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Abstract Let © be a continuous multi-level ellipsoid cover of R", p(:) : R” — (0, oo] be a variable exponent
function satisfying the globally log-Hélder continuous condition, and let H”()(®) be the variable anisotropic
Hardy space with variable exponent introduced by Yang et al. (Anal Geom Metr Spaces 9:65-89, 2021). In this
article, the authors obtain the dual spaces of H?” ()(®). In addition, the authors also establish a boundedness
criterion of a class of linear operators from H”")(®) to LP) (R").

Keywords Hardy space - Continuous ellipsoid cover - Atomic decomposition - Campanato space - Linear
operator
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1 Introduction

The real-variable theory of Hardy space on the Euclidean space R”, initiated by Stein et al. [21], plays an
essential role in the harmonic analysis and PDEs; see, for examples, [14,20-22]. As is known to all, classical
Hardy space H” (R") is a good substitution of L”(R") when p € (0, 1]. For example, the Riesz transforms are
bounded on H? (R"), but not on L”(R") when p € (0, 1]. Moreover, extending classical Hardy spaces arising
in harmonic analysis of Euclidean spaces R” to other domains and non-isotropic settings is an essential topic.
In 2003, Bownik [3] introduced anisotropic Hardy spaces Hﬁ (R™), where the Euclidean balls are replaced by
images of the unit ball by powers of a fixed expansion matrix A. In 2011, Dekel et al. [12] generalized Bownik’s
spaces by constructing highly geometric Hardy spaces with pointwise variable anisotropy H”(®), 0 < p < 1,
where the Euclidean balls are replaced by continuous ellipsoid cover ®. Different from Bownik’s spaces, the
anisotropy in H”(®) can change rapidly from point to point in R” and from level to level in depth. Moreover,
the ellipsoid cover ® is a very general setting which includes the classical isotropic setting, non-isotropic setting
of Calder6n and Torchinsky [6] and the anisotropic setting of Bownik [3] as special cases, see more details in
[3,10].
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On the other hand, the variable function spaces have found their applications in fluid dynamics [1,2], image
processing [7,15], PDEs, variational calculus [5,13] and harmonic analysis [8]. In 2012, Nakai and Sawano
[18] introduced the variable Hardy space 7" (R"), via the radial grand maximal function, and then obtained
some real-variable characterizations of the space, such as the characterizations in terms of the atomic and the
molecular decompositions. Then, Sawano [19], Yang et al. [28] and Zhuo et al. [29] further contributed to the
theory. In 2018, Liu et al. [17] introduced the variable anisotropic Hardy space Hﬁ(') (R™) defined over R", where
A is a general expansive matrix on R”, it extends the theory of Hardy spaces on R” of Bownik [3]. Later, Wang
et al. [26] established molecular decomposition of Hﬁ(') (R™). Very recently, Yang et al. [27] further generalized

Dekel’s spaces H”(®) and Liu’s space Hﬁ(')(R") by constructing the variable anisotropic Hardy spaces with

variable exponents H” () (@) associated with an continuous ellipsoid cover ©, and then established its atomic
characterization and the boundedness of the singular integral operators from H”)(®) to L?)(R") and from
HPO(O) to itself.

To complete the theory of the variable anisotropic Hardy spaces with variable exponents H” ) (®), motivated
by Huang et al.’s work [16], in this article, we obtain the dual spaces of H?” ©)(®). In addition, we also establish
a boundedness criterion of a class of linear operators from H”)(®) to LPO) (R™).

For the convenience of the readers, we summarize briefly our main results as follows. For more concrete
statement, please see Theorems 3.12 and 4.2 in Sects. 3 and 4, respectively.

Theorem 1.1 Let ® be a continuous ellipsoid cover, p(-) € C°%(R"), ¢ € (max{p4, 1}, o0) with p4+ as in
(2.3) and s € [N, 00) N No. Then the dual space of HPO (), denoted by (HPO (©))* is Ly, q' s, p(©).
Here, the definitions of ©, C12(R"), Ny and HPO(®) are as in Sect. 2, and the definitions of Ly, q',s, B(®)
and Hf;f:g(@) are as in Sect. 3.

Theorem 1.2 Let © be a continuous ellipsoid cover, p(-) € CI2(R"), ¢ € [1, 00] N (p4, o] with py as in
(2.3),s € [Np(),0) NNg and B > 1/p_ with p_ as in (2.3). Suppose T is a linear operator on LY (R") and

satisfies that, for any (p(-), oo, s)-atom b, suppb C 0, , € O withz e R", t e R, and x € (QZ,FJ)C,
ITG)O] < Cllxo. I gy [Mo o, )]

where Mg is as in (4.2) and J is as in Lemma 2.2. Then T is bounded from HP")(®) to LP")(R"). Here, the
definitions of 0, ; and 0, ;_j are as in Sect. 2, and the definition of (p(-), oo, s)-atom is as in Sect. 3.

To be precise, this article is organized as follows.

In Sect. 2, we recall some definitions and properties of continuous ellipsoid cover ®, the variable Lebesgue
spaces L”)(R") and the variable anisotropic Hardy spaces with variable exponents H”)(®). In Sect. 3, we
first introduce variable anisotropic Campanato-type spaces L(.), 4, 5, »(®) (see Definition 3.1) and give some
basic properties. Then, we prove that the dual space of HPO(®) is Ly.q' .5, p(O) (see Theorem 3.12). In Sect. 4,
via borrowing the atomic characterization of H?” ()(®), we establish a boundedness criterion of a class of linear
operators from H”) (®) to LP)(R") (see Theorem 4.2).

Finally, we make some conventions on notation. Let N := {1, 2, ...} and Ny := {0} UN. For any « :=

P o . Uy
(a1, ...,00) € N2, || := ay + - + @y, and 0% = ( 9 ) : ( 9 ) . Throughout the whole paper, we

axt Axn
denote by C a positive constant which is independent of the main parameters, but it may vary from line to line.
The symbol D < F means that D < CF.If D < F and F < D, we then write D ~ F. For any sets E C R",

we use EC to denote the set R” \ E. Let S(R") be the space of Schwartz functions, S’ (R") the space of tempered
distributions.

2 Preliminaries

In this section, we recall some notations. Firstly, let us begin with the definition of continuous ellipsoid covers,
which is from [10, Definition 2.4]. An ellipsoid & in R" is an image of the Euclidean unit ball B"” := {x € R" :
|x| < 1} under an affine transform, i.e.

§:= M:(B") +c¢,

where M is a nonsingular matrix and ¢z € R" is the center.

@ Springer



The dualities between variable anisotropic Hardy and Campanato spaces... 1565

Definition 2.1 Say that
O:={0y;:x eR"t € R}

is a continuous ellipsoid cover of R", or shortly an ellipsoid cover, if there exist positive constants p(®) :=
{ai, ..., ag}, such that:

(i) Forevery x € R" and 7 € R, there exists an ellipsoid 6, ; := M, ,(B") + x satisfying
a127" <10, < ax27". 2.1

(ii) Intersecting ellipsoids from ® satisfy a “shape condition”, i.e., for any x, y € R*, ¢t € Rand s > 0, if
O(x, )NO(y, t +5) £ @, then
1
4327 < < (M, )™ My, sl < as277°. (2.2)
1My, 1+5) " Mo R

Here, || - || is the matrix norm given by ||M|| := maxy|—= |Mx| for an n x n real matrix M.

Lemma 2.2 [12, Lemma 2.3] Let © be a continuous ellipsoid cover. Then there exists J := J(p(®)) > 1 such
that, for any x € R" andt € R,

1
ex,t C Eex, t—J-

More properties about ellipsoid covers, see [4,10,12]. Now we recall the notion of variable Lebesgue space
LPO(R™). For any measurable function p(-) : R* — (0, oo], let
p- =essinfyernp(x), py=esssup,crnp(x) and p:=min{p_, 1}. 2.3)

Define P(R") the set of all measurable functions p(-) satisfying 0 < p_ < p4 < oo.
For any measurable function p(-) € P(R"), the variable Lebesgue space LP)(R™) denotes the set of
measurable functions f on R” such that, for some A > 0,

p(x)
op()y(f/A) 3=/ (|f§\_x)|> dx < o0.
Ril

This set becomes a Banach function space when equipped with the Luxemburg—Nakano norm

p(x)
I £l pe) ey = inf {A € (0, 00) : An <|f§\x)|) dx < 1} .

Next, we recall the definition of variable anisotropic Hardy space with variable exponent [27] via the grand
radial maximal function.

Let C'°2(R") be the set of all functions p(-) € P(R") satisfying the globally log-Holder continuous condition,
namely, there exist Ciog(p), Co € (0, 00) and ps, € R such that, for any x, y € R”,

Clog(p)

[p(x) — pWI < —
log (e + W)
and
o0
x) — <—
[P(X) — Pool < Tog(e + Ix])
For any N, N e No with N < ﬁ, let
Syn=1veS: I¥ls, .:== max sup(I+I[yDV[a%y ()| <1¢.
' NN aeNg, la|<N yeRrn

Foranyp € S, x e R",t e Rand 0(x, t) = M, (B") + x € ©, denote

0ri(v) = |det I D oM Ly), v e R
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Definition 2.3 Let f € S'(R") and ¢ € S(R"). The radial maximal function of f is defined by

M;f(x) i=sup | f * @y (x)| forall x € R".
teR

For any N, N e Np with N < N, the radial grand maximal function of f is defined by

M]°V’ () = sup Mg f(x) forallxe R”.
1) ESNY & (R™)
Let ® be a continuous ellipsoid cover of R” with parameters p(®) = {ay, ..., as}, p(-) € P(R") and let P

be as in (2.3). We define N () := N(,(®) as the minimal integer satisfying

max(1, aq)n + 1
Npy(@) > DXL AT 1 24)
asp

and then N () = N »(-(®) as the minimal integer satisfying

~ asN,(®) + 1
Npy(®) > DO T
ae
Definition 2.4 [27] Let © be a continuous ellipsoid cover, p(-) € C1°¢(R")and M° := M°, . .Thevariable

Ny, N
() Vp()
anisotropic Hardy space with variable exponent is defined as

HPO () = {f €S M°f e L"(')(R”)}

with the quasi-norm || fl3p0 @) := IM° £l Lro) @ny-

3 Variable anisotropic Campanato spaces

In this section, we mainly establish the duality theory of H”)(®). In what follows, for any s € Z,, Ps(R")
denotes the set of all polynomials on R" with degree not greater than s; forany y e R", t e R, 0 :=0, ; € ©
with © as in Definition 2.1 and any locally integrable function g on R", we use P ¢ to denote the minimizing
polynomial of g with degree not greater than s, which means that Pjg is the unique polynomial f € Py(R")
such that, for any & € Py (R"),

/g[g(x) — fx)]h(x)dx = 0.

Now we introduce the following variable anisotropic Campanato-type spaces. For any given g € [1, 00), we

use quoc (R™) to denote the set of all g-order locally integrable functions on R".

Definition 3.1 Let ® be a continuous ellipsoid cover, p(-) € P(R"),q € [1,00),n € (0,00) and s € Z. The
variable anisotropic Campanato-type space Ly, 4, s, n(©) is defined to be the set of all f € L1 (R™) such that

loc
ny 1/n
12| xo;
Ifllz,0 g0 (@) + = SUP {Z |:l—

—1

e LIl @ LPO M)
1/q
Al16; 1 a
.y M[_/ |G = Py £ ) dx} < o0,
| esieron 165l Js, |

where the supremum is taken over all {6;};eny C © and {A;};en C C with Zi Xi # 0. Here and hereafter, for
anyi € N, x; e R" and t; € R, always denote 6; := 6, ;, € ©.
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Remark 3.2 We point out that Py (R") C L), 4, s, 7(®). Indeed,

“f”[:p(.),q,x.n(('ﬂ) =0

if and only if f € Ps(R"). Throughout this article, we always identify f € L, 4,5, 7(®) With {f + P : P €
Py(R™)}.

Proposition 3. 3 Let © be a continuous ellipsoid cover, p(-) € P(R"),q € [1,00),n € (0,00) and s € Z.
Forany f € L; (R"), define

loc

A ny1/n

i i 1X6;

ALy g5 n(©) - = supinf {Z |:’—:| }
ieN )

-1

||X9,- ||Lp<-)(]Rn
LPO) (Rm)

e 1/q
XZ M L/ |f(x) — P(x)|9dx ,
|9.i| 0;

jeN ||X0j ||Lp(')(]Rn)

where the supremum is the same as in Definition 3.1 and the infimum is taken over all P € Py(R"). Then, for
any f € LIOC(R”),

Lo g.5.0©@) = F L0, 4.5 0(©)-

To prove Proposition 3.3, we need the following Lemma 3.4, whose proof is similar to that of [23], the details
being omitted.

Lemma 3.4 Let ® be a continuous ellipsoid cover, q € [1,00), f € Lloc Ry and s € Z. Then there exists a
positive constant C, independent of f and 0, such that

sup Py (f)(x) < CM,

xeb 0]
where 0 :=0,; € @ withy e R" andt € R.
Proof of Proposition 3.3 By the definitions of || - ||£p(_)’q_s.n(@) and ||| - |||£p(_),q.s’n(@), it is easy to see that, for
any f € LIOC(R"),

L0 g6 n@ S WFNL,0 4 5 0(©)-

Conversely, from Lemma 3.4 and the Holder inequality with ¢ € [1, 00), we conclude that, for any 6 € ® and
g € Py(RY),

l/q
[Iélf' 5(g—f)(x)|qu] |9|/|g(x) f0ldx

1/q
S [—/lg(x) — fl? dX] .
101 Jo

Thus, forany {6} jen C © and {A}jen C C, from the Minkowski inequality and the fact that, forany g € Ps(R"),
P g = g, we deduce that

g 1/q
) ML@ |/ ‘f(x) Py f(x)‘ dx:|

= llx6; I Lro) ey
1/q
IAil16; 1 4
<y ol o [ st = e+ s - g0 ax
| e oy [ 165] e,

1/q
<2 _ el i/ f () = g)l%dx | ¢,
|9/'| 0;

jeN ||X9j ||Lp<A)(Rn)
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which, combined with, the definitions of || - || Lp0).q.5.(©) and ||| - ||| Lp0.q.50(©) further implies that

L1000 ©) S L g00(O)-
This finishes the proof of Proposition 3.3. O

Proposition 3.5 Let © be a continuous ellipsoid cover, p(-) € P(R"),q € [1,00),n € (0,00) and s € Z.
Forany f € LI_(R"), define

loc

m |)\ |X ny L/n
. "
11z, g0 (@) * = SUP {Z [ } }
)

—1

- ||X9 ”LP()(R'I PO @)
m 1/q
Iy ||9 | 1 / ‘ q
x fo =By foo| dx|
]Zl 10, llLroom | 6] b

where the supremum is taken over allm € N, {6;}/"_, C © and (A}, C C, and satisfying

T
3 B - . 3.1

, X0 11 Lr)
ieN e LPO (R

Then, for any f € L _(R"),

loc
”fHEP()qJ (©) — ”f”Ep()qs 7(©)
Proof Let p(-), g, nands be asin the present propositionand f € Lloc (R™). By the definitions of || - 12,00 4.5.0(©)
and mﬁp(_),q’x’ ,(©)> it is easy to see that
”fnﬁp(-),q.s,n(@) = ”fnﬁp(-),q,s,n(@)'
Conversely, let {6;};"; C © and {A;}¢; C C satisfy (3.1). We have

m |A| ny 1/n
fim | {° X0
m—00 ||X0, ||Lp()(Rn)

i=1

-1

LPO) (RM)

T
—_— X X X
Il x6; Il Lro) () }9 | b

-1

ny1/n
{ [ i, } }
M LrO) (re
ieN l xo; 11 p (R7™) LrO @™

1/q
|2 ||91
x ‘9‘ ‘f(x) P, f(x)‘ dx

jeN ||X9, ||L1J()(Rn

qu

1

J

Thus, for any given € € (0, +00), there exists an mo € N such that

—1

nyl/n
{Z |: |)\i|X9,- i| }
X i () (R7
ieN ||X9, ”Ll ) (R™) LPO@®,

1lg. 1/q
XZ M L‘/‘ ‘f(x)—Pg_f(x)‘qu
16;] Jo; !

jeN ||X0j ||Lp(-)(Rn)
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ny1/n
{Z[ [Ai |X9
1 x6: 1l LpC) (Rr
=1 LPO(R™) LrO®n)

mo l/q
Al l6;
x> #[lf); / ‘f( x) - P} f(x)‘ dx:| te

=1 ”X@_,- ”Lp(-)(Rn

—1

—

S M llg, e g5 0@ TE

which, together with the arbitrariness of € € (0, +00), and {};};cy C C satisfying (3.1), further implies that

||f”£p(~),q.s.n(®) = ”f”L,,(.),q,,, 1 (©)
This finishes the proof Proposition 3.5. O

Motivated by [24,25], now we introduce another anisotropic variable Campanato space L. 4.s(©), and
show that ﬁp(.)’ q. s, '7(®) = ﬁp(.)’ q. s(©).

Definition 3.6 Let ® be a continuous ellipsoid cover, p(-) € P(R"),q € [1, oo) and s € Z,. The variable
anisotropic Campanato space Ly, 4, s(©) is defined to be the set of all f € L10C (R™) such that

10, /] 1 1/q
Iz 9= sup inf o If(x) — P(x)|9dx| < oo,

p0:4.5(©) yeRn, teRPEP ®") X0, I Lro) ) |9y,z‘
where 0, ; € ©.
Remark 3.7 (i) Forany f € loc(]R”) we define

1/q
o 10y, | ! RPPANT
ALy g s@) = SUp |f) =Py fo)|Tdx| .
yeR" teR ||X9) ,||Lp(>(]Rn |9y,z| Oy,

By an argument similar to that used in the proof of Proposition 3.3, we obtain that ||| f]||
equivalent quasi-norm of the Campanato space L., 4, s(©).
(i) From Proposition 3.3 and Definition 3.6, we deduce that

p(})‘qu(@) 1S an

Lpe),q,5,1(O) C Lp(),q,5(O)
for all indices as in Definition 3.1, and this inclusion is continuous.

Proposition 3.8 Let © be a continuous ellipsoid cover, p(-) € PR"), p+ € (0, 1] with p4+ as in (2.3),
q €ll,o0)ands € Z. Then

Cﬁ(% q,s, n(®) = Ep(-), q. s(®)

with equivalent quasi-norms.

To prove Proposition 3.8, we need the following Lemma 3.9, which is a variable anisotropic extension of
[24, Lemma 4.2].

Lemma 3.9 Let © be a continuous ellipsoid cover and p(-) € P(R™). Then, for any {A;}ien C Cand {6;}ien C

3 Il < {Z[M]”}“” |

ieN ieN “X@,’ ”LV(')(R") LP(‘)(R")

where pisasin (2.3).
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Proof of Proposition 3.8 Let p(-), p+, g, nand s be as in the present proposition. By Proposition 3.3, it suffices
to prove that L) 4.5(©) C Ly, ¢,s5,7(@). Forany f € L), 4, s(©), by Lemma 3.9 and Remark 3.7(i), we
obtain that

o el |1 . 1"
0 S0 (Sl ) A EEE fg F0 =B | dn
J J

ieN jeN ||X(9j ||Lp<-)(]Rn)

—1
< sup (Z w) D AN g© ~ Tl o a©)

ieN jeN

where the supremum is taken over all {0;};eny C ® and {A};ey C C with ) ; A; # 0. This finishes the proof of
Proposition 3.8. O

Next, we establish the dual space of H”)(®). More precisely, using both the atomic characterizations of
HP") (@) established in [27] and some basic tools from functional analysis, we prove that the variable anisotropic
Campanato-type space L., 4 s, p(®) is the dual space of the Hardy space HPO(O) for the full range p(-) €

Clog (Rn).
Definition 3.10 [27, Definition 4.1] For a continuous ellipsoid cover ®, we say that (p(-), g, s) is admissible if

p() € PR"),1 < g < oocands € [Npy(), 00) NNg. An anisotropic (p(-), q, s)-atomisafunctiona : R" — R
such that

(1) suppa :={x e R" :a(x) #0} C O;,; € O, wherex € R" and r € R;

- o 1/q 16x (179
i) llallzo@e) = (fin laCOI dx) ™ < it o
(iii) fRn a(y)y*dy = 0 for all « € Njj such that |er| < s.

Definition 3.11 [27, Definition 4.2] Let ® be a continuous ellipsoid cover, p(:) € C log(R™) and (p(-), q, ) an

admissible triple as in Definition 3.10. The variable anisotropic atomic Hardy space Hg,(fv)(@)) associated with
© is defined to be the set of all tempered distribution f € S’(R") of the form f = Z;‘il Aia;, where the series
converges in S'(R"), {%;}ien C C and {q;}; are (p(-), ¢, s)-atoms respectively, supported, on {0y,  }ien C ©.

Moreover, the quasi-norm of f € Hé’ 7('5)(®) is defined by

I/p
[%ilxe,, . L
”f” @y inf It A B ’
. (©) 2 6y, ,, I r gy

ieN LPO(RM)
where the infimum is taken over all admissible decompositions of f as above.
Now we state the main result as follows.

Theorem 3.12 Let © be a continuous ellipsoid cover, p(-) € C'°¢(R"), ¢ € (max{p4, 1}, o0) with p, as in
(2.3) and s € [N, 00) N No. Then the dual space of HP)(®), denoted by (HP)(©))* is L. 4.5, p(®) in
the following sense: a

(i) Letg € Ep(.),q/’S,B(G)). Then
Ag: f— Ag(f) :/];R f(x)gx)dx, 3.2)

initially defined for any f € H,’;,('S)(G), has a bounded extension to HP) (©).
(ii) Conversely, any continuous linear functional on HPO)(®), arises as in (3.2) with a unique g €
Ep(,)’q/)syg(é)). Moreover, ||g||£p<‘)’q/‘s‘£(@) ~ [ Agll(3r0 @))» Where the positive equivalence constants
are independent of g.

The framework to prove Theorem 3.12 is motivated by Huang et al. [16]. The following Lemma 3.13 show
the atomic characterizations of H?)(©), which were established in [27, Theorem 4.3].
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Lemma 3.13 Let p(-) € C°¢(R") and q € (max{p, 1}, oo] with p4 as in (2.3), and let © be a continuous
ellipsoid cover and (p(-), q, s) an admissible triple as in Definition 3.10, then

Hy Y (©) =HPO(©)
with equivalent quasi-norms.

Proof of Theorem 3.12 We first prove Theorem 3.12(i) by considering the range of g € (max{p4, 1}, 00).
Let g € Ly, q'.5, p(®). Forany f e Hgf?(@), by Definition 4.2, we obtain that there exist {A;};eny C C

and a sequence {a;};en of (p(-), g, s)-atoms supported, respectively, on 6y, ;, € ® with some x; € R" and
ti € Rsuchthat f =), yAia; €S and

1/p
[Xil X0, . 2R
g~ || 2| gt

— | Nl xo.. . lzr)
! i li L (R” LP(')(R}'L)

By this, the vanishing moments of a;, the Holder inequality, the size condition of a;, Proposition 3.3 and Lemma
3.13, we obtain that

[Ag(H)] =D Inl
ieN

=S il inf ’ | aitotee - Pt
P 0;

el (R”
ieN s (®")

oy Mallnl [

e X6, | Lo (rny PEPsR™)

1/p
|Ailxoy. .. 2 Ve
Slgllz,., . ,© {Z [—

ieN ||X9X[,,i ||Lp(‘)(Rn)

/ a;(x)g(x)dx
Rll

1/q
lg(x) — P(x)|? dx
|9x,-, 1 | exi_,i

LPO) (RM)

~ 8L g @1 g ) ~ 8 @£ 1300 @

()4 s, p

which further implies that (i) holds true.
We now show (ii). Forany A € (H?")(®))*, By an argument similar to that used in the proof of [24, Theorem

4.4], we easily obtain that there exists a unique g € L., 4, s(®) such that for any f € ’Hg f?(@),

Ng(f) = /R fx)gx)dx.
Therefore, to finish the proof of (ii), it suffices to prove that g € £, 4,5, p(®). Indeed, for any {A;};en C C

with ), A; #0,and 0; := 6y, ,, € ® withany x; € R" and 1; € R, let n; € L9(6;) with ||n;|lra(p,) = 1 satisfy
that

, 1/q'
[/6 lg(x) — P r o) dX} =/9 [g(x) = P, f ()] mi (x)dx (3.3)
and, for any x € R", define

16: 119 [ni () — P& mi (¥)]xs,
1 x6; | Lo ey 11i (X) = Pgmi ()l aery

a;i(x) :=

By this, we know that, for any i € N, g; is an (p(-), g, s)-atom. Therefore, by Lemma 3.13, we obtain that
YN Aidi € HPO)(®). From this, combined with (3.3) and the facts that A € (HP)(©))* and

Ini = P milla) < 1,
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we deduce that
Al 16:] [1 PN R
——— | — [ |g(x) — Pjg(x)|" dx
,.GZN||XQ,.||M><R") 1611 e[| 5|
ARE
ieN ||X9,- ||Lp(~)(Rn)

ril 16; 1/q ;
gl i /9 [0:x) — PEni(0)] 8 xs, (x)dx
) i

TeN ||X9,- ||Lp(»>(Rn

/9_ [g(x) — Pig(x)] mi(x)dx

S Il /8 ai()g(x)dx ~ Y [hilAgai) ~ Ay (Z |Ai|ai>

ieN ieN ieN

1/p
A Py e
5 Z | l|X0Xf”i
: - ”XGX.Y,. ||Lp(')(]Rn)
HPO () i iofi

By this, we obtain that g € L), ¢, 5, p(©). This finishes the proof of (ii) and hence the proof of Theorem 3.12.
o P

S

> Iila;

ieN

LPO) (Rm)

4 A class of linear operators on H+? 0 (@)

In this section, we obtain a boundedness criterion for a class of linear operators from H”)(®) to L) (R™).
We first recall the definitions of quasi-distance pg and Hardy-Littlewood maximal operators associated with a
continuous ellipsoid covers ©.

Dekel et al. have shown that an ellipsoid cover ® induces a quasi-distance pg on R”, see [10, Proposition
2.7]. Moreover, (R", pg, dx) and the Lebesgue measure is a space of homogeneous type, [ 10, Proposition 2.10],
which implies in the following Proposition 4.1.

Proposition 4.1 Let ® be a continuous ellipsoid cover.
(i) [10, Proposition 2.7] The function p : R" x R" — [0, 00) defined by
,y) := inf {|0] : x, 0
po(x,y) := inf {|6] : x,y € 0}

is a quasi-distance on R".
(i1) [10, Proposition 2.10] Let

Bpo(x,r) :={y e R" : pa(x,y) <r}. 4.1
Then

|Bpo (x,1)| ~r forallx e R", r >0,
where the constants of equivalence depend only on p(®).

Let ® be a continuous ellipsoid cover. For any locally integrable function f on R", the Hardy—Littlewood
maximal operators M p b and Mg are defined, respectively, to be

1
Mg, f(x):=sup sup ——— | f(2)]dz
>0 By (y,1)3x |Bﬂ(-) (v, )l Bpg (v, 1)

and

Me f(x) :=sup sup
teR 0,,3x 10y, 11 Jo, ,

|f(2)ldz, (4.2)

where B, (y,r) is asin (4.1). By [12, Lemma 3.2], we know that
M, [(x) ~ Mef(x) forall f € Lioc(R"), x€R"
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Theorem 4.2 Let ® be a continuous ellipsoid cover, p(-) € Clog(RM), q € [1,00] N (p+, co] with p+ as in

(2.3),s € [Np(),00) NNo and B > 1/p_ with p_ as in (2.3). Suppose T is a linear operator on LY (R") and
satisfies that, for any (p(-), 0o, s)-atom b, suppb C 0, , € O withz e R", t e R, and x € (QZ’I_J)C,

TGO = Cllxe, N o gy [Mo (. )0

4.3)
where Mg is as in (4.2) and J is as in Lemma 2.2. Then T is bounded from HP)(®) to LPY) (R™). Moreover,
there exists a positive constant C such that, for all f € HP©(®),

||T(f)||Lp(-)(]Rn) = C“f”?—[p(-)((-))-

4.4
To prove Theorem 4.2, we need several technical lemmas as follows.

Lemma 4.3 [27, Lemma 5.10] Let p(-) € C'°¢(R"), 1 < ¢ < 00, and s > Ny Then, for any f € LI(R") N
HPO(O), there exist a sequence of (p(-), 00, s)-atoms {a; }ien, a sequence {A;}ieny C C, and a positive constant
C independent of f such that

1/p

ilxe,.. 7]
Z m = C”f”’)—{l’(-)(@)
et D LPO (R

and

f= Z Ai a; converges in LY(R") and almost everywhere,

ieN
where p is as in (2.3).

Lemma 4.4 (i) [9, Lemma 2.3] Let p(-) € P(R"). Then, for any s € (0, 00) and f € LPO(R"),
|||f|s||LP(')(]R”) = ||f||2:p(-)(Rn)'

(ii) [9, Lemma 2.3] In addition, for any ». € C and f, g € LP(')(R"), it holds true that

P )4 )4
I ooy = IAILF oo eny a0 1L + @15 sy < 110 sy 18150y
where p is as in (2.3).

Lemma 4.5 [27, Lemma 4.5] Let r(-) € C'°¢(R") and q € [1,00] N (ry, oo] with ry as in (2.3). Assume that
{Aitien CC, {6y, 1 }ien C O and {a;}ien C L9(R") satisfy, foranyi € N, suppa; C 0y, 4,

la gy < %o’

||X9x,-,1i ”L’(')(Rn)
and

it L o LrO @)
Then

% : ryl/r
D I |l L
ieN LrO®R") ieN ity L0 RN .
where C is a positive constant independent of A;, a; and Oy, ;.

The following Lemma 4.6 gives Fefferman—Stein vector-valued inequality of the maximal operator Mg on
the variable Lebesgue space LP() (R").
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Lemma 4.6 [27, Lemma 3.1] Let r € (1, oc]. Assume that p(-) € C'2(R") satisfies | < p_ < p4 < 0o. Then
there exists a positive constant C .= C(r, n, p(-)) such that, for any sequence { fi }ren of measurable functions,

1/r 1/r
{Z[M@m)r} <cC (kar)

keN keN

LPC) (R LPO (R

with the usual modification made when r = oo, where Mg denotes the Hardy—Littlewood maximal operator as
in (4.2).

Lemma 4.7 [27, Proposition 4.7] Let p(-) € C°¢(R"), g € (p4,00) N [1,00) with py as in (2.3). Then
HPO(®) N LI(R) is dense in HPO) (©).

Lemma 4.8 [11, Theorem 3.2.7] Given p(-) € P(R"), LP©)(R") is a Banach space.

Proof (Proof of Theorem 4.2) For any f € HP(®) N L9 (R"), from Lemma 4.3, it follows that there exist
numbers {A;};en C C and a sequence of (p(-), 0o, s)-atom, {a; };eN, supported, respectively, on {6y, 1 }ien C ©
such that

f=) Ja; in LYR")

ieN
and

ilxe,, " =
Y| — < Cllf 300 @)- 4.5)

N Oy, t: ) (R"
ieN ”X il ”LP (R ) L])(.)(Rn)
By the assumption that the linear operator 7 is bounded on L9 (R"), we further have

T(f)=Y %(Ta;) in LY(R")

ieN

and hence in §’. Then, by Lemma 4.4(ii), we obtain that

p
, )
T O oy = || D 4T (@)
ieN LPO)(Rm)
P P
< |ID_milT@)xe, ., + Z'“'T("")Xaf,.w
ieN LPO)(RM) ieN LPO (R
» 1/p P V4
s {Z[MAT(a,-)xaxi,,i,]} il @rs
ieN LPO) (R ieN LPO(RM)
=:L; + Ls.

For the term Lj, by the boundedness of 7" on L?(R") with ¢ € [1, co] N (p4, 0o], size condition of a;,
Lemma 4.5 and (4.5), we conclude that

1/p||P
[Ailxe,. . 2y Ve p
L — S 06
{Z |:||X9~"i-’i ||Lp(-)(]Rn) HPO(©)

ieN LPO(RM)

For the term Lo, by (4.3), Lemmas 4.4(i), 4.6 and the fact that 8 > 1/p_, we obtain that

Z Wl [M(a(xexi_,l.)]ﬁ

ieN ||X9xi,,[. ||Lp<A)(]Rn)

p

LZS

LPO) (Rm)
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/8PP
[ Al B
|m e ot )
ieN 1 X0 lLPO @) LAPC) (RM)
178 8P p
< Z |Ailxey, Z Ailxey, ., |I”

ieN ”X@Xl.,,l. ”L/’(')(R") ||X9Xi’ti ”LP(')(R")

sz[

ieN

LBPO) (RM) ieN LPOR)
pyl/p||2
|Ail X6y, } -

I X@Xl.,ti ”Lp(-)(Rn)

P
~ 10 0

LPO) (RM)
Combining the estimates of L and L, we further conclude that, for any f € H? © (®)N LY,
||T(f)||Lp(-)(Rn) S, ||f||7—[p(~)(@)o

Next, we prove that (4.4) also holds true for any f € H”")(®). For any given f € H”)(®), by Lemma 4.7,
we know that there exists a sequence {f}}jez, C HPO(®) N LY such that fi— fasj— ooin HPO(O).
Therefore, {f};cz, is a Cauchy sequence in Hp(‘)(®). By this, we see that, for any j, k € Z,

”T(fj) - T(fk)||Lp(~>(Rn) = ”T(f] - fk)”Lp(-)(Rn) S ||fj - fk”?—(p(-)(@)-

Notice that {T'(f;)} ez, is also a Cauchy sequence in L” O)(R™). Applying Lemma 4.8, we conclude that there
exista g € LPY)(R") such that T(fj) — gasj— ooin LPO@RMY). Let T(f) := g. We claim that T'( ) is well
defined. Indeed, for any other sequence {h};cz, C HPO(O®) N L? satisfying hj — fasj— ocoin HPO(O),
by Lemma 4.4(ii), we have

1T ) = TN s ey
<TG = TP oy + 1T D = &l oy
SR = Fillgo ey 17D = 8170 g
S = Flgo iy + 1 = Fillzoe) + 1T = 8170 = 0 as j— 0.
By this, we obtain that, for any f € H?")(®),

||T(f)||Lp(-)(Rn) = ||g||Lp(-)(]Rn) = lim ||T(fj)||Lp(->(Rn) S lim ||fj||7{p(-)((:)) ~ ||f||7—(p(-)(@),
j—00 j—o00
which implies that (4.4) also holds true for any f € H? ()(®) and hence finishes the proof of Theorem 4.2. O
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