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Abstract
Recent advances in deep learning have led to efficient solutions of initial and boundary value problems governed
by partial differential equations defined in a domain � ⊂ R

d for d ≥ 2. These approaches recast the problem
as optimization problems, where the objective is to learn suitable neural network parameters that approximate
the solution. In this expository article, we focus on neural network-based solvers namely, Deep Ritz Method,
Physics-Informed Neural Network, and Variational Physics-Informed Neural Network for the Poisson problem
with Dirichlet boundary condition. We discuss a comprehensive error analysis for each of these methods and
conduct numerical experiments to assess their computational efficiency.

1 Introduction

Partial differential equations (PDE) model a vast number of natural and manmade phenomena in all areas of
science and technology. Explicit solution formulas are only available for very specific types and examples of
PDE. Hence, numerical simulations are necessary for most practical applications featuring PDE. A diverse set of
methods for approximating PDE numerically is available, such as finite element [10], finite difference [43], finite
volume [22], and the more recent methods like the virtual element method [16] and hybrid high order methods [14,
18]. Although these methods are successful in practice, it is still challenging to numerically simulate problems
such as uncertainty quantification, multi-scale and multi-physics problems, inverse and constrained optimization
problems, PDE in domains with very complex geometries and in very high dimensions.

The recent developments in deep learning have introduced neural networks (NN) as powerful and mesh free
function approximators. These networks feature highly nonlinear parameterizations that, when paired with modern
hardware accelerators, enable rapid evaluation and differentiation. As universal approximators, they offer the
potential to alleviate the curse of dimensionality. The deep learning based method for solving PDE was first
introduced in the work by Raissi et al. in 2019 [39]. It is popularly known as physics-informed neural networks
(PINN). This method is based on the residual minimization of the PDE and uses the strong form of the PDE.
Building on this foundation, a variety of extensions and weak-form approaches have emerged, for example, the
Deep Ritz Method (DRM) [20], Variational PINN (VPINN) [6], Weak Adversarial Networks (WAN) [47] as well
as operator-learning architectures like DeepONet [33], the Fourier Neural Operator (FNO) [32], and so on. In the
article [42], though the authors conduct a comparative study of the neural network-based methods computationally
for the elliptic problem, they report the error analysis of only the PINN.

This article is expository and discusses the analysis and implementation of a select set of popular approaches for
Poisson problem. Though the main focus is on weak formulation based approaches (DRM and VPINN), for the
sake of completeness, we also discuss PINN. This article focusses on a unified framework for the error analysis
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of three popular approaches and does not aim to provide an exhaustive survey of all neural network methods for
PDE.
Consider the Poisson problem:

−�u = f in �, u = g on ∂�, (1.1)

defined in a domain � ⊂ R
d with d ≥ 2 and boundary ∂�. In this article, we consider three neural network-based

PDE solvers, namely, DRM, PINN, and VPINN for (1.1). A schematic diagram of workflow of DRM/PINN/VPINN
are described in Figure 1.

The references for the formulations of the methods, loss functions, smoothness of data and solution, and error
estimates are listed in Table 1. For the details of notation used in the table, we refer to Section 3, 4, and 5,
respectively.

All three methods are characterised by a loss function that is discretised using Monte-Carlo approximation
or a quadrature formula as indicated in row 4 of Table 1. The error estimates comprise contributions due to (a)
approximation error Eapp, that arises from the approximation of the solution by neural networks, (b) statistical error
Estat , that arises due to the approximation of the continuous integrals via Monte Carlo methods, (c) optimization
error Eopt , that arises from the approximation of minimizer using a random solver, and (d) quadrature and
interpolation errors (only for VPINN) denoted as Equad and Eint , respectively, see row 6 of Table 1. In the error
estimates of all the methods, we avoid the details of discussion of the analysis of the optimization error, which is
notoriously challenging and is open to the best of our knowledge. The data smoothness and solution smoothness
for each method are described in rows 3 and 5, respectively.

PINN offer a key advantage in high-dimensional or mesh free problems, but in low dimensions, classical
numerical methods are typically more efficient as the training cost to optimize the network of PINN is high. In
the study by Grossmann et al [26], a comprehensive comparison between PINN and the Finite Element Method
(FEM) is conducted through a series of numerical experiments spanning one to three spatial dimensions and it is
observed that while PINN can outperform in extrapolation beyond the training domain, they require significantly
more training time than FEM. The gap in the practical efficiency of PINN stems from reliance of FEM on fast linear
solvers, whereas PINN involve costly nonlinear optimization without comparable efficient solution methods. PINN
combine PDE residuals with penalty terms, but often struggle to balance accuracy and constraint enforcement.
Wang et al. [44] adjust penalty weights, while Lu et al. [34] enforce boundary conditions exactly. Their reliance

Fig. 1 A diagrammatic illustration of the DRM/PINN/VPINN workflow for Poisson problem
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on the strong form limits accuracy for solutions with low-regularity. However, the PINN based methods perform
well on solving singular perturbation problems in fluid dynamics [38], computational elastodynamics [40], and
many other problems in applications.

The DRM, inspired by the classical Ritz method, overcomes this by applying deep learning to the
weak/variational problems. In DRM, the traditional trial space is replaced with deep neural networks. By optimiz-
ing the network parameters to minimize the Ritz functional, the DRM produces approximations that are accurate
and applicable to a wide range of variational problems.

Another weak-form-based approach that is discussed in this article is the VPINN, that aims to approximate weak
solutions of PDE. These methods offer flexibility, particularly when dealing with solutions with low regularity
or complex domain geometries. VPINN based on the Petrov–Galerkin formulation, use test functions from a
polynomial space and represent the trial function with a neural network. Several advancements have been made in
VPINN, including FastVPINN [1], a tensor-based approach that reduces computational overhead and efficiently
handles complex geometries, as well as adaptive strategies for VPINN, discussed in [5]. Unlike PINN, which yield
only L2 error estimates, DRM, VPINN provide energy norm estimates.

Recent studies have highlighted the significance of the sampling strategy used to evaluate the loss function [23,
46, 48]. This approach is relevant in high-dimensional settings, where traditional quadrature methods become
inefficient. Though Monte Carlo methods are often preferred for numerical integration, uniform sampling of
collocation points is generally inadequate for capturing localized features of the solution. Adaptive sampling
techniques guided by a posteriori error estimators are proposed to enhance accuracy and efficiency [7, 12, 35]. For
simplicity of exposition, we stick to uniform sampling in this article.

The remainder of this article is structured as follows. Section 2 introduces preliminaries on neural networks
and the notations. A summary of the neural network based methods is presented in Table 1. The DRM and its
error analysis is discussed in Section 3. The PINN (resp. VPINN) and its error analysis is discussed in Section 4
(resp. Section 5). Section 6 discusses the algorithm for the three methods and results of numerical experiments
that assess the performance of the proposed solvers. The appendix provides classical bounds for approximation
and statistical errors.

2 Neural network based PDE solvers

2.1 Deep Neural Networks

Most of the neural network-based solvers for PDE start with approximate solutions by deep neural networks
(DNN), which are successive compositions of affine linear transformations and nonlinear activation functions.
Let L ∈ N denote the number of layers, and let {n	}L	=0 ⊂ N be a sequence of positive integers with n0 = d and

nL = 1. The weight matrix and bias vector associated with the 	-th layer are denoted by W (	) = [w(	)
i j ]n	×n	−1 ∈

R
n	×n	−1 and b(	) = [b(	)

i ]n	×1 ∈ R
n	×1 respectively. Let ni , for i = 1, . . . , L , denote the total number of nonzero

entries in weight matrices and bias vectors in the network up to the i-th layer, so that nL gives the total number of
nonzero entries in weight matrices and bias vectors in the network.

Let ρ : R → R denote the nonlinear activation function. In this article, we use the activation functions:
hyperbolic tangent, ρ(x) = ex−e−x

ex+e−x and sigmoid, ρ(x) = 1
1+e−x . The choice of ρ depends on the smoothness

requirements of the neural network uθ (defined below), which in turn depends on the order of the PDE.
We denote by Nρ(L, nL , R) the class of neural networks with activation function ρ, depth L , total number of

nonzero entries in weight matrices and bias vectors in the network nL , and all weights bounded in magnitude by
R, more specifically, ‖w(	)

i j ‖∞, ‖b(	)
i ‖∞ ≤ R for all 1 ≤ i ≤ n	, 1 ≤ j ≤ n	−1, 1 ≤ 	 ≤ L .

A neural network uθ : Rd → R in the class Nρ(L, nL , R) parameterized by θ ∈ R
nL is recursively defined as:
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⎧

⎪

⎨

⎪

⎩

u(0)(x) = x,

u(	)(x) = ρ
(

W (	)u(	−1) + b(	)
)

, 	 = 1, . . . , L − 1,

uθ (x) := u(L)(x) = W (L)u(L−1) + b(L),

(2.1)

where x ∈ R
d . For input x ∈ R

n0 , (2.1) shows uθ can be written in the following form of successive compositions
as

uθ (x) = u(L) ◦ u(L−1) ◦ · · · ◦ u(2) ◦ u(1) ◦ u(0)(x).

2.2 Notation

For PINN and DRM, we assume that the domain � is a subset of (−1, 1)d with d ≥ 2 and has a smooth
boundary ∂�. For VPINN, d = 2, 3 and � ⊂ R

d . For 1 ≤ p ≤ ∞, the L p norm of a function
u ∈ L p(�) is defined as ‖u‖L p(�) :=

(∫

�
|u(x)|p dx

)1/p when 1 ≤ p < ∞, and ‖u‖L∞(�) = inf{B :
|u(x)| ≤ B a.e. x in �} when p = ∞. For k ∈ N ∪ {0} and 1 ≤ p ≤ ∞ the Sobolev space W k,p(�)

is defined as W k,p(�) := {u ∈ L p(�) : Dαu ∈ L p(�) for all α with |α| ≤ k} , where the derivatives Dαu
are understood in the weak sense. For 1 ≤ p < ∞, the norm on W k,p(�) is defined by ‖u‖W k,p(�) :=
(

∑

|α|≤k ‖Dαu‖p
L p(�)

)1/p
. For p = ∞, ‖u‖W k,∞(�) := max|α|≤k ‖Dαu‖L∞(�). When p = 2, the space

W k,2(�) is denoted by Hk(�). That is, Hk(�) = W k,2(�). For 0 < s < 1, the fractional Sobolev space

Hs(�) is defined by Hs(�) :=
{

u ∈ L2(�) :
∫

�

∫

�

|u(x)− u(y)|2
|x − y|d+2s

dx dy <∞
}

, and its norm is defined by

‖u‖Hs(�) :=
(

‖u‖2
L2(�)

+ ∫
�

∫

�
|u(x)−u(y)|2
|x−y|d+2s dx dy

)1/2
.

3 Deep Ritz method

The DRM [20] draws inspiration from the classical Ritz technique, which uses the minimization of an energy
functional over a selected set of trial functions to solve a variational problem. The trial space is chosen as DNN
and an optimization of the neural network parameters is then carried out to minimize the associated energy
functional.
Assume that the source term f ∈ C(�̄), and the boundary data g ∈ C(∂�)∩ H1/2(∂�). Let K := {u ∈ H1(�) :
u = g on ∂�}. The Ritz formulation corresponding to (1.1) seeks u ∈ K such that

u = argmin
v∈K

L(v) :=
∫

�

(

1

2
|∇v|2 − f v

)

dx . (3.1)

The boundary condition u = g is weakly imposed in (3.1) and for λ > 0, the modified Ritz formulation for (1.1)
reads

uλ = argmin
v∈H1(�)

Lλ(v) :=
∫

�

(

1

2
|∇v|2 − f v

)

dx + λ

2

∫

∂�

|v − g|2 ds. (3.2)

Let U (�) and U (∂�) denote the uniform probability distributions over the domain � and its boundary ∂�,
respectively, with |�| and |∂�| denoting their Lebesgue measures. Let EU (�) and EU (∂�) denote expectations
with respect to these distributions ( [41, subsections 2.3.1 & 2.4.2]). The loss functional (3.2) can be represented
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in terms of expectations (see [8, Sec 21, page 273]) as:

Lλ(v) = |�|EX∼U (�)

[(

1

2
|∇v|2 − f v

)

(X)

]

+ λ

2
|∂�|EY∼U (∂�)

[|(v − g)(Y )|2] . (3.3)

Let {Xi }ni=1 and {Y j }mj=1 denote independent and identically distributed (i.i.d.) samples drawn uniformly from
� and ∂�, respectively; that is, X = {Xi }ni=1 ∼ U (�) and Y = {Y j }mj=1 ∼ U (∂�). By replacing v by a neural
network uθ ∈ U := Nρ(L, nL , R) in (3.3), and applying Monte Carlo integration (see [41, subsection 11.1]), we
obtain the empirical loss function ̂Lλ(uθ ) as

̂Lλ(uθ ) = |�|
n

n
∑

i=1

(

(
1

2
|∇uθ |2 − f uθ )(Xi )

)

+ λ

2

|∂�|
m

m
∑

i=1

|(uθ − g)(Yi )|2. (3.4)

Note that the choices of activation functions ρ for this method are hyperbolic tangent and sigmoid. The DRM
formulation for (1.1) is the optimization problem that seeks uθ∗ ∈ U := Nρ(L, nL , R) such that

uθ∗ ∈ argmin
uθ∈U

̂Lλ(uθ ). (3.5)

Remark 3.1 (solving (3.5)) The neural network parameter θ satisfies the box constraint , namely |θ |	∞ ≤ R for
some suitable R > 0. Since this ensures that the feasible set is compact in R

nL , the optimization problem defined
in (3.5) admits a solution. Moreover, when the activation function ρ is smooth, the empirical loss function ̂L(uθ )

is continuous with respect to θ . In practice, approximation of minimizer uθ∗ is typically obtained using standard
optimization algorithms such as the limited-memory BFGS method [11], Adam optimizer [31], and AdaGrad
[19]. All these are widely available in public deep learning frameworks like PyTorch and TensorFlow. Evaluating
the loss ̂L(uθ ) requires computing spatial derivatives of the neural network output uθ with respect to the input
variable x . Additionally, gradient-based optimizers necessitate computation of the derivative of the loss function
with respect to the network parameters θ . Both types of derivatives can be efficiently computed using automatic
differentiation techniques [3]; for instance, via torch.autograd in PyTorch.

3.1 Error analysis

The Euler-Lagrange formulation that corresponds to (3.2) leads to (3.6) below that seeks uλ such that

−�uλ = f in �, uλ + 1

λ

∂uλ

∂n
= g on ∂�. (3.6)

For simplicity of analysis, we choose λ > 1.
The error analysis follows the arguments in [29] and [37]. We first derive a key estimate in Lemma 3.1 where

the error is expressed as a combination of contributions from statistical, approximation, and optimization errors.
This is followed by estimates for approximation error in Lemma 3.2 and statistical error in Lemma 3.3. The final
error estimate is consolidated in Theorem 3.1.

Lemma 3.1 (key estimate) Let u (resp. uλ) solve (3.1) (resp. (3.6)) and satisfy u ∈ H2(�). Let uθ∗ be a global
minimizer to the loss function ̂Lλ(uθ ) in (3.5) and uS

θ be the solution to (3.5) generated by a random solver S.
Then it holds that

E{{Xk}nk=1,{Yk}mk=1}[‖u − uθ∗‖H1(�)] �
( 1

λ2 + Estat + λEapp + Eopt
)1/2

, (3.7)
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where {Xk}nk=1 and {Yk}mk=1 are interior and boundary collocation points, respectively, the constant absorbed in
� depends on the constants from trace inequality, inverse trace inequality, ‖u‖H2(�), and the errors Eapp, Estat ,
and Eopt are the approximation, statistical, and optimization errors, respectively, defined by

Eapp = inf
uθ∈U
‖uλ − uθ‖2H1(�)

, Estat = E{{Xk}nk=1,{Yk}mk=1}[ sup
uθ∈U

(Lλ(uθ )−̂Lλ(uθ ))+ sup
uθ∈U

(̂Lλ(uθ )− Lλ(uθ ))],

Eopt = E{{Xk}nk=1,{Yk}mk=1}[̂Lλ(u
S
θ )−̂Lλ(uθ∗)+

∥

∥

∥uS
θ − uθ∗

∥

∥

∥

2

H1(�)
].

Remark 3.2 It is important to note that the expectations with respect to the random collocation points
{{Xk}nk=1, {Yk}mk=1}} arise naturally in (3.7) when estimating the statistical error. This aspect is discussed in detail
in Appendix B of this article. A similar type of estimate can be found in [29, Theorem 6.1] and [17, Theorem 3.7].

Proof A triangle inequality leads to

‖u − uθ∗‖H1(�) ≤ ‖u − uλ‖H1(�) +
∥

∥

∥uλ − uS
θ

∥

∥

∥

H1(�)
+
∥

∥

∥uS
θ − uθ∗

∥

∥

∥

H1(�)
. (3.8)

The rest of the proof is divided into two steps: Step 1 deals with the convergence of solution uλ of the penalized
problem to u as λ → ∞; that is, the bound for ‖u − uλ‖H1(�) and Step 2 bounds

∥

∥uλ − uS
θ

∥

∥

H1(�)
in terms of

approximation error, statistical error, and part of optimization error. The term
∥

∥uS
θ − uθ∗

∥

∥

H1(�)
is a part of the

optimization error and it is assumed that this term can be controlled.
Step 1: (control of ‖u − uλ‖H1(�)).

For all v ∈ H1(�), (1.1) leads to the weak form

∫

�

∇u · ∇v dx −
∫

∂�

∂u

∂n
v ds =

∫

�

f v dx . (3.9)

An application of (3.9) in (3.2) and elementary algebraic manipulations lead to

Lλ(v) = Rλ(v)+
∫

∂�

∂u

∂n
g ds − 1

2
‖∇u‖2L2(�)

− 1

2λ

∥

∥

∥

∥

∂u

∂n

∥

∥

∥

∥

2

L2(∂�)

(3.10)

with

Rλ(v) := 1

2
‖∇(v − u)‖2L2(�)

+ λ

2

∥

∥

∥

∥

v − g + 1

λ

∂u

∂n

∥

∥

∥

∥

2

L2(∂�)

. (3.11)

Since uλ is the minimiser of (3.2), it is also a minimiser of Rλ. Also, since u ∈ H2(�) and ∂u
∂n ∈ H

1
2 (∂�), there

exists φ ∈ H1(�) such that φ|∂� = − ∂u
∂n and ‖φ‖H1(�) �

∥

∥
∂u
∂n

∥

∥

H1/2(∂�)
, where � depends on the constant from

the inverse trace inequality. For ū = 1
λ
φ + u, we have

1

2
‖∇(uλ − u)‖2L2(�)

≤ Rλ(uλ) ≤ Rλ(ū) = 1

2λ2
‖φ‖2H1(�)

� 1

2λ2

∥

∥

∥

∥

∂u

∂n

∥

∥

∥

∥

2

H1/2(∂�)

� 1

2λ2
‖u‖2H2(�)

(3.12)

with trace theorem applied in the last step. The above displayed estimate also bounds the second term in the
definition of Rλ(uλ) from (3.11) as

∥

∥uλ − g + 1
λ

∂u
∂n

∥

∥

L2(∂�)
� 1

λ3/2 ‖u‖H2(�). This, a triangle inequality, u = g on
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∂�, and a trace inequality shows

‖uλ − u‖L2(∂�) ≤ ‖uλ − g + λ−1∂u/∂n‖L2(∂�) + ‖g − λ−1∂u/∂n − u‖L2(∂�) �
(

1

λ3/2 +
1

λ

)

‖u‖H2(�).

(3.13)

Note that the Poincaré-Friedrichs inequality [9, equation (1.1), page 306] leads to the norm equivalence

‖w‖H1(�) � ‖∇w‖L2(�) + ‖w‖L2(∂�) � ‖w‖H1(�) for all w ∈ H1(�). (3.14)

A combination of this, (3.12), and (3.13) shows ‖u − uλ‖H1(�) � ( 1
λ
+ 1

λ3/2 ), where the constant absorbed in �
depends on ‖u‖H2(�) and the constants from trace inequalities.
Step 2: (control of

∥

∥uS
θ − uλ

∥

∥

H1(�)
). The definition of Lλ(v) from (3.2) for the choice v := uS

θ ∈ H1(�) shows

Lλ(u
S
θ ) = 1

2

∥

∥∇uS
θ

∥

∥

2
L2(�)

− ( f , uS
θ )+ λ

2

∥

∥uS
θ − g

∥

∥

2
L2(∂�)

.

This, the weak form of (3.6) (tested with uS
θ ), and elementary manipulations lead to

Lλ(u
S
θ ) = 1

2

∥

∥∇uS
θ

∥

∥

2
L2(�)

−
∫

�

∇uλ · ∇uS
θ dx − λ

∫

∂�

uλuS
θ ds + λ

∫

∂�

guS
θ ds + λ

2

∥

∥uS
θ − g

∥

∥

2
L2(∂�)

= 1

2

∥

∥∇(uS
θ − uλ)

∥

∥

2
L2(�)

+ λ

2

∥

∥(uS
θ − uλ)

∥

∥

2
L2(∂�)

− 1

2
‖∇uλ‖2L2(�)

− λ

2
‖uλ‖2L2(∂�)

+ λ

2
‖g‖2L2(∂�)

. (3.15)

Analogously, the definition of Lλ(v) in (3.2) with the choice v := uλ and (3.6) (tested with uλ) yields

Lλ(uλ) = −1

2
‖∇uλ‖2L2(�)

− λ

2
‖uλ‖2L2(∂�)

+ λ

2
‖g‖2L2(∂�)

(3.16)

A combination of (3.15) and (3.16) with the norm equivalence from (3.14) leads to

∥

∥uS
θ − uλ

∥

∥

2
H1(�)

� 1

2

∥

∥∇(uS
θ − uλ)

∥

∥

2
L2(�)

+ λ

2

∥

∥(uS
θ − uλ)

∥

∥

2
L2(∂�)

= Lλ(u
S
θ )− Lλ(uλ). (3.17)

Algebraic manipulations show

Lλ(u
S
θ )− Lλ(uλ) = (Lλ(u

S
θ )−̂Lλ(u

S
θ ))+ (̂Lλ(u

S
θ )−̂Lλ(uθ∗))+ (̂Lλ(uθ∗)−̂Lλ(uθ ))

+ (̂Lλ(uθ )− Lλ(uθ ))+ (Lλ(uθ )− Lλ(uλ)) for all uθ ∈ U . (3.18)

The last term Lλ(uθ )− Lλ(uλ) in (3.18) can be estimated as follows: The second and third expressions in (3.17)
(with the choice uS

θ := uθ ) yield

Lλ(uθ )− Lλ(uλ) = 1

2
‖∇(uθ − uλ)‖2L2(�)

+ λ

2
‖uθ − uλ‖2L2(∂�)

.

An application of the trace inequality in the second term above yields

Lλ(uθ )− Lλ(uλ) ≤ 1

2
‖∇(uθ − uλ)‖2L2(�)

+ λ

2
Ctr ‖uθ − uλ‖2H1(�)
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� λ ‖uθ − uλ‖2H1(�)
. (3.19)

The constant absorbed in � depends on the trace inequality constant. Utilizing (3.19), and the fact that uθ∗ is a
minimum (that leads to ̂Lλ(uθ∗)−̂Lλ(uθ ) ≤ 0) in (3.18), we infer

Lλ(u
S
θ )− Lλ(uλ) � sup

uθ∈U
(Lλ(uθ )−̂Lλ(uθ ))+ (̂Lλ(u

S
θ )−̂Lλ(uθ∗))

+ sup
uθ∈U

(̂Lλ(uθ )− Lλ(uθ ))+ λ inf
uθ∈U
‖uλ − uθ‖2H1(�)

. (3.20)

Substitute (3.20) in (3.17), and take expectations with respect to the collocation points {Xk}nk=1 and {Yk}mk=1 to
obtain

E{{Xk}nk=1,{Yk}mk=1}[
∥

∥uS
θ − uλ

∥

∥

2
H1(�)
] � E{{Xk}nk=1,{Yk}mk=1}[ sup

uθ∈U
(Lλ(uθ )−̂Lλ(uθ ))+ sup

uθ∈U
(̂Lλ(uθ )− Lλ(uθ ))]

+ E{{Xk}nk=1,{Yk}mk=1}[̂Lλ(u
S
θ )−̂Lλ(uθ∗)] + λ inf

uθ∈U
‖uλ − uθ‖2H1(�)

. (3.21)

Perform elementary manipulations in (3.8), take expectations with respect to collocation points {Xk}nk=1 and
{Yk}mk=1, and utilise (3.21), to infer

E{{Xk}nk=1,{Yk}mk=1}[‖u − uθ∗‖2H1(�)
] � ‖u − uλ‖2H1(�)

+ E{{Xk}nk=1,{Yk}mk=1}[
∥

∥

∥uS
θ − uθ∗

∥

∥

∥

2

H1(�)
]

+ E{{Xk}nk=1,{Yk}mk=1}[ sup
uθ∈U

(Lλ(uθ )−̂Lλ(uθ ))+ sup
uθ∈U

(̂Lλ(uθ )− Lλ(uθ ))]

+ E{{Xk}nk=1,{Yk}mk=1}[̂Lλ(u
S
θ )−̂Lλ(uθ∗)] + λ inf

uθ∈U
‖uλ − uθ‖2H1(�)

. (3.22)

Utilize ‖u − uλ‖H1(�) � ( 1
λ
+ 1

λ3/2 ) (from Step 1) and the fact that (E[ f ])2 ≤ E[ f 2] (that follows from Cauchy-
Schwarz inequality) in the right-hand side and left-hand side of (3.22) respectively, and finally take square root
on both the sides to arrive at (3.7). ��
Assume that the solution satisfies the regularity assumption [29]

‖uλ‖H2(�) � λ (3.23)

with a constant in � that depends on the data ‖ f ‖L2(�) and ‖g‖H1/2(∂�). Recall that we assume λ > 1 for the
analysis and it tends to∞ in the limiting case.

Lemma 3.2 (control of approximation error) Fix a tolerance ε ∈ (0, 1). Let uλ ∈ H2(�) be the solu-

tion of (3.2) that satisfies (3.23). Then there exists a neural network function uθ ∈ U = Nρ

(

c log(d +
2), c(d)ε

− 5d
2(1−μ) , c(d)ε

− 5(9d+8)
4(1−μ)

)

with ρ as hyperbolic tangent or sigmoid function such that

Eapp := inf
uθ∈U
‖uλ − uθ‖2H1(�)

� λ2ε5,

where the constant in � depends on ‖ f ‖L2(�), ‖g‖H1/2(∂�), and the parameter μ > 0.
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Proof Elementary manipulations show

Eapp := inf
uθ∈U
‖uλ − uθ‖2H1(�)

= ‖uλ‖2H2(�)
inf

uθ∈U

∥

∥

∥

∥

∥

uλ

‖uλ‖H2(�)

− uθ

‖uλ‖H2(�)

∥

∥

∥

∥

∥

2

H1(�)

= ‖uλ‖2H2(�)
inf

uθ∈U

∥

∥

∥

∥

∥

uλ

‖uλ‖H2(�)

− uθ

∥

∥

∥

∥

∥

2

H1(�)

.

Apply the approximation result Lemma A.1 with m = 2, p = 2, k = 1, and δ = ε5/2. This implies that there
exists a neural network function uθ with number of layers L = c log(d + 2), number of non-zero parameters

nL = c(d)ε
− 5d

2(1−μ) , and bounds on the parameters R = c(d)ε
− 5(9d+8)

4(1−μ) , that is,

uθ ∈ Nρ

(

c log(d + 2), c(d)ε
− 5d

2(1−μ) , c(d)ε
− 5(9d+8)

4(1−μ)

)

such that

∥

∥

∥

∥

uλ‖uλ‖H2(�)
− uθ

∥

∥

∥

∥

H1(�)

≤ ε5/2. A combination of all this shows

Eapp ≤ ‖uλ‖2H2(�)
ε5 � λ2ε5 (3.24)

with (3.23) in the last step. Here the parameter μ is non-negative and the constant in � depends on ‖ f ‖L2(�) and
‖g‖H1/2(∂�). ��
Lemma 3.3 (statistical error) A bound for the statistical error in terms of the number of samples n, m, respectively,
drawn from � and ∂�, the number of non-zero entries nL in the weight matrices and bias vectors, and the bounds
of the weights and biases R is given by

Estat := E{{Xk}nk=1,{Yk}mk=1}[ sup
uθ∈U

(Lλ(uθ )−̂Lλ(uθ ))+ sup
uθ∈U

(̂Lλ(uθ )− Lλ(uθ ))]

� n−
1
4 n

7L
2 − 9

4
L R

7L
2 + λ

2
m−

1
4 n

L
2+ 15

4
L R

L
2+ 5

2 ,

where the constant in � depends on d, ‖ f ‖L∞(�), and ‖g‖L∞(∂�).

Proof For the function classes Fi and Fb defined by

Fi =
{

hi (uθ ; ·) : �→ R| hi (uθ ; x) =
(

1

2
|∇uθ |2 − f uθ

)

(x), uθ ∈ U
}

and

Fb = {hb(uθ ; ·) : ∂�→ R| hb(uθ ; x) = (uθ − g)2(x), uθ ∈ U},

it is enough to determine Mi , Mb, �i , and �b in (H1) and (H2) given below and utilize them in (B.10) (with
β = λ/2) to estimate the statistical error (see Appendix B for details). We show that

(H1) :
{

‖hi (uθ ; ·)‖L∞(�) ≤ Mi (d, nL , R, ‖ f ‖L∞(�)) for all hi (uθ ; ·) ∈ Fi

‖hb(uθ ; ·)‖L∞(∂�) ≤ Mb(d, nL , R, ‖ f ‖L∞(�)) for all hb(uθ ; ·) ∈ Fb

(H2) :
{

‖hi (uθ ; ·)− hi (u θ̃ ; ·)‖L∞(�) ≤ �i‖θ − θ̃‖	2 for all hi (uθ ; ·), hi (u θ̃ ; ·) ∈ Fi

‖hb(uθ ; ·)− hb(u θ̃ ; ·)‖L∞(∂�) ≤ �b‖θ − θ̃‖	2 for all hb(uθ ; ·), hb(u θ̃ ; ·) ∈ Fb
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hold with

Mi := dn2(L−1)
L R2L + (nL−1 + 1)R‖ f ‖L∞(�), Mb := ((nL−1 + 1)R + ‖g‖L∞(∂�))

2

and Lipschitz continuity constants

�i = d2n3L−5/2
L R3L−1(L + 1)+ nL−1/2

L RL−1 ‖ f ‖L∞(�) , �b = 2((nL−1 + 1)R + ‖g‖L∞(∂�))n
L− 1

2
L RL−1.

For hi (uθ ; ·) ∈ Fi , we have hi (uθ ; x) = 1
2

∑d
i=1 |∂xi uθ (x)|2 − ( f uθ )(x). Utilize (B.4) and (B.6) to infer

|hi (uθ ; x)| ≤1

2
d

((

L−1
∏

k=1

nk

)

RL

)2

+ (nL−1 + 1)R ‖ f ‖L∞(�) ≤ dn2(L−1)
L R2L + (nL−1 + 1) R‖ f ‖L∞(�) = Mi .

For hb(uθ ; x) ∈ Fb, the bound Mb is straight forward from the definition hi (uθ ; ·) := (uθ − g)2 and (B.4).
Elementary manipulations using the definition of h show

hi (uθ ; x)− hi (u θ̃ ; x) =
(

1

2
|∇uθ |2 − f uθ

)

(x)−
(

1

2
|∇u θ̃ |2 − f u θ̃

)

(x)

=1

2

d
∑

i=1

(∂xi uθ (x)+ ∂xi u θ̃ (x))(∂xi uθ (x)− ∂xi u θ̃ (x))− f (x)(uθ (x)− u θ̃ (x)).

The Lipschitz estimate of the function class Fi follows using (B.5), (B.6), and (B.7):

|hi (uθ ; x)− hi (u θ̃ ; x)| ≤
⎛

⎝d

(

L−1
∏

k=1

nk

)3

R3L−1+(L + 1)
√

nL +√nL

(

L−1
∏

k=1

nk

)

RL−1 ‖ f ‖L∞(�)

⎞

⎠× ‖θ − θ̃‖	2

≤
(

dn3L−5/2
L R3L−1(L + 1)+ nL−1/2

L RL−1 ‖ f ‖L∞(�))
)

× ‖θ − θ̃‖	2 =: �i‖θ − θ̃‖	2 .

The Lipschitz estimate of the function class Fb is derived using (B.4) and (B.5) as follows:

|hb(uθ ; x)− hb(u θ̃ ; x)| = |(uθ − g)(x)2 − (u θ̃ − g)(x)2| = |(uθ + u θ̃ − 2g)(x)| × |(uθ − u θ̃ )(x)|

≤ 2
(

(nL−1 + 1)R + ‖g‖L∞(∂�)

)√
nL(

L−1
∏

k=1

nk)RL−1‖θ − θ̃‖	2

≤ 2
(

(nL−1 + 1)R + ‖g‖L∞(∂�)

)

n
L− 1

2
L RL−1‖θ − θ̃‖	2 =: �b‖θ − θ̃‖	2 . (3.25)

An application of (B.10) with β = λ
2 and a use of Mi , Mb, �i , and �b conclude the proof. ��

Theorem 3.1 (error estimate) Let ε > 0 be a given tolerance. Let ρ be sigmoid function 1
1+e−x or hyperbolic tangent

function ex−e−x

ex+e−x . Let u, uλ ∈ H2(�) solve (3.1) and (3.2), respectively. Let uS
θ be the solution of the problem (3.5)

generated by a random solver S. Then for any μ ∈ (0, 1) set the parametrized neural network function classes

U = Nρ

(

c log(d + 2), c(d)ε
− 5d

2(1−μ) , c(d)ε
− 5(9d+8)

4(1−μ)

)

, the number of interior sample points n = c(d)ε−Cd log(d)

(resp. boundary sample points m = c(d)ε−Cd log(d)), λ = O(ε−1), and the optimization error Eopt ≤ ε2. Then

E{{Xk}nk=1,{Yk}mk=1}[
∥

∥u − u∗θ
∥

∥

H1(�)
] � ε,
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where the constant in � depends on d, ‖ f ‖L∞(�), ‖g‖L∞(∂�), and constant from the trace inequality.

Proof Recall the key estimate from Lemma 3.1 that shows

E{{Xk}nk=1,{Yk}mk=1}[‖u − uθ∗‖H1(�)] �
( 1

λ2 + Estat + λEapp + Eopt
)1/2

.

Lemma 3.2 implies that there exists neural network function class

U = Nρ

(

c log(d + 2), c(d)ε
− 5d

2(1−μ) , c(d)ε
− 5(9d+8)

4(1−μ)

)

such that Eapp ≤ cλ2ε5. Substitute L = c log(d + 3), nL = c(d)ε
− 5d

2(1−μ) , R = c(d)ε
− 5(9d+8)

4(1−μ) and set n =
c(d)ε−Cd log(d) and m = c(d)ε−Cd log(d) in Lemma 3.3 to obtain Estat � λε3, where the constant absorbed in �
depends on d, ‖ f ‖L∞(�), and ‖g‖L∞(∂�). A combination of all this

with λ = O(ε−1) and the assumption that the optimization error is controlled by ε2 completes the proof. ��

4 Physics informed neural network

For f ∈ C(�̄) and g ∈ C(∂�) the continuous loss functional L(u) in PINN that corresponds to (1.1) reads

L(u) = ‖�u + f ‖2L2(�)
+ γ ‖u − g‖2L2(∂�)

, (4.1)

where γ > 0 serves as a weight for the penalty term that enforces the Dirichlet boundary condition. Note that the
parameter γ is different from λ in DRM in the sense that γ is chosen as a fixed penalty parameter in this case
unlike in DRM, where the convergence with respect to the parameter λ is considered.

The empirical loss function ̂L(uθ ) for uθ ∈ U := Nρ(L, nL , R) in this case reads:

̂L(uθ ) = |�|
n

n
∑

i=1

|(�uθ + f )(Xi )|2 + γ
|∂�|

m

m
∑

j=1

|(uθ − g)(Y j )|2. (4.2)

Note that in the above neural network function class, the activation function ρ is chosen to be hyperbolic tangent
and sigmoid, and in the loss function, the derivatives of the neural network uθ are computed using the chain rule of
the derivative. In practical computations, we use automatic differentiation technique such as torch.autograd
in PyTorch.
The PINN formulation of (1.1) is the optimization problem that seeks uθ∗ ∈ U such that

uθ∗ ∈ argmin
uθ∈U

̂L(uθ ). (4.3)

The existence of a solution to (4.3) is ensured by the same argument presented in Remark 3.1.

4.1 Error analysis

To carry out the error analysis of the PINN method, we follow the ideas presented in [17, 29, 42].

Theorem 4.1 (error estimate) Let ε > 0 be a given tolerance. Let u (resp. uθ∗) be the solution of (1.1) (resp.
(4.3)) and uS

θ be the approximation to (4.3) generated by a random solver S. Assume u ∈ H3(�). Then for any
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μ ∈ (0, 1), set the parametrized neural network function classes U = Nρ

(

c log(d+3), c(d)ε
− d

1−μ , c(d)ε
− 9d+12

2−2μ

)

,

ρ as hyperbolic tangent or sigmoid function, the number of interior sample points n = c(d)ε−Cd log(d), number
of boundary sample points m = c(d)ε−Cd log(d), and the optimization error Eopt ≤ ε2. Then

E{{Xk}nk=1,{Yk}mk=1}[‖u − uθ∗‖L2(�)] � ε, (4.4)

where {Xk}nk=1 and {Yk}mk=1 are interior and boundary collocation points respectively, and the constant in �
depends on γ , � d, ‖ f ‖L∞(�), ‖g‖L∞(∂�), and ‖u‖H3(�).

Proof A triangle inequality shows

‖u − uθ∗‖L2(�) ≤
∥

∥

∥u − uS
θ

∥

∥

∥

L2(�)
+
∥

∥

∥uS
θ − uθ∗

∥

∥

∥

L2(�)
. (4.5)

We focus on the first term that leads to a combination of approximation, statistical, and optimization errors.
The second term in (4.5) is a part of the optimization error. The rest of the proof is split into four steps: Step 1
provides a key estimate that splits the error into contributions from various errors, Step 2 (resp. Step 3) bounds the
approximation (resp. statistical) error, and Step 4 consolidates the error estimate.

Step 1 (control of
∥

∥u − uS
θ

∥

∥

2
L2(�)

). The Poisson problem (1.1) satisfies [4, Theorem 4.2]:

‖u‖L2(�) � ‖ f ‖L2(�) + ‖g‖L2(∂�) , (4.6)

where the constant absorbed in � depends on �. The error eu := u − uS
θ satisfies

−�eu = f +�uS
θ in �, eu = g − uS

θ on ∂�. (4.7)

Apply the stability result (4.6) for the solution of the Poisson problem in (4.7) to arrive at ‖eu‖L2(�) �
∥

∥ f +�uS
θ

∥

∥

L2(�)
+ ∥∥uS

θ − g
∥

∥

L2(∂�)
. Algebraic manipulations introducing γ show

∥

∥

∥u − uS
θ

∥

∥

∥

2

L2(�)
�
∥

∥

∥ f +�uS
θ

∥

∥

∥

2

L2(�)
+ γ

∥

∥

∥uS
θ − g

∥

∥

∥

2

L2(∂�)
� L(uS

θ ), (4.8)

where the constant in � depends on 1
γ

and �. This and L(u) = 0 yield

∥

∥

∥u − uS
θ

∥

∥

∥

2

L2(�)
� L(uS

θ )− L(u). (4.9)

Now analogous to (3.18), we split the term L(uS
θ )−L(u) as a combination that would lead to approximation error,

statistical error, and optimization error as:

L(uS
θ )− L(u) = (L(uS

θ )− ̂L(uS
θ ))+ (̂L(uS

θ )− ̂L(uθ∗))+ (̂L(uθ∗)− ̂L(uθ ))

+ (̂L(uθ )− L(uθ ))+ (L(uθ )− L(u))

≤ sup
uθ∈U

(L(uθ )− ̂L(uθ ))+ (̂L(uS
θ )− ̂L(uθ∗))+ sup

uθ∈U
(̂L(uθ )− L(uθ ))+ (L(uθ )− L(u)), (4.10)

for all uθ ∈ U . The inequality in the last step follows from the minimizing property of uθ∗ , i.e., ̂L(uθ∗)−̂L(uθ ) ≤ 0.
Moreover using (1.1), L(u) = 0, and trace inequality we have

L(uθ )− L(u) ≤‖�(uθ − u)‖2L2(�)
+ γ ‖uθ − u‖2L2(∂�)

� ‖u − uθ‖2H2(�)
. (4.11)
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The constant in � depends on γ and trace inequality constant. Consequently, utilizing (4.11) in (4.10), and
substituting the final result in (4.9) we obtain the following estimate:

∥

∥

∥u − uS
θ

∥

∥

∥

2

L2(�)
� sup

uθ∈U
(L(uθ )− ̂L(uθ ))+ ̂L(uS

θ )− ̂L(uθ∗)+ sup
uθ∈U

(̂L(uθ )− L(uθ ))

+ inf
uθ∈U
‖u − uθ‖2H2(�)

. (4.12)

Elementary manipulations with (4.5) and (4.12), expectations taken with respect to collocation points {Xk}nk=1
and {Yk}mk=1 lead to

E{{Xk}nk=1,{Yk}mk=1}[
∥

∥

∥u − uS
θ

∥

∥

∥

2

L2(�)
] � E{{Xk}nk=1,{Yk}mk=1}[ sup

uθ∈U
(L(uθ )− ̂L(uθ ))+ sup

uθ∈U
(̂L(uθ )− L(uθ ))]

+ E{{Xk}nk=1,{Yk}mk=1}[̂L(uS
θ )− ̂L(uθ∗)] + E{{Xk}nk=1,{Yk}mk=1}[

∥

∥

∥uS
θ − uθ∗

∥

∥

∥

L2(�)
] + inf

uθ∈U
‖u − uθ‖2H2(�)

. (4.13)

Utilize (E[ f ])2 ≤ E[ f 2] on the left-hand side of (4.13) and take square root on both sides to observe

E{{Xk}nk=1,{Yk}mk=1}[‖u − uθ∗‖L2(�)] � (Eapp + Esta + Eopt )
1
2 , where the constant in � depends on 1

γ
, �, and

the constant from the trace inequality. The approximation error Eapp, statistical error Estat , and the optimization
error Eopt are defined by:

Eapp := inf
uθ∈U
‖u − uθ‖2H2(�)

, Estat := E{{Xk}nk=1,{Yk}mk=1}[ sup
uθ∈U

(L(uθ )− ̂L(uθ ))+ sup
uθ∈U

(̂L(uθ )− L(uθ ))], and

Eopt := E{{Xk}nk=1,{Yk}mk=1}[̂L(uS
θ )− ̂L(uθ∗)+

∥

∥

∥uS
θ − uθ∗

∥

∥

∥

2

L2(�)
].

Step 2 (control of Eapp := inf
uθ∈U
‖u − uθ‖2H2(�)

). Elementary manipulations show

Eapp = ‖u‖2H3(�)
inf

uθ∈U

∥

∥

∥

∥

∥

u

‖u‖H3(�)

− uθ

‖u‖H3(�)

∥

∥

∥

∥

∥

2

H2(�)

= ‖u‖2H3(�)
inf

uθ∈U

∥

∥

∥

∥

∥

u

‖u‖H3(�)

− uθ

∥

∥

∥

∥

∥

2

H2(�)

.

Apply the approximation result Lemma A.1 with m = 3, p = 2, k = 2, and δ = ε. This implies that there exists a

neural network function uθ of number of layers L = c log(d+3), number of non-zero parameters nL = c(d)ε
− d

1−μ ,

and bounds on the parameters R = c(d)ε
− 9d+12

2−2μ , that is,

uθ ∈ Nρ

(

c log(d + 3), c(d)ε
− d

1−μ , c(d)ε
− 9d+12

2−2μ

)

such that

∥

∥

∥

∥

u
‖u‖H3(�)

− uθ

∥

∥

∥

∥

H2(�)

≤ ε for a fixed tolerance ε ∈ (0, 1). A combination of all this shows Eapp =
inf

uθ∈U
‖u − uθ‖2H2(�)

≤ ‖u‖2H3(�)
ε2 � ε2 with the regularity assumption on the exact solution applied in the last

step.
Step 3 (control of Estat := E{{Xk}nk=1,{Yk}mk=1}[supuθ∈U (L(uθ ) − ̂L(uθ )) + supuθ∈U (̂L(uθ ) − L(uθ ))]). This step
deals with a bound for the statistical error in terms of the number of samples n, m, respectively drawn from � and
∂�, the number of non-zero entries nL in the weight matrices and bias vectors, and the bounds of the weights R.
For the function classes Fi and Fb defined by

Fi = {hi (uθ ; ·) : �→ R | hi (uθ ; x) = (�uθ + f )2(x), uθ ∈ U} and
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Fb = {hb(uθ ; ·) : ∂�→ R | hb(uθ ; x) = (uθ − g)2(x), uθ ∈ U},

apply (B.10) (with β = γ ) and obtain the statistical error (see Appendix B). We first show that the boundedness
constant in the hypotheses (H1) is given by

Mi := (d Ln2(L−1)
L R2L + ‖ f ‖L∞(�))

2 and Mb := ((nL−1 + 1)R + ‖g‖L∞(∂�))
2

and the Lipschitz continuity constants in (H2) are

isa�i = 4d L2η
√

nL n3L−3
L R3L−3(d Ln2(L−1)

L R2L + ‖ f ‖L∞(�)

)

and �b = 2((nL−1 + 1)R + ‖g‖L∞(∂�))n
L− 1

2
L RL−1.

The constant η in �i above are 2 (resp. 1) for the activation function hyperbolic tangent (resp. sigmoid). For
hi (uθ ; ·) ∈ Fi , we have hi (uθ ; x) = (�uθ + f )2(x). Apply (B.8) to obtain

|hi (uθ ; x)| =
(

d
∑

i=1

∂2
x2

i
uθ (x)+ f (x)

)2 ≤ (d Ln2(L−1)
L R2L + ‖ f ‖L∞(�))

2 =: Mi .

For hb(uθ ; ·) ∈ Fb, the bound Mb is straight forward from the definition hb(uθ ; ·) := (uθ − g)2 and (B.4).
Elementary manipulations using the definition of hi (uθ ; x) and hi (u θ̃ ; x) show

|hi (uθ ; x)− hi (u θ̃ ; x)|
= |(�uθ (x)+�u θ̃ (x)+ 2 f (x))(�uθ (x)−�u θ̃ (x))|
≤ 2
(

d Ln2(L−1)
L R2L + ‖ f ‖L∞(�)

)|�uθ (x)−�u θ̃ (x)|.

Then by (B.9), we deduce

|hi (uθ ; x)− hi (u θ̃ ; x)| ≤ 4d L2η
√

nL n3L−3
L R3L−3(d Ln2(L−1)

L R2L + ‖ f ‖L∞(�)

)‖θ − θ̃‖	2 := �i‖θ − θ̃‖	2 .

The Lipschitz estimate of the function class Fb is already derived in (3.25). An application of (B.10) with β = γ

and a use of Mi , Mb, �i , and �b conclude that

Estat � n−
1
4 n

23L
4 − 9

2
L R

23L
4 − 1

4 + γ m−
1
4 n

L
2+ 15

4
L R

L
2+ 5

2 , (4.14)

where the constant in � depends on d, ‖ f ‖L∞(�), and ‖g‖L∞(∂�).
Step 4 (consolidation). In this step, we consolidate all the results in Steps 1-3 to obtain the final estimate (4.4). Recall

that Step 1 shows E{{Xk}nk=1,{Yk}mk=1}[‖u − uθ∗‖L2(�)] � (Eapp + Estat + Eopt )
1
2 . Step 2 provides that there exists a

neural network function class U = Nρ

(

c log(d + 3), c(d)ε
− d

1−μ , c(d)ε
− 9d+12

2−2μ

)

such that Eapp � ε2. Substitute

L = c log(d + 3), nL = c(d)ε
− d

1−μ , R = c(d)ε
− 9d+12

2−2μ in (4.14) and set n = c(d)ε−Cd log(d), m = c(d)ε−Cd log(d)

to obtain Estat � ε2, where the constant absorbed in � depends on d, ‖ f ‖L∞(�), and ‖g‖L∞(∂�). A combination
of all this and the assumption that Eopt is controlled by ε2 complete the proof. ��

5 Variational PINN

The Petrov-Galerkin formulation that corresponds to (1.1) serves as the foundation for the VPINN. In VPINN,
the test functions still belong to polynomial spaces but the solution is represented by a nonlinear approximation
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via a neural network. Unlike the PINN that incorporates the strong form of the equation into the loss function,
and DRM, which minimizes the energy functional, VPINN incorporates the weak formulation of the problem and
constructs a variational loss function. This method was first introduced in [30], with subsequent developments
presented in [6], among others.
Let � be a domain in R

d (d = 2, 3), f ∈ C(�̄) and g ∈ H1/2(∂�). Let ug ∈ H1(�) be an extension of g in �.
Then the weak formulation of (1.1) seeks u ∈ ug + H1

0 (�) such that

a(u, v) = F(v) for all v ∈ H1
0 (�), (5.1)

where the bilinear form a : H1(�)× H1
0 (�)→ R is defined as a(v, w) := ∫

�
∇v · ∇w dx and the linear form

F : H1
0 (�) → R is defined as F(w) := ∫

�
f w dx for all v ∈ H1(�), w ∈ H1

0 (�). We assume that we can
represent u in the form

u = ug +�ũ, (5.2)

for some known smooth function � ∈ W 1,∞
0 (�) and some ũ ∈ H1(�) that has the same smoothness as u.

Introduce the affine mapping

B : H1(�)→ ug + H1
0 (�) such that Bw = ug +�w (5.3)

which enforces the given Dirichlet boundary condition. Then (5.1) can be equivalently formulated as follows: Find
ũ ∈ H1(�) such that

a(Bũ, v) = F(v) for all v ∈ H1
0 (�) (5.4)

with u = Bũ = ug + �ũ. In VPINN, we use neural networks to approximate the trial function and finite
element functions for the test functions. Let Th be a quasi-uniform shape-regular mesh of the domain �. Let
hT = diam(T ) for T ∈ Th and let the mesh size h be defined as h = max{hT | T ∈ Th}. Let Vh := {vh ∈
H1(�) | vh|T ∈ Pk(T ) for all T ∈ Th} be the space of trial functions and Vh,0 = Vh ∩ H1

0 (�) be the
approximate test function space. Furthermore, introduce computable approximations of the forms a and F by
numerical quadratures. Precisely, for any T ∈ Th , let

{

(ξ T
l , ωT

l ) : l ∈ I T
}

be the nodes and weights of a quadrature
formula of precision q ≥ 2k on T . We define the approximate forms

ah(w, v) =
∑

T∈Th

∑

l∈I T

ωT
l (∇w(ξ T

l ) · ∇v(ξ T
l )) and Fh(v) =

∑

T∈Th

∑

l∈I T

ωT
l f (ξ T

l )v(ξ T
l ). (5.5)

With these ingredients at hand, we would like to approximate the solution of (5.4) by some uθ ∈ U :=
Nρ(L, nL , R) satisfying

ah(Ih Buθ , vh) = Fh(vh) for all vh ∈ Vh,0. (5.6)

Note that the choices of activation functions ρ for this method are hyperbolic tangent and sigmoid. Here Ih :
C0(�̄)→ Vh (with Ih : C0(�̄)∩H1

0 (�)→ Vh,0) is an interpolation operator such that it satisfies the interpolation
estimate

|v − Ihv|	,T � hk+1−	|v|k+1,T , 0 ≤ 	 ≤ k + 1 for all T ∈ Th (5.7)
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(see for example, [21, subsection 11.5.1]). In order to propose VPINN, introduce a basis {ϕi : i ∈ Ih} of Vh,0, and
for any w smooth enough, define the residual as follows:

rh,i (w) = Fh(ϕi )− ah(Ih Bw, ϕi ), i ∈ Ih, (5.8)

where Ih is the global basis index set. The VPINN formulation of (1.1) is the optimization problem that seeks
uθ∗ ∈ U = Nρ(L, nL , R) such that

uθ∗ ∈ arg min
uθ∈U

̂Lh(uθ ) :=
∑

i∈Ih

r2
h,i (uθ ). (5.9)

Note that the VPINN needs basis functions of the finite element space Vh . Meshing and computing basis
functions in higher dimensions (Rd , d ≥ 4) is a challenge and visualisation is impossible. Therefore, for VPINN,
we restrict ourselves to two or three-dimensional domains.

5.1 Error analysis

To carry out the error analysis of the VPINN, we follow the ideas presented in [6]. Let uS
θ ∈ U be a solution of

the minimization problem (5.9) using a random solver S and set

uS,h
θ = Ih BuS

θ ∈ Vh . (5.10)

Recall the definition (5.3) of the affine mapping B to observe

uS,h
θ = Ihug + Ih(�uS

θ ), (5.11)

where Ihug is a discrete lifting in Vh of the Dirichlet data g and Ih(�uS
θ ) ∈ Vh,0. We aim to estimate the

error between u and uθ∗ in the energy norm. To accomplish this task, we need several results. We start with the
assumptions (A1)-(A4) stated below.

(A1) (quadrature) The quadrature rules used in the elements in Th are obtained by affine transformations from a
quadrature rule {(ξ̂ι, ω̂ι) : ι ∈ Î } on a reference element Ê ⊂ R

n .
(A2) (mesh regularity) The mesh Th is quasi uniform.

(A3) (data smoothness) The source term f belongs to W k,∞(�) and the boundary data g belongs to Hk+ 1
2 (∂�)

with k ≥ 2.
(A4) (solution smoothness) Let ug ∈ Hk+1(�), ũ ∈ Hk+1(�) and � ∈Wk+1,∞

0 (�). Furthermore, the manifold
formed by the neural network functions satisfies the smoothness condition U ⊂ H2(�).

Clearly, from (A4), we have u = ug +�ũ ∈ Hk+1(�). The next proposition on norm equivalence follows from
[13, Theorem 4.1.4].

Lemma 5.1 (norm equivalence) [6, Definition 1, page 100] Let vh ∈ Vh such that vh =∑|Ih |
i=1 viφi , where {φi }|Ih |

i=1
is a Lagrange basis of the space Vh. Then it holds that

h1− d
2 ‖∇vh‖L2(�) � ‖v‖	2 � h−

d
2 ‖vh‖H1(�), (5.12)

where v = (vi )i∈Ih , and ‖v‖	2 = (
∑

i∈Ih
v2

i )1/2.
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For all vh, wh ∈ Vh , we introduce the consistency errors due to numerical quadratures as:

Ea
h (wh, vh) = a(wh, vh)− ah(wh, vh) and E f

h (vh) = F(vh)− Fh(vh). (5.13)

Proposition 5.1 (approximation of the forms a and f ) For all wh, vh ∈ Vh, under the assumption (A3), the
numerical quadratures satisfy the bounds

|Ea
h (wh, vh)| � hk‖wh‖Hk(Th)‖vh‖H1(�) and |E f

h (vh)| � hk ‖ f ‖W k,∞(�) ‖vh‖H1(�), (5.14)

where the constant in � is independent of the mesh size h.

Proposition 5.2 (discrete inf-sup condition) Under the assumption (A3), for all h ≤ h0 small enough, the bilinear
form ah satisfies an inf-sup condition with respect to the space Vh. That is, there exists a constant α̃� > 0 such that

α̃�‖wh‖H1(�) ≤ sup
vh∈Vh,0

ah(wh, vh)

‖vh‖H1(�)

for all wh ∈ Vh,0. (5.15)

Proof Since (5.1) is well-posed and Vh ⊂ H1(�) (resp. Vh,0 ⊂ H1
0 (�)), the coercivity of the bilinear form a on

Vh,0 shows the existence of α∗ > 0 such that

α�‖wh‖H1(�) ≤ sup
vh∈Vh,0

a(wh, vh)

‖vh‖H1(�)

for all wh ∈ Vh,0. (5.16)

Moreover, we have ah(wh, vh) = a(wh, vh)− Ea
h (wh, vh) for all wh, vh ∈ Vh . This and the first identity in (5.14)

with k = 2 yields

α�‖wh‖H1(�) ≤ sup
vh∈Vh,0

ah(wh, vh)

‖vh‖H1(�)

+ ch2 ‖wh‖H1(�) for all wh ∈ Vh,0, (5.17)

where c > 0 is a constant independent of the mesh size h. Choose h0 > 0 small enough such that ch2 ≤ 1
2α� for

all h ≤ h0. This concludes the proof with α̃� = 1
2α�. ��

Theorem 5.1 (key estimate) Let u := Bũ = ug +�ũ solve (5.4) and uθ∗ solve (5.9), that is, Buθ∗ = ug +�uθ∗
be an approximation of the solution u. Let uS

θ be a minimiser of (5.9) obtained by a random solver S. Then the
following error estimate holds:

‖u − Buθ∗‖H1(�) � Eint + α̃−1
� (Eapp + Equad)+ Eopt ,

where the interpolation error Eint :=
(

1+ 1
α̃�

(

1+ h−1
)

)

‖u − Ihu‖H1(�), the approximation error Eapp :=
h−1‖ũ − uS

θ ‖H1(�) + ‖ũ − uS
θ ‖H2(�), the quadrature error

Equad := sup
vh∈Vh,0

E f
h (vh)− Ea

h (Ihu, vh)

‖vh‖H1(�)

+ h−1 sup
zh∈Vh,0

Ea
h (uS,h

θ , zh)− E f
h (zh)

‖zh‖H1(�)

,

the optimization error Eopt := ‖uS,h
θ − Buθ∗‖H1(�), and the constant in � is independent of the mesh size h.
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Remark 5.1 Note that Eint represents the interpolation error, Eapp represents an approximation error, which mea-
sures how well the computed solution approximates the true solution, and the standard statistical error is replaced
by quadrature error Equad since we have used quadrature points to approximate the bilinear and linear forms. The
optimization error measures the gap between the analytical minimiser Buθ∗ and the interpolation of the computed
solution uS,h

θ := IhuS
θ .

Proof Introduce uS,h
θ and Ihu to decompose the error using the triangle inequality as

‖u − Buθ∗‖H1(�) ≤ ‖u − Ihu‖H1(�) + ‖Ihu − uS,h
θ ‖H1(�) + ‖uS,h

θ − Buθ∗‖H1(�). (5.18)

The first term in (5.18) is the interpolation error for which the error bounds are known, the third term is the
optimization error; we estimate only the second term. The following results in Step 1 and Step 2 are key to derive
the estimate of the second term in Step 3.
Step 1 (control of ‖u − uS,h

θ ‖H1(�)). Set eθ := u − BuS
θ . From (5.2) and (5.3), we have eθ = �(ũ − uS

θ ). Thus,

u − uS,h
θ = (u − Ihu)− eθ + (I − Ih)eθ . Apply a standard interpolation estimate for the third term, (A4) to see

eθ ∈ H2(�), � ∈ W k+1,∞(�), and obtain

‖u − uS,h
θ ‖H1(�) � ‖u − Ihu‖H1(�) + ‖ũ − uS

θ ‖H1(�) + h‖ũ − uS
θ ‖H2(�), (5.19)

where the constant in � is independent of the mesh size h.

Step 2 (control of
√

̂Lh(uS
θ )). Since

√

̂Lh(uS
θ ) is a weighted 	2-norm in R

|Ih |, we can write

√

̂Lh(uS
θ ) = sup

z∈R|Ih |
1

‖z‖	2

∑

i∈Ih

rh,i (u
S
θ )zi , (5.20)

where for zh = ∑i∈Ih
ziϕi ∈ Vh,0,

∑

i∈Ih
rh,i (uS

θ )zi = Fh(zh) − ah(Ih BuS
θ , zh). In analogy with (5.10), let us

set uS,h
θ = Ih BuS

θ ∈ Vh . Recall (5.12) to obtain

√

̂Lh(uS
θ ) ≤ h

d
2−1 sup

zh∈Vh,0

Fh(zh)− ah(uS,h
θ , zh)

‖zh‖H1(�)

. (5.21)

Algebraic manipulations of the numerator of (5.21) yields

Fh(zh) = f (zh)− E f
h (zh) = a(u, zh)− E f

h (zh) and ah(uS,h
θ , zh) = a(uS,h

θ , zh)− Ea
h (uS,h

θ , zh). (5.22)

Utilize (5.22) in (5.21) to arrive at

√

̂Lh(uS
θ ) ≤ h

d
2−1

(

‖u − uS,h
θ ‖H1(�) + sup

zh∈Vh,0

Ea
h (uS,h

θ , zh)− E f
h (zh)

‖zh‖H1(�)

)

. (5.23)

Incorporate (5.19) in (5.23) to obtain

√

̂Lh(uS
θ ) � h

d
2−1

(

‖u − Ihu‖H1(�) + ‖ũ − uS
θ ‖H1(�) + h‖ũ − uS

θ ‖H2(�) + sup
zh∈Vh,0

Ea
h (uS,h

θ , zh)− E f
h (zh)

‖zh‖H1(�)

)

.

(5.24)
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Step 3 (error estimate). Utilize (5.2) and (5.11) to write the second term of (5.18) as Ihu − uS,h
θ = Ih(�ũ) −

Ih(�uS
θ ) ∈ Vh,0. Hence, we can apply (5.15) to obtain

‖Ihu − uS,h
θ ‖H1(�) ≤

1

α̃�

sup
vh∈Vh,0

ah(Ihu − uS,h
θ , vh)

‖vh‖H1(�)

. (5.25)

Recall (5.13) and (5.1) to obtain

ah(Ihu, vh) = a(Ihu, vh)− Ea
h (Ihu, vh) = a(u, vh)− a(u − Ihu, vh)− Ea

h (Ihu, vh)

= F(vh)− a(u − Ihu, vh)− Ea
h (Ihu, vh) = Fh(vh)+ E f

h (vh)− a(u − Ihu, vh)− Ea
h (Ihu, vh). (5.26)

This shows that the numerator in (5.25) is

ah(Ihu − uS,h
θ , vh) =

(

Fh(vh)− ah(uS,h
θ , vh)

)

− a(u − Ihu, vh)+
(

E f
h (vh)− Ea

h (Ihu, vh)
)

. (5.27)

The definitions of uS,h
θ from (5.10) and the residual from (5.8) lead to

Fh(vh)− ah(uS,h
θ , vh) = Fh(vh)− ah(Ih BuS

θ , vh) =
∑

i∈Ih

rh,i (u
S
θ )vi . (5.28)

Hence, (5.20) and (5.12) yield

Fh(vh)− ah(uS,h
θ , vh) � h−

d
2

√

̂Lh(uS
θ )‖vh‖H1(�). (5.29)

A combination of (5.27), (5.29), and (5.25) with an application of the continuity of the bilinear form a yields

‖Ihu − uS,h
θ ‖H1(�) � α̃−1

�

(

‖u − Ihu‖H1(�) + h−
d
2

√

̂Lh(uS
θ )+ sup

vh∈Vh,0

E f
h (vh)− Ea

h (Ihu, vh)

‖vh‖H1(�)

)

. (5.30)

A substitution of (5.24) in (5.30) shows

‖Ihu − uS,h
θ ‖H1(�) � α̃−1

�

(

(1+ h−1)‖u − Ihu‖H1(�) + h−1‖ũ − uS
θ ‖H1(�) + ‖ũ − uS

θ ‖H2(�)

+ sup
vh∈Vh,0

E f
h (vh)− Ea

h (Ihu, vh)

‖vh‖H1(�)

+ h−1 sup
zh∈Vh,0

Ea
h (uS,h

θ , zh)− E f
h (zh)

‖zh‖H1(�)

)

. (5.31)

A consolidation of (5.18) and (5.31) concludes the proof. ��
Theorem 5.2 (error estimate) Let u := Bũ = ug+�ũ solve (5.4) and uθ∗ solve (5.9), that is, let Buθ∗ = ug+�uθ∗
be an approximation of the solution u. Let uS

θ be a minimiser of (5.9) obtained by a random solver S and let
(A1)-(A4) hold. (a) Then the following error estimate holds:

‖u − Buθ∗‖H1(�) �
(

1+ α̃−1
�

)

hk + α̃−1
� hk−1 + α̃−1

�

(

h−1‖ũ − uS
θ ‖H1(�) + ‖ũ − uS

θ ‖H2(�)

)

+ α̃−1
�

(‖ũ − uS
θ ‖H1(�) + h‖ũ − uS

θ ‖H2(�)

)+ α̃−1
� hk (‖ug‖Hk(�) + ‖ũ‖Hk(�)

)

+ ‖uS,h
θ − Buθ∗‖H1(�). (5.32)
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Remark 5.2 For details of control of the terms ‖ũ − uS
θ ‖H2(�) and ‖ũ − uS

θ ‖H1(�), we refer to [6].

Proof The key estimate in Theorem 5.1 yields

‖u − Buθ∗‖H1(�) � Eint + α̃−1
� (Eapp + Equad)+ Eopt . (5.33)

We estimate the components Eint and Equad in the right-hand side of (5.33) in the following two steps, and
leave the approximation error Eapp := h−1‖ũ − uS

θ ‖H1(�) + ‖ũ − uS
θ ‖H2(�) and the optimization error Eopt :=

‖uS,h
θ − Buθ∗‖H1(�) as it is.

Step 1 (estimate of Eint ). From (A2), we have u ∈ Hk+1(�). The interpolation estimate of Ih yields

Eint =
(

1+ α̃−1
� (1+ h−1)

) ‖u − Ihu‖H1(�) ≤
(

1+ α̃−1
� (1+ h−1)

)

hk ‖u‖Hk+1(�)

=
(

(1+ α̃−1
� )hk + α̃−1

� hk−1
)

‖u‖Hk+1(�) . (5.34)

Step 2 (estimate of Equad ). The quadrature error is

Equad = sup
vh∈Vh,0

E f
h (vh)− Ea

h (Ihu, vh)

‖vh‖H1(�)

+ h−1 sup
zh∈Vh,0

Ea
h (uS,h

θ , zh)− E f
h (zh)

‖zh‖H1(�)

. (5.35)

The first and second components of Equad are estimated using (5.14) as

sup
vh∈Vh,0

E f
h (vh)− Ea

h (Ihu, vh)

‖vh‖H1(�)

≤ hk(‖ f ‖W k,∞(�) + ‖Ihu‖Hk(Th)) (5.36)

h−1 sup
zh∈Vh,0

Ea
h (uS,h

θ , zh)− E f
h (zh)

‖zh‖H1(�)

≤ hk−1(‖Ih BuS
θ ‖Hk(Th) + ‖ f ‖W k,∞(�)). (5.37)

A triangle inequality, (5.3), and inverse inequality lead to

‖Ih BuS
θ ‖Hk(Th) ≤ ‖Ih B(uS

θ − ũ)‖Hk(Th) + ‖Ih Bũ‖Hk(Th)

= ‖Ih�(uS
θ − ũ)‖Hk(Th) + ‖Ih Bũ‖Hk(Th)

≤ h1−k‖Ih�(uS
θ − ũ)‖H1(�) + ‖Ih Bũ‖Hk(Th). (5.38)

A triangle inequality applied once again shows

‖Ih�(uS
θ − ũ)‖H1(�) ≤ ‖Ih�(uS

θ − ũ)−�(uS
θ − ũ)‖H1(�) + ‖�(uS

θ − ũ)‖H1(�).

This with a standard interpolation estimate (5.7) and (A4) for the first term and (A4) in the second term yields

‖Ih�(uS
θ − ũ)‖H1(�) � h‖uS

θ − ũ‖H2(�) + ‖uS
θ − ũ‖H1(�), (5.39)

where the absorbed constant in � depends on ‖�‖W k+1,∞(�) and interpolation constant. Substitute (5.39) in (5.38)
to obtain

‖Ih BuS
θ ‖Hk(Th) � h1−k(h‖uS

θ − ũ‖H2(�) + ‖uS
θ − ũ‖H1(�))+ ‖Ih Bũ‖Hk(Th). (5.40)
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A combination of (5.38)-(5.40) in (5.37) leads to

h−1 sup
zh∈Vh,0

Ea
h (uS,h

θ , zh)− E f
h (zh)

‖zh‖H1(�)

≤ ‖uS
θ − ũ‖H1(�) + h‖uS

θ − ũ‖H2(�) + hk(‖Ih Bũ‖Hk(Th) + ‖ f ‖W k,∞(�)).

(5.41)

Utilize (5.36) and (5.41) in (5.35), and apply the interpolation estimate from (5.7) to obtain

Equad ≤ ‖uS
θ − ũ‖H1(�) + h‖uS

θ − ũ‖H2(�) + hk(‖Ih Bũ‖Hk(Th) + ‖Ihu‖Hk(Th) + ‖ f ‖W k,∞(�))

� ‖uS
θ − ũ‖H1(�) + h‖uS

θ − ũ‖H2(�) + hk(‖ũ‖Hk(Th) + ‖ug‖Hk(Th) + ‖ f ‖W k,∞(�)) (5.42)

with the stability of Ih , the definition u := Bũ = ug +�ũ, and (A4) in the last step. Finally substituting (5.34)
and (5.42) in (5.33), we conclude (5.32). ��
Remark 5.3 (Optimisation error) The optimisation error Eopt refers to the error introduced by the algorithm used
to train neural networks for PDE problems. For DRM, the optimisation error measures the empirical loss function
gap and the H1-gap between the analytical minimiser uθ∗ and the minimiser uS

θ obtained from the random solver.
It is defined as Eopt = E{{Xk}nk=1,{Yk}mk=1}

[

̂L(uS
θ ) − ̂L(uθ∗) + ‖uS

θ − uθ∗‖2H1(�)

]

, see Lemma 3.1. For PINN, the

optimisation error measures the empirical loss function gap and the L2-gap between the analytical minimiser uθ∗
and the minimiser uS

θ obtained from the random solver. It is defined as Eopt = E{{Xk}nk=1,{Yk}mk=1}
[

̂L(uS
θ )− ̂L(uθ∗)+

‖uS
θ − uθ∗‖2L2(�)

]

, see Step 1 of the proof of Theorem 4.1. For VPINN, the optimisation error measures the gap

between the interpolation of the minimiser uS,h
θ = Ih BuS

θ obtained from the random solver and the analytical

minimiser Buθ∗ . It is defined as Eopt := ‖uS,h
θ − Buθ∗‖H1(�), see Theorem 5.1. Training such networks remains

highly challenging because the underlying optimisation landscape is non-convex. The theoretical understanding
of optimisation error is still quite limited, except in a few simplified settings where the training dynamics become
essentially linear (see, for example, [24, 36] ). For PDE-based learning, one can expect difficulties of a similar or
even greater magnitude.

6 Numerical implementation

This section discusses the implementation procedure for DRM/PINN/VPINN in Algorithm 1, and this is followed
by numerical experiments. The codes and datasets generated and analyzed in this article are openly available in
the GitHub repository DNN_review_Article at

https://github.com/rcs1994/DNN_review_Article

Example 6.1 (DRM, PINN, and VPINN on the unit square domain in 2D)

Consider the Poisson equation (1.1) in � = (0, 1)2 with the known exact solution u = ex1(1−x1) sin(πx2) +
ex2(1−x2) sin(πx1). The source f is computed as f = −�u and the boundary data is chosen as g = u on ∂�.
For DRM and PINN, we use a DNN architecture with 4 hidden layers and 30 neurons in each layer. When
formulating the empirical loss ̂L(uθ ), we choose n = 5000 i.i.d.(independent and identically distributed) points
from U (�) for the PDE residual, m = 1000 i.i.d. points from U (∂�) for boundary residual, and boundary weight
α = 700. These settings are chosen by trial and error. We minimize the loss ̂L(uθ ) using ADAM provided by
the PyTorch library. We use 10000 ADAM iterations to minimize the loss function and the learning rate in the
stochastic gradient method is 10−4.
For VPINN, we choose a triangulation with 2113 nodes and 4096 elements. The test functions are piecewise linear
functions. We use another pre-trained neural network to enforce the boundary condition, having 2 hidden layers
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with a width 30. It is trained on the known boundary data. For both the methods, ADAM is employed to optimize
the bias and weights in neural networks. The learning rate for the first 5000 epochs is 10−3 and 10−4 for the rest.

Algorithm 1 Training Framework for DRM, PINN, and VPINN
1: procedure Train DRM/PINN/VPINN
2: Construct neural network:
3: Architecture: L layers with activation ρ
4: Represented function: uθ

5: Input:
6: if Method is DRM or PINN then
7: Collocation points: {Xi }ni=1 ⊂ �, {Y j }mj=1 ⊂ ∂�

8: Data: { f (Xi )}ni=1, {g(Y j )}mj=1
9: Balancing parameter: λ > 0 (γ > 0)
10: else � VPINN
11: Mesh: Th
12: Test space: Vh with Pk basis functions {ϕi }nb

i=1
13: end if
14: Initialize parameters: θ0 ← {(W 	, b	)}L	=1 � e.g., Xavier initialization [25]
15: k ← 0
16: while k ≤ N do � Total training epochs: N
17: Compute empirical loss ̂L(θk):
18: if DRM then
19: ̂Lλ(θ

k)← |�|
n

∑n
i=1

[ 1
2 |∇uθk |2 − f uθk

]

(Xi )+ λ
2
|∂�|

m

∑m
i=1 |uθk (Yi )− g(Yi )|2

20: else if PINN then
21: ̂L(θk)← |�|

n

∑n
i=1 |�uθk (Xi )+ f (Xi )|2 + γ

|∂�|
m

∑m
j=1 |uθk (Y j )− g(Y j )|2

22: else � VPINN
23: ̂Lh(θk)←∑

i∈Ih

[

Fh(ϕi )− ah(Ih(Buθk ), ϕi )
]2

24: end if
25: Compute gradient: gk ← ∇θ

̂L(θk)
26: Update parameters: θk+1 ← Optimizer(θk, gk, τ k) � Optimiser: Adam [31], AdaGrad [19]
27: (τ k be the learning rate)
28: k ← k + 1
29: end while
30: Return: Trained parameters θ N and solution uθ N

31: end procedure

The exact and approximate solutions of all three methods are displayed in Figure 2. The L2 and H1-errors
and relative errors are shown in Table 2. The L2 and H1 relative errors are defined, respectively, as L2 −
relative error := ‖u − uθ‖L2(�) / ‖u‖L2(�) and H1−relative error := ‖u − uθ‖H1(�) /‖u‖H1(�).

For this example, the training time (in seconds) for DRM, PINN, and VPINN are 80.03, 18.18, and 277.08, respec-
tively.

Fig. 2 Exact and approximate solutions for all the methods for Example 6.1.
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Table 2 Error for all methods for Example 6.1

Method ‖u − uθ‖L2(�) L2-relative error ‖u − uθ‖H1(�) H1-relative error

DRM 0.026775 0.016579 0.257565 0.055632

PINN 0.000879 0.000545 0.013806 0.002982

VPINN 0.015616 0.009630 0.222021 0.047992

Table 3 Performance of Example 6.1 for various NN architecture

Methods # Hidden # Neurons # Collocation nL R L2 error H1 error Training
Layers Points time (sec.)

DRM 2 60 n = 7000 3901 0.730045 0.040657 0.433367 114.69

m = 2000

4 30 n = 5000 2911 0.599869 0.016590 0.157684 80.03

m = 1000

6 20 n = 4000 2141 0.650495 0.032447 0.301550 63.19

m = 1000

PINN 2 60 n = 7000 3901 0.860108 0.001462 0.021980 170.08

m = 2000

4 30 n = 5000 2911 0.609328 0.001210 0.017527 108.18

m = 1000

6 20 n = 4000 2181 0.666157 0.001328 0.012010 97.96

m = 1000

Remark 6.1 (comparison) We compare the theoretical estimates established in Theorems 3.1 and 4.1 with the
practical performance observed in Example 6.1 for different neural network architectures. Table 3 illustrates the
behavior of both DRM and PINN when using networks with 2, 4, and 6 hidden layers. From the table, it is evident
that the DRM method is able to achieve an accuracy of order 10−2 using only a modest number of neurons,
nonzero parameters nL , collocation points (n, m), and a relatively small parameter bound R. In contrast, the
sufficient conditions of Theorem 3.1 predict the need for a significantly larger network architecture to guarantee
the same accuracy. A similar discrepancy is also observed for the PINN method. These observations suggest
that the current theoretical bounds on nL , m, n, and R in Theorems 3.1 and 4.1 are sufficient conditions but
not necessary for the examples considered in this article. Note that in PINN only L2 estimates are available
theoretically; however we demonstrate both L2 and H1 error in numerical experiments.

Example 6.2 (DRM, PINN, VPINN, and adaptive FEMs on L-shape domain in 2D)

This example demonstrates the performance of DRM, PINN, VPINN, and the adaptive finite element method
for a singular solution in an L-shape domain. The article [42, Example 4.2] makes a comparative study of neural
network-based methods; however, in this article, we incorporate the performance of the adaptive finite element
method. For the reproduction of the results of DRM, PINN, and VPINN, we use the same neural network archi-
tecture and parameter settings as in [42, Example 4.2]. For adaptive finite element methods, we use a mesh with
2366 nodes and 4522 elements.
Consider the Poisson equation (1.1) in the L-shaped domain � = (−1, 1)2\[0, 1)× (−1, 0]. The source is given

by f = −�u = 0. This PDE has the exact solution u = r
2
3 sin(2

3θ) and the boundary data g := u on ∂� [42,
Example 4.2]. The exact and approximate solutions for all the three methods are displayed in Figure 3. The L2

and H1-errors and relative errors are shown in Table 4.
The current example highlights the well-known challenge of resolving corner singularities on L-shape domain.
The results in Table 4 show that DRM and VPINN outperform standard PINN, with VPINN providing the most
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Fig. 3 Exact and approximate solutions for Example 6.2

Table 4 Error for all methods for Example 6.2.

Method ‖u − uθ‖L2(�) L2-relative error ‖u − uθ‖H1(�) H1-relative error

DRM 0.038890 0.064513 0.198077 0.200904

PINN 0.096221 0.159620 0.339566 0.344411

VPINN 0.037798 0.037798 0.148392 0.150510

AFEM 0.000313 0.000301 0.018300 0.010700

accurate approximation among the neural network-based approaches. Nevertheless, for this example, we observe
that adaptive finite element methods (AFEM) perform better in comparison to VPINN. AFEM achieve errors that
are several orders of magnitude smaller. To be more specific, AFEM yields a solution with about 99.97% accuracy,
DRM achieves 93.55% accuracy, PINN 84.04%, and VPINN 96.23%. These results suggest that incorporating
adaptivity techniques will potentially enhance the accuracy of DRM, PINN, and VPINN. The training time (in
seconds) for DRM, PINN, VPINN, and AFEM for this example are 41, 58.01, 78.43, and 4.25, respectively.

Example 6.3 (DRM and PINN in higher dimensions)

Consider the Poisson problem (1.1) in six dimensional domain � = [0, 1]6. For the (known) exact solution
u = sin(3πx1) sin(3πx2) sin(πx3) sin(πx4)+ cos(πx5)+ cos(πx6), the source and boundary data are computed
from (1.1).

We test the performance of DRM and PINN in this example. We use a DNN architecture with 4 hidden layers
and 80 neurons in each layer. The domain data of size n = 10000 is uniformly sampled from the domain, and
boundary data of size m = 2000 is uniformly sampled from the boundary. For both the methods, the boundary
weight is taken to be 100, selected by trial and error. We use 10000 ADAM iterations to optimize the neural
network parameters, with initial learning rate 10−3, multiplied by 0.1 at 5000-th and 7000-th iterations. For DRM,
the L2 error is 0.181340 and L2 relative error is 17.5%. For PINN, the L2 error is 0.077701 and L2 relative error
is 7.5%, thus illustrating that PINN fares better for this example.

A Bounds for the approximation error

We recall the following result on the bound for the approximation error [27, Proposition 4.8] and [29, Theorem
4.1, Remark 4.1].

Proposition A.1 (approximation error bound) Let p ≥ 1, m, k, d ∈ N
+, m ≥ k + 1. Let ρ be the hyperbolic

tangent or sigmoid function. For any δ > 0 and y ∈ W m,p([0, 1]d) with ‖y‖W m,p([0,1]d ) ≤ 1, there exists a neural

network yθ with depth L = c log(d + m) and non-zero weights nL = c(d, m, p, k)δ
− d

m−k−μ such that

‖y − yθ‖W k,p([0,1]d ) ≤ δ,
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where μ is an arbitrarily small positive number. Moreover, the weights and biases θ in the neural network yθ are

bounded in absolute value by R = c(d, m, p, k)δ
−2− 2( d

p+d+k+μ)+ d
p+d

m−k−μ .

B Abstract statistical error estimates

Split the statistical error as Estat := E1
stat + E2

stat with E1
stat = E{{Xk}nk=1,{Yk}mk=1}[ sup

uθ∈U
[Lβ(uθ ) − ̂Lβ(uθ )]] and

E2
stat = E{{Xk}nk=1,{Yk}mk=1}[ sup

uθ∈U
[̂Lβ(uθ ) − Lβ(uθ )]]. We only estimate E1

stat , and the esimate of E2
stat follows

similarly. Now the loss function has an interior part and a boundary part. Let the function classes Fi = {hi (uθ ; ·) :
�→ R| uθ ∈ Nρ(L, nL , R)} and Fb = {hb(uθ ; ·) : ∂�→ R| uθ ∈ Nρ(L, nL , R)} be such that the continuous
loss can be represented as

Lβ(uθ ) :=
∫

�

hi (uθ ; x)dx + β

∫

∂�

hb(uθ ; s)ds. (B.1)

The empirical loss reads

̂Lβ(uθ ) := |�|
n

n
∑

k=1

hi (uθ ; Xk)+ β
|∂�|

m

m
∑

j=1

hb(uθ ; Y j ). (B.2)

We also define �Ei = sup
hi∈Fi

|�|EU (�)hi (uθ ; X)− |�|
n

n
∑

k=1

hi (uθ ; Xk) and �Eb = sup
hb∈Fb

|∂�|EU (∂�)hb(uθ ; Y )−

|∂�|
m

m
∑

j=1

hb(uθ ; Y j ). A similar bound holds for E2
stat as well and we have

E1
stat ≤ E{Xk}nk=1

[�Ei ] + βE{Yk}mk=1
[�Eb] and E2

stat ≤ E{Xk}nk=1
[�Ei ] + βE{Yk}mk=1

[�Eb]. (B.3)

Now we prove bounds on E{Xk}nk=1
[�Ei ] and E{Yk}mk=1

[�Eb] using Rademacher complexity [2]. Rademacher com-
plexity measures the complexity of a collection of functions by the correlation between function values with
Rademacher random variables.

Definition B.1 (Rademacher complexity) Let F be a real-valued function class defined in the domain � (or on the
boundary ∂�) and ξ = {ξ j }nj=1 ( or ξ = {ξk}mk=1 ) be i.i.d. samples from the distribution U(�) (or the distribution
U(∂�)). Then the Rademacher complexity Rn(F) ( or Rm(F) ) of the function class F is defined by

Rn(F) := Eξ,ω

⎡

⎣sup
v∈F

1

n

n
∑

j=1

ω jv(ξ j )

⎤

⎦

(

or Rm(F) := Eξ,ω

[

sup
v∈F

1

m

m
∑

k=1

ωkv(ξk)

])

,

where ω = {ω j }lj=1 (with l = n or m) are i.i.d Rademacher random variables with probability P(ω j = 1) =
P(ω j = −1) = 1

2 .

The hypotheses (H1) and (H2) stated in Lemma 3.3 on boundedness and Lipschitz continuity of the function
classes Fi and Fb are useful to obtain an upper bound on Rademacher complexity.

The following lemma from [17, Lemma A.2, A.3, and A.4] is useful in determining Mi , Mb, �i , and �b from
(H1)-(H2) in applications.
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Lemma B.1 For any u := uθ ∈ U = Nρ(L, nL , R), and ũ := u θ̃ ∈ U , with the activation function ρ as the
hyperbolic tangent or sigmoid. The function class U consists of functions defined on �. The following estimates
hold: for any 1 ≤ p ≤ d, and 1 ≤ q ≤ n	 and for all x ∈ �,

|u(x)| ≤ (nL−1 + 1)R, (B.4)

|u(	)
q (x)− ũ(	)

q (x)| ≤

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

(

	−1
∏

k=1

nk

)

R	−1
n	
∑

j=1

|θ j − θ̃ j |, 	 = 1, . . . , L − 1,

√
nL

(

L−1
∏

k=1

nk

)

RL−1‖θ − θ̃‖	2, 	 = L,

(B.5)

|∂x p u(	)(x)| ≤
(

	−1
∏

k=1

nk

)

R	, 	 = 1, . . . , L, (B.6)

|∂x p u(	)
q (x)− ∂x p ũ(	)

q (x)| ≤ (	+ 1)

(

	−1
∏

k=1

nk

)2

R2	−1
n	
∑

j=1

|θ j − θ̃ j |, 	 = 1, . . . , L. (B.7)

|∂2
x2

p
u(	)

q (x)| ≤ 	

(

	−1
∏

k=1

nk

)2

R2	, 	 = 1, 2, . . . , L (B.8)

|∂2
x2

p
u(x)− ∂2

x2
p
ũ(x)| ≤ 2(L − 1)Lη

√
nL

(

L−1
∏

k=1

nk

)3

R3L−3‖θ − θ̃‖	2, (B.9)

with η = 1 for sigmoid and η = 2 for hyperbolic tangent function in (B.9).

By a standard symmetrization argument, we have the following bounds on E{Xk}nk=1
[�Ei ] and E{Yk}mk=1

[�Eb] in
terms of the Rademacher complexity of the sets Fi and Fb. These bounds play a crucial role in deriving the final
error estimate. The following estimates are derived using the ideas from [29, Lemma 5.3]; however, we provide a
proof for completeness of this article.

Lemma B.2 (bounds for E{Xk}nk=1
(�Ei ) and E{Yk}mk=1

[�Eb]). With the notations above, it holds that

E{Xk}nk=1
[�Ei ] ≤ 2Rn(Fi ) and E{Yk}mk=1

[�Eb] ≤ 2Rm(Fb).

Proof We prove the first inequality here the second one follows similarly. Let {X̃k}nk=1 be an independent copy of
{Xk}nk=1. Then we have

|�|EU (�) [hi (uθ ; X)]− |�|
n

n
∑

k=1

hi (uθ ; Xk) =|�|
n

E{X̃k}nk=1

n
∑

k=1

hi (uθ ; X̃k)− |�|
n

n
∑

k=1

hi (uθ ; Xk)

=|�|
n

E{X̃k}nk=1

n
∑

k=1

[

hi (uθ ; X̃k)− hi (uθ ; Xk)
]

.

Taking supremum in hi (uθ ; ·) ∈ Fi , applying Jensen’s inequality [28], and taking expectation with respect to
{Xk}nk=1 lead to

E{Xk}nk=1
[�Ei ] ≤|�|

n
E{Xk ,X̃k}nk=1

sup
h∈Fi

n
∑

k=1

[

hi (uθ ; X̃k)− hi (uθ ; Xk)
]

.
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By the independence of {Xk}nk=1 and {X̃k}nk=1, inserting the Rademacher random variables σk does not change the
distribution and hence

E{Xk}nk=1
[�Ei ] ≤|�|

n
E{Xk ,X̃k ,σk}nk=1

sup
h∈Fi

n
∑

k=1

σk

[

h(uθ ; X̃k)− hi (uθ ; Xk)
]

.

Since hi (uθ ; Xk) and hi (uθ ; X̃k) are independent, σkhi (uθ ; X̃k) and −σkhi (uθ ; Xk) have the same distribution,
and thus we have

E{Xk}nk=1
[�Ei ] ≤ |�|

n
E{X̃k ,σk}nk=1

sup
h∈Fi

n
∑

k=1

σkhi (uθ ; X̃k)+ |�|
n

E{Xk ,σk}nk=1
sup
h∈Fi

n
∑

k=1

−σkhi (uθ ; Xk)

≤ 2|�|
n

E{Xk ,σk}nk=1
sup
h∈Fi

n
∑

k=1

σkhi (uθ ; Xk) ≤ 2|�|E{Xk ,σk}nk=1

[

sup
h∈Fi

1

n

n
∑

k=1

σkhi (uθ ; Xk)
]

≤ 2|�|Rn(Fi ).

This completes the proof of the lemma. ��
Now we bound the Rademacher complexities Rn(Fi ) and Rn(Fb) of the function classes Fi and Fb, respectively.
This is achieved by the Dudley integral formula, which is based on the concept of ε-covering number of function
classes. Thus, we briefly describe the ε-covering number of a function class. Let F be a real-valued function
class equipped with the metric ρ. An ε-cover of the class F with respect to the metric ρ is a collection of points
{ fi }ni=1 ⊂ F such that for every f ∈ F , there exists at least one i ∈ {1, . . . , n} such that ρ( f , fi ) ≤ ε. The
ε-covering number C(F, ρ, ε) is the minimum cardinality among all ε-covers of the class F with respect to the
metric ρ. Now we can state the well-known Dudley’s theorem [45, Theorem 1.19].

Lemma B.3 (Dudley’s theorem) Let MF := sup f ∈F ‖ f ‖L∞(�), and C(F, ‖ · ‖L∞(�), ε) be the covering number
of the set F . Then the Rademacher complexity Rn(F) is bounded by

Rn(F) ≤ inf
0<s<MF

(

4s + 12n−
1
2

∫ MF

s

(

log C(F, ‖ · ‖L∞(�), ε)
) 1

2 dε

)

.

With the help of Lemma B.3, (H1), (H2) stated in Lemma 3.3, and the estimate of the ε-covering number C(F, ρ, ε),
we have the following estimate of a neural network function class.

Lemma B.4 (bound for Rn(Fi )and Rm(Fb)) Let Fi = {hi (uθ ; ·) : � → R | uθ ∈ Nρ(L, nL , R)}, and Fb =
{hb(uθ ; ·) : � → R | uθ ∈ Nρ(L, nL , R)} denote function classes, where Nρ(L, nL , R) is a neural network
function class. Let n and m be the number of Monte Carlo sample points associated to the function classes Fi

and Fb, Mi and Mb be the uniform bounds of the function classes Fi and Fb, respectively, and λi and λb be the
Lipschitz constants of the function classes Fi and Fb, respectively. Then the bounds

Rn(Fi ) ≤ cn−
1
4 nL R

1
2 Mi�

1
2
i and Rm(Fb) ≤ cm−

1
4 nL R

1
2 Mb�

1
2
b ,

hold, where the constant c depends on d.

Proof We prove the first estimate and the second one follows analogously. Recall that for any m ∈ N, r ∈ [1,∞),
ε ∈ (0, 1), and Br := {x ∈ R

m : ‖x‖	2 ≤ r}, by counting argument (see, e.g., [15, Proposition 5] or [29, Lemma
5.4]), we have log C(Br , ‖ · ‖	2, ε) ≤ m log(2r

√
mε−1). It follows directly from the Lipschitz continuity of neural

network functions and the estimate ‖θ‖	2 ≤ √nL‖θ‖	∞ ≤ √nL R that

log C(F, ‖ · ‖L∞(�), ε) ≤ log C(NY , ‖ · ‖	2, �
−1
i ε) ≤ nL log(2nL R�iε

−1),
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where N denotes the parameter space for the function class F, and �i ,Mi are the Lipschitz and boundedness

constant for F . Then letting s = n− 1
2 in Lemma B.3 leads to

Rn(F) ≤ 4n−
1
2 + 12n−

1
2

∫ Mi

n−
1
2

(

nL log(2RnL�iε
−1)
)

1
2 dε ≤ 4n−

1
2 + 12n−

1
2 Mi

(

nL log(2R�i nL
√

n)
) 1

2

Since 1 ≤ R, nL and log(x) ≤ x , Rn(F) � n− 1
4 nL R

1
2 Mi�

1
2
i with the constant absorbed in � depending on d. ��

Lemmas B.2, B.4, and (B.3) establishes a bound for Estat as

Estat := E1
stat + E2

stat � n−
1
4 nL R

1
2 Mi�

1
2
i + βm−

1
4 nL R

1
2 Mb�

1
2
b (B.10)

where the constant absorbed in � depends on d.
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