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Abstract In this paper, we obtain the generalized distance spectra and the distance spectra of the graphs con-
structed by 2736 and 1588 binary graph operations of the M-join type, respectively when the constituting graphs
satisfy some conditions. Using these results, we deduce some existing results on the distance spectra of graphs
constructed by some graph operations in the literature. As applications, we construct infinite pairs of generalized
distance cospectral graphs.
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1 Introduction

Spectral graph theory investigates the relationship between the spectrum of the different matrices associated with
graphs and their structural properties. The adjacency matrix, the Laplacian matrix, the signless Laplacian matrix,
the normalized Laplacian matrix, the distance matrix are some important matrices associated with a graph; see
[7]. Aouchiche and Hansen [6] defined the Laplacian distance matrix and the signless Laplacian distance matrix
of a graph. Later, Cui et al. [11] introduced the generalized distance matrix of a graph.

Describing the spectra of a given graph in terms of the spectra of some other graphs to a possible extent is a
natural problem of interest in spectral graph theory. To achieve this, researchers used several graph operations as
tools for constructing graphs from the given graphs. The adjacency (Laplacian, signless Laplacian, normalized
Laplacian) spectra of graphs constructed by such graph operations have been extensively studied in the literature
by several researchers. For instance, see [8,13,22,23] and the references therein.

The distance (distance Laplacian, distance signless Laplacian, generalized distance) spectra of graphs
constructed by various graph operations have been obtained by several researchers; for instance, see [3—
5,9,10,12,16,17,20,21].

In this direction, determining the generalized distance spectra of the graphs constructed by the M-join [13]
type operations is a problem of interest. In [19] authors obtained the generalized distance spectra of graphs
constructed by several unary and binary graph operations of M-join type. As a squeal to this, in this paper we
aim to obtain the generalized distance spectra of the graphs constructed by several binary graph operations of
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M-join type and to construct distance (distance Laplacian, distance signless Laplacian) cospectral graphs. A
part of this paper is a part of the dissertation [18].

The rest of this paper is arranged as follows: In Sect. 2, we give some basic definitions, notations and results
which are used in the subsequent sections. In Sect. 3, we determine the spectra with corresponding eigenvectors
of three families of block matrices of specific form. In Sect. 4, using some unary graph operations defined in
[13], we define two families of binary graph operations and determine the generalized distance spectra of the
graphs constructed by them when the constituting graphs satisfy some conditions, by using the results of Sect. 3.
These results enable us to construct infinite pairs of generalized distance cospectral graphs. In Sect. 5, we define
three families of binary graph operations using the unary graph operations considered in Sect. 4 and determine
the distance spectra and the generalized distance spectra of graphs constructed by these binary graph operations
when the constituting graphs satisfy some conditions, by using the results of Sect. 3. Using these results, we
deduce the main results of the distance spectra of graphs obtained in [1, 16]. The results of this section enable us
to construct infinite pairs of generalized distance cospectral graphs.

2 Preliminaries

Throughout this paper, we consider only finite and simple graphs. Let G be a graph with vertex set V(G). We
denote u ~ v (u ~ v) if the vertices u and v are adjacent (non-adjacent) in G. For a vertex v in G, Ng (v) denotes
the set of all vertices in G which are adjacent with v. The degree of v in G is the cardinality of the set Ng (v).
If each vertex of G has the same degree r, then G is said to be r-regular. The complement of G, denoted by
G is defined as the graph with vertex set V(G) and two distinct vertices are adjacent in G if and only if they
are non-adjacent in G. The union of two graphs G and G2, denoted by G U G is the graph with vertex set
V(G1) U V(Gy) and edge set E(G1) U E(G»). Foru, v € V(G), u # v, the distance from u to v in G, denoted
by dg (u, v) is defined as the length of a shortest path from u to v (if it exists); otherwise it is defined to be co. G
is said to be connected if there exists a path joining any two distinct vertices of G. The diameter of a connected
graph G, denoted by diam(G) is the maximum distance between all pairs of distinct vertices of G. I, denotes
the identity matrix of order n and J, ,, denotes the all one matrix of order n x m.

Let G be a graph with V(G) = {vy, va, ..., v,}. The adjacency matrix of G, denoted by A(G), is the 0 — 1
matrix of size n x n whose rows and columns are indexed by V(G) and fori, j = 1, 2, ..., n, the (i, j)-th entry
of A(G)is lifand only if i # j and v; ~ v;.

The distance matrix of a connected graph G, denoted by D(G), is the square matrix whose rows and columns
are indexed by V(G) and for i, j = 1,2, ..., n, the (i, j)-th entry of D(G) is dg(v;, v;) if i # j; O otherwise.

The following are introduced in [6]: The transmission of a vertex v of a connected graph G, denoted by
Trg(v),is defined as the sum of the distances from v to all other vertices of G. G is said to be 7-transmission reg-
ular, if each vertex of G has the same transmission ¢. A graph is transmission regular if it is 7-transmission
regular for some ¢. The transmission matrix of G, denoted by Tr(G), is defined as the diagonal matrix
diag(Trg(vy), Trg(va), ..., Trg(vy)). Notice that if G is a f-transmission regular graph, then 7r(G) = t1,.
The distance Laplacian matrix D' (G) of G is defined as Tr(G) — D(G). The distance signless Laplacian
matrix D9 (G) of G is defined as Tr(G) + D(G).

The generalized distance matrix Dy(G) of G is defined by Dy(G) = «(Tr(G)) + (1 — «)D(G) for
0 <« < 1[11]. Notice that Dy(G) = D(G), D%(G) =1D2(G), DI(G) = Tr(G) and Dy (G) — Dg(G) =
(a — B)DL(G), for0 < a, B < 1 witha # B.

The spectrum of A(G) (resp. D(G), DL (G), D2(G), Dy (G))is called the adjacency (resp. distance, distance
Laplacian, distance signless Laplacian, generalized distance) spectrum of G. Two graphs are said to be adjacency
(resp. distance, distance Laplacian, distance signless Laplacian, generalized distance) cospectral if they have
same adjacency (resp. distance, distance Laplacian, distance signless Laplacian, generalized distance) spectrum.

Let G and H be graphs with V(G) = {uj,uz,...,u,} and V(H) = {vi,v2,..., vy} and let M be a
0 — 1 matrix of size n x m. The M-join of G and H, denoted by G Vs H, is the graph obtained by taking
one copy of G and H, and joining the vertices u#; and v; if and only if the (i, j)-th entry of M is I for
i=1,2,...,n;j=1,2,...,m[13,15].

The definition of M-join of two graphs can be extended to a sequence of k graphs as follows [13]:
Let Hy = (Hi, Ha, ..., Hy) be a sequence of graphs with |V(H;)| = n; fori = 1,2,...,k and let
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M = (M2, M3, ..., My, M3, Moa, ..., Moy, ..., Mu_1yk), where M;j is a 0 — 1 matrix of size n; x n;.
k
The M-join of the graphs in Hy, denoted by \/ » Hy., is the graph U (Hi vy Hj).
i.j=1.
1<j

Two graphs with the same number of vertices are said to commute if their adjacency matrices commute with
each other. For the existence and properties of commuting graphs, we refer the reader to [2].

The following result will be used to prove the results of the subsequent sections.

Theorem 1 ([14], Corollary 2) Let A be a k x k block matrix whose blocks A;;, 1 < i, j < k are n x n real
symmetric matrices commute with each other, then the spectrum of A consists of the spectra of the matrices

_ s . (h) (h)
En,h = 1,2,...,n whose ij-th entry is a;;’s where a;;
eigenvector X, foreachi, j =1,2,...,k. '

is an eigenvalue of A;j corresponding to the same

3 Spectra of three families of 4 x 4 block matrices

In this section, we determine the spectra with corresponding eigenvectors of three families of block matrices of
specific form.
Fori = 1,2, let A; be a real symmetric matrix of order n; and let it has equal row sums r;. Then A; has

n; real eigenvalues; let them be denoted by (r; =)A;1, Ai2, ..., Ain, With corresponding orthogonal eigenvectors
(Jn;x1 =)Xi1, Xi2, ..., Xip, fori = 1,2. Now we consider the matrix
aljnl +a2Al +a3ln1 aiJnl +aéAl +a:/;ln1 Cljnlxnz CZJnlxnz
D— ai Jnl +aéAl +aéln1 al-]nl +axAq +a31n1 C3Jn1><nz C4]nl><nz (1
Clanxnl CSanxnl bl an + b2A2 + b31n2 b/l an + b/2A2 + bglnz ’
C2Jn2><n1 C4Jn2xn1 b/] an +b/2A2 +b:/;1n2 b]an +brA; +b31n2

where a;, a], b;, b;,c; e Rfori =1,2,3and j = 1,2,3, 4.

i

Theorem 2 The spectrum of the matrix D is

(i) (ay +ay))rj +az +ay, (a2 —ay)hij+a3 —asforj=2,3,... ny;
(i) (by + bh)Aak + b3 + bh, (by — b))Aox + by — bl fork = 2,3, ..., no;

(iii) the roots of the equation x* —2(o1 + x1)x> + [012 — 022 + X12 — x22 +4o1 x1 —cninalx? —2[o) ()(12 — xzz) +
x1(0} — o)) —cnina(or + x1) + 2ninaloa(cies + caca) + xa(cicr + csea)lhx + (0 — o) (xF — x3) —
ninafcor x1 —2(01 x2(c1e2 + c3ea) — o2 x2(crca+cac3) + x102(c1c3 +caca)) ] +nin3(crea — cae3)? = 0,

where 01 = ainy + axry + az, o2 = ajny + ayry +aj, x1 = biny + bary + bs, x2 = biny + biyry + by and

c=c%+c%+c§+cﬁ.

Proof Since X is orthogonal to J,,, 1 for j = 2,3, ..., ny and Xy is orthogonal to Jy,, x| fork = 2,3, ..., n,
it can be easily verified that, the vectors [ X1;7 X ;7 01X2n2]T, (X1, —Xxy;T leznz]T, [01x20, XoT szT]T
and [012,, X! —X ZkT]T are eigenvectors of D corresponding to the eigenvalues (a2 + aj)A1j + az + a3,

(aa — ay)hj +az —aj, (by + b5) Aok + b3 + by and (by — b)) Aok + b3 — b respectively. Thus we have obtained

2(n1 + ny) — 4 eigenvalues of D with corresponding eigenvectors.

Notice thatall these eigenvectors are orthogonal to the four vectors [ J1xu; 01x(n 1+2n2)]T, [01xn;, Jixny 01X2n2]T,
[0152n; Jixny 01X,12]T and [01x 20, 4n) J1 an]T. This implies that the space spanned by these four vectors and
the space spanned by the remaining four eigenvectors of D are same. So the remaining four eigenvectors of D
are of the form [a1J1xn; @2J1xn; @3J1xn; a4llxn2]T for some (a1, a2, a3, a4) # (0,0, 0, 0).

To find the remaining four eigenvalues, assume that v is an eigenvalue of D with corresponding eigenvector

T
[oq]]x,,l a2 Jixn, 03J1xn, a4J1xn2] . Then we have

O(l-]nlxl al-lnlxl
D o nx1 | _ ) a2 Jy x1
azJy,x1 a3Jny x1
(¥4Jn2><1 054Jn2><1
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The above equation is equivalent to

o] 0
o 0
[P - vIZ(n1+n2)] o3 = ol (2)
oy 0
where
ainy + axry + az ayny + ayry + aj cinn cono
D ajny +ayry +ay ainy + axry + az c3ng cann
cing c3ng biny + byry + b3 biny + bory + b}
cang cany biny + biry + by biny + bary + b3

Notice that (2) has a non-trivial solution only if P — vI3(,,42,) is singular. It follows that the remaining four
eigenvalues of D are the eigenvalues of the matrix P whose characteristic equation is stated in this theorem. This
completes the proof. O

Now, we consider the matrix D" which is obtained by taking ¢; = ¢4 and ¢» = c3 in D. Let R’ denote the
diagonal matrix of order 2(n| + n2) in which the i-th diagonal entry is the i-th row sum of the matrix D', i.e.,

R —= w112n1 02n1><2nz
02, %20, W2l2p, |’

where wy = (a1 +a})n1 + (c1 + c2)n2 + (a2 + aj)r1 + a3 + a5 and wy = (c1 + c2)ny + (b1 + b))ny + (b +
bé)rz + b3 + b/3.
For 0 < o < 1, we define the matrix D), as follows:

D, =aR +(1—a)D'. 3)
Theorem 3 The spectrum of the matrix D), is

(i) a[(ar +apni+ (c1+c)na+ (a2 +ay))ry — (ay +a) i1+ (ax +ay)rij+az+a for j =2,3,...,ny,
(it) al(ar+a))n1+(c1+c)na+(ar+ay)r1 —(ar—ay)rij+2a5]+(aa—ay)hij+as—as for j = 2,3, ..., ny,
(iii) al(c1 +ca)ny + (b1 +b))na + (ba +b5)ra — (ba + by) Aokl + (b +by) ko + b3 + b5 fork = 2,3, ..., ny,
(iv) af(c14c2)n1+ (b +b/1)n2+(b2+b/2)l’2—(bz—b/z))uzk +2b/3]+(b2—b/2))»2k +b3—b/3f0rk =2,3,...,n,
1
(v) 3(01 4024 x1 + x2) £ 5001 + 02 + X1 + x2)* — 401 + 62) (X1 + x2) + 41 — ) (c1 + 2)?nin2]2,
1
501 =02+ X1 — x2) =T5l(01 =02+ X1 — x2)° —4(01 —02) (X1 — X2 —a)(cr —c2)nina]?,
3 + ) £ 51( + )2 — 4( )( ) +4(1 — a)*( )2nina]2
where o1 = alain) + (¢ + c)ny + ayry + a3l + ainy + aary + a3, o2 = (1 — a)(ayny + ayr) + af),
x1 = al(cr + c2)ny + byna + byry + i1+ biny + bary + bz and x2 = (1 — a)(biny + byry + bY).

Proof For j = 2,3,...,n; and k = 2,3,...,ny, it is easy to verify that [Xi;7 X;;T 01><2,~,2]T,

[XUT —XUT leznz]T, [01><2n1 X T ngT]T and [01X2n1 X T —XZkT]T are eigenvectors of D/, corre-
sponding to the eigenvalues respectively given in (i), (ii), (iii) and (iv) of this theorem.
Asin the proof of Theorem 2, the remaining four eigenvectors of D), are of the form [oel Jisxn @2J1xn,23J1xn,

ogJ] X,,Z]T for some (o, a2, a3, aq) # (0,0, 0, 0). Let v be an eigenvalue of D(’x with corresponding one such
eigenvector. Then we get

T T
[P — v 4] [01 @2 a3 4] =[0000]" | (C))
where
o1 02 (I —a)crny (1 —a)erny
P o) o1 (I —a)crny (1 —a)eynn
(I —a)cing (1 —a)eany X1 X2 ’
(I —a)cany (1 —a)erng X2 X1

o1 = alayny + (c1 + c)ny + ajyry + af] + aing + axry + a3, 00 = (1 — a)(@jny + ahry + ay), x1 =
al(c1 + c)ny + b/lnz + b/zrz + bé] + biny +brrp +bzand xo = (1 — Ot)(b/lnz + b/27’2 + b%)

The Eq. (4) has a non-trivial solution only if P — vI5(,,1x,) is singular. So we have that the remaining four
eigenvalues of D), are the eigenvalues of P which are given in (v) of this theorem. This completes the proof. O
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Next, we consider the matrix D” which is obtained by taking n; = ny = n in D. Let R” denote the diagonal
matrix of order 4n in which the i-th diagonal entry is the i-th row sum of the matrix D”. For 0 < o < 1, we
define the matrix D], as follows:

D(Z =aR’"+ (1 —-a)D". 5)
Theorem 4 If A| and Ay commute, then the spectrum of the matrix D] is

1 1

(i) Ea(sl +52) + (1 —a)(azry; +a3) £ E{[a(sl +52) +2(1 — @) (azr1; +a3)]* — 4lasi + (1 — @) (@h; +
a3)l[asy + (1 — a)(axry; +a3)] + 41 — a)> (@i + ag)z}%fori =2,3,...,n;

(ii) %Ol(ll +1) + (1 —a)(bara + b3) £ %{[a(n + 1) +2(1 — @) (bahai + b3)1* — ety + (1 — @) (barai +

b)llaty + (1 — @) (barai + b3)] + 4(1 — ) (Pyro; + bg)z}%fori =2,3,....n;

(iii) the roots of the equation
xt— (14024 x1 + x2)x3 + (01 +02) (1 + x2) + o102+ x1x2 —n* (1 — ) (B + 2+ G+ — 12—
31+ {(01+02)(13 — x1x2) + (1 + x2) (1f — 0102) +n* (1 — )2 [01(c3 4 ¢3) + 02(cT +3) + x1(c3 +
) + x2(ct + ¢3) — 2ti(cie3 + cacs) — 2ma(cre2 + c3ea)}x + TP TF + 0102 X1 X2 — 0102TF — X1 X2TF —
2n2(1 — a)?[tiTa(cies + c2e3) — Ti(X20163 + X1C204) — Ta(02C1Ca + T1c34)] — N (1 — @) [02(x2cF +
x163) + 01(x2¢3 + x1cPl+n*(1 — a)*(cres — c2¢3)* = 0,

where s1 = (a1 +a] +c1 +c)n+ (ax +ay)r1 + a3 + a3, 52 = (a1 +a) +c3 + ca)n + (ax + ay))ry + a3 + aj,
1 = (b1 + by +c1+c3)n+ (by +by)ry + bz + b, 12 = (by + b} + c2 + ca)n + (b2 + by)ra + b3 + b5,
11 = (1 —a)(a@in +ayri +a}), ©o = (1 —a)(in + byry + b)), 0; = asi + (1 — a)(ain + axry + az) and
xi = ati + (1 —a)(bin 4 bary 4+ b3) fori =1, 2.

Proof Since A1, Az, J, and I, commute with each other, we have that all the blocks of the 4 x 4 block matrix
D!} commute with each other. From Theorem 1, the spectrum of D], consists of the spectra of the following
matrices:

o] T (1 —a)cin (1 —a)ern
T o (1 —a)ezn (1 —a)eqn
(I —a)cin (1 —a)eszn X1 19
(I —a)con (1 —a)eqn (%) X2
and
asy 4+ (1 —a)(agry; +az) (l—a)(uékli +a§) 0 0
(I =)@ +ay)  asy+(1—a)(azhry; +a3) 0 0
0 0 aty + (1 —)axhy; +a3) (1 —a)bhig; +bh)
0 0 (I =) (Byro; +b3)  any + (1 —a)(a2hy; +a3)
fori =2, 3, ..., n. The characteristic equation of the first matrix is given in (iii) of this theorem. The eigenvalues
of the remaining n — 1 matrices are given in (i) and (ii) of this theorem. This completes the proof. O

4 Families of M;-join and M;-join of graphs and their generalized distance spectra

Let G be a graph on n vertices. In Table 1, we give some unary graph operations of G defined in [13].
Fori =1, 2, let G; be a graph on n; vertices. Let

nyxny Jnlxnz

M1 = Jop, %20, and Mo = [J"‘X”Z O"IX”Z} .

Foreachi, j € {1,2,...,24}, we consider the following two graphs:

(i) Mi-joinof U;(G1) and U;(G2);
(ii) M>-join of U;(G1) and U;(G2),
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Table 1 Some unary graph operations on a graph G

S. no. Description Name of the unary graph operation Notation
1. Gvy, G Mirror graph of G U (G)
2. GV, G Join neighbourhood graph of G U (G)
3. GVy,-1, G V C-neighbourhood graph of G Uz(G)
4. GVaic) G N-neighbourhood graph of G Us(G)
5. GVacGy+1, G N—neighbourhood graph of G Us(G)
6. GVag) G N C-neighbourhood graph of G Us(G)
7. G VGl O N C-neighbourhood graph of G U7 (G)
8. Gvy, G Mirror complement graph of G Uz (G)
9. Gv,;, G Join-neighbourhood-complement graph of G Uy (G)
10. Gvy-1, G V C-neighbourhood-complement graph of G U10(G)
11. GV G N-neighbourhood complement graph of G U1 (G)
12. G Vac+l, G ‘N-neighbourhood-complement graph of G U2 (G)
13. GV A©) G N C-neighbourhood complement graph of G U3(G)
14. GVaic+1, O N C-neighbourhood-complement graph of G U14(G)
15. K, Vac) Kn Fully complete duplicate graph of G U15(G)
16. Ky VaG)+1, Kn Fully complete Dﬁ—graph of G U16(G)
17. Kn Va@) Kn Fully complete complemented duplicate graph of G U17(G)
18. Kn ¥ 4Gyr1, Kn Fully complete closed duplicate graph of G U13(G)
19. KuVae) Kn Duplicate graph of G U19(G)
20. K, V AG)+1n K, Dﬁ—graph of G U (G)
21. K,V AG) K, Complemented duplicate graph of G U1 (G)
22. Ku N a@)+1, Kn Closed duplicate graph of G U (G)
23. G vy, G Union of two copies of G U3 (G)
24. G Vo, G Union of two copies of G Uy (G)

where the graphs U; (G 1) and U;(G2) are given in Table 1.

Now, we proceed to obtain the generalized distance spectra of the two families of graphs mentioned above
under some conditions on the constituting graphs and to construct generalized distance cospectral graphs by
using these results.

Theorem 5 Fori = 1,2, let G; be an ri-regular graph on n; vertices and let the eigenvalues of A(G;) be (r; =
YAils Ai2s oy Ajp;. Foreach p,q € {1,2, ..., 24}, the generalized distance spectrum of Up(G1) V p, Uy (G2) is

(i) al(ar +apny +2ny + (a2 + ay)ry — (a2 + ay)rij] + (a2 + ay) Ay + a3 + aj,

af(ar +a))ny +2n2 + (ay + ay)ry — (a2 — ah)hj + 2451+ (az —ay)hij +a3 —aj for j =2,3, ..., ny;
(ii) a[2n1 + (by 4 b))nay + (by + by)ry — (b2 + by)Aax] + (b2 + by) Aoy + b3 + b5,

af2ny + (b1 +b)ny + (by + b5)ry — (by — by) Aok + 2051+ (by — by) Aok + b3 — b, fork = 2,3, ..., na;

1
(iii) o1—02, x1—x2 and }(a1+02+ X1+ x2) £ [(01+02+ X1+ x2)> —4(01+02) (X1 + x2) + 16(1 =) 1112172,

where the values (ay, az, a3, aj, aj, ay) and (by, by, b3, by, by, bl) are given in the rows against the graphs
Uy (G1) and Uy(Gr), respectively in Table 2, oy = alajny + 2n2 + ayry + a3] + ainy + aory + a3, 0 =
(I—a)(ajn1+asr1+ay), x1 = a[2ny+b na+byry+bi]14+biny+bara+bz and x2 = (1—a)(bina+bsry+b%).

Proof Fix p,q € {1,2,...,24}. Taking A1 = A(Gy); Ay = A(G»); (c1,¢2) = (1,1); the val-
ues (a1, az, a3, aj,ay, ay) and (b1, by, b3, by, b, by) as given in the rows against the graphs U/,(G1) and
Uy (G2), respectively in Table 2, and substituting these in (3), we get the generalized distance matrix of
Up(G1) Vm, Uy(G2). Therefore, by substituting these values in Theorem 3, we get the generalized distance
spectrum of U, (G1) V u, Uy (G2) as stated in this theorem. O

Notice that we have obtained the generalized distance spectra of the graphs constructed by 576 binary graph
operations from Theorem 5.

In the following result we construct infinite pairs of generalized distance cospectral graphs by using Theo-
rem 5.

Corollary 1 Fori = 1,2, let G; and H; be two ri-regular adjacency cospectral graphs on n; vertices. For each
p.q € {1,2,...,24}, Up(G1) Vm, Uy(G2) and U, (Hy) V p, Uy (Hp) are generalized distance cospectral. In
particular, they are distance (distance Laplacian, distance signless Laplacian) cospectral.
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Theorem 6 Fori = 1,2, let G; be an r;-regular graph on n; vertices satisfying one of the following:

(a) For p,q € {1,2,...,22}, the graphs G| and G» satisfy the additional conditions given in the rows against
the graphs U,(G1) and Uy (G7), respectively in Table 3;

(b) For p € {1,2,...,22}, the graph G satisfies the additional conditions given in the row against the graph
Up(Gy) in Table 3; for g € {3,4,6,10, 11,13, 15,17, 19, 21, 23, 24}, the graph G satisfies the additional
conditions given in the row against the graph U, (G>) in Table 4;

(c) For p € {3,4,6,10,11,13,15,17, 19, 21, 23, 24}, the graph G satisfies the additional conditions given
in the row against the graph U, (G1) in Table 4; for q € {1, 2, ..., 22}, the graph G satisfies the additional
conditions given in the row against the graph U, (G») in Table 3.

Fori = 1,2, if the eigenvalues of A(G;) are (ri =)Ai1, Ai2, ..., Ain;, then the generalized distance spectrum of
Up(G1) Vi, Uy(G2) is

(i) a[(ar +apny + 3nz + (a2 + ay)r1 — (a2 + ay)rij] + (a2 + a1 + a3 + aj,
af(ar +a))ny +3n2 + (a2 + ay)ry — (a2 — ay)h1j + 2451+ (ax —ay)hij +a3 —ajfor j =2,3, ..., ni;
(it) a[3ny + (b1 + by)na + (b + by)ry — (ba + by)Aor] + (b2 + by) Aoy + b3 + b, a[3n1 + (b1 + bnay +
(by + by)ry — (by — by) Aok + 2651 + (ba — DY) Aok + b3 — b fork =2,3,...,ny;

1
(iii) (o1 + 02+ x1 + x2) £ 3[(01 + 02 + x1 + x2)* — 4(o1 + 02)(x1 + x2) + 36(1 — @)?nin2]2 and
1
11—+ x1 — x2) £ 301 — o2 + x1 — x2)* — 401 — ) (1 — x2) +4(1 — &)’ na]2,

where the values (a1, az, az, ay, ay, ay) and (by, by, by, b\, b}, by) corresponding to the graphs U,(G1) and
U, (G2) are given in the respective rows of the corresponding tables, o1 = a[ainl +3ny + aérl + aé] +ainy +
ary + a3, 02 = (1 — a)(@jny + ayr1 + a3), x1 = a[3n1 + biny + biry + bi] + bina + bara + bz and
x2 = (1 —a)(biny + byry + b%).

Proof Fix p,q € {1,2,...,24}. Consider the graphs G| and G, with particular assumptions as given in
the theorem. Taking A} = A(G1); A2 = A(G2); (c1,c2) = (2,1); the values (a1, a2, a3, aj, ay, ay) and
(b1, by, b3, b’l, b/z, bg) as given in the rows against the graphs U/, (G1) and U, (G>) of the corresponding tables,
and substituting these in (3), we get the generalized distance matrix of U, (G1) Vu, U,y (G2). Therefore, by
substituting these values in Theorem 3, we get the generalized distance spectrum of U, (G1) Vy, Uy (G2) as
stated in this theorem. |

Notice that we have obtained the generalized distance spectra of graphs constructed by 572 binary graph opera-
tions from Theorem 6.

Fori =1, 2, let G; be a graph on n; vertices. The graphs ®1(G1, G3), ®2(G1, G3) and ©3(G1, G2) defined
in [1] can be viewed as Ur(G1) Vi, U1(G2), Uz2(G1) Vi, Us(G2) and U1 (G1) Vi, Us(G2), respectively. The
Indu-Bala product [16] of G| and G> can be viewed as Ux3(G1) V pm, U1 (G2).

In the following three results we deduce the results on the distance spectra of the graphs constructed by these
four operations.

Corollary 2 (Theorem 2.2 [1]) Fori = 1,2, let G; be an ri-regular graph on n; vertices. Then the distance
spectrum of ©1(G1, G2) is obtained by taking o« = 0 in the generalized distance spectrum of Us (G 1) V p, U1 (G2)
determined in Theorem 6.

Corollary 3 (Theorems 2.3, 2.4 [1]) For i = 1,2, let G; be an ri-regular graph on n; vertices. Suppose
Ng,(x) — Ng,(y) # {y} for all adjacent vertices x and y in Gy. Then the distance spectra of ®2(G1, G2)
and ©3(G 1, G2) are obtained by taking oo = 0 in the generalized distance spectra of U>(G1) V m, Us(G2) and
UL (G1) V m, Us(G2), respectively which are determined in Theorem 6.

Corollary 4 (Theorem 2.1 [16]) Fori = 1,2, let G; be an ri-regular graph on n; vertices. Then the distance
spectrum of Indu-Bala product of G1 and G is obtained by taking « = 0 in the generalized distance spectrum
of U3 (G1) vV m, U1(G2) determined in Theorem 6.

In the following result we construct infinite pairs of generalized distance cospectral graphs by using Theorem 6.

Corollary 5 Let G| and G, (resp. Hy and Hj) be graphs satisfying the conditions of Theorem 6. If G| and H;
(resp. G2 and H») are adjacency cospectral, then U, (G 1) V p, Uy (G2) and U, (Hy) NV, Uy (H2) are generalized
distance cospectral for the respective values of p and q. In particular, they are distance (distance Laplacian,
distance signless Laplacian) cospectral.

In Tables 2, 3 and 4, G denotes a graph on n vertices.
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Table 2 The necessary values for proving Theorems 5, 8,9, 11 and 12

S. no. Unary operation on the graph G Values

1. U (G) 2,-1,-2,2,0,-1)
2. U (G) 2,-1,-2,1,0,0)
3. Uz (G) 2,-1,-2,1,0, 1)
4. Us(G) 2,-1,-2,2,-1,0)
5. Us(G) 2,-1,-2,2,-1,-1)
6. Us(G) 2,-1,-2,1,1, 1)
7. U1(G) 2,-1,-2,1,1,0)
8. Us(G) (1,1,-1,2,0,-1)
9. Uy(G) (1,1,-1,1,0,0)

10. U10(G) 1,1, 1, 1,0, 1)

11. U11(G) (1,1,-1,2,-1,0)
12. U2(G) 1,1, 1,2, 1,-1)
13. U13(G) 1,1, -1,1,1, 1)

14. U14(G) (1,1,-1,1,1,0)

15. U15(G) (1,0,-1,2,-1,0)
16. U16(G) (1,0,-1,2,—-1,-1)
17. U17(G) (1,0,-1,1,1, 1)
18. U13(G) (1,0,-1,1,1,0)
19. U19(G) (2,0,-2,2,-1,0)
20. U (G) (2,0,-2,2,—-1,-1)
21. Ui (G) (2,0,-2,1,1, 1)
22. Uxn(G) (2,0, 2, 1,1,0)
23. U3 (G) (2,-1,-2,2,0,0)
24. Uh4(G) (1, 1,—1,2, 0,0)

Table 3 The necessary values for proving Theorem 6

S. no. Unary operation on the graph G Additional conditions Values

1. U (G) — 2,-1,-2,3,—-1,-2)
2. U (G) — 2,-1,-2,1,0,0)
3. U3 (G) n>2 G=K, 2,0,-2,1,0,2)

4. U;(G) G #K, 2,-1,-2,1,0,1)
5. Us(G) n > 2; G is connected; diam(G) <2 2,—-1,-2,2,—-1,0)
6. Us(G) n > 2; G is connected; diam(G) < 2 2,—-1,-2,2,—1,—-1)
7. Us(G) n > 2; forany twou ~ vin G, Ng(u)\Ng (v) # {v} 2,-1,-2,1,1,2)
8. U;(G) — 2,-1,-2,1,1,0)
9. Ug(G) — a1,1,-1,2,1,-1)
10. Uy (G) — (1,1,-1,1,0,0)
11. U10(G) n>2 G=K, 2,0,-2,1,0,2)
12. U10(G) G #K, 1,1,—-1,1,0,1)

13. U (G) n > 2; for any two u < v in G, Ng(u)\Ng(v) # {v} (1, 1,—-1,2,—1,1)
14. U2(G) — a,1,-1,2,—-1,—-1)
15. U3(G) n > 2; forany twou ~ v in G, Ng(u) N Ng(v) # 0 (1, 1,—1,1,1,1)

16. U14(G) G # K, forany twou ~ vin G, Ng(u) N Ng(v) # 0 1,1,—-1,1,1,0)

17. U15(G) G+#K, (1,0,-1,2,—-1,0)
18. U16(G) — (1,0,—-1,2,—-1,-1)
19. Uu7(G) G # K, (1,0,—1,1,1, 1)

20. U13(G) — (1,0, —1,1,1,0)
21. U19(G) G #K, (2,0,-2,2,-1,0)
22. U (G) — 2,0,-2,2,-1,-1)
23. U1 (G) G #K, 2,0,-2,1,1,1)
24, Un(G) — 2,0,-2,1,1,0)
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Table 4 The necessary values for proving Theorem 6

S. no. Unary operation on the graph G Additional conditions Values

1. Uz (G) n=1 (2,-1,-2,3,0,0)
2. Us(G) K, (2,-1,-2,3,0,0)
3. Us(G) K, (2,-1,-2,3,0,0)
4. U10(G) n=1 (1,1,—-1,3,0,0)
5. U (G) K, (1,1,-1,3,0,0)
6. U13(G) K, (1,1,—-1,3,0,0)
7. U15(G) K, (1,0,-1,3,0,0)
8. U17(G) K, (1,0,—-1,3,0,0)
9. U9(G) K, (2,0,-2,3,0,0)
10. U1 (G) K, (2,0,-2,3,0,0)
11. U3 (G) — (2,-1,-2,3,0,0)
12. U4 (G) - (1,1,—-1,3,0,0)

5 Families of M3-join, M4-join and Ms5-join of graphs and their generalized distance spectra

Fori = 1, 2, let G; be a graph on n; vertices. Let

My = |:Jn1><n2 0111><n2:| My = |:Jn1><n2 Jnlxn2:| and Ms = |:Jn1><nz Jnlxn2:| )

0n1><n2 nyxXny 0n1><n2 n1xXny nyxXny Jn1><n2
Foreachi, j € {1,2,...,24}, we consider the following three graphs:

(ii) M3-join of U;(G1) and U;(G2);
(ii) My-join of U;(Gy) and U;(G2);
(iii) Ms5-join of U;(G1) and U;(G»),

where the graphs U; (G 1) and U;(G2) are given in Table 1.
Now we proceed to obtain the distance spectra of the three families of graphs mentioned above under some
conditions on the constituting graphs and to construct distance cospectral graphs by using these results.

Theorem 7 Let G| be an r-regular graph on ny vertices with additional conditions given in the row against the
graph U, (G1) in Table 5. Let G, be an ry-regular graph on n; vertices with additional conditions given in the
row against the graph U, (G2) in Table 5. For i = 1, 2, let the eigenvalues of A(G;) be (r; =)Ai1, Ai2, ..., Ain;-
Then for each p,q € {1, 2, ...,22}, the distance spectrum of Up(G1) V py Uy (G?2) is

(i) (a2 +ab)A1j+ a3 +al, (a —ay)rij+az —asforj=2,3,...,ny
(ii) (b + b/z))nzk + b3 + bg, (by — b’z))@k + b3 — b’3f0rk =2,3,...,ny;
(iii) the roots of the equation x4 — 2(01 + X])x3 + [012 — 022 + X12 — X22 +4o1x1 — 14nny]x% — {201 (X12 —
x3) + x1(of — o] = ldnina(o1 + x1) + 2n1n2(802 + 8x2llx + (0f — 07) (X} — x3) — minall4o1 1 —
2(801x2 — Toax2 + 8x102)] + nin} =0,

where the values (a1, az, a3, ay, ay, ay) and (b1, by, b3, b}, b}, by) are given in the rows against the graphs
Uy (G1) andUy(G2), respectively inTable 5, 01 = ayni+azri+a3, oy = ajni+ayri+ay, x1 = bina+bara+b3
and x» = b\na + byry + bl

Proof Fix p,q € {1,2,...,22}. Taking A| = A(G); A2 = A(G2); (c1,¢2,¢3,ca) = (2,3, 1, 2); the values
(a1, az, a3, ay, ay, ay) and (b1, by, b3, b}, bjy, b}) as given in the rows against the graphs U, (G1) and U, (G2),
respectively in Table 5, and substituting these in (1), we get the distance matrix of U, (G 1) V a3 U, (G2). Therefore,
by substituting these values in Theorem 2, we get the distance spectrum of U, (G 1) V p, Uy (G2) as stated in this
theorem. |

Notice that we have obtained the distance spectra of graphs constructed by 484 binary graph operations from
Theorem 7.
In the following result we construct infinite pairs of distance cospectral graphs by using Theorem 7.

Corollary 6 Let G| and G, (resp. Hy and H») be graphs satisfying the conditions of Theorem 7. If G and H;
(resp. Gy and H3) are adjacency cospectral, then U,(G1) V py Uy (G2) and Uy (Hy) V yy Uy (Hp) are distance
cospectral for the respective values of p and q.
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Theorem 8 Let p € {1,2,...,22} and q € {1,2,...,24}. Let G| be an ri-regular graph on n\ vertices with
additional conditions given in the row against the graph U, (G1) in Table 5. Let G, be an ry-regular graph on
ny vertices. Fori = 1,2, let the eigenvalues of A(G;) be (r; =)Ai1, Ai2, ..., Ain;. Then the distance spectrum
ofUy(G1) Vi, Uy(Gr) is

(i) (a2 +ay)A1j + a3 + ay, (a2 — ay)rij + a3 — a for j
(ii) (by 4 by Aok + bz + b, (by — by) Aoy + b3 — b5 fork = 2,3, ..., n2 and
(iii) the roots of the equation
A =2(01+ )X +of —0F+ xF — %3 +401 x1— 101 na1x* = (2[o1 (xF — %)+ X1 (67 —0)]— 10n 112 (01 +
X1) + 2ninaldor + 5x21ix + (0f — 03)(x{ — x3) — nmin2[1001 1 — 2(501x2 — 402X2 + 4x102)] = 0,

where the values (ay, az, a3, aj, aj, ay) and (by, by, b3, by, by, b}) are given in the rows against the graphs
Uy(G1) and Uy(G2), respectively in Tables 2 and 5, o1 = ainy + axry + a3, o2 = ayny + ayr + aj,
X1 = biny + byra + b3 and x3 = b\ny + byra + bi.

Proof Fix p € {1,2,...,22}and g € {1,2,...,24}. Taking A} = A(G1); Ay = A(G2); (c1,¢2,¢3,¢c4) =
(2,2, 1, 1); the values (a1, a2, as, a}, ay, a3) and (b1, by, b3, b}, b}, b}) as given in the rows against the graphs
Up(G1) and U, (G), respectively in Tables 2 and 5 and substituting these in (1), we get the distance matrix of
Up(G1) Vmy, Uy(G2). Therefore, by substituting these values in Theorem 2, we get the distance spectrum of
Up(G1) Vv, Uy(G2) as stated in this theorem. O

Notice that we have obtained the distance spectra of graphs constructed by 528 binary graph operations from
Theorem 8.
In the following result we construct infinite pairs of distance cospectral graphs by using Theorem 8.

Corollary 7 Let G| and G, (resp. Hy and H») be graphs satisfying the conditions of Theorem 8. If G and H
(resp. G, and Hy) are adjacency cospectral, then U,(G1) V y, Uy (G2) and Uy (Hy) vy, Uy (Hp) are distance
cospectral for the respective values of p and q.

Theorem 9 Fori = 1,2, let G; be an rj-regular graph on n; vertices and let the eigenvalues of A(G;) be
(ri =)Ai1s Ai2, oo, Aip;. Foreach p,q € {1,2, ..., 24}, the distance spectrum of U,(G1) V s Uy (G2) is

(i) (az +ay))A1j +az +ay, (a2 —ay)rij+a3 —ajfor j=2,3,... ny;
(it) (by + b/z)kzk + b3 + bg, (by — b/z))tzk + b3 — béfork =2,3,...,npand
(iii) the roots of the equation
x*=2(o1+x1)x> +of —0F + xi — x3 +4o1 1 — Tninz1x? = (2[o1 (x} — x) + x1 (0 —o) = Tnina (o1 +
x0) +2n1n2302+3x21x + (0f —03) (xf — x3) —ninalTo1 x1 —2(301 2 =302 X2 +3x102) 1 +ning =0,

where the values (ay, az, a3, aj, aj, ay) and (by, by, b3, by, by, bl) are given in the rows against the graphs
U, (G1) andUy(G2), respectively inTable 2; 01 = ajn\+axri+as, oy = ayni+ayri+as, x1 = biny+bary+b3
and x> = biny + byry + b,

Proof Fix p,q € {1,2,...,24}. Taking A1 = A(G1); A2 = A(Gy); (c1,c2,¢3,ca) = (2,1, 1, 1); the values
(a1, az, a3, ay, ay, ay) and (by, by, b3, b}, b), b}) as given in the rows against the graphs U, (G1) and U, (G2),
respectively in Table 2 and substituting these in (1), we get the distance matrix of U, (G 1) V 5 U, (G2). Therefore,
by substituting these values in Theorem 2, we get the distance spectrum of U, (G1) V y5 Uy (G2) as stated in this
theorem. m|

Notice that we have obtained the distance spectra of graphs constructed by 576 binary graph operations from
Theorem 9.
In the following result we construct infinite pairs of distance cospectral graphs by using Theorem 9.

Corollary 8 Fori = 1, 2, let G; and H; be ri-regular adjacency cospectral graphs on n; vertices. Then for each
p.q €{1,2,...,24}, U,(G1) Vps Uy (G2) and Uy (Hy) V s Uy (Hp) are distance cospectral.

In Table 5, G denotes a graph on n vertices.

Next we proceed to obtain the generalized distance spectra of the three families of graphs mentioned in this
section under some conditions on the constituting graphs and to construct generalized distance cospectral graphs
by using these results.
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Table 5 The necessary values for proving Theorems 7, 8, 10 and 11

S. no. Unary operation Additional assumptions Values
on the graph G
1. U (G) G is connected; diam(G) < 2 2,-1,-2,3,—-1,-2)
2. U(G) - 2,-1,-2,1,0,0)
3. Us(G) n>3;, G=K, (2,0,-2,1,0,2)
4, U3 (G) n>2 G#K, 2,-1,-2,1,0, 1)
5. Us(G) n > 2; G is connected; diam(G) < 2 2,-1,-2,2,—1,0)
6. Us(G) G is connected; diam(G) < 2 2,—-1,-2,2,—1,-1)
7. Us(G) G # K, for any two u ~ v in G, 2,-1,-2,1,1,2)
NG W)\Ng(v) # {v}; for any two u ~ v
in G, Ng(u) N Ng(v) #
8. U;(G) — 2,-1,-2,1,1,0)
9. Uz (G) forany twou ~ vin G, Ng(u) N Ng(v) # (1, 1,—-1,2,1,—1)
]
10. Uy (G) — (1,1,-1,1,0,0)
11. U10(G) n>3; G=K, 2,0,-2,1,0,2)
12. U10(G) n>2; G#K, (1,1,—-1,1,0, 1)
13. U1 (G) G # K,; for any two u ~ v in G, (1,1, —-1,2,—1,1)
N @) N Ng(v) # &; for any two u ~ v in
G. Ng)\Ng(v) # (v}
14. U2(G) — a1,1,—-1,2,—-1,-1)
15. U3(G) n > 2; for any twou ~ vin G, Ng(u) N (I, 1,—1,1,1,1)
Ng(v) #90
16. U14(G) forany twou ~ vin G, Ng(u) N Ng(v) # (1,1,—1,1,1,0)
]
17. U15(G) G+#K, (1,0,-1,2,—-1,0)
18. U16(G) - (1,0,—1,2,—1,—1)
19. U17(G) G #K, (1,0,—-1,1,1, 1)
20. U13(G) — (1,0,—1,1,1,0)
21. U19(G) for any two u,v € V(G), Ng(u) N 2,0,-2,3,-2,0)
Ng(v) # 0
22. U (G) G is connected; diam(G) < 2 2,0,-2,3,-2,-2)
23. U1 (G) for any two u,v € V(G), Ng(u) N 2,0,-2,1,2,2)
Ng(v) #90
24. U (G) forany twou ~ vin G, Ng(u) N Ng(v) # 2,0,-2,1,2,0)
0
Theorem 10 Let p,q € {1,2,...,22}. Let G| be an ri-regular graph on n vertices with additional conditions

given in the row against the graphU, (G ) in Table 5. Let G be an ra-regular graph on n vertices with additional
conditions given in the row against the graph U, (G2) in Table 5. Fori = 1, 2, let the eigenvalues of A(G;) be

(ri =)Ait1, Aiz, ...

A

s Ain;- If G1 and G, commute, then the generalized distance spectrum of U, (G1) V y; Uy (G2)

(i) al(ai+a}+dn+(ay+ab)ri +az+a§]+ (1 —a)(axri; +a3) £ {[a((a1 +a] +Hn+ (az +a5)ri +az +
ay)+ (1 —a)(axhi; +a3))? — [a((a1 +a) +S)n + (a2 + ayri + a3 +dy) + (1 — a)(arh; +a3)][a((ar +
@) +3)n+ (a2 +ah)r +az +ay) + (1 — a)(ary; +a3)] + (1 —a) (@ +ag)2}%fori =2,3,...,n;
al(by + by +dn+ (by+bh)ry + b3+ by1+ (1 —a) (barai +b3) £ {[a (b1 +b] +Hn+ (by +b5)ry + b3 +
by) + (1 — o) (bahai + b3)1? — [ae((by + b} +3)n + (ba +bh)ra + b3+ bh) + (1 — &) (bahoi + b3)][a (b1 +
b +5)n + (by + by)ry + b3 + b)) + (1 — a)(bakaj + b3)] + (1 — &) (Byhs; +bg)2}%f0ri =2,3,....n

(it)

(iii)

and

the roots of the equation

xt—(o1+ 02+ X1+ x2)X + (01 +02) (X1 + x2) + o102 + X102 — 18n% (1 —@)? — 17 — 1% + {(o1 +
02)(73 — x1x2) + (X1 + x2)(zf — 0102) + n*(1 — @)*[S01 + 1302 + 13)1 + 5x2 — 1671 — 162]}x +
1215 + o100 X1 X2 — 010273 — X1 x278 — 2n* (1 — &)?[TT172 — 11 (2x2 + 6x1) — T2(602 + 207)] — n*(1 —
@)?[o2(dx2 + 9x1) + 01(x2 + 4x0)] +n* (1 — ) =0,
where the values (a1, az, a3, a, ay, ay) and (b1, by, b3, b}, b}, by) are given in the rows against the graphs
Uy(G1) and Uy (G»), respectively in Table 5, 11 = (1 — a)(ajn + ayr1 + ay), 2 = (1 — a)(bin + byry + bY),

N
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o1 = al(ar+ay +5)n+(ax+ay)ri +a3 +asl+ (1 —a)(@in+axri +a3), oo = af(a1 +aj +3)n+ (a2 +ayr +
as +a§] + (1 —a)(ain+axr; +a3), x1 = a[(b; +b/1 +3)n+ (b +b/2)r2 + b3 -I—bg] + (1 —a)(bin+byry+b3)
and x = a[(by + b} + S)n + (ba + by)ry + b3 + b5 + (1 — a)(bin + bara + b3).

Proof Since G| and G, are commuting regular graphs, A(G1) and A(G;) commute with each other.
Fix p,g € {1,2,...,22}. Taking A1 = A(G1); Ay = A(Gy); (c1,¢2,¢3,¢ca) = (2,3,1,2); the val-
ues (ai,az, a3, aj,ay, ay) and (b1, by, b3, by, b, by) as given in the rows against the graphs /,(G1) and
Uy (G2), respectively in Table 5, and substituting these in (5), we get the generalized distance matrix of
Up(G1) Vs Uy(G2). Therefore, by substituting these values in Theorem 4, we get the generalized distance
spectrum of Uy, (G1) V p; Uy (G2) as stated in this theorem. O

Notice that we have obtained the generalized distance spectra of graphs constructed by 484 binary graph opera-
tions from Theorem 10.

In the following result we construct infinite pairs of generalized distance cospectral graphs by using Theo-
rem 10.

Corollary 9 Let G| and G (resp. H| and Hj) be graphs satisfying the conditions of Theorem 10. Suppose G
and Hy (resp. G2 and H») are adjacency cospectral, then U, (G1) V py Uy (G2) and U, (Hy) V yy Uy (H2) are
generalized distance cospectral for the respective values of p and q. In particular, they are distance (distance
Laplacian, distance signless Laplacian) cospectral.

Theorem 11 Let p € {1,2,...,22}and q € {1,2,...,24}. Let G| be an ri-regular graph on n vertices with
additional conditions given in the row against the graph U,,(G1) in Table 5. Let G, be an ra-regular graph on
n vertices. For i = 1,2, let the eigenvalues of A(G;) be (r; =)Ai1, Ai2, ..., Ain;- If G1 and G2 commute, then
the generalized distance spectrum of Up(G1) V p, Uy (G2) is

(i) al(ai+a}+3)n+(ay+ab)ri + a3+ a§]+ (1 — ) (axri; +a3) £ {[a((a1 +a| +3)n+ (ar +ab)ri +az +
dy)+ (1 —a)(@hii +a3)* — [a((a +a} +Dn+ (a2 + ab)ri + a3 +ay) + (1 — ) (arh; +a3)[e((ar +

1

ay+2)n+ (ar + ah)ri +az +al) + (1 — a)(axhi; +a3)] + (1 — a)*(dyhi; —I—ag)z}2 fori=2,3,...,n;

(ii) al(b1+b}+3)n+ (by+by)ra+b3+ b1+ (1 — a)(brha; +b3) = {[a (b1 + b} +3)n+ (ba +by)ry + b3 +
b/3) + (1 —a)(bary; +b3)]2 —[a((by +b/1 +3)n+ (b +b§)r2 + b3 +b/3) + (1 —a)(baro;i + b3) ][ ((b1 +

b} +3)n + (by + by)ry + b3 +bh) + (1 — ) (bars; + b3)] + (1 — a)?(Byha; + bg)z}%fori =2,3,....n
and

(iii) the roots of the equation
xt— (o1 + 024 X1+ x2)x + [(01 + )01 + Xx2) + 0102 + xix2 — 102 (1 — @)? — 1} — 75 1x% +
{(o1 +02)(13 — x1x2) + (X1 + x2) (x} — 0102) + n*(1 —a)?[201 + 802 + 5x1 + 5x2 — 871 — 1072 ]}x +
1777 +o102x1 X2 — 010275 — x1x27f — 20°(1 — @)’ (41112 — 1122 + 2x1) — 22 (402 + 01)] = nP(1 —
a)[o2(dx2 +4x1) +o1(x2 + x1)]1 =0,

where the values (a1, az, a3, ay, ay, ay) and (by, by, b3, by, b5, bY) are given in the rows against the graphs
Uy(G1) andUy(G2), respectively in Tables 2 and 5; 1 = (1 —a)(an+asri+a}), o = (1—a)(bjn+byra+b%),
o1 = af(a1 +a) +dHn+(ar+ay)r1 +az +az]+ (1 —a) (ain+azry +as), o2 = al(ay +a; +2)n+(ax +ay)r +
a3 +ay]+ (1 —a)(ain+axri +a3), x1 = al[(by + b} +3)n+ (br +b5)ra + b3 + b1+ (1 — ) (bin + bary 4 b3)
and x> = a[(by + by 4+ 3)n + (by + by)ry + bz + b5 + (1 — ) (bin + bary + b3).

Proof Since G1 and G, are commuting graphs, A(G1) and A(G,) commute with each other. Fix p €
{1,2,...,22} and ¢ € {1,2,...,24}. Taking A1 = A(G1); Ay = A(Gy); (c1,c2,¢3,¢c4) = (2,2,1,1);
the values (a1, az, a3, a}, ay, ay) and (by, by, b3, b), b}, b%) as given in the rows against the graphs U/, (G) and
U, (G), respectively in Table 2 and 5 and substituting these in (5), we get the generalized distance matrix of
Up(G1) Vi, Uy(G2). Therefore, by substituting these values in Theorem 4, we get the generalized distance
spectrum of U, (G1) Vv, Uy (G2) as stated in this theorem. ]

Notice that we have obtained the generalized distance spectra of graphs constructed by 528 binary graph opera-
tions from Theorem 11.

In the following result we construct infinite pairs of generalized distance cospectral graphs by using Theo-
rem 11.
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Corollary 10 Let G| and G (resp. Hy and Ha) be graphs satisfying the conditions of Theorem 11. If G1 and H;
(resp. G2 and H») are adjacency cospectral, then U, (G 1) V p, Uy (G2) and Uy, (Hy) NV y, Uy (H2) are generalized
distance cospectral for the respective values of p and q. In particular, they are distance (distance Laplacian,
distance signless Laplacian) cospectral.

Theorem 12 For i = 1,2, let G; be an ri-regular graph on n vertices and let the eigenvalues of A(G;) be
(ri =)Aits Ai2s -, Ain;. If G1 and Go commute, then for each p,q € {1,2,...,24}, the generalized distance
spectrum of Up(G1) V ys Uy (G2) is

(i) al(a1+d;+n+ (a2 +dy)ri +as+as]1+ (1 =) (azri; +az) £ {[a((ar +a] + 3)n+ (ay +ab)r +az +
dy) + (1 —a)(@hii +a3)* — [a((a +d} +3)n+ (a2 + ab)ri + a3z +ay) + (1 — ) (aahi; + a3)[e((ar +

1
aj +2)n+ (ay +ab)ri +az +dy) + (1 —a)(@hr +a3)]+ (1 —a)? (@1 +a})*}? fori =2,3,....n;
(ii) al(by +b) +3)n+ (ba +by)ry + b3+ by 1+ (1 —a) (bahg; +b3) £ {[a((by + b} + 3)n+ (by +b5)ra + b3 +
bg) + (1 —a)(bary; +b3)]2 — [a((b1 + b/l +3)n+ (b + b/z)rz + b3+ bg) + (1 —a)(baroi + b3) ][ (b1 +

b +2)n+ (b +by)ra + b3+ bL) + (1 — @) (bara; + b3)] + (1 — @) (bhagi + bg)z}%fori =2,3,...,n;
(iii) the roots of the equation

x*— (o1 + 02+ x1 + x2)x + [(01 + 02) (1 + x2) + 0102 + X152 — T2 (1 — @) — 12 — T2 1x% + {(01 +

o) (13 — x1x2) + O + x2) (1} — 0102) + n*(1 — @)?[201 4 502 + 2x1 + 5x2 — 671 — 6121}x + 7775 +

o102X1 X2 — 010273 — x1 278 — 202 (1 — ) [B3ti — 11 2x2 + x1) — 2202 +01)] —n> (1 — @) [o2 (42 +

x) +o1Ge+xDl+n*1—a)t =0,

where the values (ay, az, a3, aj, aj, ay) and (by, by, b3, by, by, b%) are given in the rows against the graphs
Uy(G1) and Uy (G»), respectively in Table 2, 11 = (1 — a)(ajn + ayr1 + ay), 72 = (1 — a)(bin + byry + bY),
o1 = al(a1+ay+3)n+(ar+ay)ri +az+as]l+ (1 —a)(ain+axr) +az), o2 = a[(a1+a) +2)n+(ax +ay)r1 +
a3 +ay]+ (1 —a)(ain+axri +a3), x1 = al(by + b} +3)n+ (br+b5)ra +b3 + b1+ (1 —a) (bin + bary 4 b3)
and y = al[(b; + b/l +2)n + (by + b/z)rz + b3 + bé] + (1 — a)(bin + byry + b3).

Proof Since G; and G, are commuting regular graphs, A(G1) and A(G2) commute with each other.
Fix p,q € {1,2,...,24}. Taking A} = A(G1); Ay = A(Gy); (c1,¢2,¢3,¢ca) = (2,1,1,1); the val-
ues (ar,az, a3, ay, ay, ay) and (by, by, b3, by, by, b) as given in the rows against the graphs U/,(G) and
U,;(G2), respectively in Table 2 and substituting these in (5), we get the generalized distance matrix of
Up(G1) Vs Uy (G2). Therefore, by substituting these values in Theorem 4, we get the generalized distance
spectrum of Uy, (G1) V ps Uy (G2) as stated in this theorem. |

Notice that we have obtained the generalized distance spectra of graphs constructed by 576 binary graph opera-
tions from Theorem 12.

In the following result we construct infinite pairs of generalized distance cospectral graphs by using Theo-
rem 12.

Corollary 11 Fori = 1,2, let G; and H; be ri-regular adjacency cospectral graphs on n vertices. If (G1, G2)
and (Hy, Hy) are pairs of commuting graphs, then for each p,q € {1,2,...,24}, Uy(G1) Vys Uy (G2) and
Up(Hy) Vs Uy (Hp) are generalized distance cospectral. In particular, they are distance (distance Laplacian,
distance signless Laplacian) cospectral.
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