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Abstract

Recent advances in deep learning have led to efficient solutions of initial and boundary value problems governed
by partial differential equations defined in a domain  C R? for d > 2. These approaches recast the problem
as optimization problems, where the objective is to learn suitable neural network parameters that approximate
the solution. In this expository article, we focus on neural network-based solvers namely, Deep Ritz Method,
Physics-Informed Neural Network, and Variational Physics-Informed Neural Network for the Poisson problem
with Dirichlet boundary condition. We discuss a comprehensive error analysis for each of these methods and
conduct numerical experiments to assess their computational efficiency.

1 Introduction

Partial differential equations (PDE) model a vast number of natural and manmade phenomena in all areas of
science and technology. Explicit solution formulas are only available for very specific types and examples of
PDE. Hence, numerical simulations are necessary for most practical applications featuring PDE. A diverse set of
methods for approximating PDE numerically is available, such as finite element [10], finite difference [43], finite
volume [22], and the more recent methods like the virtual element method [16] and hybrid high order methods [14,
18]. Although these methods are successful in practice, it is still challenging to numerically simulate problems
such as uncertainty quantification, multi-scale and multi-physics problems, inverse and constrained optimization
problems, PDE in domains with very complex geometries and in very high dimensions.

The recent developments in deep learning have introduced neural networks (NN) as powerful and mesh free
function approximators. These networks feature highly nonlinear parameterizations that, when paired with modern
hardware accelerators, enable rapid evaluation and differentiation. As universal approximators, they offer the
potential to alleviate the curse of dimensionality. The deep learning based method for solving PDE was first
introduced in the work by Raissi et al. in 2019 [39]. It is popularly known as physics-informed neural networks
(PINN). This method is based on the residual minimization of the PDE and uses the strong form of the PDE.
Building on this foundation, a variety of extensions and weak-form approaches have emerged, for example, the
Deep Ritz Method (DRM) [20], Variational PINN (VPINN) [6], Weak Adversarial Networks (WAN) [47] as well
as operator-learning architectures like DeepONet [33], the Fourier Neural Operator (FNO) [32], and so on. In the
article [42], though the authors conduct a comparative study of the neural network-based methods computationally
for the elliptic problem, they report the error analysis of only the PINN.

This article is expository and discusses the analysis and implementation of a select set of popular approaches for
Poisson problem. Though the main focus is on weak formulation based approaches (DRM and VPINN), for the
sake of completeness, we also discuss PINN. This article focusses on a unified framework for the error analysis
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of three popular approaches and does not aim to provide an exhaustive survey of all neural network methods for
PDE.
Consider the Poisson problem:

—Au=finQ, u=gondQ, (1.1)

defined in a domain  C R? withd > 2 and boundary 9€2. In this article, we consider three neural network-based
PDE solvers, namely, DRM, PINN, and VPINN for (1.1). A schematic diagram of workflow of DRM/PINN/VPINN
are described in Figure 1.

The references for the formulations of the methods, loss functions, smoothness of data and solution, and error
estimates are listed in Table 1. For the details of notation used in the table, we refer to Section 3, 4, and 5,
respectively.

All three methods are characterised by a loss function that is discretised using Monte-Carlo approximation
or a quadrature formula as indicated in row 4 of Table 1. The error estimates comprise contributions due to (a)
approximation error £y, that arises from the approximation of the solution by neural networks, (b) statistical error
Esrar, that arises due to the approximation of the continuous integrals via Monte Carlo methods, (¢) optimization
error E,p;, that arises from the approximation of minimizer using a random solver, and (d) quadrature and
interpolation errors (only for VPINN) denoted as Egyqq and &y, respectively, see row 6 of Table 1. In the error
estimates of all the methods, we avoid the details of discussion of the analysis of the optimization error, which is
notoriously challenging and is open to the best of our knowledge. The data smoothness and solution smoothness
for each method are described in rows 3 and 5, respectively.

PINN offer a key advantage in high-dimensional or mesh free problems, but in low dimensions, classical
numerical methods are typically more efficient as the training cost to optimize the network of PINN is high. In
the study by Grossmann et al [26], a comprehensive comparison between PINN and the Finite Element Method
(FEM) is conducted through a series of numerical experiments spanning one to three spatial dimensions and it is
observed that while PINN can outperform in extrapolation beyond the training domain, they require significantly
more training time than FEM. The gap in the practical efficiency of PINN stems from reliance of FEM on fast linear
solvers, whereas PINN involve costly nonlinear optimization without comparable efficient solution methods. PINN
combine PDE residuals with penalty terms, but often struggle to balance accuracy and constraint enforcement.
Wang et al. [44] adjust penalty weights, while Lu et al. [34] enforce boundary conditions exactly. Their reliance
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Fig. 1 A diagrammatic illustration of the DRM/PINN/VPINN workflow for Poisson problem
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on the strong form limits accuracy for solutions with low-regularity. However, the PINN based methods perform
well on solving singular perturbation problems in fluid dynamics [38], computational elastodynamics [40], and
many other problems in applications.

The DRM, inspired by the classical Ritz method, overcomes this by applying deep learning to the
weak/variational problems. In DRM, the traditional trial space is replaced with deep neural networks. By optimiz-
ing the network parameters to minimize the Ritz functional, the DRM produces approximations that are accurate
and applicable to a wide range of variational problems.

Another weak-form-based approach that is discussed in this article is the VPINN, that aims to approximate weak
solutions of PDE. These methods offer flexibility, particularly when dealing with solutions with low regularity
or complex domain geometries. VPINN based on the Petrov—Galerkin formulation, use test functions from a
polynomial space and represent the trial function with a neural network. Several advancements have been made in
VPINN, including FastVPINN [1], a tensor-based approach that reduces computational overhead and efficiently
handles complex geometries, as well as adaptive strategies for VPINN, discussed in [5]. Unlike PINN, which yield
only L? error estimates, DRM, VPINN provide energy norm estimates.

Recent studies have highlighted the significance of the sampling strategy used to evaluate the loss function [23,
46, 48]. This approach is relevant in high-dimensional settings, where traditional quadrature methods become
inefficient. Though Monte Carlo methods are often preferred for numerical integration, uniform sampling of
collocation points is generally inadequate for capturing localized features of the solution. Adaptive sampling
techniques guided by a posteriori error estimators are proposed to enhance accuracy and efficiency [7, 12, 35]. For
simplicity of exposition, we stick to uniform sampling in this article.

The remainder of this article is structured as follows. Section 2 introduces preliminaries on neural networks
and the notations. A summary of the neural network based methods is presented in Table 1. The DRM and its
error analysis is discussed in Section 3. The PINN (resp. VPINN) and its error analysis is discussed in Section 4
(resp. Section 5). Section 6 discusses the algorithm for the three methods and results of numerical experiments
that assess the performance of the proposed solvers. The appendix provides classical bounds for approximation
and statistical errors.

2 Neural network based PDE solvers
2.1 Deep Neural Networks

Most of the neural network-based solvers for PDE start with approximate solutions by deep neural networks
(DNN), which are successive compositions of affine linear transformations and nonlinear activation functions.
Let L € N denote the number of layers, and let {ng}fzo C N be a sequence of positive integers with ngp = d and

nyr = 1. The weight matrix and bias vector associated with the £-th layer are denoted by w® = [wl.(f)]n oxng_y €

R7exne-1 apd pO = [bl.(e) Inex1 € R7ex! respectively. Letn;, fori = 1, ..., L, denote the total number of nonzero
entries in weight matrices and bias vectors in the network up to the i-th layer, so that n;, gives the total number of
nonzero entries in weight matrices and bias vectors in the network.

Let p : R — R denote the nonlinear activation function. In this article, we use the activation functions:
hyperbolic tangent, p(x) = ﬁi;iii and sigmoid, p(x) = H% The choice of p depends on the smoothness
requirements of the neural network ug (defined below), which in turn depends on the order of the PDE.

We denote by N, (L, ny, R) the class of neural networks with activation function p, depth L, total number of
nonzero entries in weight matrices and bias vectors in the network ny, and all weights bounded in magnitude by
R, more specifically, ”wi(f)”oo’ 15loc < Rforall 1 <i <ng,1<j<ng1,1<€<L.

A neural network ug : RY — R in the class N, o(L,np, R) parameterized by 6 € R"’is recursively defined as:
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u® @) =x,
@) =p(WOuD +p®), ¢=1,...,L-1, (2.1)
up(x) := u (x) = W= 4 pt),

where x € RY. For input x € R, (2.1) shows uy can be written in the following form of successive compositions
as

up(x) = u®D o u@=D o o u® oMo u(O)(x).
2.2 Notation

For PINN and DRM, we assume that the domain €2 is a subset of (—1, l)d with d > 2 and has a smooth
boundary 0<2. For VPINN, d = 2,3 and Q C RY. For 1 < p < oo, the L? norm of a function
u € LP(Q) is defined as |ullzr(@) = (fglu(x)lpdx)l/p when 1 < p < oo, and |Ju| =@ = inf{B :
lu(x)| < B ae.xin Q} when p = oo. For k € NU {0} and 1 < p < oo the Sobolev space WP (Q)
is defined as W*?(Q) := {u € LP(Q) : D*u € LP(Q) for all « with |a| < k}, where the derivatives D%u
are understood in the weak sense. For | < p < oo, the norm on W57 () is defined by llullwerq) =

1/p
(Zlalfk ||D“u||{,,(9)) For p = o0, lullyree(g = maxig<k |D%ull1x(). When p = 2, the space
Wk2(Q) is denoted by H*(). That is, H*(Q) = W*2(Q). For 0 < s < 1, the fractional Sobolev space

_ 2
H*(Q) is defined by H'(2) = {u c 1oy [ [ MO
QJQ

| 25 dxdy < oo} , and its norm is defined by
X — ylét+=

_ 2 1/2
lull s ) = (Ilulliz(ﬂ) + [0 o %dx dy>

3 Deep Ritz method

The DRM [20] draws inspiration from the classical Ritz technique, which uses the minimization of an energy
functional over a selected set of trial functions to solve a variational problem. The trial space is chosen as DNN
and an optimization of the neural network parameters is then carried out to minimize the associated energy
functional.

Assume that the source term f € C(R), and the boundary data g € C(d2) N HY20Q). LetK :={u e H(Q) :
u = g on d€2}. The Ritz formulation corresponding to (1.1) seeks u € K such that

u = argmin £(v) :=/ (1|Vv|2 — fv) dx. (3.1
o \2

vekl

The boundary condition u = g is weakly imposed in (3.1) and for A > 0, the modified Ritz formulation for (1.1)
reads

1 A
u) = argmin L; (v) ::/ <—|Vv|2— fv) dx—l——/ |v—g|2ds. (3.2)
veH(Q) o \2 2 Jha

Let U(£2) and U (9€2) denote the uniform probability distributions over the domain 2 and its boundary 0€2,

respectively, with |2 and |9€2| denoting their Lebesgue measures. Let Ey (o) and Ey(3q) denote expectations
with respect to these distributions ( [41, subsections 2.3.1 & 2.4.2]). The loss functional (3.2) can be represented
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in terms of expectations (see [8, Sec 21, page 273]) as:
o2 A 2
Ly(v) = Q| Ex~v (@) EIWI - fu)](X)|+ §|3Q|EY~U(BQ) [l = )M)I7]. (3.3)

Let {X;}!_; and {YJ-}’J“?:1 denote independent and identically distributed (i.i.d.) samples drawn uniformly from
Q2 and 0%, respectively; that is, X = {X;}_, ~ U(2) and Y = (Y} }’” ~ U(0£2). By replacing v by a neural
network ug € U := N,(L,ng, R) in (3.3), and applying Monte Carlo 1ntegrat10n (see [41, subsection 11.1]), we
obtain the empirical loss function L, 5 (1g) as

~ Qf 1 A 10Q
B = S (G Ve = Fu) X)) + 58S g — ) P (3.4)
] i=1

i=1

Note that the choices of activation functions p for this method are hyperbolic tangent and sigmoid. The DRM
formulation for (1.1) is the optimization problem that seeks ug+ € U := N, (L, ny, R) such that

Ug+ € argmin Z;(ug). 3.5
u(;eu

Remark 3.1 (solving (3.5)) The neural network parameter 6 satisfies the box constraint , namely |6|;< < R for
some suitable R > 0. Since this ensures that the feasible set is compact in R", the optimization problem defined
in (3.5) admits a solution. Moreover, when the activation function p is smooth, the empirical loss function E(ug)
is continuous with respect to . In practice, approximation of minimizer ug+ is typically obtained using standard
optimization algorithms such as the limited-memory BFGS method [11], Adam optimizer [31], and AdaGrad
[19]. All these are widely available in public deep learning frameworks like PyTorch and TensorFlow. Evaluating
the loss 2(149) requires computing spatial derivatives of the neural network output ug with respect to the input
variable x. Additionally, gradient-based optimizers necessitate computation of the derivative of the loss function
with respect to the network parameters 6. Both types of derivatives can be efficiently computed using automatic
differentiation techniques [3]; for instance, via torch.autograd in PyTorch.

3.1 Error analysis

The Euler-Lagrange formulation that corresponds to (3.2) leads to (3.6) below that seeks u; such that

19
—Auw, = f inQ, uk+x%=g on 9% (3.6)

For simplicity of analysis, we choose A > 1.

The error analysis follows the arguments in [29] and [37]. We first derive a key estimate in Lemma 3.1 where
the error is expressed as a combination of contributions from statistical, approximation, and optimization errors.
This is followed by estimates for approximation error in Lemma 3.2 and statistical error in Lemma 3.3. The final
error estimate is consolidated in Theorem 3.1.

Lemma 3.1 (key estimate) Let u (resp u; ) solve (3. 1) (resp. (3.6)) and satisfy u € H?(S). Let ug+ be a global
minimizer to the loss function EA (ug) in (3.5) and ”9 be the solution to (3.5) generated by a random solver S.
Then it holds that

1 1/2
E{{Xk}z:p{yk}f:l}[“”t — Ugx ||H1(Q)] S (ﬁ + Estar + )\gapp + gopt) / , (3.7
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https://doi.org/10.1007/513226-025-00891-6 149

where (X} _, and {Yi}]_, are interior and boundary collocation points, respectively, the constant absorbed in
< depends on the constants from trace inequality, inverse trace inequality, ||u|l y2(q), and the errors Eqpp, Estar,
and E,p; are the approximation, statistical, and optimization errors, respectively, defined by

Eapp = Inf |lu; — u@”%}l(g) o Estar = Eqxyn_ v y[sup (L£i.(ug) — L5.(ug)) + sup (L5 (ug) — L3 (ug))],
ugeU = T upeld upgeU
2

1.

HY(Q)

Eopt = E{{Xk}gzl,{yk}',;’:l}[ﬁx(ug) — L (ug+) + H”g — Upx

Remark 3.2 It is important to note that the expectations with respect to the random collocation points
{{Xk}i—> {Yx}{_,}} arise naturally in (3.7) when estimating the statistical error. This aspect is discussed in detail
in Appendix B of this article. A similar type of estimate can be found in [29, Theorem 6.1] and [17, Theorem 3.7].

Proof A triangle inequality leads to

S

Uy — U (3.8)

HL(Q) + “ HY(Q)

lue = w0+l 1 = e = rll gy + [0 — |
The rest of the proof is divided into two steps: Step I deals with the convergence of solution u; of the penalized
problem to u as A — o0; that is, the bound for |Ju — upll g1 (q) and Step 2 bounds H“A — ugHHl(Q) in terms of
is a part of the

approximation error, statistical error, and part of optimization error. The term H ug — Ug*
optimization error and it is assumed that this term can be controlled.
Step 1: (control of [[u — uy || y1(q))-

For all v € H'(Q), (1.1) leads to the weak form

/Vu~Vvdx—/ —vds—/fvdx 3.9
Q Q on

An application of (3.9) in (3.2) and elementary algebraic manipulations lead to

HY(Q)

u au ||
L =R —ods — v — |— 3.10
)»(U) X(U) + /3{2 Bng § || MHLZ(Q) 2 Il an LZ(BQ) ( )
with
Ri(V) = S IV = w)Payy, + 2 4 Lou 3.11)
V) = — vV—u — -— . .
» 2 LZ(Q) 2 ~ 8 A al’l LZ(BQ)

. 1
Since u;, is the minimiser of (3.2), it is also a minimiser of R, . Also, since u € HZ(Q) and g—z € H2(012), there
exists ¢ € H' () such that Plag = —g—z and ||¢>||H1(Q) < || g—,’: ||H1/2(as2)’ where < depends on the constant from

the inverse trace inequality. For u = %q& + u, we have

ou ||?
on

1 1, 1 1,
5 IV G, < Ru) = Rai) = =5 16110 S 575 S5a g (12

W%,
L = H2(3Q)

with trace theorem applied in the last step. The above displayed estimate also bounds the second term in the
definition of R; (1) from (3.11) as ||u;L —g+ 5 A an ||L2(3§2) S A3/2 llull g2(q)- This, a triangle inequality, u = g on
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0%, and a trace inequality shows

- - 1 1
lus = wllp2agy < lux — g + 27 0u/0nl 2g) + llg = 27" 9u/0n — ull 2 <m + X) lull 20y
(3.13)

Note that the Poincaré-Friedrichs inequality [9, equation (1.1), page 306] leads to the norm equivalence
A combination of this, (3.12), and (3.13) shows [u — us || y1(q) < (% + /\3%), where the constant absorbed in <

depends on |[u| 2 () and the constants from trace inequalities.
Step 2: (control of Hug —uy H H,(Q)). The definition of £, (v) from (3.2) for the choice v := ug € H'(Q) shows

1 2 A 2
L30u) = 5 | Vuf [ 12 = 1) + 5 16§ = 8] 200 -

This, the weak form of (3.6) (tested with ug ), and elementary manipulations lead to

1 A
Ex(ug) =3 HVu‘gHiQ(Q) — /Q Vu,, - Vug dx — A/ uxug ds +)L/m gug ds + 3 Hu‘g — gHiz(m)

Q2
= 5 ||V(u9 - u)»)” L2() + 5 ||(l/t9 - u)‘)”LZ(E)Q) - 5 ||Vu)\.||L2(Q) - 5 ”u)»”LZ(aQ) + 5 ”g”LZ(aQ) . (315)

Analogously, the definition of Lj (v) in (3.2) with the choice v := u; and (3.6) (tested with u; ) yields

1 2 A 2 A 2
[:)»(u)\) = _5 ||VM)\4||L2(Q) - E ”M)‘”LZ(BQ) + 5 ”g”LZ(BQ) (316)
A combination of (3.15) and (3.16) with the norm equivalence from (3.14) leads to
S 2 < 1 S 2 Aios 2 S
””9 — Ux ”H1<sz) ~ 5 HV(u@ - ”k)” et 2 H(”e - ”?»)HLZ(E)Q) = La(ug) — L(uz). (3.17)

Algebraic manipulations show

L) — La(u) = (La(uy) — Lo(ul)) + (o) — Ly (ug)) + (La(ugs) — Li (ug))
+ (Z‘I(MQ) — ﬁx(bt@)) + (E)L(MQ) — Ex(ux)) fOI‘ all Upg € U. (3.18)

The last term Ly (ug) — L (u;) in (3.18) can be estimated as follows: The second and third expressions in (3.17)
(with the choice uj := uyp) yield

1 A
L(ug) = L) = S IV (g = un) 72, + 5 o = 3725 -

An application of the trace inequality in the second term above yields
c Latu) < 21V : e 2
(g = £203) < 5 IV (g = 12) 20, + 5 Cor lluo — w231

4\ Springer Indian J Pure Appl Math (2026) 57:143-174
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S Mlue =l g, - (3.19)

The constant absorbed in < depends on the trace inequality constant. Utilizing (3.19), and the fact that up+ is a
minimum (that leads to £, (ug+) — L, (ug) < 0)in (3.18), we infer

L) — Lo(u3) S sup (L. (ug) — L. (ug)) + (Lr(uy) — La(ug))

ug eu

+ sup (L (ug) — L3ug)) A inf lux — g1 (3.20)

upeU

Substitute (3.20) in (3.17), and take expectations with respect to the collocation points {X};_, and {¥;};' , to
obtain

2 —_— —
E{{Xk}gzl,{yk}zlzl}[uu‘@s —uy HHl(Q)] S By el SIJEI;(M(MQ) — L3 (up)) + Sli%(ﬁx(ue) — L. (up))]
up ug

N : 2
+ Eyxyr_, [ (ug) — Li(ug)] + A ulergx llus. = uo iy (g - (3.21)

Perform elementary manipulations in (3.8), take expectations with respect to collocation points {X};_; and
{Yx}{_,, and utilise (3.21), to infer

2
2 2 s
E{{Xk}zzl’{yk}km:l}[”u — Ugp* ”HI(Q)] S ”M - u)\.”Hl(Q) + E{{Xk}zzls{yk}kmzl}[Hue — Upx HHI(Q)]
+ By, iy [sup (La(ug) — Li(ug)) + sup (L. (ug) — L5.(ug))]
upeU upeU
=8 . 2
+ By, o (L (ug) — Lo (ug)] + 4 ulgnefu llus. — uolly g - (3.22)

Utilize lu — uzll 1) S (5 + 537) (from Step 1) and the fact that (E[ £1)* < E[f?] (that follows from Cauchy-
Schwarz inequality) in the right-hand side and left-hand side of (3.22) respectively, and finally take square root
on both the sides to arrive at (3.7). O

Assume that the solution satisfies the regularity assumption [29]
luall g2y < A (3.23)

with a constant in < that depends on the data || f|| 2o and lIgllg1/2(5q)- Recall that we assume A > 1 for the
analysis and it tends to co in the limiting case.

Lemma 3.2 (control of approximation error) Fix a tolerance ¢ € (0,1). Let u; € H2(Q) be the solu-

tion of (3.2) that satisfies (3.23). Then there exists a neural network function ug € U = Np (c log(d +

__sd _5(9d+8)
2),c(d)e 20=-w c(d)e *-w ) with p as hyperbolic tangent or sigmoid function such that

Eapp = inf |luy — ugl? < A2,
app 1o €U || A 9||H1(Q) ~

where the constant in < depends on ||f||Lz(Q), ||g||H1/z(3Q), and the parameter (1 > 0.

Indian J Pure Appl Math (2026) 57:143-174 9\ Springer
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Proof Elementary manipulations show

2
. i u)\’ MG
g . lnf ||uk _ I/l9||2 — ||u)\’||2 lnf —
app ug €U H(Q) H2(Q) ugeU ||u)»||H2(Q) Hu)L“HZ(Q) H'(©)
2
2 1 "2
_ ||uk||H2(Q) inf |——— —uy .
woeld || lusll g2 H (%)

Apply the approximation result Lemma A.1 with m = 2, p = 2, k = 1, and § = /2. This implies that there

exists a neural network function uy with number of layers L = clog(d + 2), number of non-zero parameters
__sd _ 5(9d+8) .
n; = c(d)e 20-w, and bounds on the parameters R = c(d)e 41~ | that is,

__3d _5(9d+8)
ug € N, <c log(d + 2), c(d)e 20=-w, ¢(d)e 74(1_,0)

< &3/2. A combination of all this shows
HY(Q)

such that

Uy
llasl Hz(Q)

Eapp < il 32y 8 S 1767 (3.24)

with (3.23) in the last step. Here the parameter 4 is non-negative and the constant in < depends on || ]2, and
gl 1290 O

Lemma 3.3 (statistical error) A bound for the statistical error in terms of the number of samples n, m, respectively,
drawn from Q and 0K2, the number of non-zero entries ny, in the weight matrices and bias vectors, and the bounds
of the weights and biases R is given by

Estar = Eqpxppn_ vy sup (Li.(ug) — L;.(ug)) + sup (L5 (ug) — L5 (ug))]
- T upeUd ugeU

7L

Sn”in; °R

w

_9
i

|

7L A 1 Ll
= — 22,2
2 +§m 4nL

[S1I}

L
RZT

9’

where the constant in S depends on d, || f || L), and ||g || L> k%)

Proof For the function classes F; and F, defined by

1
Fi = {hi(UOZ )1 Q= R| hi(ug; x) = <5|W9I2 - fue) (x), ug eU} and

Fp = {hp(ug; +) : 02 — R| hp(ug; x) = (ug — g)*(x), ug € U},

it is enough to determine M;, My, A;, and A, in (H1) and (H2) given below and utilize them in (B.10) (with
B = A/2) to estimate the statistical error (see Appendix B for details). We show that

(H1) - hi(ugs Lo < Mi(d,nL, R, || fllp~(g)) for all hi(ug; -) € Fi
hp(ug; HLepe) < Mp(d, nL, R, || fllp~)) forall hp(ug; ) € Fp

(H2) - i Gug; ) — hi(ugs o) < Aill0 — Ollp2 for all hi(ug: -), hi(uz; -) € F;
hp(uo; ) — hp(ug; llLe@e) < Apll0 — 0|2 for all hp(ug; ), hp(ug; -) € Fp
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hold with
2(L—1
M; = dn7 " VR + (np_y + DRI flie@). My = ((np—1 + DR + 18]l 1 30)
and Lipschitz continuity constants

L—1)2

3L 5/2 - -1
= &m) PRI+ D+ PR ey s A = 2011 + DR+ gl o), T RYT

For h;(ug; -) € F;, we have h;(ug; x) = % Zflzl |8xl.u@(x)|2 — (fup)(x). Utilize (B.4) and (B.6) to infer

i (ugs x)| < d ((1‘[ nk> RL) + (o1 + DR fllpeigy < dnp™ VR + iy + DRI f L@ = M.

For hp(ug; x) € Fp, the bound M, is straight forward from the definition 4; (ug; <) = (ug — g)2 and (B.4).
Elementary manipulations using the definition of 4 show

1 1
hi(ug; x) — hi(ug; x) = <§|Vue|2 - fue> (x) — <§|W(§|2 - f”é) )
d
1
= 2 (g (6) + 0145 (0)) B (6) — Dyt (1)) — () (g () — 5 ().
i=1

The Lipschitz estimate of the function class F; follows using (B.5), (B.6), and (B.7):

L-1 \? L1
i (ug: x) — hi(ug; x)] < d(]‘[m) R3L—1+<L+1>~/_nL+\/_nL(]‘[m) REMfllpseqy | x 16 =0l
k=1 k=1

L—1/2

3L-5/2 — ;5 A
< (am) PR L+ D T PRI fl ) X 10 = Bl =2 A6 — O]l

The Lipschitz estimate of the function class F, is derived using (B.4) and (B.5) as follows:

|y (ug; x) — hi(ugs )| = (g — 8)(x)* = (ug — @)(x)*| = |(ug + uz — 28)(X)| X |(up — ug)(x)|
L—1
2((—1 + DR+ gl Le) var([ [ noR 6 =6l
k=1

L—1 _ ~ ~
2((np—1 + DR+ lgllpepey) n, “REHO =0l = Apllo —0ll2.  (3.25)

An application of (B.10) with § = % and a use of M;, My, A;, and A, conclude the proof. O

Theorem 3 1 ( errorestimate) Let ¢ > 0 be a given tolerance. Let p be sigmoid function —— or hyperbolic tangent

1+‘4
functlon ,X Letu, u; € H*(2) solve (3.1) and (3.2), respectively. Let u‘g be the solution of the problem (3.5)

genemted by a random solver S. Then for any n € (0, 1) set the parametrized neural network function classes
5(9d+8)

U=N, (c log(d + 2), c(d)e™ i) ,c(d)e 0= W) the number of interior sample points n = c¢(d)e €10

resp. boundary sample points m = c(d)e~¢41°8d)) ) = O(e~1), and the optimization error E,,; < €*. Then
(resp ry sample p P p

Eqxp_, v plu —ug | o)) Se
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where the constant in S depends on d, || f =), |18llL>%), and constant from the trace inequality.

Proof Recall the key estimate from Lemma 3.1 that shows

1 1/2
By v e —uosll gyl < (ﬁ + Estar + Aapp + Eopt) 2

Lemma 3.2 implies that there exists neural network function class

5d 5(9d+8)
U=N, (c log(d + 2), c(d)e 20-w, c(d)e™ A0 )

__5d__ _509d+8)
such that &, < cA2ed. Substitute L = clog(d + 3),ny = c(d)e 2T-W, R = c(d)e *1-w and set n =

c(d)e=C410e@) and m = c(d)e~C41°2) in Lemma 3.3 to obtain E4; < Ae>, where the constant absorbed in <
depends on d, || f ||~ (q), and | g|l L= (35). A combination of all this
with A = O(e~!) and the assumption that the optimization error is controlled by £? completes the proof. O

4 Physics informed neural network

For f e C () and g € C(0R2) the continuous loss functional £(«) in PINN that corresponds to (1.1) reads

L) = 1Au+ fl72g, +vlu = &l72 0 (4.1)

where y > 0 serves as a weight for the penalty term that enforces the Dirichlet boundary condition. Note that the
parameter y is different from A in DRM in the sense that y is chosen as a fixed penalty parameter in this case
unlike in DRM, where the convergence with respect to the parameter A is considered.

The empirical loss function 2(149) forug € U :== N,(L, np, R) in this case reads:

A Q & Q| &
L(ug) = |n—| Z [(Aug + )(X)I>+ y% Z [(ug — &) (Y. 4.2)
i=1 j=1

Note that in the above neural network function class, the activation function p is chosen to be hyperbolic tangent
and sigmoid, and in the loss function, the derivatives of the neural network ug are computed using the chain rule of
the derivative. In practical computations, we use automatic differentiation technique such as torch.autograd
in PyTorch.

The PINN formulation of (1.1) is the optimization problem that seeks uy+ € U such that

Ug+ € argmin Z(ug). 4.3)

ug eu
The existence of a solution to (4.3) is ensured by the same argument presented in Remark 3.1.
4.1 Error analysis

To carry out the error analysis of the PINN method, we follow the ideas presented in [17, 29, 42].

Theorem 4.1 (error estimate) Let ¢ > 0 be a given tolerance. Let u (resp. ug«) be the solution of (1.1) (resp.
(4.3)) and ug be the approximation to (4.3) generated by a random solver S. Assume u € H 3(Q). Then for any
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d 9d+12
w € (0, 1), set the parametrized neural network function classestd = N, (c log(d+3), c(d)e T+, c(d)e 12 ) ,

p as hyperbolic tangent or sigmoid function, the number of interior sample points n = c(d)e = 41¢D  nymber
of boundary sample points m = c(d)e~¢11°¢4) ' and the optimization error Eopt < 2. Then

Exp, var Ul —ug<ll 2] S e, 4.4)

where { Xy} _, and {Yi};'_, are interior and boundary collocation points respectively, and the constant in
depends on'y, 2 d, || f L), IgllL> @), and |lull 43 q)-

Proof A triangle inequality shows

lu —uoll12(q) < Hu - Mg’ + Hug — Uugs (4.5)

L2(9Q) L2(Q)

We focus on the first term that leads to a combination of approximation, statistical, and optimization errors.
The second term in (4.5) is a part of the optimization error. The rest of the proof is split into four steps: Step 1
provides a key estimate that splits the error into contributions from various errors, Step 2 (resp. Step 3) bounds the
approximation (resp. statistical) error, and Step 4 consolidates the error estimate.

Step 1 (control of ||u — ug ||i2 (Q)). The Poisson problem (1.1) satisfies [4, Theorem 4.2]:
lullz2) S 12 + 18ll2o0) - (4.6)
where the constant absorbed in << depends on Q2. The error e, := u — ug satisfies
—Aey = f+Auy inQ, e, =g—uj ondQ. (4.7)

Apply the stability result (4.6) for the solution of the Poisson problem in (4.7) to arrive at [[eylz2(q) <
|+ Aug| et [us — g| 12(s) Algebraic manipulations introducing y show

2

Hu—ugHZ < Hf+Aug —{—y”ug—g‘z <£(u‘g), (4.8)
L2(Q) ™~ L2(Q) L20) ™
where the constant in < depends on % and Q. This and £L(u) = 0 yield
2
lu—uf|, s cwd-cw. (4.9)
L%(Q)

Now analogous to (3.18), we split the term £ (u g ) — L(u) as a combination that would lead to approximation error,
statistical error, and optimization error as:

Lwg) — Lu) = (L) — Lwug)) + (Lws) — Lug)) + (Lugs) — Lug))
+ (L(ug) — L(ug)) + (L(ug) — L(u))
< sup (L(ug) — L(ug)) + (L(ug) — Lug+)) + sup (L(ug) — L(ug)) + (L(ug) — L)), (4.10)

ugeU ugeU

forall ug € U.The inequality in the last step follows from the minimizing property of ug+, i.e., E(ug*) — L1 (up) < 0.
Moreover using (1.1), £L(u#) = 0, and trace inequality we have

Lug) — L) <A@ws — )l 7aq) + ¥ luo — 250, S lu = uallyp g, - (4.11)
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The constant in < depends on y and trace inequality constant. Consequently, utilizing (4.11) in (4.10), and
substituting the final result in (4.9) we obtain the following estimate:

2 —~ ~ ~ o~
=], < sup (£us) — Ewo)) + £s§) — L) + sup (Es) — L))
L=(€2 upeU upeU
. 2
+ nf = ol .12)

Elementary manipulations with (4.5) and (4.12), expectations taken with respect to collocation points {Xy};_,
and {Yy};_, lead to

2 -~ ~
ety 0 = 48] o ) S Bievant g 5P (£Gus) — L) + sup (Zls) — L))
ug ug
+ g o (00 = Lo+ B g o[ = woe |, o 1 it e = wslgg - (413)

Utilize (IE[ f])2 < E[ f2] on the left-hand side of (4.13) and take square root on both sides to observe
E{{Xk}Z:p{Yk}Z;l}[”” — upxll 2] S CEapp + Esta + Eop,)%, where the constant in < depends on %, 2, and
the constant from the trace inequality. The approximation error &, statistical error £g4,, and the optimization
error £yp, are defined by:

Eapp = inf |lu — uellﬁ,z(g), Estar = Eqxn_ vy [ sup (L(ug) — L(ug)) + sup (L(ug) — L(ug))], and
up €U = = upeu upeld
2

I

LX)

Eopt = E{{Xk}gzl,{yk};yzl}[z(ug) — L(ug+) + Hug - Me*‘

Step 2 (control of &), := infu [ — ug IIfLI2 (Q)). Elementary manipulations show
uge
2 2
. u 27} ) .
gupp = ||M||2 3 inf — = ”u” 3 inf || —— — Ug
H3(Q H3(Q
( )ueeu ||M||H3(Q) ||u||H3(Q) H2A(Q) ( )ugeu ||u||H3(Q) HAQ)

Apply the approximation result Lemma A.1 withm = 3, p = 2, k = 2, and 6 = ¢. This implies that there exists a
d
neural network function ug of number of layers L = ¢ log(d+3), number of non-zero parametersn;, = c(d)e T+,
12

_9d+12 .
and bounds on the parameters R = c(d)e 272+, that is,

9d+12

uo € N, (clog(d +3), e(@)e T, c(dye” 1 )

such that Tl ”3 0 < ¢ for a fixed tolerance ¢ € (0, 1). A combination of all this shows &,,, =
H>(Q) H2(Q)

uinefu lu — ug ”312 @ < |lu ”iﬁ @ g2 < ¢2 with the regularity assumption on the exact solution applied in the last

0

step.

Step 3 (control of Eyar = Ex,yn_ veym 1 [supy, e (L(ug) — L(ug)) + sup,, e (L(uo) — L(up))]). This step
deals with a bound for the statistical error in terms of the number of samples n, m, respectively drawn from €2 and
0€2, the number of non-zero entries nz, in the weight matrices and bias vectors, and the bounds of the weights R.
For the function classes F; and F}, defined by

Fi = {hi(up; +) : Q@ — R | hi(ug; x) = (Aug + f)*(x), ug € U} and
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Fo = {hp(u; ) : Q2 — R | hp(ug; x) = (g — g)>(x), ug € U},

apply (B.10) (with § = y) and obtain the statistical error (see Appendix B). We first show that the boundedness
constant in the hypotheses (H1) is given by

2(L—1
M; := (dLn "V R 4| fll@))” and My := (121 + DR + ligl o0’
and the Lipschitz continuity constants in (H2) are
L
isaA; = 4d L2y /urm} RO @Lny VR 4 | fllie ) and Ap = 2((11 + DR + gl magy)ny *RE
The constant n in A; above are 2 (resp. 1) for the activation function hyperbolic tangent (resp. sigmoid). For
hi(ug;-) € F;, we have h;(ug; x) = (Aug + f)z(x). Apply (B.8) to obtain

d
2 _
i s 01 = (Y 0%uo () + £()) " = @Lny VR 4 f () = M.
i=1

For hy(ug; -) € Fp, the bound My is straight forward from the definition hp(ug; -) = (ug — g)2 and (B.4).
Elementary manipulations using the definition of 4; (ug; x) and h; (uz; x) show

|hi(ug; x) — hi(ug; x)|
= [(Aug(x) + Aug(x) + 2 (x)) (Aug(x) — Aug(x))|
<2(dLn; " VR 4 || flle()) | Aug (x) — Aug(x)].

Then by (B.9), we deduce
i (ug; x) — hi(ug; x)| < 4dL2n/nn3E 3 R3E3 (@l VR 4 | fllso@)) 10 — Ol == Aill6 — 6]l,2.

The Lipschitz estimate of the function class F, is already derived in (3.25). An application of (B.10) with 8 = y
and a use of M;, M, A;, and Aj, conclude that

1 2L _ 23L
_1 = 23L
gstat 5 n 4nL R4

(S]]

RTV3, (4.14)

B
+
S
3
=

where the constant in < depends on d, || f || L (), and [|g ]| L= @q)-
Step 4 (consolidation). In this step, we consolidate all the results in Steps 1-3 to obtain the final estimate (4.4). Recall

that Step 1 shows E{{Xk}Ll,{Yk}Z;l}[”“ — ug=ll 2] S Eapp + Estar + 50,,1)%. Step 2 provides that there exists a
d 9d+12
neural network function class i = N, (c log(d + 3), c(d)e” T+, c(d)e = ) such that &, < 2. Substitute

_d _9d+12
L =clog(d+3),n; =c(d)e Tr, R =c(d)e 22 in (4.14) and set n = c(d)e =418 1y = ¢(d)g—C410e(d)
to obtain Egr < &2, where the constant absorbed in < depends ond, || fll =), and [|g]lz>~q). A combination
of all this and the assumption that &, is controlled by 2 complete the proof. O

5 Variational PINN

The Petrov-Galerkin formulation that corresponds to (1.1) serves as the foundation for the VPINN. In VPINN,
the test functions still belong to polynomial spaces but the solution is represented by a nonlinear approximation
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via a neural network. Unlike the PINN that incorporates the strong form of the equation into the loss function,
and DRM, which minimizes the energy functional, VPINN incorporates the weak formulation of the problem and
constructs a variational loss function. This method was first introduced in [30], with subsequent developments
presented in [6], among others.

Let Q be a domainin RY (d = 2,3), f € C(Q) and g € H/?(3Q). Let uy € H'(Q) be an extension of g in Q.
Then the weak formulation of (1.1) seeks u € ug + HO1 (€2) such that

a(u,v) = F(v) forallv e HOI(Q), 5.1)
where the bilinear form a : H'(Q2) x HO1 (2) — R is defined as a(v, w) := fQ Vv - Vw dx and the linear form

F HO1 (2) — R is defined as F(w) := fQ fw dx forallv € H'(Q),w € H(} (€2). We assume that we can
represent # in the form

u=ug+ ®u, (5.2)

for some known smooth function ® € W(} "°(Q) and some & € H'() that has the same smoothness as u.
Introduce the affine mapping

B:H"(Q) — ug + Hy () suchthat Bw =u, + dw (5.3)

which enforces the given Dirichlet boundary condition. Then (5.1) can be equivalently formulated as follows: Find
it € H'() such that

a(Bu,v) = F(v) forallv e Hol (2) 5.4

with u = Bu = u, + ®u. In VPINN, we use neural networks to approximate the trial function and finite
element functions for the test functions. Let 7; be a quasi-uniform shape-regular mesh of the domain Q. Let
hr = diam(T) for T € 7, and let the mesh size i be defined as h = max{hy | T € 7}. Let V), .= {v;, €
HY Q) | vilr € Pi(T) forall T € Tp} be the space of trial functions and V), 0 = V;, N HO1 (€2) be the
approximate test function space. Furthermore, introduce computable approximations of the forms ¢ and F by
numerical quadratures. Precisely, forany 7' € 7, let {(S IT, a)lT) el T} be the nodes and weights of a quadrature
formula of precision g > 2k on T. We define the approximate forms

ap(w.v) =Y > o (VwE) Vo) and F) = Y > of FEDHED. (5.5)

TeTylelT TeTylelT

With these ingredients at hand, we would like to approximate the solution of (5.4) by some ug € U =
N,(L,n, R) satisfying

an(IpBug, vy) = Fy(vy) forall vy € V. (5.6)

Note that the choices of activation functions p for this method are hyperbolic tangent and sigmoid. Here 7, :
Co%Q) — V;, (withZy, : CO() ﬂH(} (£2) — Vj0) is an interpolation operator such that it satisfies the interpolation
estimate

v —Tpoler ST oy r, 0<€<k+1 forallT €7, (5.7)
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(see for example, [21, subsection 11.5.1]). In order to propose VPINN, introduce a basis {¢; : i € I} of Vj ¢, and
for any w smooth enough, define the residual as follows:

rhi(w) = Fp(e;) —ap(@pBw, ¢;), i€ Iy, (5.8)

where [, is the global basis index set. The VPINN formulation of (1.1) is the optimization problem that seeks
ug= € U = No(L,ng, R) such that

ug+ € argmin Ly (ug) == »_rj ;(up). (5.9)

ug U icly

Note that the VPINN needs basis functions of the finite element space Vj. Meshing and computing basis
functions in higher dimensions (R?, d > 4) is a challenge and visualisation is impossible. Therefore, for VPINN,
we restrict ourselves to two or three-dimensional domains.

5.1 Error analysis

To carry out the error analysis of the VPINN, we follow the ideas presented in [6]. Let u‘g € U be a solution of
the minimization problem (5.9) using a random solver S and set

uy™ = T, Buf € V. (5.10)
Recall the definition (5.3) of the affine mapping B to observe
" = Thug + In(duy), (5.11)

where Zju, is a discrete lifting in V), of the Dirichlet data g and Ih(CIDM‘éS ) € Vpo. We aim to estimate the
error between u and ug+ in the energy norm. To accomplish this task, we need several results. We start with the
assumptions (A1)-(A4) stated below.

(A1) (quadrature) The quadrature rules used in the elements in 7}, are obtained by affine transformations from a
quadrature rule {(ét, @) :LE I } on a reference element E C R,

(A2) (mesh regularity) The mesh 7}, is quasi uniform.

(A3) (data smoothness) The source term f belongs to Wk-2°(Q) and the boundary data g belongs to H k+3 (0Q2)
with k > 2.

(Ad) (solution smoothness) Letu, € H*'(Q), i € H*'(Q) and ® € Wit (Q). Furthermore, the manifold
formed by the neural network functions satisfies the smoothness condition U/ C H?().

Clearly, from (A4), we have u = ug + du € H k+1(Q). The next proposition on norm equivalence follows from
[13, Theorem 4.1.4].

Lemma 5.1 (norm equivalence) /6, Definition 1, page 100] Let vy, € Vj, such that vy, = Zli”'l v; @i, where {qb,-}y:hl]
is a Lagrange basis of the space Vy,. Then it holds that

_d _d
h=2 Vsl 2 S vl S 2l g q)s (5.12)

where v = (v;)ier,, and ||v]|,2 = (Zie[h viz)l/z.
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For all v, wy, € Vj,, we introduce the consistency errors due to numerical quadratures as:
Ej (wp, vp) = a(wy, vy) — ap(wy, vp) and E}{(vh) = F(vp) — Fp(vp). (5.13)

Proposition 5.1 (approximation of the forms a and f) For all wy, vy, € Vp, under the assumption (A3), the
numerical quadratures satisfy the bounds

E iy o) S B Nwnll gy lonll iy and 1EL o)l S BEILF koo ) Tonll 1 o (5.14)

where the constant in < is independent of the mesh size h.

Proposition 5.2 (discrete inf-sup condition) Under the assumption (A3), for all h < hg small enough, the bilinear
form ay, satisfies an inf-sup condition with respect to the space Vy,. That is, there exists a constant &, > 0 such that

Gulwillgie < sup 2D ety € Vio. (5.15)

wneVio 1Vl E1 (@)

Proof Since (5.1) is well-posed and V), C H L) (resp. Vio C HO1 (R2)), the coercivity of the bilinear form a on
V.o shows the existence of o, > 0 such that

welwpllgio < sup 20 for il wy € Vio. (5.16)

vneVio IVRllH1 (@)

Moreover, we have a; (wp, vy) = a(wy, vp) — Ej (wp, vy) for all wy, vy € Vj. This and the first identity in (5.14)
with k = 2 yields

an(Wh, Vh)
a*”wh”Hl(Q) < sup — + Ch2 ”u)h”Hl(Q) for all wy € Vh’(), (5.17)

uneVio IVnll1(e)

where ¢ > 0 is a constant independent of the mesh size 4. Choose /iy > 0 small enough such that ch? < %a* for
all i < hg. This concludes the proof with &, = %a*. O

Theorem 5.1 (key estimate) Let u := Bu = ug + ®u solve (5.4) and ug+ solve (5.9), that is, Bugx = ug + ®ug+
be an approximation of the solution u. Let u‘g be a minimiser of (5.9) obtained by a random solver S. Then the
following error estimate holds:

||L£ - Bu9*||H1(Q) S gint + &:l(gapp + gquad) + Sopt’

where the interpolation error E;,; = (1 + &L (l + h*1)> ||lu — Ihu||H1(Q), the approximation error Eup)p =

h=Ya — u‘gllHl(Q) + ||l — u‘glle(Q), the quadrature error

E] (vp) — ES(Typu, vy) ECwS ™, z1) — Ef (z1)

Equad == sup +h! sup ,
Wn€Vio loall 1) h€Vio Iznll g1 )
the optimization error Eypy := ||u‘g’h — Bug+| g1 (q), and the constant in < is independent of the mesh size h.
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Remark 5.1 Note that &;,; represents the interpolation error, &, represents an approximation error, which mea-
sures how well the computed solution approximates the true solution, and the standard statistical error is replaced
by quadrature error &£,44 since we have used quadrature points to approximate the bilinear and linear forms. The
optimization error measures the gap between the analytical minimiser Bug+ and the interpolation of the computed
solution u‘g’h = Ihug.

Proof Introduce u‘g’h and Z,u to decompose the error using the triangle inequality as
S.h S.h
lu — Bug+|lg1(q) < lu — Znull gy + 1Znu — uy | g1y + lug™ — Bugx| g1 (q)- (5.18)

The first term in (5.18) is the interpolation error for which the error bounds are known, the third term is the
optimization error; we estimate only the second term. The following results in Step I and Step 2 are key to derive
the estimate of the second term in Step 3.

Step I (control of |ju — ug’hllHl(Q)). Sete? :=u — Bug. From (5.2) and (5.3), we have ¢/ = ®(ii — u‘g). Thus,
u— ug’h = u—Th) — e’ + (I —Tp)ev. Apply a standard interpolation estimate for the third term, (A4) to see

¢! € H*(Q), ® € Wkt1:°°(Q), and obtain
S,h ~ ~
lu — g "y S N — Tnull gy + i — g || g1y + Rl — uf || 2y (5.19)

where the constant in < is independent of the mesh size h.
Step 2 (control of Zh (u‘g)). Since ,/ Eh (u‘g) is a weighted £-norm in RI#! we can write

N. Eh(u;?) = sup

zeriinl 1212

> i)z, (5.20)

iely

where for 7, = Zie]h zZi¢i € Vo, Zielh rh,i(u‘g)z,' = Fj(zp) — ap (IhBu‘g, Zp)- In analogy with (5.10), let us
set ug’h = IhBug € Vi. Recall (5.12) to obtain

— Fi(zn) — apus™",
By < pi sup TR @ty ) (5.21)

Zh€Vio Izl g1 ()

Algebraic manipulations of the numerator of (5.21) yields

Fu(zn) = f(zn) — Ef @) = a(u, z) — E] ) and ap ™", 2) = a@l ", z2) — Ef ™, z). (5.22)

Utilize (5.22) in (5.21) to arrive at

=~ J E{ S, zn) — EJl (zn)
VLS < ns! <||u—u‘§*h||H1(Q)+ sup —m8 M T Fh ) (5.23)

2h€Vio Izl g1 (@)

Incorporate (5.19) in (5.23) to obtain

S.h f
-~ d_ ~ ~ EZ(”@ »zn) — Ej, (zn)
VER@g) S h2 = Tpull gy + i — uf g1 () + ki — uf g2y + sup :
Vo lznll g1 (@)

(5.24)
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Step 3 (error estimate). Utilize (5.2) and (5.11) to write the second term of (5.18) as Z,u — ”9 = Ip(du) —
Ih(cbu@) € Vj.0. Hence, we can apply (5.15) to obtain

S,h
S.h 1 an(Tpu —uy'™, vy)
|Znu — uy™" Il g1y < = sup
O vpeVi ||Uh||H1(Q)

(5.25)

Recall (5.13) and (5.1) to obtain

ap(Zpu, vy) = a(Tpu, vy) — Ej (Lyu, vy) = a(u, vp) — a(u — hu, vy) — Ej (Tpu, vp)
= F(vp) —a(u — Zpu, vy) — Ep(Zpu, vp) = Fp(vp) + E;{(Uh) —a(u —Zyu, vp) — Ej (Zpu, vy).  (5.26)

This shows that the numerator in (5.25) is
S,h _ S,h f a
an@ae = ug™ vi) = (Fu(on) = an@ ", o)) = au = T, vi) + (Ef (i) = Ef Gy, o)) . (5.27)
The definitions of uf’h from (5.10) and the residual from (5.8) lead to

Fy(on) — an(uy " vp) = Fy(up) — an(TyBug  vp) = Y rn i (ug)v;. (5.28)

iely

Hence, (5.20) and (5.12) yield

d o~
Fy(vn) — an(uy ™ va) S h™ 2 Lau) lvnll g1 - (5.29)

A combination of (5.27), (5.29), and (5.25) with an application of the continuity of the bilinear form a yields

f a
L _d = E; (vp) — Ej (Zpu, vy)
||Ihu—u§”1||m(g>5a*‘(||u—1hu||m(m+h 2 JLhws) + sup —n h . (530

v €V lvn ||H1(Q)

A substitution of (5.24) in (5.30) shows

1w — ug " g1 () S @ ((1 +h D — Tyull gy + b i — uf Loy + i — u§ 20
f a as, Sh f
E; (vy) — ES(Zpu, v Ef(u,”",zn) — E; (2
+ sup h( h) h( h h) +h_1 sup h( 2} n) h( h)) (5.31)
weVio lorll g () 2h€Vho lznll g1 ()
A consolidation of (5.18) and (5.31) concludes the proof. O

Theorem 5.2 (errorestimate) Letu := Bu = ug—i-CDﬁ solve (5.4) and ug+ solve (5.9), that is, let Bugx = ug+Pug+
be an approximation of the solution u. Let ”9 be a minimiser of (5.9) obtained by a random solver S and let
(A1)-(A4) hold. (a) Then the following error estimate holds:

lu — Buo=ll gy S (L+a, )" +a, "+ at (h i - ugqu(Q) + i — uf g2 oy)
+a, ! ( i — u ||H1<Q) +hli = g | ey) + 6B (lugl e + lill g o)
+ ||M9 — Bug+|lg1(q)- (5.32)
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Remark 5.2 For details of control of the terms ||z — ugll H2 o) and |lu — u‘g I 51 (q)» We refer to [6].
Proof The key estimate in Theorem 5.1 yields
lu — Bug+ ”H‘(Q) S, Einmt + &:l(gapp + 5quad) + 50pt- (5.33)

We estimate the components &, and &;,qq in the right-hand side of (5.33) in the following two steps, and
leave the approximation error &), = =i — ug||H1<Q) + |lu — uglle(Q) and the optimization error &, :=
lus" — Bug |l ;1 (g as it is.

Step 1 (estimate of &;,,;). From (A2), we have u € H k+1(Q2). The interpolation estimate of Zj, yields

Em = (L+a, ' A+h D) lu— Thullg gy < (L+a A+ h™H) R ull gro g
_ ((1 Farhnk +&;1h’<—1) Il iy - (5.34)

Step 2 (estimate of &;yqq). The quadrature error is

E] (vp) — ES(Tyu, vy) ECwS ™, z1) — Ef (z1)

Equad = SUP +h! (5.35)
vh€Vh.o ”vh”Hl(Q) Zh€Vh0 ”Zh”Hl(Q)
The first and second components of &4 are estimated using (5.14) as
Ef () — E{ Ty, vp)
< (L f lweos iy + 1Znttll g z3) (5.36)
V€V llvn ||H1(Q)
B Efy" zn) — Ef @) 4
W' osup T < WV Bug | g gy + 1 f llweos @)- (5.37)
Zh€Vho ||Zh||Hl(Q)
A triangle inequality, (5.3), and inverse inequality lead to
IIIhBu‘gIIHkm) < I Z B (ug — Wl gk gy + 1 Zn Bl ez,
= |Zh® u§ — i)l e ;) + 1 Zn Bitll g (7
< WML g — ) g1 (@) + 1ZaBiill g7 (5.38)

A triangle inequality applied once again shows
IZh g — Dl 1) < 1Tn® g — @) — g — D)l 1) + 19w — D)l 1 o)
This with a standard interpolation estimate (5.7) and (A4) for the first term and (A4) in the second term yields
IZh®W§ — D)l S hllug — il ) + luf — il g ), (5.39)

where the absorbed constant in < depends on || D || Wwk+1.00(g) and interpolation constant. Substitute (5.39) in (5.38)
to obtain

IZh Bug || ey < h 5 hllug — iill gy + 14§ — il g y) + 1Z0Bitll ge g, - (5.40)
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A combination of (5.38)-(5.40) in (5.37) leads to

S.h f
pl sup EZ(MQ aZh)_Eh (zn)

< llug — @il gr(qy + hllug — il g2y + h U TnBiill ey + 1L f llweos gy)-
ZhEVhA,O ”Zh”H](Q)

541

Utilize (5.36) and (5.41) in (5.35), and apply the interpolation estimate from (5.7) to obtain

Equaa < lug — il g1y + hllug — il g2y + W U TnBiill e zy + 1 Znull gz + 1L ko)
S luf — il g + hllug — ull gy + hk(”ﬁ”Hk(Th) + llugll grezyy + 1 f llwkoo(gy) (5.42)

with the stability of 7, the definition u := Bu = ug + ®it, and (A4) in the last step. Finally substituting (5.34)
and (5.42) in (5.33), we conclude (5.32). O

Remark 5.3 (Optimisation error) The optimisation error &), refers to the error introduced by the algorithm used
to train neural networks for PDE problems. For DRM, the optimisation error measures the empirical loss function
gap and the H !-gap between the analytical minimiser ug+ and the minimiser u‘g obtained from the random solver.
It is defined as Eopr = By, ) [L@§) — Lugr) + lluf — ug+|3, ] see Lemma 3.1. For PINN, the
optimisation error measures the empirical loss function gap and the L>-gap between the analytical minimiser ug+
and the minimiser u‘g obtained from the random solver. It is defined as &, = Ey; Xil_ V) [E (u‘g) — L (ug+) +

iz (Q)], see Step 1 of the proof of Theorem 4.1. For VPINN, the optimisation error measures the gap
S.h

between the interpolation of the minimiser u,"

lug — ugs|
=1y Bu‘g obtained from the random solver and the analytical
minimiser Buy+. It is defined as &,); := ||ug’h — Bup+| g1(q), see Theorem 5.1. Training such networks remains
highly challenging because the underlying optimisation landscape is non-convex. The theoretical understanding
of optimisation error is still quite limited, except in a few simplified settings where the training dynamics become
essentially linear (see, for example, [24, 36] ). For PDE-based learning, one can expect difficulties of a similar or
even greater magnitude.

6 Numerical implementation

This section discusses the implementation procedure for DRM/PINN/VPINN in Algorithm 1, and this is followed
by numerical experiments. The codes and datasets generated and analyzed in this article are openly available in
the GitHub repository DNN_review_Article at

https://github.com/rcs1994/DNN_review_Article
Example 6.1 (DRM, PINN, and VPINN on the unit square domain in 2D)

Consider the Poisson equation (1.1) in Q = (0, 1)? with the known exact solution u = "= sin(7xy) +
2= gin(7rx1). The source f is computed as f = —Au and the boundary data is chosen as g = u on 3%2.
For DRM and PINN, we use a DNN architecture with 4 hidden layers and 30 neurons in each layer. When
formulating the empirical loss f(ug), we choose n = 5000 i.i.d.(independent and identically distributed) points
from U (€2) for the PDE residual, m = 1000 i.i.d. points from U (d€2) for boundary residual, and boundary weight
a = 700. These settings are chosen by trial and error. We minimize the loss Z(ug) using ADAM provided by
the PyTorch library. We use 10000 ADAM iterations to minimize the loss function and the learning rate in the
stochastic gradient method is 1074,

For VPINN, we choose a triangulation with 2113 nodes and 4096 elements. The test functions are piecewise linear
functions. We use another pre-trained neural network to enforce the boundary condition, having 2 hidden layers
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with a width 30. It is trained on the known boundary data. For both the methods, ADAM is employed to optimize
the bias and weights in neural networks. The learning rate for the first 5000 epochs is 1073 and 10~ for the rest.

Algorithm 1 Training Framework for DRM, PINN, and VPINN

1: procedure TRAIN DRM/PINN/VPINN

2:  Construct neural network:

3: Architecture: L layers with activation p

4: Represented function: ug

5:  Input:

6:  if Method is DRM or PINN then

7: Collocation points: {X;}'_| C €, {Yj};-”=1 c o

8: Data: {f(X)}i_,. {g(YDY],

9: Balancing parameter: A > 0 (y > 0)

10:  else > VPINN
11: Mesh: 7,

12: Test space: V), with P basis functions {¢; :’i I

13:  endif

14:  Initialize parameters: 00 < {(W*, b")}L_| > e.g., Xavier initialization [25]
150 k<0

16:  while k < N do . > Total training epochs: N
17: Compute empirical loss £(6%):

18: if DRM then

19: L,.(6%) < BN [31Vuge|? = Fuge] (Xo) + 588 ST Juge (V) — g ()2

20: else if PINN then

21: LO%) < BT 1 Auge(X) + FXDP +y B uge (V) — g(¥))1?

22: else 5 > VPINN
23: Li(0%) < Y icp, [Fa(oi) — an(@n(Buge), ¢i)]

24: end if .

25: Compute gradient: g€ < VyL£(6%)

26: Ugdate parameters: Pkl Optimizer(@k, gk, ‘L’k) > Optimiser: Adam [31], AdaGrad [19]
27: (t” be the learning rate)

28: k<—k+1

29:  end while

30:  Return: Trained parameters " and solution uyy
31: end procedure

The exact and approximate solutions of all three methods are displayed in Figure 2. The L2 and H'-errors
and relative errors are shown in Table 2. The L? and H! relative errors are defined, respectively, as L? —
relative error = |u — u9||L2(Q) / ||u||L2(Q) and H! —relative error := ||lu — u9||H1(Q) /||u||H1(Q).
For this example, the training time (in seconds) for DRM, PINN, and VPINN are 80.03, 18.18, and 277.08, respec-

tively.

0.0

(a) Exact solution (b) DRM (c) PINN

Fig.2 Exact and approximate solutions for all the methods for Example 6.1.
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Table 2 Error for all methods for Example 6.1

Method lu — ugIILz(Q) L?relative error [lu — ugIIHl(Q) H'-relative error
DRM 0.026775 0.016579 0.257565 0.055632
PINN 0.000879 0.000545 0.013806 0.002982
VPINN 0.015616 0.009630 0.222021 0.047992

Table 3 Performance of Example 6.1 for various NN architecture

Methods # Hidden # Neurons # Collocation np R L? error H' error Training
Layers Points time (sec.)
DRM 2 60 n = 7000 3901 0.730045 0.040657 0.433367 114.69
m = 2000
4 30 n = 5000 2911 0.599869 0.016590 0.157684 80.03
m = 1000
6 20 n = 4000 2141 0.650495 0.032447 0.301550 63.19
m = 1000
PINN 2 60 n = 7000 3901 0.860108 0.001462 0.021980 170.08
m = 2000
4 30 n = 5000 2911 0.609328 0.001210 0.017527 108.18
m = 1000
6 20 n = 4000 2181 0.666157 0.001328 0.012010 97.96
m = 1000

Remark 6.1 (comparison) We compare the theoretical estimates established in Theorems 3.1 and 4.1 with the
practical performance observed in Example 6.1 for different neural network architectures. Table 3 illustrates the
behavior of both DRM and PINN when using networks with 2, 4, and 6 hidden layers. From the table, it is evident
that the DRM method is able to achieve an accuracy of order 1072 using only a modest number of neurons,
nonzero parameters nj, collocation points (n, m), and a relatively small parameter bound R. In contrast, the
sufficient conditions of Theorem 3.1 predict the need for a significantly larger network architecture to guarantee
the same accuracy. A similar discrepancy is also observed for the PINN method. These observations suggest
that the current theoretical bounds on ny, m, n, and R in Theorems 3.1 and 4.1 are sufficient conditions but
not necessary for the examples considered in this article. Note that in PINN only L? estimates are available
theoretically; however we demonstrate both L? and H! error in numerical experiments.

Example 6.2 (DRM, PINN, VPINN, and adaptive FEMs on L-shape domain in 2D)

This example demonstrates the performance of DRM, PINN, VPINN, and the adaptive finite element method
for a singular solution in an L-shape domain. The article [42, Example 4.2] makes a comparative study of neural
network-based methods; however, in this article, we incorporate the performance of the adaptive finite element
method. For the reproduction of the results of DRM, PINN, and VPINN, we use the same neural network archi-
tecture and parameter settings as in [42, Example 4.2]. For adaptive finite element methods, we use a mesh with
2366 nodes and 4522 elements.

Consider the Poisson equation (1.1) in the L-shaped domain € = (—1, 1)2\[0, 1) x (—1, 0]. The source is given
by f = —Au = 0. This PDE has the exact solution u = ri sin(%@) and the boundary data g := u on 9€2 [42,
Example 4.2]. The exact and approximate solutions for all the three methods are displayed in Figure 3. The L2
and H'-errors and relative errors are shown in Table 4.

The current example highlights the well-known challenge of resolving corner singularities on L-shape domain.
The results in Table 4 show that DRM and VPINN outperform standard PINN, with VPINN providing the most
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1.25 r 125 r 125 l
1.00 1.00 1.00 '

075 075 0.75
0.50 0.50 0.50
0.25 0.25 0.25 I"2
0.00 0.00 0.00
(a) Exact (b) DRM (c) PINN (d) VPINN (e) AFEM

Fig.3 Exact and approximate solutions for Example 6.2

Table 4 Error for all methods for Example 6.2.

Method lu —uollp2 L?-relative error llu —uoll g1 (@) H'-relative error
DRM 0.038890 0.064513 0.198077 0.200904
PINN 0.096221 0.159620 0.339566 0.344411
VPINN 0.037798 0.037798 0.148392 0.150510
AFEM 0.000313 0.000301 0.018300 0.010700

accurate approximation among the neural network-based approaches. Nevertheless, for this example, we observe
that adaptive finite element methods (AFEM) perform better in comparison to VPINN. AFEM achieve errors that
are several orders of magnitude smaller. To be more specific, AFEM yields a solution with about 99.97% accuracy,
DRM achieves 93.55% accuracy, PINN 84.04%, and VPINN 96.23%. These results suggest that incorporating
adaptivity techniques will potentially enhance the accuracy of DRM, PINN, and VPINN. The training time (in
seconds) for DRM, PINN, VPINN, and AFEM for this example are 41, 58.01, 78.43, and 4.25, respectively.

Example 6.3 (DRM and PINN in higher dimensions)

Consider the Poisson problem (1.1) in six dimensional domain Q = [0, 116. For the (known) exact solution
u = sin(3mx1) sin(3wx7) sin(wx3) sin(wxa) 4 cos(mwxs) + cos(wxg), the source and boundary data are computed
from (1.1).

We test the performance of DRM and PINN in this example. We use a DNN architecture with 4 hidden layers
and 80 neurons in each layer. The domain data of size n = 10000 is uniformly sampled from the domain, and
boundary data of size m = 2000 is uniformly sampled from the boundary. For both the methods, the boundary
weight is taken to be 100, selected by trial and error. We use 10000 ADAM iterations to optimize the neural
network parameters, with initial learning rate 10~3, multiplied by 0.1 at 5000-th and 7000-th iterations. For DRM,
the L2 error is 0.181340 and L? relative error is 17.5%. For PINN, the L? error is 0.077701 and L? relative error
is 7.5%, thus illustrating that PINN fares better for this example.

A Bounds for the approximation error

We recall the following result on the bound for the approximation error [27, Proposition 4.8] and [29, Theorem
4.1, Remark 4.1].

Proposition A.1 (approximation error bound) Let p > 1,m,k,d € NT,m > k + 1. Let p be the hyperbolic
tangent or sigmoid function. For any § > 0 and y € W™ P ([0, 11¢) with Iy lwm.p 0,174y < 1, there exists a neural

d
network yg with depth L = clog(d + m) and non-zero weights n;, = c¢(d, m, p, k)6 m=*=r such that

Iy = Yollwkr o174y < 6,
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where | is an arbitrarily small positive number. Moreover, the weights and biases 6 in the neural network yg are
24 +dthtr+ 4 +a

—2- m—k—pu

bounded in absolute value by R = c(d, m, p, k)é

B Abstract statistical error estimates

Split the statistical error as Egqr = Eslta, + Sszmt with &} star = Ey X Y 1}[sup [Lp(ug) — Z;(ue)]] and

52

Ttat follows

and the esimate of £2

stat> stat

= E{{Xk}/?:p{Yk}?:l}[ sup [Z;(ug) — Lp(ug)]]. We only estimate &l
MQEU

similarly. Now the loss function has an interior part and a boundary part. Let the function classes F; = {h;(ug; -) :
Q — Rlug € Ny(L,ng, R)} and Fp, = {hp(ug; -) : 32 — Rlug € Ny(L,nr, R)} be such that the continuous
loss can be represented as

Lg(ug) :=/ hi(ug;x)dx—}—ﬂ/ hp(ug; s)ds. (B.1)
Q Q2
The empirical loss reads
~ 12| |asz|
L =) hi(ug: X N hp(ug; Y5 B.2
plug) = — ; (ug; Xi) + B Z b(ug: Y)). (B.2)
We also define AE; = sup |Q|Eyq)hi (uo; X)——Zh (ug; Xx) and A, = sup |dQUEy aqyhs(ue; Y) —
hieF; k=1 hp€eFp

02
Jo%a Z hp(ug; Y;). A similar bound holds for £2,, as well and we have
j=1
gl

stat —

X, [AE] + ﬁE{Yk}}:’:l[Agb] and 5stat E{Xk}Z:I[AE,'] + ,BE{Yk}ZI:I [AEL]. (B.3)

Now we prove bounds on Ex, 1, [A&;] and Eyy, . [A&p] using Rademacher complexity [2]. Rademacher com-
plexity measures the complexity of a collection of functions by the correlation between function values with
Rademacher random variables.

Definition B.1 (Rademacher complexity) Let F be a real-valued function class defined in the domain €2 (or on the
boundary 0€2) and & = {£ j};le (or& = {&};_, ) bei.i.d. samples from the distribution ¢/(£2) (or the distribution
U(9€2)). Then the Rademacher complexity R, (F) ( or R,,(F) ) of the function class F is defined by

Rn(F) :=Ee, | sup — ijv(s, (orR (F) :=Eeo |:Sup — Za)kv(ék)j|)

veF 4T veF Mo

where v = {w j}ljzl (with I = n or m) are i.i.d Rademacher random variables with probability P(w; = 1) =
_ _ i
Plwj=—1) = 5.

The hypotheses (H1) and (H2) stated in Lemma 3.3 on boundedness and Lipschitz continuity of the function
classes F; and F}, are useful to obtain an upper bound on Rademacher complexity.

The following lemma from [17, Lemma A.2, A.3, and A.4] is useful in determining M;, Mj, A;, and Ap from
(H1)-(H2) in applications.
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LemmaB.1 Forany u = ug € U = Np(L, nr,R), and u = u; € U, with the activation function p as the
hyperbolic tangent or sigmoid. The function class U consists of functions defined on 2. The following estimates
hold: forany 1 < p <d,and 1 < q < ny and for all x € €,

lu(x)| < (np—1 + DR, (B.4)
—1 ny
(l_[nk> RS>0, — 65, £=1,....L—1,
~ k=1 =1
Jug? @) — i ()] < - (B.5)
JnL (1‘[ nk) RYM6—6]p2, €=1L,
k=1
185, u0 ()] < an) RY, ¢=1,...,L, (B.6)
—1 ny
|0, u () = 8,10 ()] < (€ + 1) (]_[ nk> R*UN"10;— 651, €=1,....L. (B.7)
k=1 j=
-1\ 2
2 () 20 _
105 g (x)|5£(]_[nk> R* ¢=1,2,...,L (B.8)
k=1
L-1 \3
1951 () = 05a(0)| < 2(L — DLny/mr (H nk) R*™30 = 6] e, (B.9)
k=1

with n = 1 for sigmoid and n = 2 for hyperbolic tangent function in (B.9).

By a standard symmetrization argument, we have the following bounds on [, Xl [A&;] and E{yk}zle [AEp] in
terms of the Rademacher complexity of the sets F; and F},. These bounds play a crucial role in deriving the final
error estimate. The following estimates are derived using the ideas from [29, Lemma 5.3]; however, we provide a
proof for completeness of this article.

Lemma B.2 (bounds for Ey, v (AE;) and E{yk};:t:l [AELD. With the notations above, it holds that
Eixp_ [A&] < 2Ry (F) and Eqygp [AEp] < 2Ry (Fp).

Proof We prove the first inequality here the second one follows similarly. Let {X k};—, be an independent copy of
{Xk}%_;- Then we have

|sz|
QIEy (@) [hi(ug; X)] — — Zh (ug; Xp) =—F

k=1

Fs Zh (up; Xx) — — Zh (g5 Xx)

n

_l€ .
= Bk, ) [hi(ue; Xi) = hi(ug; Xk):| :
k=1

Taking supremum in h;(ug; -) € F;, applying Jensen’s inequality [28], and taking expectation with respect to
{Xk};_, lead to

Kl
B, A& <7 Bpy, sy, S Z[h (o X1 — hi g X |

Fi k=1
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By the independence of { Xy };_, and (X k};—» inserting the Rademacher random variables oy does not change the
distribution and hence

12,

By, [AG] ST Epy, 5, o, SO Zak[h(ue,xk) hiuo: X0 .

heFi 1

Since h;(ug; Xy) and h;(ug; f(k) are independent, oy h;(ug; )~(k) and —oyh;(ug; X;) have the same distribution,
and thus we have

IQI |

€2
Exy, [A&] < —=Ez, o sup Zokh (g Xi) + ——Epx, pfy_, SUP Z —ovhi(ug; Xr)
“her o heFi k=
29| "
< B o, sup Y okhiug: Xi) < 2QUE x, o)z [sup Zakh (o3 Xi) | = 21QUR(F).
n he lk:] he ‘7: k=1
This completes the proof of the lemma. O

Now we bound the Rademacher complexities R, (F;) and R, (Fp) of the function classes F; and Fp, respectively.
This is achieved by the Dudley integral formula, which is based on the concept of e-covering number of function
classes. Thus, we briefly describe the e-covering number of a function class. Let F be a real-valued function
class equipped with the metric p. An g-cover of the class F with respect to the metric p is a collection of points
{fi}’_, C F such that for every f € F, there exists at least one i € {I,...,n} such that p(f, f;) < e. The
e-covering number C(F, p, €) is the minimum cardinality among all e-covers of the class F with respect to the
metric p. Now we can state the well-known Dudley’s theorem [45, Theorem 1.19].

Lemma B.3 (Dudley’s theorem) Let M := sup sz || fllL> (), and C(F, |l - llLe(q). €) be the covering number
of the set F. Then the Rademacher complexity R, (F) is bounded by

Mr 1
Ru(F) < inf (4s + 12n—5/ (1og C(F, || - I (g, €))? de)-
N

O<s<Mr

With the help of Lemma B.3, (H1), (H2) stated in Lemma 3.3, and the estimate of the e-covering number C(F, p, €),
we have the following estimate of a neural network function class.

Lemma B.4 (bound for R, (F;)and R, (Fp)) Let Fi = {hi(ug;-) : @ —> R | ug € Np(L,nL, R)}, and Fp =
{hp(ug; ) : 2 —> R | ug € ./\/p(L, ny, R)} denote function classes, where Np(L, ny, R) is a neural network
function class. Let n and m be the number of Monte Carlo sample points associated to the function classes F;
and Fp, M; and My, be the uniform bounds of the function classes F; and Fy, respectively, and A; and Ly, be the
Lipschitz constants of the function classes F; and Fp, respectively. Then the bounds

1 1
Ru(F) < cn_%nLR%MiAi2 and R, (Fp) < cm_%nLR%M;,A;,

hold, where the constant ¢ depends on d.

Proof We prove the first estimate and the second one follows analogously. Recall that for any m € N, r € [1, 00),
e €(0,1),and B, := {x € R™: |x]|,2 < r}, by counting argument (see, e.g., [15, Proposition 5] or [29, Lemma
5.4]), we have logC(B;, || - ||,2, €) < mlog(2r Jme™ ). It follows directly from the Lipschitz continuity of neural
network functions and the estimate ||6|,2 < /nz |0 ¢~ < /nL R that

1og C(F. || - llL). €) < log CNy. || - ll2. A;'e) < mplogn RA;e™"),
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where N denotes the parameter space for the function class F, and A; ,M; are the Lipschitz and boundedness
constant for F. Then letting s = n~? in Lemma B.3 leads to

M; 1 1
R(F) < 4n™7 + 12n_2/ | (nrlog2Rry Aje™))? de < 4n~7 + 12072 M; (mlog(2RAin/n))?
n

2

1
Since 1 < R, ny and log(x) < x, Ry (F) < n_%nLR%MiAiz with the constant absorbed in < depending on d. O

Lemmas B.2, B.4, and (B.3) establishes a bound for &£, as

I 2 Sl d e 2
Estar 1= gstal + & <n 4nLR2MiAi + Bm 4nLR2MbAb (B.10)

stat ~

where the constant absorbed in < depends on d.
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