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Abstract

Schiitz and Trimper (Phys. Rev. E 70, 045101 (2004)) introduced the ‘elephant random walk (ERW)’ which, like
the simple random walk studied over the last century has increments +1 and —1, however the ERW keeps a track of
its past steps. Harbola et al. (Phys. Rev. E, 90, 022136 (2014)) studied a unidirectional ERW where the increments
are 0 and +1. Gut and Stadmiiller (J. Appl. Probab. 58, 805-829 (2021), Stat. Probab. Lett. 189, 109598 (2022))
extended the study of the ERW ‘when the elephant has only a restricted memory’ and Laulin (Electron. Commun.
Probab., 27, Paper No. 54 (2022)) studied an ERW model with a ‘smooth amnesia’. Here we discuss these models
of restricted memory. We also provide a new proof of a result of Miyazaki and Takei (J. Stat. Phys., 181, 587-602
(2020)). Finally we end with some problems connected with these models.
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1 Introduction

The standard Elephant random walk (ERW) is a time-inhomogeneous Markov chain described as follows: let
p €10,1],s € [0, 1] and {U,, : n > 1} be a sequence of independent random variables with U,, having a uniform

distribution over {1, ..., n}. Consider a sequence X1, X», . .. of random variables taking values in {+1, —1} given
by
1 with probabilit
Xy = | VHhprobality s (1.1)
—1 with probability 1 — s,
and, forn > 1,
Xy,  with probability p
Xnt1 = . . (1.2)
—Xy, with probability 1 — p;
we assume here that X is independent of the sequence {U,, : n > 1}.
The ERW is given by {S,, : n > 1} where
Sp=X1+--+ X, (1.3)
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It may be easily seen that, taking F,, to be the o-algebra generated by X1, ..., X,, forn > 1, we have

P(Sn—l—l:Sn:tl|~7:n):P(Xn+l::|:1|~7:n)

+S S 1 S
=0 I oy =2 (1x@p-1n- ), (1.4)
2n 2 n

2n

thus the ERW is a time-inhomogeneous Markov chain.

This model was initially studied by physicists Schiitz and Trimper [29]; the references in Laulin [21] is indicative
of the attention this model received from both physicists and mathematicians in recent years.

Observe that for the memory parameter p,

e when p = 1/2, except for the first step, it is the standard simple symmetric random walk,
e when p > 1/2 the walk has a propensity to be in the same direction as in the past,

e when p < 1/2, it has a propensity of walking in the opposite direction.

For S, as defined in (1.3), we have (see [3, 4, 10, 11, 13, 19, 24]).

(1) for p € (0, 1),

S
lim =~ =0 as.andin L™ forany m > 1, (1.5)
n—oo n
(2) for p € (0,3/4),
S 1
2 SN (0, ——) asn— oo, (1.6)
N/ 3—-4p
li + Sn ! (1.7)
im su = a.s., .
n_)oop J2nloglogn /3 —4p
(3) for p =3/4,
_ 4 N©, 1) asn— oo (1.8)
/nlogn ' ’ '
S
lim sup + ‘ =1 as. (1.9)
n—oo «/2nlognlogloglogn
(4) for p € (3/4, 1), there exists a random variable M s.t.
S
lim ——— =M as.andin L?, (1.10)

n— o0 n2p—1

where
M= 2L mm 0. P £0)=1
— s > U, =1,
'(2p)
and
S, — Mn?P~1 4 1
- S N(0,——) asn— oo. (1.11)
Jn 4p -3
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The strong law of large numbers (1.5) is proved in [4, 10], each in a different way. Also the central limit theorem
((1.6) and (1.8)) and the law of the iterated logarithm ((1.7) and (1.9)) can be proved by various approaches, see [3,
4,10, 11]. The existence of the supercritical limit (1.10) is established in [3, 4, 10], and the almost-sure positivity
of M is proved in [13] (see [24] for related results). The Gaussian fluctuation (1.11) in the supercritical phase is
proved in [19].

Gut and Stadmiiller [15, 16] extended the study of the ERW “when the elephant has only a restricted memory,
for example remembering only the most remote step(s) and/or the most recent one(s)”.

Laulin [22] studied an ERW model with a ‘smooth amnesia’ in the sense that, for 8 > 0 and {8,+1 : n € N}
independent random variables given by

1
A+ LM forl <k<n
P(But1 =k) = no Mpl (1.12)
0 otherwise

where
_ Tm+p  nF
T ImC(B+1) TE+1D

Here x,, ~ y, means x,/y, — 1 asn — oo. With (1.1) and, forn > 1,

n asn — oo. (1.13)

Xy = | X W%th pmbab%l%ty b (1.14)
—Xg,,, with probability 1 — p,

the ERW S, = X + - - - + X,, exhibits a phase transition (Laulin [22]).

e it is diffusive for p < (48 4+ 3)/(48 + 4),
e it is superdiffusive for p > (48 + 3)/(48 + 4).

Harbola et al. [17] studied a unidirectional ERW given as follows: s € [0, 1], p € (0, 1) and ¢ € [0, 1],

+1 with probability s
S1=X1 = . . (1.15)
0 with probability 1 — s,

and, with {Uy, : k € N} as earlier,

1 with probabilit
0  with probability 1 — p,
(1.16)

1 ith probabilit
it Xy, = 0 then Xppp = | o Propadiliy g
0 with probability 1 — g.

For the unidirectional random walk S,, := ZZZI Xy, with {X} : k € N} asin (1.15) and (1.16), Harbola et al. [17]
showed that

T ifg >0
E[Sd~ 1 i
qg =0.
I'(l+ p)
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When ¢ = 0 and s = 1 the walk is the ‘laziest elephant random walk (LERW)’:

Xy, with probability p

n
So=0, Sy:=) XpwithX; =1, Xup1 = (1.17)

= 0 with probability 1 — p.

In the next section we study the Gut and Stadmiiller [16] model. In Section 3, we define the unidirectional ERW
with a power law memory and present a complete understanding of the model. In Section 4, we present a different
proof of the results of Miyazaki and Takei [23] regarding the law of large numbers for the LERW given in (1.17).

2 ERW recalling the remote past

We begin this section with a formal construction of the model studied by Gut and Stadmiiller [16]. Let X1, X», ...
be the increments of an ERW as given in (1.1) and (1.2). Consider a sequence {m, : n € N} of positive integers
such that

Vo= M <1, Tim m, = +ooand y = lim y, € [0, 1]. 2.1)
n— o0

n n—o00

Let {4, : n € N} be an independent collection withUf,, := {Uy,, : m, < k < n} being a collection of i.i.d. uniform
random variables over {1, ..., m,}. Define

X forl <k <
ym = O O == 2.2)
X} form, <k <n,
where, form,, < k <n,
X/En) _ Xug, w%th probab?l?ty )4 (2.3)
—Xu,,, with probability 1 — p.
This provides us a triangular array of random variables {{S,E") : 1 <k <n}:n e N} given by
k
s =Y v, 2.4)
i=1
{S,E”) : 1 <k < n}isarandom walk with step size +1 or —1. Let
T, = S™. (2.5)

The sequence {7, : n € N} does not have any random walk interpretation and it is this process which Gut and
Stadtmiiller [16] called the process an ERW with gradually increasing memory, in contrast to the model with
m, = m (i.e. the elephant remembers only a finite part of the first steps), studied in [15].

The theorem below presents the strong law of large numbers and central limit theorem for the process {7}, : n >

1}:

Theorem 1 (Roy, Takei and Tanemura [28]) Suppose (2.1) holds for a sequence {m,, : n € N}. We have, asn — o0,
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(i) (LLN) for p € (0, 1) and c € (max{(2p — 1), 1/2}, 1),

. VuTn
lim

n—oo (mpy)¢

=0 almost surely; (2.6)

(ii) (CLT) fora, = v, +QCp—1D{A —yp),a=y + 2p— 1)1 — y) we have

iTn 4 (o 4 Ly =) forp € (0,3/4) 2.7)
\/m—n ’ 3 _ 4p V y p [} l .
vl d (1+y)°
—— > N[0, ——— =3/4, 2.8
T (0 ) w3 ey
T,
lim — " 9S M for p e (34, 1), (2.9)
n— 0o (mn)Zp—l
where M is a random variable as given in (1.10).
Moreover, for p € (3/4, 1),
T. — M - 2p—1 2
Ynn tn (117) LY 0, T 4 yd—=y)) asn— oo. (2.10)
N 4p —3

Proof The notation S, used in this proof will always denote the standard ERW given in (1.3).
Fix n € N. Along with F,, := o (X1, ..., X;), defined in (1.3) let

GI = Foo =0 ({X; 1i e N) = o ({X1} U{U; :i € N})
and, for k € (m,,n]NN

G =o(X; i eNJUX™ im, <i <k))
=o({X1)UU; i e NJU (U imy <i <k)).

Equations (1.4) and (2.3) yield

Sm,,

1
IP(X,E"):il|g,§”_)1):5(1i(2p—1)- ) for k € (my, n) N N; 2.11)

n

so that,

Smn
n

VY™ | Fool = ELY)? | Fool = BIY™ | Fool)?
0 fork e [1,m,]NN

ELY" | Fool = @p—1)- ™ fork & (my. n] NN,

S \2 (2.12)
1—(2p—1)2-<%> for k € (my, n] NN.

n
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Also

n

: Sm,
I, — Sm, | Fool = Y EIX{" | Facl = 2p — 1)(n — my) -

, (2.13)
k=m,+1 n
thus,
anSm,
Ay =E[T, | Fol = Smn + E[T, — Smn | Fool = ” (2.14)
n
and, for B,, := T, — A,,, we have
YTy = Yn(An + By) = anSmn + YuBy. (2.15)
First we obtain the CLT i.e. Theorem 1 (ii). Assume that p € (0, 3/4). By (2.14) and (1.6), we have that
YnAn anSm, d < 1 )
=— —>a-N[0, —— asn — oQ. (2.16)
Jmy Jmy 3—4p
Also, under P(- | Fxo), {X,(C") : k € (m,,n] NN} being a collection of i.i.d. random variables,
n
By= Y (X" —EX" | Fooll (2.17)
k=my,+1
is a sum of centred i.i.d. random variables with
VnBp (yn)z 2 Sm 2
\% Fool| = -(n — A1 —-Q2p—-D~- | —=
[ _mn oo] o (n —my) 2p—-1 -

n

2
= Yn(l — yn) - {1—(2p— 1)2-(%) } (2.18)

— y(1 —y) as., from (1.5), asn — oo.

(2.19)
Thus, for & € R, the characteristic function of y, B, /./m,, is

an
e (22| )
3 %y, > (Sm\’ vy |
o o ()] )

2
— exp (—% -y (1 — y)) asn — oo a.s.,

and, from (2.16), the characteristic function of y, A,/

(2.20)

m, is

E [exp (iéy”A">] — exp( ﬂ) asn — oo
/i '

23 —4p)

2.21)

@ Springer
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Combining the above two expressions and using the bounded convergence theorem, from (2.15), we have

E|:exp <i§ynTn>:|
N
==l () =l ()|
— exp <_ﬂ> - exp (_5_2 -yl — y)> asn — o0
23 —4p) 2

which completes the proof of (2.7).
To prove (2.8) note that, for p = 3/4, a, = (1 + y,)/2 and,

(a) from (2.19) and (1.5), we have

E [(%ﬂ =yl = i) [1 —Qp—1E {(fni)z”

— y(l—y) asn— oo, (2.22)

i.e. ypBy//mylogm, — Oasn — oo in L?
(b) from (2.14) and (1.8), we have

YnAn anSm,, a 1+y
-

= -N(0,1) asn — oo; 2.23
Jmylogm,  /mylogm, 2 ©.1 ! (2.23)

an application of Slutsky’s lemma completes the proof of (2.8).
Before we prove (2.9) and (2.10) we first obtain (2.6). Fix p € (0, 1) and y € [0, 1]. Since |X,£") — IE[X,((") |
Fooll < 1 from Azuma’s inequality (Lemma 1 in [2]) we have that, for A € R,

n

Elexp(ynBa) | Fool =E | exp Ay Y (X" —EIX" | Fucl} | | Foo
k=m,+1

< exp((hyn)(n — my)/2),

and, forx > 0

2
P(lynBnl > x) < 2exp (‘m) .

Thus, for any ¢ > 0, we have

o0 o.¢]
2
Y P(yBal = V21 + &) yu(l — y)mylogn) < > ——,
n
n=1 n=1
which on an application of the Borel-Cantelli lemma implies
B
lim sup Vn2n <1 as. (2.24)

n—00 \/2Vn(1 — Yn)mp logn
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Also, forc € (1/2,1),

2yn(1 — yp)mylogn — 2(1 — y,) logn - 2(1 — yn) logn
(mn)Zc n(mn)Zc—Z - n2c—1

— 0 asn — oo,

thus,

. Yn B,
lim

n—00 (mn)c

=0 as.force(1/2,1) (2.25)

To prove (2.6) we note that

(a) for p € (0,3/4), from (1.7) and (2.14) we have that

. YnAn a
lim sup < a.s.,
n—soo «/2mploglogm, — /3 —4p
s0, by (2.25), (2.6) holds for any ¢ € (1/2, 1);
(b) for p = 3/4, from (1.9) and (2.14) we have that
A 1
lim sup Ynln < +v a.s.

n—ooo «/2mn,logm,logloglogm, ~ 2

again (2.25), implies that (2.6) holds for any ¢ € (1/2, 1);
(c) for p € (3/4, 1), almost sure convergence in (2.9) follows from (2.23) and (2.25).

Thus (2.6) holds forany c € 2p — 1, 1).

Finally we prove (2.9) and (2.10).

Assume that p € (3/4, 1). First, from (2.22), )/an/(m,,)zf’_1 — 0 asn — oo in L2. Next, from (2.14) and
(1.10), )/,1A,,/(m,,)2f’_1 — aM as n — oo a.s. and in L2. The almost sure convergence in (2.9) follows from
(2.25).

From (2.15), we have

Vol —ay - M - (mn)ZP_l = an{Smn - M- (mn)ZP_l} + Yu By,

and, using (1.11), (2.20) and an argument as in the proof of (2.7), yields (2.10). |

3 A unidirectional elephant random walk with a power law memory

In this section we study a model similar to that of Laulin [22], however for the LERW given by (1.17) with a
memory distribution (1.12) for § > —1. In particular, our model is given by So = 0, and with {8,+1 : n € N} as
in (1.12) for g > —1,

X th probabilit
Spi= Xpwith X; =1, Xqy = 1% WITH probabiity p

. » (3.1
P 0 with probability 1 — p.

For this model we obtain three distinct rates of growth of S, depending on the parameter . We employ a martingale
method.

) Springer Indian J Pure Appl Math (2026) 57:215-233
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Let Fy be the trivial o-field, and F,, := o (X1, ..., X,). From (1.12), we have

ElXyi1 | Fal=p-ElXp, | Fal=p- Y Xe P(Buy1 =k)

k=1
D < 1
_PEAD Sy, - PEED 32)
Mln+1 7 nHn+1

where ¥, := > }_; Xxux for n € N. Noting that £ = X 1 = 1 a.s. we have

B+D
E[Sns1 | Fal = Sy + EXus1pnr1 | Ful = (1 + %) .
Fory > —1, let
r Y
cn(y) = (n +y) ~ " asn — oo. (3.3)
rmfy+1) T+
Note that u,, = ¢, (B). Put
n
M, = — (3.4)

ca(p(B+ 1)

Since {M,} is a non-negative martingale, there exists a non-negative random variable Mo, such that lim M, =
n—0o0

My a.s. As a consequence, as n — 00

nP B+
E[X,] =cy D) E[X]=cy n)y~———. 3.5
[Zn] =cn(p(B+ 1) - E[Z1] = cu(p(B+ 1)) NCESD) (3.5)
From (3.2) and (3.5) we have for 8 > —1,
PB+D @B+ P .
pB+1)—p cn(B) B—pB+1 l—p
E[S,] = {n-1 /3
P ﬁﬁ:Tﬁf
okt B -p
Hence
o ES) 1T+
e If -1 < B < p/(1 — p)then nll)n;om = C(p, B), where C(p, B) := BT —F TR+
oHﬁ:Nﬂ—pMMnMnEMJzﬂ
n—oco logn
[ Ifﬂ > p/(l — p) then nli)n;o E[S,] = %, SO S 1= nll>n;o Sy < +o00 as.

From the above we have E[Ss] = +00 for 8 = p/(1 — p), however

Proposition 2 (Roy, Takei and Tanemura [26]) If 8 = p/(1 — p) then P(Sx < +00) = 1.
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We provide an outline of the proof of this proposition which uses coupling with an auxiliary multi-type branching
process.
Outline of the proof of Proposition 2. With 1, as defined in (1.13), let {g(x,y) : x,y € N> N {x < y}}, be
defined as

1 x
gx,y)=p-P(By=x)= %Z— (3.6)
y
We remark that for § > Oand k € N,
> 1
3 qk.x) = %. 3.7)
x=k+1

Now we construct the branching process. Let {Z;, Z,, ...} be a process where Z; denotes particles of the k-th
generation and N be the space of types of particles.

(1) The first generation Z; consists of only one particle of type y(I) = 1.

(2) In case there is no particle in the n-th generation, we stop. Otherwise, a particle of type y " in the n-th generation
gives birth independently to a (n + 1)-th generation particle of type k > y™ with probability ¢(y™, k). We
assume that

(i) the number and types of children of two distinct particles are independent of each other,
(i1) the events that a particle has one child of type k and another of type £ (k # £) are independent of each other.
We note here that, for n > 3, there may be two particles in Z,, of the same type born of two distinct parents.

From (3.7) we see that the expected number of children of a particle of any type is p(8 + 1)/8, which is smaller

or equal to one if and only if 8 > p/(1 — p). We are able to prove that the branching process dies out in this case,

by the same argument as the Galton-Watson branching process, although the progeny distribution is different and

depends on the type. By using a comparison argument, we can derive Proposition 2 from the extinction of the

branching process at the critical point. O
In Theorem 2.3 in [26] it is shown that if —1 < 8 < p/(1 — p) then P(Mo, > 0) > 0, and

Sy ~ C(p, BYMon? PV a5 on {Ms > 0}.
Taking
Qoo(p, B) i= (Moo > 0, Sy ~ C(p, BYMogn? PTV=F as i — oo}, (3.8)

we have the following proposition.

Proposition 3 (Roy, Takei and Tanemura [27]) Assume that p € (0, 1).

(i) If B € (—1,0] then P(Qeo(p, B)) = 1.
(ii) If p € (0, p/(1 — p)) then 0 < P(Soo = 00) < 1 and P(RQoo(p, B) | Soo = 00) = 1.

A sketch of the proof of the above propositions using a graphical representation of process is given later. This
allows us to have a definitive understanding of the asymptotic behaviour of S, in the different regimes as presented
in Table 1.

) Springer Indian J Pure Appl Math (2026) 57:215-233
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Table 1 Behaviour of S, in

¢ . Regime Asymptotic behaviour
different regimes
—1<p=0 P (Qoo(p, B)) = 1.
0<,8<1f 0 < P(Soo =400) < 1,P (Qoo(p, B) | Soo = +00) = 1.
ﬁzil P E[S,] ~ Blogn,but P(See < +00) = 1.
-p
B> IL E[Sse] < 400, 50 P(Sss < +00) = 1.
-p

Moreover, taking
W, == S, — C(p, B)Moon? PTD=F (3.9)

we obtain the central limit theorem for {W,,} in different regimes of 8. Let n be a non-negative random variable
defined by

2 N2 2
:\/p B+ D"+ 58 C(p,B) My. (3.10)

(pB+1)—p2%

The following theorem is derived by applying the following martingale CLT, which is Exercise 6.2 based on
Theorem 6.1 in Hausler and Luschgy [18], p.86, with G, x = Fi.

Theorem 4 (Roy, Takei and Tanemura [27]) Assume that p € (0, 1) and let N 4 N, 1).

W, d

(i) If B € (=1, p/(1 — p)) then ———= — n - N as n — o0, where N is independent of 1.

npB+H—p
. Wy d
(ii) If B € (—1,0] then P(n > 0) = 1 and AT — Nasn — oo. If B € (0, p/(1 — p)) then

nvn
Wy
{n >0} ={Se0 = 0} a.s., and ———— — N asn — oo under P(- | Soo = 00).

nv nPB+DH-B

We prepare a graphical representation of the model to prove Proposition 3. Let a4 be independent random
variables such that o = 1 with probability p and = 0 with probability 1 — p. For j, kK € N with j < k we write
j < kifar =1and B = j, and j < k if there is an increasing sequence {Ei}lp:o of Nwith £g = j, £, = k such
that¢; < £;+1,i =0,1,..., p—1.Let

1
n@ =1} gV =lieN:gi=1= ("L

(m)
n™ ={i e N: k < i forsome k € n"" 1} = {Y(m)}fnl ,m > 2,

where Y( " < Yj(ﬁ)l J € N. We set nf,m) =" N{1,2,...,n}. We introduce another process defined as

gmd) = {Y(m)}U{t Y()<—z} j=1,2,... #",
D = DA (1,2, . n).

Indian J Pure Appl Math (2026) 57:215-233 @ Springer
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Weputé ={keN: Xy =1}and &, := & N{1,2,...,n}. Then we have

= n® U y0y {Uf(l’j)}~ G.11)

j=1

=00 as.if e (—1,0]

< oo a.s. if B € (0, 00).

Outline of the proof of Proposition 3. We introduce a modified version of the process.
Let {x,},en be a sequence of 0’s and 1°s, and let

We note that S, = #£,, and #n(!

S:=1{keN:x =1} (3.12)

Let {B,+1 : n € N} be a collection of independent random variables on the same probability space but with a
probability measure PS given by

Xk [k

whn, k) = =—— forl <k <n
PS(Buyy = k) = S (3.13)
ntl =R =11 =3 wn, ) fork =0 ’
0 otherwise.

Fors; =k e N, let
X;=0for0<f¢<k—1,Xx=1, and
Xn41X, ., with probability p

forn > k, )N(n-i-l = . -
0 with probability 1 — p.

The modified models for S, and X, are given by So = Eo =0,

S, = ani(k and %, := anukik, neN, (3.14)
k=1 k=1
respectively. Let 1 <51 < sp < --- be the ordering of all elements of S and
my, =m,(S) :=#keN:s; <k <n,x =0} (3.15)
We assume that {x;, },cn satisfies the following: there exists No = No(S) such that

m, <nPPTO=B foralln > Ny. (3.16)

Note that p(B+ 1) — B8 € (0, 1) for B8 € (—1, p/(1 — p)). Then we have the following estimates. See Lemma
2.4 in [27] for the proof.

Lemma5 Let p € (0, 1). Forall S as in (3.12) satisfying (3.16), we have

(i) ForB € (—1,0), thereis apositive constant K = K (p, ) notdepending on'S such that PS(S'n = pPB+H=F) >
1/K. Here a,, < b, means that as n — 00, ca, < b, < Cay, for some 0 < ¢ < C < 00, which may depend
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onB>—1,pe(0,1),andS.
(ii) Suppose m € N with s,, = No, where Ny is defined in (3.16). Put
S = (8i}ien = (Sm—14idien (3.17)

For B € [0, p/(1 — p)), there is a positive constant K = K(p, B) not depending on S such that PS(S',, =
nPB+H=Fy > 1/K.

We set

)
{nlggo P BTD—F 0}’ ity =,

Q, otherwise.

(3.18)

We consider the case § € (—1, 0). The proof of the other case can be carried out by repeating similar techniques.

For details, refer to [26]. Because lim

n .
———F F eXISsts
n—oo pP(B+H—B ’

o

. Sn (1)
P(nlif%om—o) < P(ﬂf\j

j=1
0 j
=P (A" T] P(Afiﬁl N Ag”). (3.19)

Note that k ¢ Ué:l ¢ 19 means B ¢ ULI (9 Then, for any S C N, B under the conditional probability
P ( ‘ N\ Ué: 1 ¢ 1.8 = S) stochastically dominates fy in (3.13) forany k € S. Under the conditional probability,
Bk, k € S are independent, so, for any A; C S and {k;}/;, € S,m € N,

J
Py eAi 1<i=m |N\[Jc"9=8]=PB, cAi 1 <i<m). (3.20)
=1

On the event ﬂ{z.:l ALD S = N\ Ué:l §(1’e) satisfies the condition (3.16). Then from Lemma 5 (i) and (3.20),

J
1

) (1)
PA ) A s1-—
=1

. Sn
and by (3.19) we have P(nll)ngo B = 0) =0. O

4 The laziest elephant random walk

In this section, we prove the law of large numbers (Theorem 6 below) for the laziest elephant random walk (LERW)
{S, : n > 0} given in (1.17). The proof found in Miyazaki and Takei [23] is based on the computation of the
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factorial moments. Here we give another proof adapted from Bercu [5], which is much more transparent and
elegant.
For any a € R, the Pochhammer symbol of a is defined by

a®:=1, and " :=a@+1)---(@a+m—1)form € N.

Note that for any m € Z4 and any a, b € R,

m

(a+ b)™ = Z ('Z)a“‘)b(m—"). 4.1

k=0
For the sake of completeness, we give a short proof of (4.1). The generalized binomial theorem says that

o0

T+ =) <°’)xm for @ € R and |x| < 1.
m

m=0

Since (—Oa) =1=aY and

form e N,

(—a) _(—a)(—a—1)-(—a—m+1) (=D)"a™

m m! m!

we have

1™ (m)
SV e e mand i <
m!
m=0

From the obvious identity (1 4+ x)~@*?) = (1 4+ x)™“ . (1 + x)~”, we can see that

(— 1)m(a+b)<'"> i( DEa® (=1 kptnh
(m—k)!

k=0

which is equivalent to (4.1).
We compute E [S,S’”)], the Pochhammer moments (a.k.a. the rising factorial moments) of S,,. For any m € N,

m
S;Yi)l = (S 4+ X )™ = Z (k>5(k)X,(:ilk), 4.2)
k=0
which implies that
2 (m
E[S,ﬁni)l | Ful = Z (k)sfl“E[X,gﬁ;") | Fol. (4.3)
k=0

Using (X,41)% = X,41, it is straightforward to see that X,(l]fgl = k! - X, for any k € N. This together with
E[X,11 | Ful = (pSy)/n implies that

m—1
m m S}’l
ELSYD | Fol = S ’+Z< )S,Sk)-(m—k)!-”n
k=0
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m! p k
= nm Zk,s;g) n»

and hence

(m) (m) P (k)
E[S"1 = Es¢1+ =L ng k,E[S - Sul. 4.4)

Noting that E[S® - $,1 = E[S D] — & - E[s®],

1) m—1 (k+1) (k)
g m) E[S:] E[S, V1 EIS’]
E[S,"\] = E[S} 14 P { o +;< o -1

m!-p E[S™]

— (m)
= E[S,"]+ D!

- (1 n ”;_P) E[S™]. (4.5)

Since S(m) X(m) 10 = m), we have E[Sl(m)] = m! for m € N. From (4.5),

(m) (m); _ m- T+ mp)
ELS,"1 = ELS, l_[ < > - T'(n)r( +mp)’ (4.6)

The LERW {S,, : n > 0} is the unidirectional elephant random walk in Section 3, with 8 = 0. Noting that
(X, :n>0}={S, : n >0}, M, == S,/cn(p) is a non-negative martingale, and there exists a non-negative

random variable M, such that lim M, = My, almost surely.
n—oo

The Mittag—Leffler function is defined by

Eq(2) = Z (@, z € O).
i) +’<>

Note that E1(z) = €* (See e.g. [8], p. 315). The random variable X is Mittag—Leffler distributed with parameter
p €10, 1]if

o k

A
E[**1=E,00)=Y ——— for|Ar] < 1.
[*X] = E,(}) ;)F(Hkp) IA]

|

k!
Thus the k-th moment of X is W and this distribution is determined by moments (see [8], p. 329 and p.
p
391).If p = O (resp. p = 1), then X has the exponential distribution with mean one (resp. X concentrates on {1}).

For p € (0, 1), the probability density function f),(x) of X is

pp(x=1/P)
fp( )_pl——f—l/ for x > 0,

where p,, (x) is the density function of the one-sided stable(p) distribution. In particular, f}/; is the density function
of the standard half-normal distribution:

2
fip(x) = \/7_)‘/2 for x > 0.
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Theorem 6 (Miyazaki and Takei [23]) Assume that p € (0, 1). For any m € N,

| [(Sn)m} .
lim E | — = 4.7
n— 00 np I'(l1+mp)

Thus the martingale {M,, : n > 1} is L -bounded for any m, and the almost sure limit

S M
ML= lim &= = —>2 (4.8)
n—oo ppP ]"(] + p)
has a Mittag—Leffler distribution with parameter p. In particular, P(ML > 0) = 1.
Proof of Theorem 6: We prove (4.7) by induction. For m = 1, we have
r p
E[Sn]zE[Sy(ll)]= (ntp)  _n asn — 0o.
'mI'd+p) TI'd+p)
Assume that £ € N and
I pmp
E[S"~ —" form=1,...,¢ 4.9)
I'(1 + mp)
¢
hold true. Using the Maclaurin expansion x¢+1 = x¢+1 4 Z Co+1.k £k,
k=0
¢
e+D!-I'n+E+1)p)
E[SS™M 4+ cpprx- E[S51= E[S{D] = :
(S5 ;) et ELS,] = B8,V = = 5
By (4.9), we obtain
. $a\ £+ 1)

lim E||— = ,

n—00 n? ra+¢+1p
which is (4.7) with m = £ + 1. This completes the proof. O

Remark 1 Eq. (4.1) is a consequence of the fact that {x "} is a Sheffer sequence of binomial type. See Chapter 19
m

of [25]. The coefficients {c,, x} in ™ = Z Cm.k x* are called unsigned Stirling numbers of the first kind. See

k=0
e.g. p-224 of [30].

5 Some questions

In this section we list some questions connected to the previous three sections.
First, in the context of the triangular array set-up of Section 2 we may have an alternate construction of an ERW
which recalls its remote past. Consider an ERW, W, 41 := W,, + Z,,11 given by its increments

Wi = Z; — +1 with probability s 5.1)

—1 with probability 1 — s,
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and
Zy,  with probabilit
Zns1 = PRI (5.2)
—Zy, with probability 1 — p,
where V,, is a uniform random variable over {1, ..., m,} (m, being as in Section 2) and {V,, : n € N} is an

independent collection.

This is the linear setting of Roy, Takei and Tanemura [28]. It is apparent that the methods used in obtaining
Theorem 1 will not work in this setting. A challenging question is to obtain suitable law of large numbers (LLN)
and central limit theorem (CLT) for this linear setting.

In the context of the unidirectional ERW with power law memory, described in Sections 3 and 4 a natural
question is to extend Theorem 6 for —1 < 8 < 0 when Q,(p, B) (defined in (3.6)) occurs almost surely.

Also for the unidirectional ERW with power law memory law of iterated logarithm and functional central limit
theorems are not yet known.

In one dimension, several properties of the limit in the supercritical regime are studied by Guérin, Laulin and
Raschel [13] and Guérin, Laulin, Raschel, and Simon [14]. What can we say about the supercritical limit for the
ERW with stops, studied in Bercu [5]? In particular, the positivity problem is still open.

The higher dimensional analogue of the standard ERW is studied in Bercu and Laulin [7], and the recurrence
problem is solved by Qin [24] (see also Curien and Laulin [12]). How about the recurrence problem for the higher
dimensional analogue of the ERW with power law memory introduced in Chen and Laulin [9]?
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