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Abstract In this paper, our goal is to establish novel inequalities for the Euclidean operator radius of a pair of
bounded linear operators defined on a complex Hilbert space. Additionally, we use the Heilbronn inequality to
derive further inequalities relevant to both single and pairs of Hilbert space operators.
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1 Introduction

Consider a complex Hilbert space H with an inner product (-, -) and the corresponding norm | - ||. Let B(H)
represent the C*-algebra, which consists of all bounded linear operators on H, including the identity operator
I. An operator A € B(H) is called positive if (Ax, x) > 0 for all x € H, denoted as A > 0. For any positive

. . . .. . 1 1
bounded linear operator A, there exists a unique positive bounded linear operator A2 such that A = (A2)>.

Furthermore, we define the absolute value of A as |A| = (A*A)%. It is important to note that |[A| > 0. Let S'
denote the unit sphere of H, defined as

st .= {x cH; x|l = /(x,x) = 1}.
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1724 N. Altwaijry et al.

Let A € B(H). Consider the operator norm of A by ||A||, defined as ||A|| = sup [||Ax||; x e S! }, and

the numerical radius of A, denoted by w(A), defined as w(A) = sup “(Ax, X)

that w(A) < ||A||, where the equality holds if A is a normal operator, i.e., A*A = AA*, A* denote the adjoint
operator of A. Additionally, the operator norm and the numerical radius are equivalent, as @ <w(A) < ||A]
for any A € B(H). Importantly, we also have w(A) < w(|A|). We define the operator A as a normaloid when
its numerical radius equals its operator norm, expressed as w(A) = || A||. Further details and properties of the
numerical radius can be explored in references [3-7,10,18,21,22,26].

In the work by Popescu [24], the concept of the Euclidean operator radius for a pair (B, C) of bounded
linear operators on a Hilbert space H was introduced.

Consider a pair of bounded linear operators (B, C) on H. The Euclidean operator radius is defined as

;X € Sl}. It is easy to check

we (B, C) := sup {\/|(Bx,x)|2 + |(C)c,)c)|2 ;X € Sl}.

The mapping w, : B(H)? := B(H) x B(H) — R is a norm defined on the space of bounded operators B(H)?.
Notably, in the work of Popescu [24], it has been established that for any B, C € B(IH), the following inequality
holds:

V2
4

VIB*B + C*C| < w.(B, C) < /[|B*B + C*C], ey

It is crucial to highlight that the constants % and 1 have been rigorously demonstrated in [24] as the optimal

choices ensuring the validity of (1).
For A € B(H), it is observed that

we(A, A*) = V2w (A).
In the case where A € B(H) and A = B + i C represents the Cartesian decomposition of A, the following
equality holds:
w2(B, C) = sup {|(Bx,x)|2 +Cx. 0 xe Sl}
— sup {](Ax,x>\2 xe Sl} — w0 (A).
By defining B = %(A 4+ A*)and C = zll.(A — A¥), both of which are self-adjoint operators, it follows that
2(B% 4+ C?) = A*A + AA* = |A)? + |A*%.

For further exploration of the Euclidean operator radius and related inequalities, readers are encouraged to consult
[15,16,20,25].

The Heilbronn inequality, as established in [14] or [19, p. 395], is a potent expression within Hilbert spaces.
It takes the form:

1

2

> el = st [ 3 vl

i,j=1

where x and y; are elements of H fori = 1, ..., n. A noteworthy consequence arises when we specialize to the
case n = 2, where y; = y and y» = z. This yields the inequality:

1

)1+ . 2 < el (12 + 1202 + 2. 2] ) @)

valid for all x, y, z € H. The present paper aims to explore various applications stemming from the Heilbronn
inequality, particularly in the context of single and pairs of Hilbert space operators.

This paper is structured as follows. In Section 2, we prove new bounds for w.(B, C), where B and C are
two bounded linear operators on H. Section 3 explores how the Heilbronn inequality can be used to find more
bounds for both single Hilbert space operators and pairs of them.
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Inequalities for operators and operator pairs... 1725

2 New inequalities involving w, (B, C)
In this section, we establish new bounds for the Euclidean operator radius of a pair (B, C) of bounded linear

operators defined on a Hilbert space H. To support our first investigation, we recall the following inequality
established by Dragomir in [10], which states that for any x, y, z € H, the following holds:

[ 3+ [ 2P = el (max {12, 212} + [, 2)]) 3)

Now, we are ready to prove our first result.

Theorem 1 Let B, C € B(H). Then the inequality

1
W}(B.C) = 5 (IBI* + ICI” + (B + o(C?))

holds.

Proof Let x be any element in H. If we choose y = Bx and z = B*x in inequality (3), then we deduce
2[(Bx, x)|* = [(Bx, x)|* + |(B*x, x)[°
< Il (max {I1BxI%, 1 B2} + |(Bx. %))
< xR (Jxl? max {1812, 18717} + (B2, x)])
= Ixl* (1812 + o (8Y).

This yields that

1
(B, x)F < Sl (1812 + w(BY).

In the same way, we find

(e, 0 = S (ICIP + w(C).

Taking the supremum over x € S! in the sum of the above inequalities, we obtain the inequality of the statement.
O

To establish our second result in this section, let us revisit a recently improved version of the Cauchy—Schwarz
inequality, as introduced in [2]. It is stated as follows:

2
|, |7 < vl Py I + (=) [ ]Iyl < 12y 2, 4)
where x, y € Hand v € [0, 1].

Theorem 2 Let B, C € B(H) and v € [0, 1]. Then the inequalities

2 2 2 _ 2 2,4
o, (B, C) <v[[[B]”+ [CI"|l + (I = v)we(B, O)[I|1B|” + |C|”||2 (5)

and

w2(B. C) < v(IBI2 + ICIY) + (1 — v)we(B. O)(| B + IC|%)2 (©6)
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1726 N. Altwaijry et al.

Proof Letx, y,z € Hand v € [0, 1]. From inequality (4), applied twice, we have
2 2
[, W)™+ [, 20| < vl Pyl + 1zl
+ (=)l Iyl + [ 2 [z

By using the Cauchy-Schwarz inequality, we obtain

[, P+ [, 7 < vl P AR + D212

1 1
=l (Jee )+ o a) 7 (1 4+ 12P) @

forany x, y,z € Hand v € [0, 1].
If we choose y = Bx and z = Cx in inequality (7), then we deduce

I Bx|* + [ICx||* = (B*Bx, x) + (C*Cx, x) = (|B|* + |C|*x, x),

we find
[(Bx, x)|* + |(Cx, x)[?
< vlxlIP(IBx[* + ICx[1*) + (1 — v)||lx || (|(Bx, x)
2.1 1
+ (Cx, )2 (IBx)* + [Cx|1*)2
1
< vIxI*INBZ +ICEI + (1 = vlix|*w (B, OllIBI* + |CI| .

| 2

Taking the supremum over x € S! in the above inequality, we prove the first inequality of the statement. Inequality
(6) follows easily from inequality (5). O

Remark 3 For C = B* in inequality (6) and taking into account that w, (A, A*) = V2w(A), we deduce:
®*(B) < v||B|I* + (1 —v)w(B)| B

for any operator B € B(H) and v € [0, 1].
For C = B* in inequality (5), we deduce:

1
w?(B) < vl[|BI* + |B*]*| + (1 — ) (B)|l|B* + | B**||2

for any operator B € B(H) and v € [0, 1].

To prove our next result in this section, we need to recall a well-known inequality attributed to Buzano,
established in [8]. The inequality is stated as follows: for x, y, e € H with e having unit norm,

1
{x.e) (e, vl = S dIxl Iy I+ T, y)D - ®)

Now, we are ready to present our result.

Theorem 4 Let B, C € B(H), t, 6 € R. Then the inequality

. . 1 1
o B+e’C) < 5 BB+ €I + —zw.(B. C)

V2

holds.
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Inequalities for operators and operator pairs... 1727

Proof If x, y, z, e € H and e has unit norm, applying Buzano’s inequality (8) we prove:

1
e,) (e 91 = 5 el Iyl + 14, D)
1
e,) e, )1 = 3 (el izl + 16, 2D
Adding the two inequalities we get
(. &) (1. €)] + [z, )]) < @ Uyl + 2l + w
I 1
< EL I+ el + 72\/|<x, WP+ (x 2)2

If we choose y = Bx and z = Cx in the above inequality, then we obtain

I(x, e)| ([(Bx, e)| + [(Cx, e)])

< BL 51 + 103D + 5B P+ (Cx 0P,

it follows that
| eI B+ e Chx. e)] < [(x, )] (I(e Bx, )] + (e’ Cx. )]

= |(x,e)| (|[(Bx, e)| + [(Cx, e)])

[lx I
= = (IBxl + lICxID)

+ iszx, X)2 + [(Cx, x) 2.

7

If we take e = H;_H in the above relation and take the supremum over x € S! in the above inequality, we obtain
the inequality of the statement. O

Remark 5 Fort =0and 6 = % in Theorem 4, we deduce the following:

1 1
B+iC)< - (|B C —w.(B, C). 9
w(B+iC) = S (1Bl + 1l ”)+\/§a)c( ) ©))
For B = 244 and € = 454 in inequality (9), we deduce
1
0(A) < ————=(IA+ A" + |4 — A™]).
2(2—x/§)( )

3 Heilbronn inequality and its applications

This section aims to explore various applications stemming from the Heilbronn inequality (2), particularly in the
context of single and pairs of Hilbert space operators.

3.1 One operator applications of Heilbronn inequality

In the next result, the second author established the inequality between the first term and the last one in [11],
employing Buzano’s inequality. The enhancement in the first inequality was achieved by Abu-Omar and Kittaneh
in [1].

Theorem 6 For all A € B (H), we have the inequality

2 *12
wZ(A)S%( M +w<A2)) <

. (1417 + o (42)). (10)

| =
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Proof In the following we give a different proof by using the Heilbronn inequality ( 2). Let x be any element in
H. If we take y = Ax and z = A*x, then we get

1
2

e, Ax)| + [fe, a%x)] < el (HAxI? + 4% ) +2 [{Ax, a2)])*

namely

IMLXHS%WNOMMV+UNWW+2K“%ﬂ

) 2
for all x € H.
Since, we have the following equality:

lAxI? + 4% = (141 + 4 [) . x).

then we deduce

{Ax, )| = 5 el ({ (1A + 4% ) x, 1) + 2 (4%, 2)]) an

By taking the supremum, we obtain

)%

o (A) = sup |(Ax, x)| % sup (( (IAI2 + |A*|2)x,x> +2 ‘(A2x,x)

xeS! xeS!
(Azx, x)‘)

|A]2 4 |A*]?
2

IA

1
2

IA

1 (sup ( (|A|2 + |A*]2)x,x> +2 sup
2 xeS! xeS!

a)(A2)>é,

which proves (10). ]

(e a2 ()) =

The following extension involving powers is noteworthy. To establish it, we rely on McCarthy’s well-known
inequality (refer to [12, Theorem 1.4]). This inequality states that if A is a positive operator in B(H) and x € S',
then for every r > 1, the following relation holds:

<Ax,x>r < (Arx, x). (12)

Theorem 7 Forall A € B (H) and r > 1 we have the inequality

r

|A]2 4 |A*?

2

&WM§%<

+&WM>E%QMW+wﬂmﬂ. (13)

Proof The bounds obtained in this theorem follows easily from Theorem 6 by taking r'# power of the bounds
obtained in Theorem 6 and using convexity of the power function. O

If we take the power » > 1, then we get using the convexity of the power function that

e ) ]

1 A2 4 1A% , r
< 3 x| |:< (%) x,x) + ‘(Azx,x) j| (14)

for all for x € H.
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Inequalities for operators and operator pairs... 1729

From McCarthy inequality (12), we get that

.
|A]> 4 |A*? , |A]2 4 |A*?
(= ) =({—5—) =
for x € S

Therefore, from (14) we get that

ax, o) = 5 [( (M)rm) + (4%,

] (15)
for x € S,

To highlight a crucial consequence of Theorem 7, let’s revisit a key lemma presented in [13, Lemma 2.5].

Lemma 8 Let h be a non-negative nondecreasing convex function on [0, 00), and let A, B € B(H) be positive

operators. Then it holds that
(157D =

In particular, for every r > 1, the following inequality is valid:
A+B\'| A+B’< A" + B"
2 2 - 2
Corollary 9 Forall A € B(H) and 1 < r < 2 we have the inequality

w2r(A)<l<

(16)

|A|2r + |A*|2r

-2 2

+ o <A>> <5 (1417 07 ). (a7

Proof Since the function f (#) = t" is operator convex for r € [1, 2], then (see [12,23])

|A|2+|A*|2 r |A|2r+|A*|2r
< b
2 - 2

el

and the inequality (17) is proved. O

0<

which gives, through (16) that

|A]2 4 |A*]?
2

|A|2r + |A>}<|2r

< A
2

Remark 10 In [7] the authors obtained the folowing vector inequality for x € S' and r > 1,

1 A 2r A* 2r r
fAx 5" < 5 [(%x,x}—i— (A% x) } . (18)
This implies that
] A 2r A* 2r
0 (A) < 5 ( % + ¥ (A)) . (19)

We observe that for 1 <r <2,

2 2\ " 2r *|2r
«w) v < (A AT

for all x € S, which shows that our inequality ( 15) is better in this case than (18). Also, the first inequality in
(17) is better than (19) for 1 <r < 2.
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3.2 Applications of the Heilbronn inequality to pairs of operators

In this subsection, our primary objective is to explore applications of the Heilbronn Inequality in the context of
pairs of Hilbert space operators.

To achieve our goals, we introduce two new concepts for a pair (B, C) of bounded linear operators defined
on a Hilbert space Hl. The first concept is of the operator norm type and is defined as

ni (A, B) := supl (|(x, Au)| + |(x, Bu)|)

X, UE

for A, B € B(H).
The second concept is of the numerical radius type and is defined as

w1 (A, B) = sup1 (|(x, Ax)| + |(x, Bx)|)
xesS

for A, B € B(H).
Our first result in this subsection is as follows.

Theorem 11 If A, B € B(H), then

A+B|* 1, 1 (| 1A +|BJ?
- | <A, By < - || — B*A 20
H 5 _4n1( )_2< 5 +w (B*A) (20)
and
,(A+BY 1, 1 (|1AP + B .
(=)= ot B =S| | —F— +w (B*A) (1)

Proof Let u be any element in H. From (20) we have for y = Au, z = Bu that

e, Au)| + [{x, Bu)| < Il (11 Aul® + 1 Bul® +2 [{Au, Bu)|)®
and
(v A+ Byu)l =[x, Aul| + [x, Bull.
which gives that
(v, (A + Byu)| = [{x, Au)| + |{x, Bull

1

< lxll (HAul + 1Bul® +2 [(Au, Bu)])*

= x| (<(|A|2+|B|2) u,u)+2;(19>*‘Au,u)|)j (22)

for all x, u € H.
Therefore, we obtain the following:

IA+ Bl = sup |x,(A+ B)u)| <ni (A, B)

x,ueS!

IA

sup (( (|A|2 + |B|2) u, u)+2 |(B* Au, u)|)7

ueS!

1
3
(sup ( (|A|2 + |B|2) u,u)+2 sup |(B*Au, u)|>

ueS! ues!

IA

1
2
,

- <H|A|2 n |B|2H 2w (B*A))
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which proves (20).
From (22) we get

fe. 4+ B)2)* < (Ifx. Ax)] + [{x. Bx)])’
< P (((1AF + 1B1) . x) + 2 (B4, )

for x € H.
If we take the supremum over x € S', then we get (21). O

Theorem 12 Forall A, B € B(H) and r > 1 we have the inequality

A+ B 1 A2+ B2
H + 4_ ni (A, B)<§( % +a)’(B*A)>
1 A2r BZr
55<—” | er” | +o" (B*A)) (23)
and
o (AHBY Ly g L (1P 1B ey
2 — 4 ( )—2 2 o’ (B74)
1 A2r B 2r
_5(—” ” er” ” +o" (B*A)). (24)

Proof The bounds obtained in this theorem follows easily from Theorem 11 by taking ' power of the bounds
obtained in Theorem 11 and using convexity of the power function. O

Remark 13 With the assumptions of Theorem 12 and if 1 < r < 2 we have that
1 (A, B) <
4 =2 2

b

1 A2r BZV
§<|| I ;u I +w,(B*A)>

A2 + 1B

A

A+B|*
2

+ 0" (B*A))

|A|2r + |B|2r
2

IA

IA

and

A+ B 1 A2+ B2
S (AT -, (AB)_ |Al* + |B|
2 4r 2 2

< % ( + 0" (B*A))

1 A2r B2r
SE(n I ;n I +wr(B*A)>'

Before introducing our next result, let’s begin by revisiting the Crawford number associated with the operator
A e B(H):

+o” (B*A))

|A|2r + |B|2r
2

c(A) = inf |(Ax,x)].

xeS!

We state now the following theorem.

@ Springer
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Theorem 14 Forall A, B € B (H) , we have the inequality

w2 (A, B) <2

2 2
H—|A| ;|B| +(B*A) —c(A)c(B) |. (25)

Proof If we take the square in (2) we get

[ (S e P (||y||2 + ||z||2) + 201 [{y, 2)] = 2 |{x, ¥)] |{x, 2)|

forall x, y, z € H.
If wetake y = Ax, z = Bx and x € S!, then we get

[, Ax)|* + |(x, Bx)?

< |Ax|® + || Bx||* + 2 |(Ax, Bx)| -2 |<x, Ax>| I(x, Bx>|

= (1A +1BP) x, %) + 2 |(B*Ax, x)| - 2 {x. Ax)] |(x. Bx]]
<| (|A|2 + |B|2)x,x> +20 (B*A) — 2c (A) ¢ (B)

and by taking the supremum over x € S, we get (25). O

Remark 15 1f we take B = A* in relation (25), then we have the inequality

|A]2 4 |A*]?

w? (A) < 5

to (A2) — A
for all A € B (H).
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