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Abstract The main aim of the present work is to give some interesting the g-analogues of various g-recurrence
relations, g-recursion formulas, g-partial derivative relations, g-integral representations, transformation and
summation formulas for bibasic Humbert hypergeometric functions W and W, on two independent bases g and
p of two variables, believed to be new, by using the conception of g-calculus. Finally, some interesting special
cases and straightforward identities connected with bibasic Humbert hypergeometric series of the types Wi and
W, are established when the two independent bases g and p are equal.
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1 Introduction

Quantum calculus is the modern name for the investigation of calculus without limits. The quantum calculus or
q-calculus began with Jackson in the early twentieth century [16—18], but this kind of calculus had already been
worked out by Euler and Jacobi. g-calculus appeared as a connection between mathematics and physics. Ithas alot
of their applications in many fields of mathematics areas such as number theory, an engineering, combinatorics,
orthogonal polynomials, basic hypergeometric functions, quantum theory, physics, mechanics, the theory of
relativity and other sciences, see for example [6, 19,20,30]. Recently, there have been many studies on g-calculus.
Andrews [2], Bytev and Zhang [4], Verma [38], Verma and Sahai [39], Verma and Sarasvati [40] and Yadav et
al. [41] discussed recursion formulas and transformations for g-hypergeometric series. Sahai and Verma [22],
Sears [23], Srivastava [32,35] and Upadhyay [37] derived transformations and summation formulas for bilateral
basic hypergeometric series. In particular, Jackson [16, 17] was the first to study basic Appell series. Agarwal has
developed some properties of basic Appell series [1], and Slater [31] applies contour integral techniques to such
series. In a recent paper the authors [7-10,33,34,36] have developed very general transformations involving
bibasic g-Appell hypergeometric series on two unconnected bases (¢ and p, 0 < |g| < 1,0 < |p|] < 1,
g, p € C). Such generalized basic Appell hypergeometric series were called bibasic. Earlier, the author in
[24-27] have developed and studied some relations of the (p, g)-Bessel, (p, g)-Humbert functions and basic
Horn functions H3z, Hs, He and H;. Motivated by in the previous work [28,29], many terminating summation
and transformation formulas for bibasic g-Humbert hypergeometric series are derived and proved by using
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Certain new formulas for bibasic Humbert hypergeometric functions 1609

contiguous relations which extend most of the results due to Shehata and have developed their transformation
theory. This paper is concluded by obtaining some g-recurrence relations, g-derivatives formulas, g-partial
derivative relations, g-derivatives with respect to the parameters, g-integral representations, transformations and
summation formulas for these bibasic Humbert hypergeometric functions W and W, with different bases p and
q. We think these results are not found in the literature to discuss further consequences of our extensions as
special cases.

1.1 Notations and preliminaries

First, we start by remembering some elementary definitions and notations of g-analogue with g-derivative in the
q-theory. Throughout this study, unless otherwise is stated, the bases ¢ and p will be assumed to be such that
0<|gl <1,0 <|p| < 1,and g, p € C, for definiteness. We use C to denote the set of complex numbers and
N to denote the set of positive integers.

For g € Cand 0 < |¢g| < 1, the g-shifted factorials (¢“; q) are defined as

@ ) = {Hi‘;éu —qm k2

1, k=0.
(1.1)
A —gHU =gty (1 =g keN,aeC\{0,-1,-2,...,1 —k};
1. k=0,a€eC.
Definition 1.1 The g-integer number is defined as
1—gX
.= 17 e Np. (1.2)
—q

Definition 1.2 Fora,b,c € C,c #0,—1,—-2,...and 0 < |g| < 1, ¢ € C, the basic hypergeometric series with
base g is defined as (see [3,12-15])

a b e o (4% Dr@”s Oy
»q 549 54, = - X, 1.3
@) ,; @ g i (1)

for |x| < 1 and by analytic continuation for other x € C.

Definition 1.3 Let f be a function defined on a subset of the complex or real plane. The g-difference operator
Dy 4 is defined [18] as follows

J ) — flgx)

Dugf ) = ==

,x £0. (1.4)

Definition 1.4 For0 < |p| < 1,0 < |¢| < 1, p, q € C, we define the bibasic Humbert functions ¥; and W, on
two independent bases p and ¢ as follows

o a. b.
Wi g oy = Y — (¢ ,21)k+z(17 s e hyt,
2o (P65 e i(qs ik (ps pe (1.5)

(PSq? #1,g7 g2 xl Iyl < D

and
o
(q"; @ite
W pP gt poxy) =) ekt
2o (P75 P Di(qs i (p; p)e (1.6)

@ P # 1,7 gkl Iyl < D).
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1610 A. Shehata

2 Main results

In this section, we derive the g-analogues and extensions of bibasic Humbert functions W and W, on two
independent bases ¢ and p with their several interesting properties on the same order.

Theorem 2.1 The functions V| and V; satisfy the following recurrence relations

q“x
_ qa'

Wi (gt b pSoq% g, pox,y) = WiGg, pbi pS g% g, pox,y) + 1

a

q
1—g¢

x Wi(g"th, pbi pS g™ g, pox,y) + Wi(g%, p% ¢ q% q, prgx, y) 2.1)

a

q
1—g¢

Wi(q, p; p.q% g, poax, ay). ¢, g # 1,

a

1
b d b d
W@t "t q% g, poxy) = 1_qa\1’1(q“,p ip5q%iq. poxy) — T
a
X

b d 4q b d d
x Wi(q, " p°.q ;q,p,x,qy)Jrl_qd\Ifl(q““,p 0% a Pk ) gt gt # 1,

2.2)
Wi, p% ¢ g% g pyx, y) = Wi, PP pCo g% q pax, y)
qd_l(l —q“)x a+1

U@t ppt g g oy gt g £ 1
(1—g?1(1 —q%)

and

4x

- qc‘l’z(q““; p’.atq, px,y)

W (g*T PP g% g, pox, y) = Wa(g® pPL gt g, pox, y) +
a a

X q X
g Ua(q; p” 4% q, p.gx, y) — T Wl p” g% q. poax. ay) gt qC # 1,

a

q
1 —q* (2.3)

(g™ pPg g pixy) = W% p’. g% g, pox, y) —

1 —q“
x
1—g°¢

Wa(q%; P g g, pox,y) = Wa g PP g% q. pa X, Y)

—1 a
g (1 —q%x atl. b ctl - o1
\p ; 9 ; b 9 9 9 C? ¢ 1‘
T=2D1-q9 20" P79 g, P X Y) g0 g F

(g pP g g, pyx ). gt g # L,

x Wa(q%; pP. g% q. p.x,qy) +

+

Proof To prove the identity (2.1). Using the relations

k+¢
q+

1 —
@ Drre =[1 +CIGW]@“; @k+e

a+1

@" Drter1 =1 =G Qites

and

1= g+ =1 — gk 4 g* — g*+,

=1—q"+4"'(1—¢"),
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we have

Wi (gt pbipS g g, pox,y) — WiGgl, PP pS g g, pLx, )
a o0

_ 4y @“; Drre (P ple koo
L—q@ o= (P9 P)e(a”: 9i(q: @i-1(p; P)e

a oo

3 a5 (q% @r+e (P p)e iy
(P P)e(q%; Or(q: Or(p; e

q
i a
1—g¢g '

+
k=0

a

4 G Qe PP ke
L—q 4= (% P)e(a?s Di(a: k(i p)e

a o]

_ 4 3 (@ Dire11(p”: P e
L—q¢ 4= (% P)e(@?: i1 (g i (p: p)e

a

q i @ Drre(P”s e
1—=q* 2= (0 p)e(a’s Di(q: Dr(p; p)e

s i (4% Drre (P’ p)e
L=q% 2= (0% (@’ Drq: Dr(ps p)e
a a

q“x : q
= V@ g™ g pox ) +
—q 1—¢

+ (g)*y*

(@) (g»)°

~Wi(q, p"; P q%5 4, prax. )
a

1—q¢

Wi(q*, p¥; p° g% q, pogx. qy).

The proofs of the relations (2.2) and (2.3) follow in the same way. ]

Theorem 2.2 The following relations for W1 and V5 are true

Wi, pP pC g% g, pyox, y) = Wil PP pS g% g, pax, )
PP —q%y

+ 1_—176\111((1““, PPt g% g pox ), pC AL

Wig® p% p g% g, pox,y) = Wi(g?, p S g% g, pox, y)
—1 a b
P (1 =qHd = p7)y 1 b+l e+l d e
+ W (g“, p" T p T g% g pax, ), PO ST £
(1= p=hHa —po (2.5)
Wi(q%, p pS q% q, poxoy) = (1= pP)Wi(g%, pP p g% g, pox, y)

+ pPWi(q, % p¢ 9% g, pox, py)

2.4)

and

Wq% pP 1 g% g, pox,y) = W2 pPLqC g, pax, y)

b—1 a

p’ (1 —q%y +1. b+l ¢ b b1
+ W@ p" g% g poxy), plopt T # L
(1—pt=Ha - p»

2.6)

Proof To prove the relation (2.4). Using the relation

P pres1 = A = PP pre = (1 = pPTHPP: p)e,
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and (1.5), we have

Wy (g?, p"tL; pc qd' q.p.x,¥) —Wi(q®, p” pS g% q. pox, )

00 . b.
Z @G@" Di+e(P”; Pe
= pb +

xk l
Py P Pe@?: Di(a: i(p: p)e

P’ < @ Di+¢ (P’ p)e ‘e

727 (P% D)@ DK@ Dk Pt
(1 P =a"y )y Z 9 e PP g e
Py (Pc“,p)z(q Dr(q: O (ps p)e

_r b(1—q° )yq, (@, pht1,

1 —p¢

Lg% q,px,y), p¢ # 1.
A similar way to the proof of relation (2.4), we obtain the results (2.5) and (2.6)
Theorem 2.3 The relations for V| and Y, hold true

. y _ .
(1—g¢ )‘111< ,pb;p‘,qd;q,p,x,;])Jrq”“ Ty (g, ¥ paq?i g pox, y)

2.7)
y _ ~ _
=y <q“,pb;pc,qd;q,p,x,g> + ¢ =g g%, pP g g pax, y)
(1 - phHyw (g4, p*!

g% g pox,y) = pPtTea -
+A-=p

d
b ; b "x7 )
b+1—c a b, ¢ d ey ’ 2.8)
Wilg®, p”spS.q% 9, p,x,y)
and

“Hw g, p¥; pe!

X y .
(1—q", (q +1uvb,cf;c],p,x,6—1) + ¢ (g% PP g g, Py X, Y)

2.9)
X y . . .
=, <q ;pb,q‘;q,p,x,c—l)Jrq““ (1 —q“ Hwag pb, ¢ g, pox, y)
Proof Using the relationship
1 — qd—l 1 — qd+k—1 1
@ o @hor @l
we get
0 1—-d a+k a. b.
_ _ (gt — )@ Di+e(P”; P)e
gt =g Hw g PP e g g paxy) = kyt

S PSP orlas k(s pe
Z — M@ Drre(P”; p)e

(L) - i @ =" DG Dire P Pe ko
Py (p P Orlg rpipe ~ Nq” A=y (05 Pe@h Dk(g; Di(ps p)e

, y , y
=(1-qg"¥ (q““, ¢ q% q. p, x, E) - <q“, P p¢ 9% q. p.x, 5)

+ ¢ (g%, b pLa% g, paox,y)

A similar argument, we obtain the relations (2.8) and (2.9)

O
Theorem 2.4 Forr,s € N, the bibasic Humbert functions V| and V, satisfy the q and p-difference equations
. @“; @r
D, ,i(q, P P q% g, pox.y) = 1@, P Pt !
o (=) @%@

Tig.pox.y). (210
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(q“: q)s(p": p)
A=y 1@ P g pox ), @D
’ A
@“; rs(P”; P)r
(I =) (1 = p)*(p<; p)s(q?; q)r 2.12)

x \.Ijl(qa-i-r-&—s’ pb+s; pc+s’ qd+r; q,p, X, }’)

D Wi, p’; pS q%5 g, pox, y) =

D, D% Wi, p” pCq%iq. pox.y) =

and
D% Wa(q%; pP g% q. p.x,y) = __@har W5 pP g g, pox,y)
o A=) (g% q)r
g% q)
D} ,%a(q“: p” g% q. p.x.y) = Wy (g pP g% g, X, y), (2.13)

(1= p)*(p?; p)s
(@%; QrsVa (@5 pPFS g g, pox, y)
A=) (1= p)*(p?: P)s(q; )

Proof Calculating the g-derivative of both sides of (1.5) with respect to the variable x, we get

D, D5, W2(q" PP g% g, pox.y) =

D, W% s pC. g% q. pox, y) = i 1-4" (@ Qi+e(p": p)e L1y
TR E R L =g (0% pe@ Dx(q: Dk (pi p)e
_ (1—-4q") i (61“+1;61)k+e(1?b;1?)e kot (2.14)
(=)0 =q%) = (% Pe(@™™": @i(q: @i (p: p)e
(1—-4q"
Wi (g“t p pS g g, pxL ).

T U= —q%

Iterating this g-derivative on V| for r-times in the above Eq. (2.14), we obtain (2.10).
Using the p-derivative in (1.5), we get

e @]

1 (@ Qr+e(P’; ) P
Dy pWi(q, p% pS g% g pox, y) = x
o z:;;:O L= p (s P)ela®s Ok (p: PIe-1(q: @

(=g —pb) i @Y Qi (PP p)e ey

— . | by
(1= p)(1=p) = (P pe@®s O(q: P (pi p)e
(1 —g9(1 - p»

B m“’l("““’ P p g poxy).

(2.15)

Iterating this p-derivative on W; for s-times in the above equation (2.15), we obtain (2.11). Similarly, the g-
derivatives given by (1.4) can be proved (2.12)—(2.13). O

Theorem 2.5 The q-differential relations for Vi and Vo hold

d—1
XDy g Wi(q% p”s p¢. 9% g, p. X, y) =%[%(CJ“, P’ipSa' v q pox ) .16
—wi(g", p" pCq% g pox )]
yDypWi(a® PP q% g pox ) =5 __pl;l;b [wiq, P" Y5 P a% a0 po %))
—Wi(q“, p": p%. 4% q. pox. )], 01
O :
yDy pWiGg”, P S, q% a4 po X, ) T __p);c_l [Wig® p" ' a% a4, pox, y)

— Wi p": P q% . pox. )]
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1614 A. Shehata

and

. (1—¢hH .
XDy g Wa(q%; PP, g% q, pox, y) = | Wa(q; p* ¢ 7 s g, po X, y)
(1 —¢q)gc!
—‘lfz(q“;pb,qc;q,p,x,y)],

- (2.18)

— (g% P’ 4% g, p. x, y)]-

yDy W2 (g% p, g% q, pox, ) = [\Ifz(q“; PP g% g, pox,y)

Proof Multiplying (2.14) by x and substituting the value of W (¢**!, p?; p¢, ¢?*': ¢, p, x, y) from (2.2) into
(2.13), we get (2.16).

The proofs (2.17)—(2.18) are similar to the proof of the corresponding identity (2.16) for the bibasic Humbert
functions W and W, are omitted most steps and give only outlines wherever necessary. O

Theorem 2.6 The following relations for W1 and V, hold:

(1 =g Nwiq®, p% pS q" " g, pox, y) = (1 — @xDy g Wi (¢%, PP P, g% g, po x, y)

+(1 =g HWi(q% p¥: p° g% q. pLgx. y), (2.19)
(1= p Hwig?, p” p 1 q% q. p,x, y) = (1 = p)yDy ,W1(q%, p°; ¢, 4% q, p, x, ¥)

+(1 = pHwig®, p’; p¢. 9% q. p. x, py),
(1= p"HWig®, p"™ p% g% g, pox, ¥) = (1= p)yDy ,1(g% ¥ p° % g, po x, )

+(1 = p"Wi(q%, p”; ¢, 4% q, p, x, py), (2.20)
(1 — g @™, p; v q% q, pox. xy) = (1 — gV (g%, p¥; p©. 4% q. p, x, x)

+(1 — @)q*xDy W1(q%, p¥; p¢, 9% q, p, x, xy),
(1 — g1, p?; v q% q, p, x, xy) = (1 — @)xDy ,W1(q%, p¥; v, 9% q, p, x, xy)

+(1 = g1, p¥; p°. 9% q, p.gx, gxy), 2.21)
(1 —gMWi@*, pb p¢ g% g, poxy, y) = (= g)Wi(g%, PP pS, g% 4. poxy, )
+(1 = @)g“yDy g W1(q*, P’ p°.q% q. p.xy. y),
(1 —gWiqg"™, p’: p. g% q, poxy, y) = (1 — @yDy g Wi(g”, P S, q% 4. poxy. y)

+(1 = gWi(q% p”: p° a4, p.gxy. qY). (2.22)
(1 — g HWa(g% pS, g g pox, y) = (1 — @)xDy g W2 (g% p° ¢ g, P x, y)

+(1— ¢ YW p°, 4% q, P, gx, ),
(1= p"NWag% p" g% g, pox.y) = (L= p)yDy ,Wa(q%: PP g% q. p.x, y)

+(1 = p" Hwa(g*; p*. 4% q. p. x. py). (2.23)
(1 — g™ p?, q% g, p,x, xy) = (1 — ¢)Wa(g%; PP, 4% q. p, x, x¥)

+(1 — ¢)q°xDy ;W2 (q%; p°, % q. p, x, xY),
(1 — g™ p? q% g, p,x, xy) = (1 — @)xDy W2 (g% P, ¢ q, P, x, X)

+(1 = gW2(q% p’. 4% q. p. gx. qxY) (2.24)

and
(1= gMWa(g* s P2 g% q, poxy, y) = (1 — ¢ W¥a(q”; PP, ¢ g, p. Xy, ¥)
+ (1= @)q"yDy 4 V2 (q%: p’. 4% . p. x¥, ¥),
(1 =g pP, g% g, poxy, y) = (A — @Q)yDy ,Wa2(q%; PP, 4% q. P, xy, ¥)
+ (1 —g“%2(9% p°. 4% q. p. axy. q¥).

(2.25)
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Proof Using (1.5) and (2.14), we obtain

o]

_ _ (q“; Drre(P”s p)e ke
(=g Hwig“. p": p°.q" g pox.y) = xty
ZEO (P°: P)e@®: Dr—1(q: Or(ps p)e

o]

-y (1= g™ Orre (P P)e 4 o
o P Pt Dras Dk (ps e

= (1 —@)xDy g W1 (g%, p": p.q% q. p.x, y) + (1 — ¢ "W (g% p”: . g% q. p. gx. y).

The proofs results (2.20)—(2.25) for ¥ and W5 follows similarly from the identity (2.19), and is omitted most
steps and give only outlines wherever necessary. O

Theorem 2.7 The q-derivatives of bibasic Humbert functions V| and Vo with respect to their parameters
satisfies the relations

1 1—p
DagWi(q%, p"; S a% a4, pox, ) = = 1_—a|:XDx,q‘I’1 + 1Dy
9 a (2.26)
+ - Yilgx. py) — \Ifl(qx,qy)}q“ # 1,
—q l—g
l—p
D Wi(q®, p"s p< g% g, pox, y) = — =g [ﬂyﬂ)y,p% + xDy 4 Vi(qy)
+ Vi (py) — %(qy)},q“ #1,
1—g 1—g¢g
1
Da,qWi(q*, p”: p° % q. p.x, ) =7 _quDx,q‘lﬁ(qd“),qd #1, (2.27)
1
Dy, W1(q%, % p° g% q, pox, y) = — W)’Dy,p\ply pP# 1,
1
De.pWi(q®, p%s p°. q% g, pox, y) =——yDy 01 (p°Th), p¢ # 11
1 — p°¢
and
1 1—p
DagW2(q%: pP.q 5 q, pox, y) = — W[ﬂ)x,q% + qy]@y,p‘l’z(qx)
+ Wy (gx, py) — Wa(gx, qy) |, q* # 1,
l—gq l—¢q
1 1—p
DagV2(q; p* 4% q. p.x, y) = — - [—yDy,p‘Vz + xDy 4 W2(qy)
1—q?|1—¢q
| (2.28)
+ - Yapy) - \Ifz(qy)],q“ # 1,
—q l—¢q
DeqW2(q%; p* g% q. p.x,y) = XDy g Wa (gt g # 1,
1—gc¢

1
Dy, W2(q%; P, 4% 4, p X, Y) =Wyﬂ)y,p‘1’2(pb“), PP # 1.
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1616 A. Shehata

Proof Calculating the g-derivative of both sides of (1.5) with respect to the variable a, we get

0 . 1. b.
: @ Drre = @5 it (P"; P)e kot
DagWi(q%, " P a% a4, P, x,y) = x
o eéo (1 —q)q° (P P)e@®: D(q: D (pi p)e
_ 1 i =gt @ Dre @’ ek
=g 2= 1—a (%P 9i(a: 9i(p: pe
_ 1 i [l—q" L =p1=p kpg—q‘;] @ Dere P’ e g
=g 2= L1-q l—q 1-p L=q 1% Pe@®: 9i(q: i(p: ple
1 1—p
BT xDy g W1 + EyDy,p\Ifl(qx) . q‘lfl(qx, Py) = 1= p Vi(gx, qy) |-
The proofs (2.27)—(2.28) for Wy and W5 are similar to the proof of result (2.26) and have been omitted. |

Theorem 2.8 Forr € N, the differentiation formulas for V1 and V, hold true

- P’ e
D?p[f’“ 'wig?, p"; pc,qd;q,p,x,y)} = myb 'WigY, p" P g% g, poxy), (229)
_ : @ @r a4 :
Di,q[x”r l‘l'l(q“,p”;p‘,q":q,p,x,xy)} =a=as W@, P Pt et a pyx x),
(2.30)
- : @ Dr o .
D?q[y‘”’ 1\1'1(61“,17”:p‘,cid;q,p,xy,y)} =z Wi PP P gt Py )
and
D x“+r_1\11(“- b _c. _ (qa;q)r a_l\I/ atr. b _c.
.q 2¢%5 P, 9759, Py X, XY) S U—ar 2975 P74 g, s X, XY),
2.31)
(qa;—q)’ a—l a+tr.

(gt pPL g g, poxy, ).

D, [y‘”"llllz(q“; P’ 4% q, p, xy, y)] a—qr

Proof Using

)

b+L.
" |:yb+2+r—l:| _ P+ p)y b+e—1
(I—=p)y

and
0% Per = 0% )PP P = (0% p)r (PP P
we get
D;,p[yb”_l%(q“, P’ pSq% g, p. x, y)}

b+t

ol s @Sk P p e ) 4,
=AY

o P Pea?s kg i (p; e

0" p)

S U=y Y (@ P pt % g paxL ).

The proof Egs. (2.30)—(2.31) are on the same lines as of Eq. (2.29) . m|
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Theorem 2.9 The summation formulas for V1 and Vo hold true

0 . b.
(g5 q)e(p”; p)e
WiGg" P poqhiq poniy) = Y T EPE P g, (et 01 g, ) (2.32)
= P pe(p; e
and
o (g“1q)
Ul p’ g%, pox, y) =)y 21 (¢“7, 054 g, %). (2.33)

= 7 Pe(pi pe

Proof Using the following relationship

a+t

@% Derk = @ D@ O = (% i@ @),

we get

Wi P ot a g poxey) = i @ D@ e e g
LT T A 0% p)e(as i(gs k(ps p)e

a+t.

Z(q ;PP p)e ‘Z (@ @k xk_i(qa;Q)e(szp)z '

— a+t 0: d.
= ppepipe” =@t oa e = (0% p)epi pe 2L 0000,

As it is obtained the Eq. (2.32) can be proven in similarly. O

Theorem 2.10 The connection relation between bibasic Humbert functions V| and WV, is shown as follows

« b . (P’ D)oo on P2 PP a4 s
Vig" PPt g g pxy) = s > oy V2@ 0gta px ) 234
’ o =0 k] s

N

Proof Using the identities

(P’ P)oo
(P’ p)e = 22
(P"* @)oo
: (P Ploo
(PP = —7—,
(Pt @oo
and
P P _ i (P p)s <pb+£>s
(PP ploo 5 (i D)s

substitution of this gives

c+L. )
s Ploo okt

(P’ Pl Z @% Qrte(p

b

Wi, p" ¢ q% g, poxy) =
(P Poo S ( PPHE D)oo (@ k(g (P p)e

_ " P Z (@ Qi+e(P5 p)s (p;,ﬂz)sxkyz

0% Poo g @ Di(as (i PIe(pi s

_(P": P i (r°="; p)sp™ i (4 Drre st gkt
(PiP)oo S (PiD)s A2y @t k(s i(pi ple

(% P)oo o (P70 )5t
(P P =5 (P P)s

N

W(g“;0.9% q, p.x. p*y).
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Theorem 2.11 The series representations for W1 and VY, in (1.5)—(1.6) satisfy the results

(@" Doo(P”: Poo i @ @)@ @) (p©75 p)s

Wi p"i S g% q. p.x.y) =
@% @) oo(PC; P i (@: )r(p: P)s(@: Dr(ps Ple (2.35)

ar _bs

x g p” (¢ %)  (p*y)",
(0% @)oo (P?; P)oo(xq%; @)oo
(@% @)oo (PC; Ploo(X; oo

o]

3 @ ) (P70 p)sq
(q: 9)r(p; p)s(xq; t])z(l% Pe

Wig®, pP g% g, pox,y) =

ar bs (2.36)
(a"p*y)"

r,5,4=0

ar bs

(@ Doo(P”: P)oo i @ q)r(p": p)sq
(% @) oo(P€; P o (g5 )r(p; P)s(ps p)e (2.37)

l
x (p'y)" 1®0(g*" —; ¢, ¢ )

Wi(g® pP piq%i g, pox,y) =

and

@‘; q) @™ )o@ q)
Wa(q% pPo g pox.y) = A Z D@D arorgkyt ) 3g)
@ Do it P p)z(q Dr(@; Dk (p; p)e

Proof We can write the series of the function W as

0 a. a+k.
i@ P p gt g p o = Y @S DG D" P g

= 0 @ ks e ps e
Zi @ D@ DeP" Poo (Pt Pl 4y
2o (PP Peo (P PIoo (s k(g k(s e

a+k. c+L.

a+k c+L.

3 Poo k0

=<pb;p)oo§: (@ (g™ )e(p
(P Ploo 4=y (PPF PIoo(qs @)i(a: (s P

_ @59 P 1 3 @ D@ D P gy
@% Doo (P Ploo 42 0(p”+e,p)oo(q“+" Doo(q: Di(Pi P

_ @D P v @)@ ;Q)r(pCb;p)s< a+k)r(pb+g>sxkyg
@% Doo (P Poo , 57y @ Dr(P; PG5 Dr(p3 P)s '

The formulas (2.36)—(2.38) can be proved in a similar manner. O

Theorem 2.12 The q-integral representations for V1 are true

I'p(o) / _1 (pt; P)oo
T,(b)T,(c —b) 1Pt oo (2.39)

x Wi(q“, p*; p¢.q% q, p, x, yt)dpt,

EERVICI / St
T,(b)T,(c —b) 1P ploo (2.40)

x Ws(q“; 0, q* ;q,p,x,yt)dpt,

Wi(g®, P ptiq%i g, pox,y) =

Wi(g®, P gt g, pox,y) =

1
L )
Wi(g* pPpiq%i g, pox,y) = Ep(—pt)t"™!

I'p(b)
X (g% p¢,q% q, p, x, (1 — p)yndt
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and

1
=7 _
Wi, p" e q% g, poxy) = - (a)/o Eg(—gn)t " 1@y (p?; ps (1 — q)ye)
q

x 0®1(—: g% (1 — g)xt)dyt.

(2.42)

Proof Using

———————dpt,

" P _ I'p(c) / v 1 (pt p)oo
(P p)e TpdIp(c—b) b plos ©

for0 < N(b) < N(c),c—b #0,—1,-2,-3,..., Re(b) > 0and £ > 0, we obtain an p-integral representation
for W,

9]

)3 (q“: Drre(P”s p)e ot
S0 (S Pe(@?s rlas k(s pe

Wig®, pP g% g, pox,y) =

_ NG i i (% D+t N Z/Ith] (pt'bp)oo iy
Fp(b)Fp(c—b)[k_O @% Or(g; Or(p; pe 0 (tp=b; poo ”

_ YO (q“; Dr+e(P®; e kpont,b—1_ (PL3 D)oo

- e. d. . . Xyt c—b. dPt
T,(0)T (e —b) Jo Py 0(p 2@ Dr(g; Or(ps pe (tp"; Pleo

FI’(C) / b—1 a e. e d (pt; Pleo

e — t lIl 5 N ) . q, s Ay t —d t.

BB, —b) Jo 1 PP Pt IO

Similarly, we obtain (2.40).
Using the p-shifted factorials ( pl7 ; p)¢ and the p-Gamma functions are defined as follows (see [12,13])

(1= p)Tpb+0)
I (b)

(P”: p)e =

and

1

rp(b)zfo"” Ep(—pntPld,t,

where E,(t) is the g-analogues of the exponential functions by

e T 4
Ey@) = q 2 ,
P ; [rl,!

we obtain (2.41)—(2.42). O

Theorem 2.13 The summation formulas for V1 and V, hold true

1 (@ 9)e(p”; p)e
Wi, p’ S a5 a4 pox, y) = — Z Yod1@ T g% g, xq ), (2.43)
(3 @oo 1= (P PIe(p; P)z
1 (@ 9)e(p?: p)e y
Wig, p" pq% g, pox.y) = , (xq“*t: q)
(4% @)oo (X3 @)oo g (P P)e(ps P > (2.44)
x yE 110 xq“ T g, 9,
I S @5
(g P’ 4% ¢, p. X, y) = > ’ Yo io1q T g% g, xg“ T (2.45)

(3 @)oo =5 (PP: P)e(p: P
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and
: 1 — (@9 '
Wa(q“ " g g pox,y) = (xq“**: q)
(6% oo (x5 D)oo ,;0 (P P)e(psi pe > (2.46)

x v 11 (x; xg“ T g, ¢°).

Proof The g-extension of kummer’s transformation formulas for the basic confluent hypergeometric function is
obtained (see [11,15])

201(¢%,0: 9% g, x) = 101G 4% g, xq) (2.47)

(X: @)oo
and
(xq; @)oo
(G° @oo(X; @)oo

Using (2.32) and (2.47), we obtain (2.43). Similarly, by using (2.33), (2.47) and (2.48), we can prove (2.44)—
(2.46). O

201(¢%,0:9% g, x) = 191(x; x9%; q, 9°). (2.48)

Remark 2.1 The basic functions W1 and W, are a g-analogue of the Humbert hypergeometric functions W and
W, defined by ([S], p. 225, Egs. (23)-(24)):

X 1
lim W, (q“, ¢ 9% q. p, x, 1 y> =W (a, b; c,d; x, ) (2.49)
q— —q
and
lim W, <q“; pb, q:q, p, x, _ py> =Wy (a, b; c,d; x, y). (2.50)
qg—1 1-— q
Proof Using the limit
q“; q)
= (@),
¢—1(1—gq)
we obtain (2.49)—(2.50). O

Theorem 2.14 The relationship holds true between the bibasic functions V| and V5
Jim Wi p"ptqtig. poxy) = Walg pt g% g pox ). 2.51)
Proof Using the limit
Jim (p pn = (0 pn =1,

we obtain (2.51). |

2.1 Particular cases

Here, we discuss and give theorems which are the following particular cases of Theorem 2.10:
Theorem 2.15 The relationships between for W1, W, and basic hypergeometric functions hold true
Vig 9% 4% 9% 4,0, y) = 2014, 4" 4% 4. ), (2.52)
Wi(g", 4" 4% g% ¢, %, 0) = 261(¢%, 0; ¢%; ¢, x) (2.53)
and
Ua(q“; 4" 4% g, x,0) = 190(¢”; = ¢, %),
¥a(q“: 4" 4% q,0,y) = 201(¢,0: 4" 4, ).

@ Springer



Certain new formulas for bibasic Humbert hypergeometric functions 1621

Proof Set p = q in (2.32), we obtain

Wi(g*. 4" 4% 4% 9.0.y) = 201(¢“. 4" 4“1 4. y).
The identities (2.53)—(2.54) can be proved in a like manner. O
Theorem 2.16 The summation formulas for V1 and W, hold true:

a. b. a,,. . c—b. .

Wi b gf.a g x. _ 4% 9)o0(q7: D)0 (@"Y: 4)oo @ )@ " ) (3 9)s
NG ) (4% Do (@ Do (Vi P oo Z @y Ds(q: Ds(q: r  (2.55)
% qarqu 2¢1(0 0 qa+sy. q.q x)’

@% Do (@”; oo (9% Do o= @ @) (@775 q)s
@% Doo (@ Doo (X Do £=1 (4595043 @)y

ig* q" 4% g% q.x, ) =

ar bs

xq“q 2¢1(0,0'xq“'61 q’qsy),
(2.56)

a. b. —a. c—b.
v a’ b; c’ d; X, =(q vq)oo(q »‘I)oo aQ)r(q 7Q)€
A P W Z @ 0)s (@ )@ Q)

r,s,4=0
l
x q“"q" (qsy) 190(g" " = q, ¢ %)

and

(@ @)oo Z @"" @)oo

2011, 0: ¢% q, x),
(4" )oo 4 (qa“,q)oo(q e L 14

(g% 4%, 4% q, %, y) =
(2.57)

W aP. g% g x )_(‘Ia?‘I)ooZ @ oo b1 (@™ 0P g, y)
I CE (q“*",q)oo(q g PN A

Proof Take p = ¢ with a similar argument as in Theorem 2.12 and use to transform the series on the right,
simplification gives the required results (2.55)—(2.57). ]

Corollary 2.1 The summation formula for W1 hold true

STl )5 @)s
@y Ds(q; s(q: q)r

a. b. as,,.
W1(q g% ¢%. q%s g, %, y) _q de)oo(q F4)o0(q" Y3 @)oo Z "
@ 4)o0(q: @)oo (¥: @)oo

r,s=

qar+bs

X

(@755 @)oo (X975 @)oo
@% )oo(q”; D)oo (qY; Poo Z @ D@ @) (v )5
@% 900 (G @)oo (V5 @)oo @*y; @)s(q; 9)s(q; q)r
ar-+bs

191(xq"; 05 g, 4" y),

(2.58)

Wi q"% ¢ q% g, x,y) =
r,s=0
X q—

(xq"; @)oo

r _a-+ts

001(—; ¢y g, xq" ¢ y),

and

@ Do (@ Doo(xq”; Doo = @4 (@75 q)s

v

1, 9% 4% 4% 4 53 = (@4 )00 (5 @)oo (X @)oo Z (q:9)s(q: q)r

ar-+bs

o q
(xq% Qoo (@Y Qoo
a. b. a. 00 d—a. c—b.

U7 qb: gf. g4 g x. =(q 100 (@7 q)oo(Xq; ¢) oo @@ q)s

WO ) @45 @)oo (g @)oo (x: @)oo ,,32::0 (@5 9)s(q5 @)r

ar+bs

161(q" " y; 0; g, xq%),
(2.59)

q

a+r+s
@Y D) 5

091(—: xq"; q, xyq
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Proof Using the Heine’s transformations formulas for basic hypergeometric functions: (see [11])

1
20100,0; ¢ g, x) = m 191(x; 05 g, )
1 c c
= WO¢1(_;Q 1q,xq9°),
k) o0

(2.60)

and replacing ¢¢ and x by ¢y and xq" in (2.60), we get (2.58), replacing ¢¢ and x by xg“ and ¢’ ™y in (2.60),
we obtain (2.59). |

3 Concluding remarks

It may be remarked, finally, by using the same technique in above by new definitions of bibasic Humbert
hypergeometric functions W and W, for the numerator and denominator parameters with a few more new and
elegant ones on quantum analogue. Furthermore, we obtained interesting results. We believe that a detailed study
of the bibasic Humbert hypergeometric functions on properties for this functions should be very interesting to
permit elegant and neat extensions and hence have not been included herein.
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