrix A is called

a S-matrix if the possible nonzero elements A(αi , β j ) have j ≥ i and it is called a O-matrix if the possible
nonzero elements A(βi , α j ) have j ≥ i . A matrix which is both S-matrix and O-matrix, in one of the two forms
of Figure 3, is called a D-matrix. These matrices have the following forms:

with the gray parts standing for possible nonzeros.
The O I F is an alternative to the LU factorization. Let L and U be block lower and upper triangular matrices

with 2 × 2 block diagonals, respectively. Then, we have

O = Pα L PT
β , S = PαU PT

β , (2.22)

and

S = Pβ L PT
α , O = PβU PT

α , (2.23)

where O is an O-matrix, S is an S-matrix. The main idea of the O I F method consists of factorizing A in the
form

A = O DS or A = SDO. (2.24)

The equations (2.18), (2.19), (2.22) and (2.23) provide interesting relationships between L , U , W , Z , S, O
and D matrices as follows:

W = Pα L PT
α , W = PβU PT

β W = DS, W = O D,

Z = PαU PT
α , Z = Pβ L PT

β , Z = SD Z = DO,
(2.25)

where D = Pα PT
β or D = Pβ PT

α have the following structures:
From Theorem 1.1, we have a necessary and sufficient condition for the existence of an O DS factorization.

Theorem 2.3 Let A ∈ R
n×n and the index sets defined by (2.15) (or (2.16)). Then, G E A computes an O DS

factorization if and only if A is a (α, β)-block strongly nonsingular matrix. Moreover, the factorization is unique.
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Fig. 5 Matlab code for Algorithm 1.1

Proof The proof of the existence and uniqueness of O DS factorization follows the lines of the proof for Theorem
1.1. From (1.9) we have

BC = (Pα L PT
α )(Pα PT

β )(PβU PT
β ),

and by (2.25), we have
A = BC = W DW = W S = W D−1 DS = O DS.

The function BlockGen(A, a, b) produces a W S factorization of A, where a and b defined by (2.12) and (2.13)
(or (2.14)), respectively.

Corollary 2.1 Let A ∈ Z
n×n. If α and β are two index sets defined by (2.15) and (2.16). Then G E A computes

an integer O DS factorization if and only if A is a (α, β)-block strongly unimodular matrix.

The following theorem provides a necessary and sufficient condition for the existence of an SDO factoriza-
tion.

Theorem 2.4 Let A ∈ R
n×n and the index sets defined by (2.15) (or 2.16). Then, G E A computes an SDO

factorization if and only if A is a (β, α)-block strongly nonsingular matrix.

Proof The proof of the existence and uniqueness of SDO factorization follows the lines of the proof for Theorem
1.1. From (1.9) we have

BC = (Pβ L PT
β )(Pβ PT

α )(PαU PT
α ).

From (2.25), we have
A = BC = Z DZ = Z O = Z D−1 DO = SDO.

The function BlockGen(A, b, a) produces a Z O factorization of A, where a and b defined by (2.12) and (2.13)(or
(2.14)), respectively.

3 Generalized algorithm and some matrix factorizations

Let A ∈ R
n×n , and α = {α1, . . . , αs} and β = {β1, . . . , βs} be two index sets of [n]. Here, we set the parameters

in Algorithm 1.1 to present the associated matrix factorizations A = BC .
Here, we give a MATLAB code for Algorithm 1.1, where A ∈ R

n×n , and a and b are two index sets defined
by (2.12) and (2.13)(or (2.14)) , respectively and all the blocks are of size 1 × 1.

We apply four index sets {1, . . . , n}, {n, . . . , 1}, {α1, . . . , αn} defined by (2.15) and {β1, . . . , βn} defined by
(2.16), we compute the following matrix factorizations.
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Case (1): Let the first index set equals to {1, . . . , n}. By applying the other three index sets we have the
following matrix factorizations:

Case (2): Let the first index set equals to {n, . . . , 1}. By applying the other three index sets we have the
following matrix factorizations:

Case (3): Let the first index set equals to {α1, . . . , αn}. By applying the other three index sets we have the
following matrix factorizations:

Case (4): Let the first index set equals to {β1, . . . , βn}. By applying the other three index sets we have the
following matrix factorizations:

4 Numerical illustrations

We give illustrations of our proposed algorithms in computing the Q I F factorizations.

Example 4.1 Consider P = pascal(8) as follows:

A =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 1 1 1 1 1 1 1
1 2 3 4 5 6 7 8
1 3 6 10 15 21 28 36
1 4 10 20 35 56 84 120
1 5 15 35 70 126 210 330
1 6 21 56 126 252 462 792
1 7 28 84 210 462 924 1716
1 8 36 120 330 792 1716 3432

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

By executing BlockG E A(A, b, a), we have an A = Z O factorization of A as follows:

B =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 5 5.6429 1.5667 −0.5667 −0.7937 −0.3571 0
0 1 3 1.5333 −0.5333 −0.2778 0 0
0 0 1 1.4 −0.4 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 −2.2 3.2 1 0 0
0 0 −3 −6.6 7.6 5.3333 1 0
0 −2.4 −15.4286 −14.7714 15.7714 17.5238 6.8571 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

and

C =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 0 0 −0.0714 −0.0714 0 0 0
0 0 0.2778 0.6667 0.8333 0.5556 0 0
0 −0.6 −2 −4 −6 −7 −5.6 0
1 4 10 20 35 56 84 120
1 5 15 35 70 126 210 330
0 −1.2 −5 − 12 −21 −28 −25.2 0
0 0 0.6667 2 3 2.3333 0 0
0 0 0 −0.1143 −0.1429 0 0 0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

.
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Furthermore, we have an SDO factorization as follows:

A = BC = (B D)DC = SDO

where,

B D = S =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

1.5667 5.6429 5 1 0 −0.3571 −0.7937 −0.5667
1.5333 3 1 0 0 0 −0.2778 −0.5333

1.4 1 0 0 0 0 0 −0.4
1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1

−2.2 0 0 0 0 0 1 3.2
−6.6 −3 0 0 0 1 5.3333 7.6

−14.7714 −15.4286 −2.4 0 1 6.8571 17.5238 15.7714

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

We also have an W S factorization of A by applying BlockG E A(A, a, b) as follows:

B =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0 0 0 0 0 0 0
3.4286 1 0 0 0 0 0 0.0048
7.1429 2.6667 1 0 0 0 0.0714 0.0238
11.4286 4 1.6 1 0 0.4 0.2857 0.0714

15 4 1 0 1 1 0.6429 0.1667
16 2.3333 0 0 0 1 1 0.3333
12 0 0 0 0 0 1 0.6
0 0 0 0 0 0 0 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

and

C =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 1 1 1 1 1 1 1
−2.4 −1.5 −0.6 0 0 −1.2 −4.6 −11.8
1.2 0.3 0 0 0 0 0.7 3.9

−0.1 0 0 0 0 0 0 −0.1
−0.1 0 0 0 0 0 0 −0.1
1.9 0.6 0 0 0 0 2.3 14.7

−11.6 −9.8 −5.6 0 0 −25.2 −117.6 −355.2
1 8 36 120 330 792 1716 3432

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

Furthermore, we have an O DS factorization as follows

A = BC = (B D)DC = O DS

where,

B D = O =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 0 0 1 0 0 0 0
0 0 1 3.4286 0.0048 0 0 0
0 1 2.6667 7.1429 0.0238 0.0714 0 0
1 1.6 4 11.4286 0.0714 0.2857 0.4 0
0 1 4 15 0.1667 0.6429 1 1
0 0 2.3333 16 0.3333 1 1 0
0 0 0 12 0.6 1 0 0
0 0 0 0 1 0 0 0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

Example 4.2 Consider the following matrix:

A =

⎛

⎜
⎜
⎜
⎜
⎜
⎝

2.6667 2.6667 3.3333 1.3333 3.6667 1.3333
3.0000 3.6667 1.6667 1.3333 2.6667 2.3333
2.6667 2.3333 2.0000 1.3333 2.3333 2.0000
3.3333 2.6667 1.6667 4.0000 2.6667 1.6667
3.3333 3.3333 1.3333 3.3333 2.3333 3.3333
3.3333 3.0000 3.0000 1.3333 2.6667 1.3333

⎞

⎟
⎟
⎟
⎟
⎟
⎠

.

Then, the Z W factorization of A gives:

Z =

⎛

⎜
⎜
⎜
⎝

1.0000 0.3333 1.9231 −0.3077 −1.3333 0
0 1.0000 0.7692 0.0769 0 0
0 0 1.0000 0 0 0
0 0 0 1.0000 0 0
0 0 −0.0385 0.8462 1.0000 0
0 −1.4444 1.6923 −0.2308 1.7778 1.0000

⎞

⎟
⎟
⎟
⎠

,
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and

W =

⎛

⎜
⎜
⎜
⎝

−0.8462 0 0 0 0 0.4444
0.6923 1.6667 0 0 0.6667 0.6667
2.6667 2.3333 2 1.3333 2.3333 2
3.3333 2.6667 1.6667 4.0000 2.6667 1.6667
0.6154 1.1667 0 0 0.1667 2.0000

−0.5043 0 0.0000 0.0000 0 −4.2593

⎞

⎟
⎟
⎟
⎠

.

5 Conclusion

We presented a generalized elimination method for solving real and Diophantine linear systems. We proposed
a necessary and sufficient condition under which the method is carried out. We showed that different matrix
factorizations such as block LU , the W Z and the Z W factorizations can be derived from the method. We also
introduced the octant interlocking factorization which factorizes a nonsingular matrix into rhombus form factors.
We presented two octant interlocking factorizations named as the Z O and the W S factorizations.
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