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Abstract We study a generalisation of the Caginalp phase field system derived from the Maxwell-Cattaneo law
on the one hand, and from the two-temperature theory of heat conduction on the other. We first show that the
problem is well posed and obtain dissipativity properties of the associated solution operators. We then prove
estimates L°°-estimates relying on regularity estimates based on Moser’s iterations. We finally analyze a spatial
behaviour of the solution in a semi-infinite cylinder, when such solutions exist.

Keywords Caginalp phase-field system - Well-posedness - dissipativity - Moser’s iterations - Phragmén-Lindelof
alternative - Amplitude term
1 Introduction

Consider the model proposed by G. Ginalp in [9],

O Nu+ fay =6 (1)
— — Au u) =20,
ot ’
00 u
A= ©))
ot ot

where, u is the phase-field, 6 is the relative temperature. This model describes phase transition phenomena for
simple (non-composite) materials, and has been studied from a mathematical point of view (seee.g., [1,2,7,8,12—
15,17,19-21,26,32,33]). It is derived from a Ginzburg-Landau type potential using Fourier’s law as the heat
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Phase-field system with two temperatures... 1649

diffusion law. The latter has a major flaw known as the heat conduction paradox (see for example [15]). Several
alternatives to Fourier’s law have been proposed in order to offer more realistic models: in particular, the Caginalp
phase field system using the Maxwell-Cattaneo law or other laws from thermomechanics for example (see
[5,22,23]). Today, with the evolution of materials, there are several types of non-simple materials. In order to
describe the phase transition phenomena in the case of composite materials, it is essential to consider the heat
diffusion law with two types of temperatures (see for example, [4,10,11,16-18,27,28]). More precisely, we
consider the conduction temperature 6 and the thermodynamic temperature ¢. For time-independent problems,
the difference between these temperatures is proportional to the heat input, so they coincide when there is no
heat input. However, for time-dependent problems, they are usually different, even in the absence of heat input:
this is particularly the case for non-simple materials. In this case, the two temperatures are related by (see, for
example, [27,28])

0=¢—Ap 3)

by transferring (3) into (1), we have
du
E—AM‘FJC(U):Q:(/)_A(D' @

In this work, considering the case of non-simple materials and the Maxwell-Cattaneo heat diffusion law, we
obtain the following model

u A+ f) = g(u) o Aaoc )
ot " W= 8N\ 5y ar )’

e da 9%a Ja ou

T A — A=~ —Aa = — — -G h, 6
at? + ot 912 ot * g() ot ) + ©

with G(s) = ¢s — ¢’s%, ¢ > 0, ¢/ > 0,G' = g and

t
Oé(t)=/0 p(s)ds. (N

In this case, the equations (5)-(6) are obtained from the Ginzburg-Landau total free energy :

(319w )
Y(u,0) = / =|Vul*+ F(u) — G(w)d — =0~ ) dx, (8
o \2 2

where F' is the antiderivative of f, 2 is a regular, bounded domain of R”, n = 1, 2, 3, with boundary 92, and
the enthalpy

H=Gu)+60=Gu)+¢— Ap. ©)]
Then, the evolution equation for the phase-field u is given by

ou

rrie — 0, (10)

where 0, stands for the variational derivative with respect to «, which yields (5).
And then, we have the energy equation

oH di (11)
— = —divq,
o1 a
with g the heat flux. Considering the Maxwell-Cattaneo law, the heat flux verifies the relation
1+ 0 =-V (12)
82‘ q - (ps

Using (9) and (11), equation (12) becomes
a\ 06 0\ 0G(u)
I+ —)——Ap=—(1+— . 13
( +8t>8t ¢ ( +az> ot (13)

@ Springer




1650 M. A. Ipopa et al.

Using (7) and remembering that 0 = ¢ — Ag, we get , integrating (13) between 0 and ¢ (¢ > 0),

82a+8a 9%a Aaa A ()au G+ h
—t+— " A—F--"A——-—Aov=—gu)——Gu ,
a2 ot at? ot g ot

where

P O P i P SN 2% 0) + Gu(©
—m()*‘g()— m()— 5()"‘8(”())5()4- (u(0)).

By associating this model with homogeneous Dirichlet boundary conditions,

oo
u=a=—=00n0dQ
ot

and initial conditions,

| | do

Ulj=0 = uo, alj=0 = @, — = oy,

t=0 0 t=0 0 a1 o 1

we obtain the following initial and boundary value problem
au A+ ) w0 oo Aaa
— — Au wy=gw)| ——-A—),
o1 SO\ e
a2a+aa %o TN ( )3u G+ h
— 4+ ——A——-A——-Aoe=—g(u)— —Gu ,
otz ot ar? ot 8 %51

Jo
u=o=—=00n0%Q,
Jt

oo

Ulp=0 = Ug, ¥|r=0 = @0,
l¢ ls o7

(14)

5)

(16)

A7)

(18)

19)

(20)

2y

For a given space H, we denote the norm in H by |.||z. Throughout this paper, the inner product and the

norm of the L?(2) space will be denoted by (., .) and |. ||, respectively.

Section 2 is devoted to questions of existence and uniqueness of solutions. The next section deals with the
dissipativity properties of the system. Section 4 gives estimates of L°° on the solutions. The last section analyses

the spatial behaviour of the solutions in a semi-infinite cylinder, assuming their existence.

2 Existence and uniqueness of solutions

Main assumptions on f and g

k2 F(s) < f(s)s + ¢2 < c3ls|FT2 — ¢y,

co,c3 > 0,c1,c2,cq4 > 0, k an even integer, s € R,

lg()] < es(1 415D, [g'()] < 6, ¢5 > 0,¢6 = 0,5 €R,
lg(s)s| < c7(1+1G($)]), 7 > 0,5 € R,
<
>

cols c1

IA

|G(s)|*> < cgF(s) +co, cs > 0, cg > 0,5 € R,
f(0) =0, f'(s) > —ci10, c10 > 0,5 € R,
If/ ()] < enn(l+1s1%), c11 > 0,5 € R,

(22)
(23)
(24)
(25)
(26)
27)

with F/ = f and k € N*. Throughout this article, the same letter ¢ and, sometimes, ¢’ and ¢”, denote positive

constants which may change from line to line or even in a same line.
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Existence and uniqueness results

Theorem 1 Let f and g satisfy assumptions (22)-(25) and h belonging to L*(R). Then, for any initial data
satisfying

o131y + ||uo||’;i§ +llaol gy + il < o0, (28)

the problem (18)-(21) possesses a solution (u, o, $*) which satisfies the estimate

’3[

2

oo
) 1571y + @I + le®152 g, + HE(”

H*(Q) (29)
< Qlluoll gy + ol + ol g, + o 32 g)e + ¢’

where the positive constants ¢, ¢/, ||||],§i% = |l

(uo, g, a1).

k+2

Lk2(@) and the monotonic function Q are independent of

Proof Indeed, the proof is obtained by exploiting the Galerkln scheme technique see, [9] and [10] for details.
Now, we just perform a priori estimates. Multiplying (18) by 2 97 » and integrating over €2, we have

! vul?+2 | Fud ou | da N0 30
zd—<|| ull” 4+ / (u) X>+ a /g( )—<¥— E) X. (30)

Multiplying (19) by da - A %‘;‘, we have, integrating over 2

< (1var? + o+ |2 w2 w22+ [a2e]
2 dt ot ot
Ja 2 2 Ja 2
— 2 A— (31)
s R R e
Ja o Ja
—(—=-A—)a h—G — —A dx.
/g() <8t )X+/( ())<t a;)x
Multiplying (18) by u and integrating over 2, one has
L 4w |I2+/f()d / O RN (32)
——\|U u uuadx = uyuy — — X.
2 dt Q ot dt
Now, summing (30), (31) and (32), we get
Er o (ywap+ | 2]+ 22 oo 2] 1 a2l +2/f()d
—_— u —_— —_— —_— u)uax
dt at ot at at Q
(33)
_/'() o Aaad+/'(h G())aa 8ad
= ) 8 s ot ) * ot ar )0
where
2
E =||u||2+||w||2+2f F(uw)dx + |Va|* + [|Aa|® + "
2 . 2 (34)
) Vaoc " Aaa
ot ar ||
satisfies
o 2
E, zc<||u||i,l(m+ ||u||£i§+||a||Hz(Q)+' o Hz(m) —c (35)
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1652
and
E < /" 2 k+2 o : 77 36
1<c ||u||H1(Q)+||u||k+2+IIOtIIHz(Q)+ m +c”. (36)
H?(Q)
Multiplying (19) by « and integrating over €2, we have
1d 92
lell + IVal? ) + [ Vel* + —adX— A——adx
2dt o Ot
5 (37)
:_/ 8(“)—uadx—/ G(u)adx—i—/ hodx.
Q ot Q Q
Observing that
32 d (9 do |2
/ Olozdx:— a, el s (38)
q 012 dr\ 9 ot
82 d 9 2
—/A Yadr = (v vo )= |[vE (39)
q 012 dt 0 at
and
f X adr =L (G fG( )22 4 (40)
u)—odx = — u),o | — u)—dx,
Qg ot dt Q ot
we are led to
1d||||+||vu+2 v Vo) +2(Gw
2ar " “ Vo Ve u,a
2 305 8
+IVall® = || — — G(u)—dx— Gw)a dx (41)
ot 8 Q
+/ hadx.
Q
Thanks to (22), we write
2] f(u)udec/ Fu)dx — . (42)
Q Q
(24) yields
0 0
’/Qg(u)ua—(:dx S/ng(u)ul a_(:’ dx
43)

< G n 2% 4
_C/Q(l (w)| + )'E‘

1 || da
Gw)|dx + = | —
CfQI ()] erzHat

< / gGul
Q

fc/(lG(u)l + 1)‘
Q

2
/

+c

and

s
quu a7 X

2
’

+c

<c/ GaPdx + 222
— Ja 21| ar
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Now, applying Cauchy-Schwartz’s and Young’s inequalities, we get

2

do 5 1|0
h—dx|<c | h“dx+-||—| ,
o Ot Q 4 || ot
d 5 1] o |?
hA—dx| <c | h“dx + - |A—]| ,
Q ot Q 4 ot
[ owitax| <c [ 6wrar+ ;|5 2
u)—dx| <c u x4+ == ,
Q ot - Q 4 || ot
dax 1| oa|?
Gu)A— dx| < Gw)Pdx+ - |A—| .
/Q (u) a7 x_C/QI (u)] X+4” a7
Taking into account (42)-(48), (33) becomes
dE1+2 IVull? + du 2+2 Vaa 2 N do 2+ Aaa 2
— Ilt — — — —
dt at ot at ot
—I—c/ F(u)dx 5c’f |G(u)|2dx+c”/ W dx + ",
Q Q Q
Summing (49) and ¢;(41), where 1 > 0 is small enough, one has
9B o (hut? +envarr + |2 2|2 ) + 2]
— u £1||Va — — —
dt ! ot at ot
dor ? / 2 /" 2 ?
+ | A—| 4+c | Fu)dx <c IGW)|"dx +c"||hll5 + &1 | —
ot Q Q ot
da |2 9
+ &1 v —}—51/ G(u)—adx—e?l/ G(u)adx—i—el/hadx—i—c”’,
at Q ot Q Q

where

2 5 do Ja
Er,=Ei+e|lall*+|IVa|]|* +2| —,a | +2({V—,Va | +2( G(u), a ] |.

ot Jt

Choosing €1 such that

2
sl[nanz +2<aa—‘f,a) +z<c(u),a)] > c<||ot||2 n Hg—? )

+c’f |Gu)|>dx — "
Q

)

and

2 do , 2 do
erf IVe|” +2 VE,Va >c| IVal” + V§

(45)

(46)

(47)

(48)

(49)

(50)

D

(52)

(33)

Collecting (52)-(53) and considering (22), (25), (35) and (36), we then deduce that E; enjoys similar estimates

as E1, namely

da |2
Ep < c<||u||i,1(m +ully 3 + el g + )+c’

ot Hz(Q)
and
Er > (1l g + 0l + ol g + | 2 —c”
2= HY(Q) k42 H2(Q) 0t | 1) :

(54)

(55)
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Noting that
/G(u)—dx < & —i—c/ |G (u)|*dx, (56)
81/ Guadx < —81||VO[||2+C// |G(u)| dx 57
Q 2 Q
and
1 2 2
&1 | hadx < 281||Vot|| + cllh|. (58)
Q

Taking into account (56)-(58) and thanks to (25) and then (22), in view of (50) we deduce that

2

8” / u
<cdEytc (59)

dE> n
—+4c
at

dt

and finally by applying Gronwall’s lemma, we obtain the result we are looking for. O

Remark 1 Theorem 1 stipulates that solutions (u, «, a z) to problem (18)-(21) have the following regularity
u e L0, T; H () N LFM2(Q)), @ € L®(0, T; H} (Q) N H2(Q)), 3 € L0, T; HL () N H*(Q)) and
e L0, T; LA(R)), VT > 0.

Now we state a preliminary regularity result that will allow us to prove the uniqueness of the solution.

Theorem 2 Under assumptions of theorem 1 3 assuming that (26) holds true and for ug € H*(). Then, for
n=>2, ‘;‘t‘ L®0, T; L2(Q)) N L0, T; H (2)). Furthermore, for the case n = 3 and under the condition

||V | < 1, the above regularity remain true.

Proof Indeed, differentiating (18) with respect to ¢, we have

8%u A8u+f() w ) da Do 2o 9’a Aa2a 60)
— — A— u)— = — — - u - A—= .
012 ot -8 ot ot § 92 912
We deduce from (19) that
8’a 8’a ( )3u A +A8a dar G +h 6D
— —A— = —gu)— o — = — = G(u .
ar2 a12 Y or ot
Replacing (61) into (60), we arrive at
8’u 8u+f() () b da o) ()au
— — A— u)— = — — - u)| —glu)—
912 ks ot ot & SAFP
(62)
+A +A8“ o G +h
¢ ar ot ! '
Multiplying (62) by %, we get, integrating over 2
aul?
/
— —| d
2dt H /Qf Wige| 9=
Ja da ul?
g(u) — —A— |dx — g(u)— dx
at at at at (63)

Ja Ja au
+/Qg(u)§Aadx—/‘ g(u)—(E— 5) dx—/gg(u)EG(u)dx

ou
—hdx.
+/Qg(u) 5 dx
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From (26), it follows that

814
dx <c (64)
Moreover, we have, leaning on (23), Holder’s, Young’s and Ladyzhenskaya’s (for n=2) inequalities,
ul? [ da dor du|*|da dox
g() — —A—)dx<c| |=—| |——A—]|dx
ot ot ot o | ot 8t ot
- Jo 65)
Cll—7— — )
- ot at
[ sw3rsaar < f(| 1+ |2 Aald
u)—Aadx <c u — | |Aa|dx
Qg ot - Q at
ou |
0 0 0 0
/g()— _oz_ adx<c ¢ —udx
ot ot or | | ot
Ba da ||?
1 ou
— v_ , 67
; H i @
u ou
gw)—Gwydx <c [ (Jul + DIGW)| || dx
Q ot Q Jat
8u
<C(|IMIIH1(Q)+1)IIG(M)II + = 0 8t (68)
and
ad B
/g(u)—”hdx 5c/(|u|+1)|h| ) ax
Q at Q at
(69)
< c(lullFi g + DRI + — ”
Collecting (64)-(69), we arrive, in view of (63) at
1d H au |2
2dt - at
2 (70)
+ ¢l g + 1)<||Aa|| +l5 - Ag +IG@I* + A1 + 1).
Now, observing that
o oo 2_ o 2+2 Vaa 2+ Aaa 2 a1
ot ar || | ar ot at ||
we deduce from (25) and Gronwall’s lemma the claimed result.
Now, for the case n = 3, Ladyzhenskaya’s inequality reads
au V41 9 13/
oo =<lal o5 ™
L4(Q) 8f 8[

@ Springer
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and estimate (65) becomes

do oo ou || da do
— —A—)dx <c — | |— —A—| dx
ar ot ot Q| dt|]| ot ot
(73)
do
<cl||l— — s
- | ot 8t
In a similar way to the case of n=2, we get
1d du du |2
1—|V— <cl|—
2dt ot
) (74)
/ 2 2 dor dor 2 2
+cllluly g + DY IA]™+ = = A + G + A"+ 1.
Under the condition 1 — || Vaa—’t‘ || > 0, we complete the proof.
O

Consequently, we have the following uniqueness result

Theorem 3 Let (ug, o, o01) € H'(Q) x H*(Q)* and (22)-(27) be verified. Then, problem (18)-(21) has a
unique solution.

Proof Let
. o 9a®
D D 75
yl (M , X ’ 8[ ) ( )
be any solution to (18)-(20) originating from
@) _ (u(()l), oe(()l), a]l)) i=1,2. (76)
Then, the difference
do
y=(u,a, 8_) =y — 2, )
t
solves the system
au daD daD
A ) @y — oy _A
o~ Aut f) = fu®) = g - - A=
@ Ja@ da®
_ —A——, 78
g(u )( o7 a7 ) (78)
3%a L Aaza TN ( (1))8u(1 e (2))814(2)
— t — = A— - A——-Aa=—gu"’)—— u
2 ot 012 ot & ot & ot
—Gu)+Gu?), (79)

. 1 2
with y(0) = yo = 5’ — y”.
After computations and handle right-hand side of above equations, (78)-(79) reads as

ou Jo
o (1) 2)y _ (1) AT
o~ dut fa) = fu®) = g )(m Am)

(2) (2)
+@wmrww@»c N ) (80)

Jt at
92 oo RRY o

PN VP T g )
ar2  at ar? ot ot
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(2)
. g(u(2)))% _ (G(u(l)) _ G(u(z))). (81)

Multiplying (80) by 57 s we get, integrating over €2
2
0
+ [ - @) an
Q ot

da\ du
_ (D) _ — 1=
= / g(u )< ” A 3t> a7 dx (82)

@ Ja@\ g
M @y (29 _ A% “ 4
/(g(u ) —g(u ))( 5 )at x.

ldIIV ”2+ ou
——|Vu
2dt

Multiplying (81) by ‘? - A 88‘;‘ , we have, integrating over 2

2

da ||? da ||?

2
2 o422 vE A— =
R e R R e
da\ du
2||lv— A—| =— M —A— ) —
+ ” or +' ot /g(” )(81‘ 8t>3t )
805 qu®
) ) d
/(g(u )8l ))<8t a;) a

_ M @ N
/Q[G(u )= Gu )](az Aat)dx

Summing (82) and (83), we find

CO[ + AO[ +
2 d

da ||

’80{

2+ A ’
Jat

da ||?

ot

au |?

dE n n
at

dt

+2|v i

- / by - f(u(2>>)a—” dx

da@ @\ du
(D 2
/(g(u ) —gu ))( —A— )m dx (84)

Boz u®
) @) _
/(g(u )~ 8l ))<ar a;) o

o oo
_ (1) (©) _ =
/Q[G(u )—G(u )] <3t A3t>dx,

where

2 2

oo
2\ V—
+ H ot

=

1 5 5 5 o
E=§ Vull” + Vel + | Aal” + | = »

at

satisfies

2
>, (85)
da ||

E> c(nunzl(m +llallp o) + ‘ o HZ(Q)) (86)

Using (27) and the Holder inequality (k = 2, when n = 3), we show that

/ ) = £y 2 ax
Q dt

du
sc/9<|u“>|k+|u(2>|k+1>|u| ‘5‘ dx (87)

ou
ot

< C(”M(l)HHl (Q) + ”u(Z)“Hl(Q) I)HuHHI(Q) + = 2 ‘
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A new application of Holder’s inequality, yields, leaning on (23)

(2) 2)
f(g(u“h g<u<2>)><a°‘ N )a_”dx

ot ) ot
aa® da@ | |ou
< —A -
= C/Q =5 or ||or (88)
da® @ ? 5 du |?
< —A— + | —
and
M @] (9«
[G(u ) — Gu )] LN AP
at at
TG (L
<c (|u | + |u |+1)|M|__A8t dx (89)
(12 @2 da da |2 2
SC(“M ||H1(Q)+”u ”HI(Q)+1) E_AE +||M||HI(Q)
Taking into account (87)- (89), (84) becomes
dE
<E+ (90)
Hl(Q)
Finally, the application of Gronwall’s lemma to (90), allows us to obtain the desired result. O
3 Dissipativity properties of the system
In this section we make the following assumption :
Ve > 0, |G(s)|2§eF(s)+cE, s €R. o1

Taking into account the assumption (91) and the theorem 3, we obtain the following theorem

Theorem 4 Considering the hypotheses of the theorem 3 and assumlng that (9] ) holds true. Then u €
L®[R*; HH(Q) N LM2(Q), @ € L¥RY; HY (Q) N HX(Q)) and %2 € L®RT; HI (Q) N H?(Q).

Proof Indeed, starting from (30), (31) and (32), we are led, adding (30), (31) and §(32), where § > 0 is small
enough, to

dE3 2, du |? da ||? da ||? 2
+S8|Vull“+ | —|| +|=— +2|V—| + +38 | fwudx
dr ot at ot Q
(92)
f() o Aa“d+/<h Gun( L Aa“d
glu)u at X u [ 3[ X,
where
1 2 2 2 2 do |?
E3=§ Sllull” +IVull®+2 | Fwdx + ||Va|” + | Aa|l” + T
2 ; 2 ©3)
P Vaa " Ai)(x
ot ot ’
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enjoys
da ||?
c<||u||§,1(m +lulli 3 + el g, + HW e )—c/ < E3
) 4 94)
k+2 o Z
<c u + |ju + || — +c.
= <|| ”Hl(Q) ” ”k+2 ” ”HZ(Q) 9t HZ(Q))
(22) yields
8/ fwyudx > 8/ Fu)dx —8c’. (95)
Q Q
We have, thanks to (24) and Cauchy-Schwartz’s inequality
o o o
— —A—)dx <$ — —A—|dx
/ ﬂwu<at ) x /WgWMI o7 o
< f|G()Fd 438 A&¥2+8/
c u X+ -|——-—A— c.
- Q 2 || ot ot
Furthermore,
do
/(h G(u))(—t - A— )dx < / (|h] + 1Gw)]) ‘— - A o dx
1| de do |2 97)
< Gw)|*d —|——-A—
_C/Q| (n)| )c+2 o1 o1
+J|\h)2.
In view of (95)-(97) and going from (92), we find, owing to (91)
dEs 1 dor da |
d——|-5||V || + 5 -8 E_AE +6 | F(u)dx
? 98)
ou 5 ,
+ SC |G(u)|“dx + C’,
at Q
for any fixed é € (0, %), C > 0 and C’ positive constant.
)
— A =2 2| vEl + a8
Having fixed §, on account of (91), for € > 0, we get
dE3+MV|I+ L_5) [ A8“2+8/1«)d
— - — — —A— u)dx
dt 2 ot ot Q
du
+ 5 ec | F(u)dx + C¢ 99)
at Q
So
9B | sivur+ (2 —5) |2 5&12+w )/1«)d
— u - — — — 05— —€c u)dx
dt 2 at at Q
n 8”2<c (100)
| — ¢

Choosing € > 0 small enough, for ec < § to be satisfied and observing that

, (1
SIVul®+{ 5 =8

b _joa |’
at at

+(8—€c)/ F(u)dx
Q
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< CEjs, (101)
we arrive at a inequality of the form
dE du |?
9By | gyt ‘ ul o (102)
dt
An application of Gronwall’s lemma to (102) gives the expected result. O

Remark 2 1t follows from theorems 1, 3 and 4 that:

1) We define the family of solving operators as :

S@) & — D,

dar (103)
(MOa «Q, al) i (u(t)a a(t)a E(t))’ A2 = 07

where ® = H} (Q) x (Hj () N H*(Q))2, and (u, e, 9%) is the unique solution to the problem (18)-(21).
2) Moreover, this family of resolution operators is a continuous semigroup i.e., S(0) = Id and S(t + t) =
S()oS(t), Vt, T = 0.
3) Finally, it follows from (102) that S(¢) is dissipative in @, i.e. that it has a bounded absorbing set By C &.
In other words, V B C ®(bounded), 379 = to(B) such that ¢ > 1y implies S(t) B C By (see, e.g., [22,24] for
details).

4 L*°-estimates

In this section, we will prove an estimate L°° of the solution, considering the one L” already obtained. The
integer p will be chosen as small as possible such that L? estimate implies the L° estimate. The interest in
obtaining such a result comes from the fact that the space L°°(0, T, L°°(£2)) is not continuous embeddings into
L>(0, T, L9(€2)) which requires a non-standard method of Moser’s iterations (see, e.g., [2,3,30]).

Theorem 5 We assume that the assumptions of Theorem4 hold, n > 3,%—‘;‘ € L*(0, oo, L1(2)) and A%—‘;‘ €
L%°(0, 00, L1(2)). Let (u, «, %—Ot‘) be a classical solution to (18)-(19) defined in [0, T] and k an even integer.
Given r > 1 such that ljr = max{l, ||ug|loo, Ur = sup;<t|lu(t)||}.

Then the following properties hold.

1. We get
N 9 9 p(r) »
Oy < P02 AZ2 PG, (104)
ot ot Lo°(0,00,L9(2))
where C is a positive constant and
q2r — DH(n+2) n
p(r) = . 4>
2r(2nr(q -1 —mn-2)2r — l)q) 2

2. Ifforallq > 5, Uy < 00 then Usy < 0.

Proof Multiplying (18) by > ~! and integrating over Q, we get

1 d 2r — 1
—— | u¥dx+ 5 IV dx + | fau®"'dx
2r dt Q r Q Q
(105)
do oa\ 5.4
< gl — —A— |u dx.
Q ot ot
Using (22) and (23), we have
1 d 2r — 1
—— | u¥dx+ IV")2dx +co | u”rdx —c; | u?2dx
2r dt Q r2 Q Q Q
(106)
o | 0 do 2r_1 | 0 da
<cs | lul” |——A—\|dx+c5 | |u] — — A—|dx.
Q at at Q at at
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It follows from the Holder’s inequality and the fact that fQ uk+2r gy >0,

1 d 2r —1 1
oo wdx+ = /|V(ur)|2dxsc1|sz|gl I =2, 2t
2r dt Q I‘2 Q Par=3
(107)
Fos |22 AL g e | 22— A2 ey
5|l —— A— u -1 +cs|— —A—| |lu ,
> | ot it | o, R P ot |, b
where p, g, Q1 and Q» are positive constants satisfying
1 1
—+-=1 p,g>1,
2}
! + ! 1 O 1
O, " =1 T =5
Q1 Py
1 n 1 I 0 {
o0, " -1~ 2= L
Q  pH
Since
-1 e
™ = 7] s
2r—2 2r—2
i e i P (108)
2 2
iz = .
by taking u” = w, it follows from (107) and (108)
1 d ,  2r—1 2 o -1 da )
2wl +—3 IVwllz < et llwllpe " +cs rrietrv (BN L P2
(109)
n do du [
s ||l——A—| lwl,,
> | or ar |, pK
with k = 21
Let 8 be such that
1 1-8
— = , 110
it (110)

with 2* = ,12%2 We claim that 8 € (0, 1). In fact, a direct calculus gives

_ 2nr — (n —2)2r — )p
- m+2@2r—Dp

Since 2nr < p(2r — 1)(2n), we get B < 1. In addition, we get from p < % that 8 > 0. It implies

B e(,1).
Using proper interpolation inequalities, we get from (109) and (110)

ld, o 2r—1 2 07 (B =BT
w3+ L ivwid < o (o)
oled fole B 1-8\2
a5 a5 (nwnf 1wiy") (111
2
oa oa B 1-8\"
+os| 5 = 05| (afiens?)’
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and due to proper Sobolev’s embeddings, we obtain

1 d 2r — 1
57 7 W3 + == Vw3 <

( ,)( -B) (—7)( -B) (1—B)(
+c1(||w||’f” 6r" )((—) vy P )

dar dar 28 1 1IN 2(1-8) (112)
+o|l—-A— lwlly” )P ) [ (=) P vw];
ot ot 0> 6r
8a do Bic (1-p) 1 _«xa-p (1-B)
_ 2 _ 2
tes |- A q(nwnl )<<6r wll5 :

Using Young’s inequality, we find

2 — ﬁ‘“‘?’ «=HU=p)
—r—||w||2+r—||Vw||2§51 cillwlly 6y

(k—2)A—=8) 178 a-p)
-i-f<—llV ||2>+/3<02 o7 a7 lwl? 6r) 7 )

02 (113)
1 9
+ (1 —ﬂ)(;llvw||%> +82<c3 -

1/62 ﬂK —B)c
e )
k(1 —pB)
+ — 5 <—||V ||2)

da

at ot g

1
k— Ly - 1—
withal=1—L2('8),32=1—¥and51,aze(o,l).
It follows
1 d , 3 W") @=Ha-p
ZZ” 2+ ——— 22 IIVw||2<01IIWII1 (6r) 1
8a aa |1/ 2 ()
+c 3 A% 0 lwlly 6r) # (114)
2
doo  Ba 1782 ﬁ; 6 U
- 2,
+c3 3 2%, ) lwl? (6r)
Setting
2oy = PE =D gy = B (115)
81 8
we get
1
oy =—LETD gy =P (116)
2—(1 =Bk —1) 2—(1 =Pk

A direct calculus gives us

o1(r), oa(r) € (0, 1), Vr.
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From (114)-(117), we get

Ld 3 — w-basp
ZaTt”w”%_F 2,2 ||Vw||2 = Cl||w||1 (6r) i
n Ja A3a /B | ”2 p )(1;7/3)
||l — - w . "
o1 ot 02
da da || 1/2 =Py
tea| o= A w6 P
q

In addition, since (by a direct calculus)

(1-p) _ k=—pU-B)

>1,
B 26, -
1 1
- >— Vr>1
B~ &
and Q1 < g, then
d 3 da  dalF a-p
> ar lwl3 + ——— 22 IIVw||2<C1 3 5 |Iw||1(6r) P
We set 2rp(r) — 1 = % Then (121) becomes
1
1 d 3r — o do || _
ZE”“’”%JF o ||Vw||2 se|o - Ao w3 (6r)>° @1,
q
Hence
1
3r o do || #
||w||2 - ||Vw||2 <ci|——A—| llwli©r)* .
ot ot q

We have, owing to Poincaré’s inequality

1
— <c|—-A— 6r)2P),
Tl + collwl < e = anl, lwllf (6r)
Integrating (124) between 0 and ¢
Ja Ja || P
lw®lI3 < lwO)3 +co | — A— lw(®)|I7 (6r)*P ).
8t at LOO(O’OO’L([(Q))

Since
||w(0>||%=/gw<0)2dx=f9u<0>2fdx < QIO < Q1T
we derive from (125) and (126)

oo da || B

U3 <107 +eo |5 — Ao (6r) 2P G2

L°°(0,00,L9(2))

Remembering % > 0,2rp(r) > 0and p(r) = ﬁ
We deduce

p(r)
oo\ 0a G

UZr < Cp(r)

(118)

(119)

(120)

(121)

(122)

(123)

(124)

(125)

(126)

(127)

(128)
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Fuerthermore, we note that

q2r —H(n+2)

pr) = .
2r(2nr(g — 1) — (n — 2)Q2r — 1)q) = y(r)
Hence
+2 1
p(r) < ) - , (129)
r(22q —n)) +q(n—2)  kor +ki
with ko = 2240 and k) = 253
Using Moser’s iterations to (128) withr = h, r = 2h,r = 221, etc, we get
. 9 dor || .
Upiry < CH |22 A2 P2t (130)
ot ot L(0,00,L4(S2))

with

A= p(h) 4 pQRh) + pPh) + -+ (2" h) + p(2"r),
Ay = p(2h) +2p(2%h) +3p(2°h) + -+ (n — D" 'h) +np(2"r).

Since p(2"t1h) < y(2"*1h), a direct computation gives us A1, Ay < 400 at infinity. This achieves the proof of
the theorem. o

Remark 3 1t is also possible to consider the case n = 2 by choosing S such that % =B+ % into (110).

5 Spatial behavior of solutions
Phragmén-Lindel6f alternative

The objective of this subsection is to study the spatial behaviour of the solutions of (18)-(19). For this purpose,
we place ourselves in the semi-infinite cylinder R = (0, +00) x D, where D is a two-dimensional bounded
domain which is smooth enough to allow the use of the divergence theorem. Moreover, we assume that such
solutions exist and that 7 = 0. Finally, we consider the following boundary conditions

u=a=00n(0,T) x (0, +00) x 3D, (131)
u(t, 0, x2,x3) = h(t, x2, x3), a(t, 0, x2, x3) = m(t, x2,x3) on (0, T) x {0} x D, (132)

T > 0 is a given final time, and initial conditions

9
Uimo = alimo = 2| =0 on R. (133)

Now, we assume that the nonlinearity f is such that there exists a positive constant d so that

£($)s +ds®> > 0and F(s) +ds> > 0. (134)

Remark 4 Here, the function F is as defined in the previous section. We can easily see that the function f(s) =

s3 — s satisfies these conditions. Actually, any function of the form f(s) = als |ks —bs, a, k > 0, satisfies these

assumptions.
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We first consider the function

t
F,(t,2) = / / e (usu,l +og(ag + as,1)>da ds, (135)

0 JD(z)
where D(z) = {x € R,x; = z} and w is an arbritrary positive constant to be fixed later; here, vy = aa—ls’ and

v = 5’—;’1 We have, after using the divergence theorem and taking into account (131)-(133),

e—wt

Foltsz+h) — Fult,2) = / (1Vul® + 2F )
R(z,z+h)
t
+ (@ — Aap)* + |Val* + |Aal?) dx +/ f e s <|us|2 + | Va2
0 JR(z,z+h)
+ (oty — Aatg)? + g Aty + G(u) (s — Aas)> dxds (136)

t
+ 9/ / e—w(wm2 F2F () + (@ — Aay)?
2 Jo Jr@z+m)

+|Va|® + |Aa|2)> dx ds

and a direct differentiation yields

e—wt

aF,
a—z‘“(z, 7) = / (\Vul® + 2F () + (s — Aay)* + |Va|? + |Aa|?) da
D(z)

t
+/ / e“’s(|us|2 + | Vas|? + (o5 — Aag)® + os A
0 JD(z)

; (137)
T Gu)(as — Aas)> dads + 2 f / e—m<|w|2 +2F )
2 Jo Jp
+ (a5 — Aag)? + |Va|> + |Aa|2)> dads.
We now consider a second functional namely,
t
Go(t,2) = / / e ®uudads. (138)
0 JD(2)

We find, proceeding as above,

—wt

Golts 2 +1) = Gult,2) = & / ul? dx
R(z,z+h)

2
t (139)
+ / / e‘“"(IWI2 + fwu + Zu? - guu(ay — Aom) dxds
0 JRG.z+h) 2

and it is clear that

G —wt
e =1 / jul? da
32 2 D(2)

t
+/ / e—“’5<|Vu|2 + fu+ 2 u? = guuloy — Aa») dads.
0 JD(z) 2

(140)
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In the sequel, we consider a positive constant t to be fixed later and introduce the function H,, = F, + 1G,,.
We have

—wt

2

e

OH
—2(t,2) = / <|W|2 + lul® + 2F (u) + |Va|* + |Aal?
0z D(z)
t
+ (o — Aa,)2> da +/ / ews<|us|2 + |V |? + (a5 — Aay)?
0 JD(z)
t
+ as Aoy + Gu)(ag — Aas)> dads + 1’/ / e ¥ (|Vu|2 + f(uu (141)
0 JD(2)
t
— Guulas — Aay) | dads + 9/ / e [ 1Vul? + t|ul? + 2F @)
2 Jo Jpw
+|Val> + |[Aa)? + (o5 — Aots)z) dads.

We can choose a positive constant T which is large enough to guarantee that
Tlul> + 2F(u) > 0 (142)
and such that

Tf (W + %(as — Aay)? + (G(u) — Tg(wu) ey — Aay)

Tw, o 2 2 2 (143)
+oFu) + 7|M| > Ki(Jul” + las|” + [Aas]7), K1 > 0.
Indeed, to justify the second condition, we can note that the determinant of the matrix
_ — z
<ta) 2cflw dr 2) (144)
5 w

2 . .
reads tw? — 2dw? — dtw — 7. It appears that we can choose w and 7 such that the above matrix is positive
definite and both conditions are enjoyed. We then have the existence of a positive constant K, such that

0H, t

a—‘”(t,z) sz/ / e“’s(|u|2+ IVul> + F(u) + |Val* + |Aal?
) 0 re (145)
T lusl? + |V + (a5 — Aas)2> da ds.

The next step consists of getting an estimate of | H,| in terms of the spatial derivative of H,,,.
It is clear that we can find, applying Cauchy-Schwarz’s inequality, positive constants K3 and K4 such that

13
Fl ks [ [ o (19uR 4 19aR + el 4+ (Ve ) dads (146)
0 JD(2)
and
1
Gl < K4/ / ews<|u|2+ |Vu|2> da ds. (147)
0 JD(2)
It then follows that there exists a positive constant K5 = IQ'I’;—ZK“ such that
0H,(t,z
[Hy(t, 2)| < Ks%v (148)

for every ¢ and z > 0.
Inequality (148) is classical in the study of spatial estimates (see e.g., [29]) and yields a Phragmén-Lindelof
alternative. If there exists zg > 0 such that H,, (¢, zg) > 0, then the solution satisfies the estimate

H,(t,2) > Hy(1,20) exp (K5 '(z — 20)), 2 = z0. (149)
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This estimate gives information in terms of the measure defined in the cylinder. Indeed, it follows that

efa)l

2

/ <|Vu|2 +tlul? +2F ) + |Va|> + |Aa)® + (o — Aa,)2> dx
R(0,2)
t
+ / / e ™ <|us|2 + |Vas|2 + (as - Aas)z + g Ao
0 JR(0,2)

t

+ G(u)(ag — Aocs)> dxds+t / / e_’”s<|Vu|2 + fu)u (150)
0 JR(0,2)

t
— g(wu(ay — Aas)> dxds + 8/ / e_“"Y<IVu|2 + 7lul?
2 Jo JRr.2)

+2F(u) + |Va|* + |Aal* + (a5 — Aas)2) dx ds,

tends to infinity exponentially fast, where R(0, z) = {x € R, x| < z}.

On contrary, when H, (¢, z) < 0, for every z > 0, we deduce that the solution decays and we can obtain an
estimate of the form

— H,(t,2) < —H,(t,0)exp(—K5 '2), 2 > 0. (151)

This inequality implies that H,,(, z) tends to zero as z goes to infinity. Furthermore, in view of (151), it appears
that

Ey(t,2) < Eo(t,0)exp(—K5 '2), 2> 0, (152)

where

—wlt

e
E(l)(tﬂ Z) = 2

/ (|W|2+r|u|2+2F<u>+|w|2+|Aa|2
R(2)
t
oy — Aa,)2> dx + / / e‘”(w2 Ve + (@ — Ady)?
0 JR(z)
t
+ oy Aag + G(u) (o — Aas)) dxds + r/ / e <|Vu|2 + f(uw)u (153)
0 JR(z)
) t
— Gwu(ay — Aay) | dxds + —/ / e 1Vul> + tlul® + 2F )
2 Jo Jreo
+|Val> + |Aa)? + (o5 — Aas)z) dxds
and R(z) = {x € R, x1 > z}.
Hence, the prove.

Theorem 6 Let (u, «, %—‘;‘) be a solution to the problem defined by (18)-(19), the boundary conditions (131)-(132)
and the initial conditions (133). Then, either this solution satisfies the growth estimate (149) or it satisfies the
decay estimate

Eult,2) < Ey(t, 0)exp(wt — K5 '2), (154)
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where the energy &, is defined by

1
5w=—/ <|W|2+r|u|2+2F<u>+|Va|2+|Aa|2
2 JRre

t
+ (ar — Aat)z) dx +/ f (|us|2 + | Vag | + (as — Aarg)? + oy Aceg
0 JR(z)
t
+ G(u)(os — Aas)) dxds + ‘L'/ / <|Vu|2 + f(u)u (155)
0 JR(2)
t
— g(wulay — Aas)> dxds + 2 / f <|W|2 + tlul* + 2F ()
2 Jo Jreo

+|Val> + |Aa)? + (a5 — Aas)z) dx ds.

The amplitude term

The spatial decay estimate obtained in the previous subsection is of limited use unless we have an upper bound
on the amplitude term E,, (¢, 0) in terms of the boundary conditions. The aim of this subsection is then to obtain
such a bound. To this end, we argue as in [22,31]. More precisely, we assume from now on that there exists a
positive constant d; such that

(&) +dis)? <m(F(s)+ds*), p>1,m>0. (156)
Remark 5 We can note that the functions of the form f(s) = a|s|"s —ds, a, k > 0, satisfy this condition.

We first note that
t
Eo(t.0) = — / f s (u,l(ps +7p) + (@ + a,lm) da ds, (157)
0 JD

whenever p and ¢ satisfy the same boundary conditions as u and «, respectively.
Now, functions p and £ are given by

p(s, x) = h(s, x2, x3)e_bx‘, £(s, x) = m(s, x7, x3)e_bx1, (158)

with b an arbitrary positive constant. Then, using the divergence theorem, we obtain that

t
Eu(t,0) = fo / e—‘”(u,i(ps,,-+rp,i)+<as,i+a,,-)es,i> dx ds
R

. (159)
+/ / e “Tdxds, i =2,3,
0 JR
where
I =uii(ps + tp) + (asii + o,ii) s
=(”s + fw) — (a5 — AOls))(,Os +10) + (ass — Aoy + Ms)gs (160)
=(us + (f ) + dyu) — dyu — (o5 — Acty)) (ps + Tp)
+ (Ofss + oy — Aogs + g(u)us + G(”))zs'
Noting that
d
(ass - Aa‘vs)gs = %[(as — Aas)ls] — (s — Aag)lss, (161)
then,
D =(u + (f @) + diu) = diu — (o5 = Aay)) (ps + T0)
(162)

+ %[(as — Aay)ls] — (ay — Aag)lss + L5 (s + gw)us + G (u)).
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This yields
t
E(t,0) =/ / e (”,i(ﬁs,i +10,) + (@, +oe,i)€s,i> dxds
0 JR
t
+e / (ot; — Aog) by dx +/ / e s (us + (f(u) + diu) — dyu
R 0o Jr t (163)
— (ag — Aa)(ps + fp)) dxds +/ / e <w(as — Aay) + a
0 JR

t
+ g(uw)ug + G(u))ﬂs dxds — / / e (as - Aots)Zss dxds.
0 JR

Furthermore,
t
/ / e ui(ps,i +1pi)dxds < e1E,(t,0)
0o Jr
t
+Cy / / e (ps,i +1p,1)* dx ds, (164)
0 Jr
¢ t
/ /efws(as,i +oai)lsidxds < ezEw(f»0)+C2/ /efwe?idx ds, (165)
o Jr 0 JR ’
1
/ / e P (us —diu)(ps + Tp)dx ds < e3E,(t,0)
o Jr

t
+C3 / / e~ (ps + 1) dx ds, (166)
0 JR

; ¢ 1/p
/ f O (f () + di)(py + Tp) dx ds < < / / e—w(f<u>+d1u>”dxds>
o Jr 0 JR

t 1/q
X (/ f e~ (ps + )7 dx ds)
0 Jr
t 1/p
< <f [ e~ m(F ) + du®) dx ds>
0 JR
t 1/q
x</ / e (ps + 1)1 dx ds) ) (167)
0 Jr

(ea)® (e~ 1p)B 1 1
a.b < + , when — + E =1, forany € > 0, (168)
o

Using the inequality

o

we obtain that

t
/ / O (f () + dyu) (s + Tp) dx ds
0 JR
t 1/p t l/q
< (/ /e_“’sm(F(u)+du2)dx ds> </ fe_ws(,os + 1) dxds)
0 JR 0 R
t
534Ew(1,0)+c4/ /e‘“”(ps +1p)ldxds, (169)
0 JR
t
—/ / e (as — Aag)(ps + o) dx ds < e5E,(t,0)
0 JR
t
+c5/ /e*w"'(gﬁrg)zdxds, (170)
0 JR

t t
- / / e (ay — Aag) s dx ds < ggE,(t,0) + C6/ / e_“’sﬁsz.s dxds, (171)
0 JR 0 JR
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1
/ / e s <60(Ols — Aay) + oy + gu)ug + G(Lt))& dxds
0 JR

t
< 87Ew(t,0)+C7/ fe—“”z?dxds, (172)
0 JR
e ! f (o; — Aay)ly dx < egE,(t,0) + Cg/ ef"”ﬁtz dx. (173)
R R
Here ¢;, i = 1,---, 8, are positive constants to be fixed later and C;, i = 1,---, 8, are calculable positive
constants.
Now, the ¢;’s are choosen such that g| + -+ - + g3 = %
We then obtain
t t
E,(1,0) <2C; /O /R e (psi + 1) dxds +2C, /0 /R e~ dx ds
t
+2(C3 + Cs) / / e (ps + tp)* dx ds
. 0 /R . (174)
+ 2C4/0 /Re_ws (ps + 1) dx ds + 2C6f0 /Re_wsﬁfs dxds
t
+2C7/ /‘ef“’sﬁfdxds—i—ZCg/ e 02 dx.
0 JR R
Moreover,
t 1 t
/ / e (ps.i +1p) dxds = E/ / e (hs.q + Th o) dads
0 JR ] o[ D (175)
+ —/ f e~ (hs + th)* da ds,
2Jo Jp
where, from now on, the index « only takes the values 2 and 3, and
b 1
/ / e~} dxds = —/ / “Sm?  dads + - 5 / f e m? dads, (176)
D
/ / S (ps + 1) dx ds = %/ f e~ (hy + th)> da ds, (177)
! 1 '
/ / e (ps +tp)ldxds = —/ / e (hy +th)ldads, (178)
0o JR qb Jo Jp
t 1 t
f f ™02 dxds = —f / e m? dads, (179)
0o JRr . 2b Jo Jp .
t 1 t
/ / e dxds = —/ / e~ m? dads, (180)
0o JR 2b Jo Jp

1
/ e dx = — | e “'m’da.
R 2b Jp
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Finally, we are led to

1 t
E,(t,0) < C1(—/ / e~ (hg.o + 7:h,0[)2 dads
bJo Jp

t 1 t
+ b/ / e~ (hy + th)* dads, ) + CQ<E / / e "'m} , dads
0 JD 0 JD

t C C t
+b / / e m?da ds> ] f / e~ (hs + th)> da ds (182)
o Jp b o Jp

20, (! Cs [
+ =2 / / e (hy + Th)! dads + —2 f f e~ m?, da ds
gb Jo Jp b Jo Jp

cr [ C
+ —7/ / e~ m?dads + —8/ e “'m? da.
b Jo Jp b Jp

Remark 6 We could optimize the right-hand side of (182) by taking, for example, a suitable value of the parameter
b, but it does not seem to be an easy task.

6 Conclusion

In this work we analyzed a phase-field system based on the Maxwell-Cattaneo law with two temperatures and
nonlinear coupling which can describe phase transition phenomena in certain class of composite materials.

We discussed L°°-estimate and the spatial behaviours of solutions, when such solutions exist. It has been
proven more precisely:

e An energy estimate which yields a Phragmen Lindelof alternative giving relevant information on the condi-
tions for obtaining the exponential spatial growth and decay of solutions

o In the case of spatial decay estimate, and with additional condition into the nonlinear term, an upper bound
of energy estimates has been obtained.

In our model, it would be interesting to optimize this upper bound by a suitable value of parameter taking into
account numerical considerations and, to show the existence of global and exponential attractors from a theorical
and numerical point of view. All of these considerations are explored in our ongoing research.
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