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Abstract

In this expository article we discuss the numerical invariant Hilbert-Kunz multiplicity and provide numerical
characterizations of integral dependence of ideals, where the main focus is on the graded set up.

To emphasize the subtlety of the characteristic p techniques to non-expert readers, we give some self contained
proofs and sketches of some proofs. In the later part we give an introduction of the theory of density functions and
their applications to Hilbert-Kunz multiplicities and briefly describe how these functions along with basic analysis
provide numerical characterizations of integral dependence of ideals.

1 Introduction

Multiplicities are numerical invariants which were introduced to study ‘singularities’ in commutative algebra and
geometry. One of the earliest examples is the Hilbert-Samuel multiplicity, which was introduced by D. Rees [44].
A positive characteristic variant of the Hilbert-Samuel multiplicity is Hilbert-Kunz multiplicity e g , which was
introduced in a formal algebraic way by P. Monsky.

Other than singularities, Hilbert-Samuel multiplicity also characterizes the integral dependence of ideals which
are of finite colengths. The other multiplicities such as e-multiplicities, j-multiplicities were introduced to charac-
terize the integral dependence of ideals where the ideals under consideration are not necessarily of finite colengths.
Similarly the Hilbert-Kunz multiplicity characterizes the tight closure dependence of the ideals. Over the time
Hilbert-Kunz multiplicity has turned out to be an important characteristic p-invariant in other ways; here we will
give some examples to demonstrate that.

In this expository article we discuss these multiplicities. However the material is far from being exhaustive and
mostly focuses on the graded set up, which means the rings are standard graded rings and the ideals are graded
ideals.

To emphasize the subtlety of the characteristic p techniques to non-expert readers, we give a self contained
proof of the existence of Hilbert-Kunz multiplicity and show that it is an additive function. For this we have drawn
on material from the paper [40] of P. Monsky and also from the expository article of C. Huneke [27]. We also
pose some open questions. Here we make use of standard notations and terminology as well as basic results from
commutative algebra (see [35]).
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2 Hilbert-Kunz multiplicity epx

Throughout this section (R, m, k) will denote a Noetherian local ring of prime characteristic p > 0 with maximal
ideal m and residue field k. Also R is of dimension d = 1.
Since the characteristic of R is p > 0 the endomorphism map

F:R— R givenby a — a¥f

is a ring homomorphism.

Further for any integer ¢ > 1 we get the ¢'-iterated Frobenius endomorphism F¢ : R — R where a — a” .
This gives the ring R a different R-module structure, i.e., via the map '¢. To emphasize this module structure on
R, we would write the map ¢ : R — Ras F?: R — F{R and would denote the elements of FR as Ffr if
r € R. With this notation ¥ R is a module over R with the module structure given as follows:

(1) X Fir, Firp € F{Rthen Fir1 + Firy = Ff(r} + r2) and
(2)yifry e Randry € FER thenry - Firy = Ff(rfyﬁ ra).

Similarly any R-module 3 has another R-module structure, namely via the map F¢. Again we denote this
module structure on M by F7 M and the element of FM as Fim,ifm e M.

With this notation M and #'? M both are the same as an additive group but the scalar multiplication on F'{ M is
given as follows:

it reR and me FEM then r. Fém = Fe(rPm).

Remark 2.7 Wenote that /° M as F'Y R-module isthe same as M as R-module, i.e.,for Fir € FERand Fim € F7 M
we have F{r - Fim = F[(rm). Hence we have a commutative diagram

FER > FIM —> FEM

| I
RuxM — M,

where we have identified the ring R with R via the map Ffr — r. similarly we have identified the F' M
with M via the map Ffm — m.

Now if 7 1s an ideal of R with generators {xy, x|, ..., x;} and g = p° then

I-FIR=) F{x!R) =) xIR= 17
i i

where the second identification 1s as mentioned in Remark 2.1
E. Kunz has been one of the early ones torealize the importance of positive characteristic methods im commutative
algebra. We proceed by recalling two fundamental results of his (in [32]) in characteristic p.

Theorem 1 (E. Kunz). If R is a Noetherian ring of prime characieristic p > 0 then if is regular if and only if the
map F¢ . R — F?R is flat for some e > O (equivalently for all e > 0},

In particular if R 1s F-finite, that 1s, if F. R is a fintte R-module, then the theorem of Kunz implies that the
notion of R being regular ring is same as #° R being a locally free R-module, for some e (equivalently for all
e = 0).

The following theorem of Kunz shows that the colengths of the Frobenius powers of the maximal 1deal decide
the regular property of the ring.
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Theorem 2 (E. Knnz). Let (R, m, k) be a Noetherian local ring of dimension d and characteristic p > 0. Then
fore = 1andg = p°, we have

ER(R/m Ny = 4

Moreover if the equality holds for some ¢ = 1 then R is regular.

Remark 2.2 To study these length functions we can assume without loss of generality that (R, m) is complete and
the residue field is algebraically closed.

For this we take the m-adic completion R of R.Now R contains a coefficient field k. Then we take an algebraic
closure k of the field k. Let § = ﬁ@kiz then

(1} S is a complete local ring with maximal 1deal mS and
(2} S is a farthfully flat extension of R and
(3} the residue field of § 15 S/mS = &, an algebraically closed field.

Now, if 7 1s an m-primary ideal and M is a finitely generated R-module then

M M M@gs Meg s
i) = i 005 o AAS) < o 25,
R Tl pm ) Flalp ©r ) S(\]LQ]JMT®R S LS(I[W([W@R S))

where the first and second equality follow from property (1) and (2) 1vely.

Remark2.3 Let I and M be as in Remark 2.2. Then to study the length function £z M /I41 M) we can assume
that (R, m) 1s a complete local ring where R/m 1s an algebraically closed field. In particular R is F-finite and
moreover, for any ¢ > 1,

FeM FeM Pk Fem M
¢ (*—):ee (— ¥ (— = g *—)=£ —). 21
T Fem/ ~ "5R I-FfM) % ) F*R(.FfoﬂM R(JmM) @1

Notation2.4 (1) M is a finitely generated X-module and m that case pp (M) denotes the minimal number of
generators of M.

(2) I denotes an m-primary ideal of K.

3y eI, M) =lim,_, o Er(M/I"M)d !_,/nd denotes the (Hilbert-Samuel) multiplicity of M with respect to [.

()

A(R) = {P € Spec R | dim R/P = dim R}.

(5) If f, g N — IR are two functions then we denote f(n) = O(g(n)) if there exists a positive constant
such that | f(n)| < C - g(n), for all n.

Now we state and prove the following lemma which is the first assertion of Theorem 2 due to Kunz.

Lemma 2.5 Lot (R, m, k) be a Noetherian local ring of dimension d and characieristic p = 0. Then fore = 1
and g = p°

ta(R/m't) = ¢".
Proof We can assume that R is complete and has algebraically closed residue field k. Further we can assume R is

a domain by replacing R by R/P, where P € A(R).
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We choose (see Theorem 14.14 in [35]) a reduction ideal (xy, . .., xz) of m. Now consider the ring homomor-
phism A = k[[Xq, ..., Xg]] — K mapping X; — x;. Then, by Theorem 8.4 in [Ma], R 1s a finitely generated
A-module, and therefore the map A — R 15 an injective map.

Consider the commutative diagram

A — R
1 1
FfA— F'R

It is easy to check that F°A is a free A-module of rank p®® = g%, generated by {Fe (x?), S Ff(xff) [0 =i; <
g = p°}. We have

rank 4 F{R = (rank g F{R){rank 4R} = ({rank e (F} R)}(rank 4 F{A).

Butrank 4 R = rank pe 4 (F{ R) which implies rank g F{R =rank 4 #'7A = g%,
If T = R {0} then

FeR -
i i —1 @ TP - g Ty * [
rank RI‘fR = -U’T_IR‘\I K ®R I‘:RJ = ,!LR(I‘:R.' = ER (m) = ER (R,,"'“l‘q]) .

Lemma2.6 Foralle > Oand g = p® we have
p (MM = O(gamdy.
Proof Letf = jo(I) then I'? < 719 forallg. Then £p (M /WM < £p (MM IEP(x) = cox™ +opx@—1 4
-+ -+ g, 18 the Hilbert-Samuel polynomial of M with respect to {, where co # 0, then ¢; = dimm M and for g >» 0,
LR(M/I'"MM) = P(tg). Now for
C = (d; + 1% -max{|¢;|} wehave ‘p(M/ WM < C(gtimd
O

Lemma 2.7 Lot M and N be two finitely generated R-modules. Letd = dim R IfMp = Np, foreach P € A(R)
then for all g = p*

1ER(MTOM) — epN/TENY| = 0(g% ).

Proof et S = R\ UPeA(R) P. Then S~'R is an Artinian ring and S™'R = nPeA(R) Rp. This gives an
isomorphism of §~! R-modules

ST'M=MerS'R= [] Mp~ ] Ne=S"'N, (2.2)
PeA(R) PeA(R)

well defined up to multiplication by a unit in S~!R. Now the isomorphism Homg_1,(S7!M, S7IN) =

S 1Homp (M, N) mmplies that there 1sa map ¢ : M — N such that S 1pisa map as given in (2.2}, In
particular if K = coker ¢ thendim K <4 — 1.
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The exact sequence
MM — N/ YN — K/ TPK — 0
gives
CRIN/TEN) < ep(M/TUM) + e (K/T'WK) < er(M/IWM) + 0g" ).

Now reversing the role of M and N we complete the proof of the lemma. O

Lemma28 Lot 0 — M — M — M" — 0 be a short exact sequence of finitely generated K-modules and
letdim A =d = 1. Then

CRIMTIMY = e (M T MYy + er (M7 /T M™Y 4+ 037 ).

Proof Again we can assume R is complete and has an algebraically closed residue field.
Case (a) R isareduced ring.

Let {Py, ..., Py} be the set of minimal primes of Randlet S = R (P U---UPF,). Then Rp is a field and
therefore (M’ e M) p = Mp for each i. By Lemma 2.7

/ '

" A/f ’ l‘w” GB A/f i d—1 ; ﬂfl A ’ l‘w’ A d—1
tR(.I[é’lM) N ER(IM](M’EB M’-")) +OE )= 'ER(nq]Mf) + () + 0",

Case (b} R is not a reduced ring. Let nilrad(R} denote the nil radical of R. We choose g; = p™ such that
(nilrad(R))?0 = 0. Hence F°M is annihilated by nilrad(R). Moreover

0—> N =FOM — N=F' — N =F°M’ — 0

is an exact sequence of F;° R-modules. Then it is an exact sequence of R-modules via the map F;° and therefore
of R /milrad{ R)-modules. Now by Case (a)

CR(NTVUINY = e (N /TUINY 4 e g (N7/TVWINTY + 0 (g% D).

By (2.1), for an R-module Ng = My

No FSNg FiMy My
e ) = en( ) e ) ()
TalNg. I FSNy T oM, Ilaq0] M,

This gives (taking ¢ > gop)
CRMIOM) = oM TOMY + e (M ITOM" + 0((g /900" "),

But (g /9001 = 0" ") as go 1s fixed. O

Definition 2.9 We recall the following standard notations. If {x,}, is a bounded sequence of elements in X then

Iiminf x, = lim y;, where y, = mf{x, |m>n}
F— 00 l—on " -
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and similarly

limsup x, = lim z; where gz, = sup{x, | m = n}
i—> 00 =00

Since {yq}, and {z,}, are both monotonic sequences, both limits do exist.

Exercise 2 (see the last section) proves that

e(I/d! < 13;1213%(13/1[‘!3)/[;@ < limsup £g(R/ I /g% < e(I).

g— o
{These limits are well defined by Lemma 2.6).

Lemma2.10 Let (R, m, k) be a complete local domain of dimension d = 1 such that & is an algebraically closed
field. Then there exists a constant egg (R, I) = 0 such that

ER(R/I) = egg (R, 1g" + 0(g" ).
Proof Let r = rank g F. R, then for § = R \ {0} we have an S~! R-linear isomorphism
b &S R— S 1RO F.R.

Since F, R is a finite R-module, the map ¢ lifts to a map ¢ : " R — F, R, after multiplying b by a unit in
S~1R. This gives us a short exact sequence of R-modules

0— @ R— F,R — coker ¢p — 0,

where dim coker ¢ < d — 1.
Therefore

. R F.R r r
(g% = | _— = —_— | = |re irlaly g frlar]
0i¢"™") = rew( 757} — {757 F*R)‘ = |ren(R/ 1) = ex(R/14PY)|.

This gives
DUTINN IR’I[“?}" — i1 Ay ’R’ﬂ“’!l’l“i = O(l/a)
Fgp) MHr(R/ 1) — (Lj(gp) M Rr{R/ )| (Lig).

Let {C,}, be the sequence given by C, = (1/¢%)x (R /14 ]), where ¢ = p". Then we can write the above
equality as

(r/pY)1Cn = Catt| = O(L/g).
Therefore

limsup €, = limsup C; 1 = limsup (r /"pd) C,,
i OO B0 i OO

Iminf Cy = lminf Cyiy = liminf (r,/pd)Cn.
FL—+ 00 A— GO FL—+ 00
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Suppose r/p® > 1 then

lim sup (r/ L;,’:‘QE),CI,L =(r/ pd) limsup C, > limsup Cy.

H— 00 l— GO 0—00
Suppose 7 /p® < 1 then

limint (r/ pd)Cn = (r/pH liminf Cy < liminf C,.
H— 00 l—-CO H—r 00

Therefore r/ pd = 1 and {(,},; 15 a Cauchy sequence converging to a constant egg (R, I).
Now the assertion that egg (R, I} = 0 follows from Exercise (a). O

Theorem 2.11 Let (R, m, k) be a Noetherian local ring of dimension d. Let M be a finitely generated R-module.
Then there exists constant egg (M, I € R such that for all g

CRIMTMY = egr (M, Dg® + 0(g* ™). (2.3)
Further, the associativity formula holds:

enx (M, I)= Y eng(R/P,I)fg,(Mp).
PeA(R)

Proof To prove the assertion (2.3), without loss of generality we can assume (from Remark 2.2) that K is a complete
local ring with algebraically closed residue field. Applying Lemma 2.8 to a prime filtration

O=MycMiCcMC --C M, =M,

where M; 1 /M; = R/P,, for 0 < ¢ < nand where P; € Spec R, we get

1 M "IW ]
v lgl as i1/ Ky  d—1
CR(M/TOM) = ) ER(I[QZ(MHI/MI-)) +0@ )

Q=i

' s od d—15
= Y enx(Mi/Mi, D%+ 0g",
dim M1/ M, =d

where the second equality follows from Lemma 2.10. Hence follows the first assertion of the theorem, that is, (2.3)
holds.

Now consider a short exact sequence

0—sN-—--M-—M/N—I0
of finitely generated R-modules. Then, by Lemma 2.8 it follows that for all 4,
enx (M, g% = egg (N, 1g? + egx (M/N, Hg® + 0(g" 1)

and therefore ey (M, I = epggp (N, I) +egr{M /N, I).

Now applying this additivity property of egg to a prime filtration (over R, which may not be related to the

earlier one over R)

O=NogC N CNC--CNy=M,
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of M where N;1/N; = R/Q;, for 0 <1 < m and some (; € Spec R, we get

MM = Y enx(Nini/Ni Dg® + 0" ).
dim Ny /N =d

Since for ¢ € A(R), the number of times R/ occurs as N; 41 /N, is equal to £g, (Mp), the second assertion
of the theorem follows. O

Definition 2.12 We define the Hilbert-Kunz (HK) multiplicity of M with respect to { as the constant given by

e (M, 1) = qli}ngc ER(M /M)y fg7.

Corollary 2.13 If (R, m, k) is a domain then
egrg(M, I = egr (R, I(rank M).

Remark 2.14 To study egg (M, I) it is enough to know egg (R/P, 1), where dim R/P = dim R. Also dim M <
dim R ifand only ifegg (M, 1) = 0.

Corollary 2,15 [f (R, m. k) is a ring of dimension I then egg (K, I) = e(R, I).

3 Some properties of ey

Remark 3.7 We have

enx(R, 1) =eng(R IR = Y enx(R/P, IR
PeA(R)

In particular the lower dimensional components of R and R do not contribute to egg (R, I). Hence to study
the implication of ey x on any property of R, we need to assume that X is formally unmixed, that 1s, for every
associated prime P of R, we have dim R/P = dim R.

For example if R = k[[x, v, z]]/{(xy — x2) then by Theorem 2.11 egx (R) = 1 but R is not regular.

Definition 3.2 Let R? denote the complement of the union of all minimal primes of a ring R. An element x € R
is the fight closure of an ideal J of R, if there is c € R® such that cx? € I1%) for g = p® >» 0.
Wedenote I* = {x ¢ R | x ¢ tightclosure of 7}. Itis easy to check that I* 1s an ideal in R.

We have seen that analogous to multiplicity the HK multiplicity satisfies associativity formula. The following
result shows that the HK multiplicity and the tight closures of the ideals have a relation very similar to the relation
between multiplicity and the integral closures of the ideals.

Theorem 3.3 Let (R, m, k) bhe a Noetherian local ring of dimension d. Let I be an wm-primary ideal and suppose
JCIC T  Thenegg(R, IV =eyg (R, J).
Conversely, if R is formally unmixed and J C I, then

egg(R, 1) =epgg (R, J) = 1 J*

where for an ideal I, the ideal 1* denotes the tight closure of I.
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Proof We prove the first assertion which is the easier part. If ]ﬂ ={X1,..., :xn} then J9) = (.xf., cxy ). We can
find ¢ € R° such that /91 < 719) for all 4. Hence J141/1190 is a R/(19], ¢)-module. So there exists m and a
surjective map
@ R/ ¢y — Jlalsplal
of R/ (I c)-modules. Therefore Theorem 2.11 for R /¢ R-modules gives
e (ﬂ‘?l/ﬂﬂ) < mig (R,f(z‘i‘f], 0)) = merscr (R/(ﬂ‘?l‘, c)) = 0%
and for the sequence of R-modules
0— JWyd s gl — gyl 0
Lemma 2.8 gives eg g (F) = egg (7).

The converse follows easily if we assume the following result due to Aberbach [1]: If x € R such thatx & [~
then there exists & = 1 such that for all g, we have (J la) . x9y Cm a/k] For this we consider the canonical exact
sequence

0 — RAI  x%) — R/IY — Ry(1' x%) — 0
which for g 3 0 gives
ER(R/Ty = ep(R/UM, xT)) = (r(R/(TM - x)) 2 €r(R/m /K,
Note that the Hilbert-Samuel polynomial of R with respect to m is

A=l 4 for n> 0

ep(R/m") = con® + cin
Therefore for a choice of ¢ > 0 such that
lg/k] = 2d max{|c1], ..., |cg|]} and g = 2k?

we have £ (R/mle/%)y = (cq — 1/2)(g/2k)®. This implies egx (R, I) > egx (R, I +xR). O
3.1 Estimates on HK multiplicity
Bound constraints on e g reflect on the characteristic p-singularities. A detailed survey on these results can be
found in [27]. Here we will discuss some more recent work on bound estimates. By the result (see Theorem 2} of
Kunz we know that eg g is always bounded below by 1. Here we state a result due to Watanabe- Yoshida [61] which
characterizes rings achieving the minimum e g (R, m). Again the statement is analogous to the fundamental result

due to Nagata characterizing the rings with minimal multiplicity.

Theorem 3.4 Let (R, m, k) be a Noetherian local ring of dimension d which is formally unmixed. Then

e (R) =1 <= R isregular.
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Examples (see Example 3.6) show that ¢ g g need not be an integer and may depend on the characteristic of the
ring. So the natural attempt is to give a characteristic-free lower bound on the HK multiplicity away from 1. The
first such bound was proved by [2] which was improved later by [8] as follows.

If (R, m) is a non regular ring of dimension d = 2 then egg (R) = 1 + (1/4 1d9).

We recall the following conjecture of [63] along with a result of Gessel-Monsky [21] which indicates that still
this 1s not the best possible: First we recall a few notations.

Let Ky g = Klxo, ..., xaq]/( x,% 4+ 4 xé‘) and let in4 denote the constants occurring as the coefficients of the
following expression

O
sec(x) +tanix) =1+ Zmdx‘i, where |x| < 7/2,
d=1
where
1 5 16 61
Hig = 5, Mg = —!, g — g, Mg = a aetc.

Theorem ([211) imp_ o egx (Rp g, m) = 1 +my.

Conjecture ([63)) Let p > 2 be prime and K = Fp.

(ay If (A,myu, K) is a formally unmixed nom regular local ring of dimension d. Then eprp(A,mys) =
eHK(Rp,da m) > 1+my.
(b) Ifepgg (A, my) = epgg (Ry 4, m) then the m-adic completion A of A is isomorphic to Ry, a4 as local rings.

This conjecture has been proved for d < 6, see [3, 63]. Moreover the second inequality of the assertion (a)
is proved recently in Theorem 4.3 of [54] for general 4 provided p = d — 3. Also the first mequality of the
assertion (a) 1s proved in Theorem 4.6 of [17] provided (A, m4, K) is a complete intersection rings of dimension
d = 2. In particular combining these two results we have the following,

Theorem 3.5 If d > dand p > d — 3 and (A, mu, K) is a complete intersection but non regular local ring of d.
Thenegg(A,m) > egg(Rp g, m) > 1+ mg.

More recently other alternate proofs covering the smaller primes, have been put out by [36] and subsequently
by [42].

Also [30] have revisited the conjecture and have conjectured a lower bound for the class of rmgs which are non
regular and are not quadric hypersurfaces.

The following computation due to Han-Monsky [24] of the Fermat quartic 1s very significant in the theory of
HK multiplicity.

Example 3.6 Let R = k[[x, y, z]]/(x4 + y4 + 7%, where char k = 7. Then

eng (R, (x,y,2) =3+ (1/p, if p==43 (mod8)
=3, if p=41 (modS$).

This example mmplies that
{1} eyg depends on the characteristic of the ring. Moreover it depends on the congruence class of p.

{2) Under any hyperplane section ez g can fail to remain same: Because ifthere isx € m such thategz g (R/xR) =
egg{(Rithenegg (R) = egg(R/xR) = 2(R/x R) € N, whereas the above example implies otherwise.
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(3) This example gives rise to an example of a vector bundle (see the next section) asserting that reduction mod p
property is not open for the ‘Frobenms semistability property” of V.

Failure of invariance under hyperplane section is one of the reasons which makes computations of ey g difficult.
However, we will see some examples in the next section exhibiting that the HK multiplicity is a more refined
invariant compared to the multiplicity.

3.2 Behaviour of eyy in families of ideals

(1) Let ¢ : Spec K — K. be the map given by P — epg(Rp, Ip). It was shown in [46] that it is upper
semi-continuous under some mild conditions on R.

(2) The growth of ey g (R, ! £y as k — oo has been studied by [23] and [62]. In the graded situation in [50, 51] it
was shown that

Coear (M, IR —eq(M, I8 /d! eq(M, Y E((M, I eo(M, I
lim = - — = -
ke k-1 2d -0 (d—=13 T 2(d = 1) poD

where ep(M, I) and 21 (M, I} are the coefficients of the Hilbert-Samuel polynomial of M with respect to 1
and Ey(M, I) = hm,_, e (M, I a ])/ qd does exist. This formula was later generalized to local case in [47].

(3) An affirmative answer to the following question will give a well defined notion of e i in characteristic 0.
Open question. Let (R, m, k) be a Noetherian local ring where & 1s a field of characteristic 0. Let (R, my, k)
denote reduction mod p of (R, m, k). Then

does lim epgg(Rp,mp) exist?
D—CO
Anaffirmative answer is obvious fortoric rings, monomial rings (see [10, 18, 60]) where the e g 15 independent
of the characteristic. In the case of two dimensional standard graded rings [49] or when R is a diagonal
hypersurface [21] of any dimension the answer is affirmative though ey (R, my) depends on the p .

4 Some applications

4.1 eyx and semistability of a vector bundle

In the case R is a graded ring the invariant eg ¢ and the char p behaviour of the associated syzygy buadle on Proj R
are closely related. Here we elaborate when R i1s two dimensional, equivalently when Proj R is a curve.

First we recall some relevant facts about vector bundles on a nonsingular projective curve. For more details
on material related to semistable bundles reader can refer to [29]. Given a vector bundle (locally free sheaf of
Ox-modules) V on a projective cwrve X 1s semistable if for any subbundle W (locally free subsheaf) of V we
have (W) < p(V), where p(F) = deg(E) /rank (F) denotes the p-slope of E.

A semistable bundle has cohomologically nice properties. We recall a fundamental result on vector bundles due
to Harder-Narasimhan. Every vector bundle V has a (unique) filtration

OcElcCc--CcE,cCV

of subbundles such that

(1) each F; 1 /E; 15 semistable and
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2) w(Er) > p(E2/Er) = - > w(V/Ey).

This filtration is now called the Harder-Narasimhan (HN) filtration of V,

It is known that semistability property is an open property for reduction mod p: Suppose V is a vector bundle
on a nonsingular curve X which is defined over a field of characteristic 0 and if V), denotes the reduction mod p
of V, then V semistable implies that V), 1s semistable for p > 0.

It is known that if V is a semistable vector bundle on X and 7 : ¥ — X 1s a a finite map of nonsingular
projective curves then 7"V is a semistable vector bundle on ¥ where by a finite map means that if Spec A is
an affine open set of X then 7! (Spec A) = Spec B is affine open set of ¥ and the induced homomorphism
A — Bis finite. If X, 1s reduction mod p of X then the Frobenius ' : X — X is a finite map, It 1s natural
to ask that if V' is semistable then is F™*'V), is semistable for p > 07

The following relation between HK multiplicity and the semistability behaviour of the relevant syzygy bundle
gives a negative answer.

Let R be a standard graded domain of dimension two over a perfect field k. Then € = Proj R is an wrreducible
projective curve. Let X be the normahization of C and let 211, .. ., iy be a set of homogeneous generators of m.
Then we have a canonical short exact sequence of sheaves of (Jx-modules:

0— V — &0y — Ox(1) — 0.
where V 1s a vector bundle on X of rank s — 1.

Note that for a given vector bundle V syzygy bundle (associated to the above data) on a nonsingular projective
curve wecan associate a strong HN data ((al V), a0V, .00, (rp(Vy,m(VY, ..., )) as follows. Given a vector
bundle V there 1s 5p 33 0, see Theorem 2.7 in [1.] due to Langer, such that F 50 ( V) has a strong HN filtration, that
is, if

O c Vl c VZ c---C Vm. - Vm,,},l — F*SD V
1s the HN filtration of F™0V then for s > sq the filtration

0 'S F'«#S—SQVI I F*S—SOVZ Coeee F*S—SOVM ' F*—S_SOV;;;,JF,I —_ F«M"V

is the HN filtration of F*V. We define ¢; (V) = p(V;1/V:)/p™ and (V) = rank (V; 1.1/ V).

Theorem 4.1 ([7, 48]). With the notations as above we have

lea(X
eHE(R) = deg )(meV)at(V)- ))
i=0

Theorem 4.2 ([48)). Let R = k[X, Y, Z]/(h) be a graded domain, where h is a homogeneous polynomial of
degree d = 3. Then
enx(R)y = (3d/4) + (7 f4dp™),

wherel < d(d — 3) and s are nornegative integers with the following description: For 51 < 5 the bundle F*V
is semistable and therefore O C F™WV is its HN filtration. Further F**V has strong HN filtration and is given by

(D0 C £LCF*Y suchthat p(L) = (—dp® +1)/2 and pw(F¥V/L) = (—dp’ —=1)/2.

In particular this bound on [ gives a dictionary between eg g and the integers s and / provided p = d{d — 3).
Applying this to the FExample 3.6, for char p > 5, we get
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(1) If p = £1 (mod 8) then F**V is semistable for all s > 0.
(2) If p = £3 (mod 8) then F*V has the HN filtration £ < F*V where p(L) = p(F*V) + 2. In particular
F*V is not semistable.

Building on the idea of ‘taxicab distance’ due to Han-Monsky, one can compute (see [50, 51]) egg (R) for
any explicit trinomial plane curve R = k[X, ¥, Z]/{h) and therefore exhibit mteresting and varied examples
of the Frobenius semistability behaviour of the syzygy bundle V. In fact under reduction mod p, the Frobenius
semistability behaviour is a function of the congruence class of p modulo an integer determined explicitly in terms
of the exponents of the monomials appearing in A.

4.2 Tiling of a convex polytope and asymptotic growth of ey (R, m¥)

We know that (see [18] and [60]) that 2z x of a toric ring does not depend on the characteristic of the ring. However
eg g reflects on some combinatorial aspect of the toric rings.

Definition 4.3 A rational convex polytope P in R?~! files the space RY~! with respect to the lattice Z4~! if there
exists A € K. g such that

(D Upege 1 (AP +2) =R and
() dim{(AP+2)NAP+2)) <d—1ifz #7.

For the basic facts which are used here about toric varieties one can refer to [20].

Let (X, 1)) be a toric paw of dimension 4 — 1 = 1 and where X 1s a projective toric variety and 1) is a
torus invariant (very ample, Cartier) divisor. Let B = @y O(X , O{m D)) (see Section 3.4 of [20]) denote the
associated homogeneous coordinate ring with the graded maximal ideal m. It 1s well known that a toric pair (X, D)
corresponds to a very ample convex integral polytope Py p in R% 1.

Theorem 4.4 ([38)]). For a given foric pair (X, D) of dimension d — 1, where d > 2 and for associated ring (R, m)
as above we have
) d—
ey M — e(m®)/d! 4= 1 eim) |d-1
[z | 4 (d—1)!

]

him
k—>co

and the equality holds if and only if the associated polytope Py p tiles the space R~ with respect to the lattice
wd—1
4

In other words the normalized asymptotic growth of e g (R, m* ) is the slowest iff Py p tiles RA-1 with respect
to 741,

Further we note that such a tiling property of any rational polytope P in 24! can be formulated in terms of the
Hilbert- Kunz multiplicity as follows: We choose my = 0 such that sy P is an integral polytope. Then by Corollary
2.2.18 in [11] the polytope m P, with m = {(d — 2)mq, 1s a very ample integral convex polytope. In particular,
there is a toric pair (X, D) such that the associated polytope Px p = m P.

5 density functions
In this section we discuss the notion of deasity functions and briefly describe theur applications to multiplicities.
Here we work in the graded setup.

Roughly speaking, a density function for a given algebraic invariant, say €, is an integrable function f. :
R.g —> Rsq which gives a new measure py, on R such that the integration {z f on a subset £ C R is the
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measure of the invariant € on £. The notion of density function, though seemingly complicated, keeps track of
the behaviour of the ‘original’ invariant in more than one way, and also carries information about other related
invariants.

5.1 HK density function

This function was introduced to study Hilbert-Kunz multiplicity, which we know is 2 hard numerical invariant to
compute. However it turns out that this function carries the information about another char p invariant, namely
the F-threshold ¢! (m) of I at m, which is the support of the Hilbert-Kunz density function. See also [39, 56], and
for some recent works see [37] on these kind of density functions.

Definition 5.1 A graded pair (R, I'' means R is a standard graded ring over a perfect field of characteristic p > 0
and 7 is a homogeneous ideal of finite colength. We also assume that dim R = 4 = 2.
For a graded pair (R, I) consider a sequence { f,,(R, I} : Roq — Eso}yew of functions given by

Er(R/T,
fﬂ(R' I)(JC) = R( g".d_l)kqu . Where q — pﬂ.'

Then we define the HK density (HKd) function fr1 : Bso — Repas frr(x) = lim, o fu(R, I)(x). The
following theorem asserts that this is indeed a well defined map.

Theorem 5.2 ([52]) For a graded pair (R, I) the sequence { fu(R, I}aen converges uniformly to the continuous
compactly supported function fp j and

(o8]
/ fri(x)dx =epgg (R, I).
0

Properties

(1) (Associativity) The associativity formula holds for the HK density function.
(2) (Tight closure) If R is an equidimensional ring and (R, ) and (R, J) two graded paws with I € J are two
graded ideals of R then

fr1 % fry fandonlyif J C 77,

where [* denotes the tight closure of I'in R.

(3) (Multiplicative property): If (R, F) and (5, J) are two graded pairs and Hr(x) = e(R)xd'”l(d. — 1)1, where
e(R) denotes the multiplicity of R with respect to its urelevant maximal ideal m and 4 = dim R, then the
Segre product (R#S, I#J) satisfies

Hpis(x) — fras,wa(x) = (Hr(x) — fr1(0)}(Hs(x) — fs,7(x)).

Recall that the set of compactly supported continuous functions are in bijective correspondence with the set
of their Fourier transforms which are holomorphic functions. Further if ﬁg, 1 denotes the Fourier transform of
fr 1 then f}e, () = egg (K, I). This suggests possible applications of harmonic analysis in the study of HK
multiplicities.

Two applications of HK density function we have already stated:

{1} To give a lower bound on the HK multiplicity of quadratic hypersurfaces as in the earlier mentioned conjecture
of [63] (see Theorem 4.3 of [54]) and
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(2) relating tiling property a convex polytope with the growth of ey g (m*) (see Theorem 6.3 of [38]).

Now we give a third application of HK density function.

Since fp 7 1s compactly supported function we can define the notion of maxmal support «(R, ) = sup{x |
fr 1(x) # 0}. This relates to another char p mvariant, namely F-threshold ¢l (m) of m with respect to 7, which
18 defined (see [DsNbP]) as

min {r | m" ! € 4]
! (m) = lim | — J

g > q

Theorem 5.3 ([55]) Let (R, I} be a graded pair, where R is a domain such that its normalization S is strongly
F-regular on its punctured spectrum. Then (R, 1) = ¢! (m).

In particular the equality a(R, I) = ¢ (m) holds for any two dimensional standard graded pair (R, I, where
R is a domain.

Note if dim R = 2 then we can describe the function fz 7 and relate ¢f (m) to the strong HN data of the syzygy
bundle as described in Section 4. Using this relation and an example due to Gieseker [22] of a famuly of vector
bundles with certain Frobenms semistability property on a nonsingular projective curve, one gives an affirmative
answer to a question posed by Mustatd-Takagi-Watanabe ([41] as follows.

Theorem 5.4 ([53)) Given a prime p and an integer g = 1, there exists a two dimensional standard graded normal
(I-Gorenstein domain R with the graded maximal ideal m such that the set of F-thresholds of m has accromulation
points, where Proj R = X is a nonsingular projective curve of genus g over a field of char p.

Open question. Let (R, ) be a standard graded pair and m be the graded maximal ideal of R. Then, s« (R, I) =

ol m)?

5.2 Density functions for integral dependence criteria

Definition 5.5 Let R be commutative ring with ideals 7 and J.

(1) Anelement r € R 15 integral over I it satisfies a monic polynomial

X ™ 2 47, =0, where n>1 and r; € I

The set of integral elements over 7 is an ideal, and is called the integral closure 7 of I. The ideals 7 and J are
integrally dependent if one 1s contained in another and 7 = J.

(2) f A — B is a homomorphism of commutative rings then A — B is an infegral extension if every element x
of B is integral over A, i.e., it satisfies a monic polynomial

Pt ax b ax™ P+ 4+a, =0, where n>1 and a; € A.

Une of the nice things about integral closure is that this extension behaves well with respect to localizations
and integral extensions (see [28] for details):

(1) (Localization) If 7 is an ideal in a commutative ring R and S is a multiplicatively closed set in R then
STy = 8-17.
(2) (Integral extension) It A € B is an integral extension of commutative rings, and 7 1s an ideal n K. Then

TBENA=1.
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In particular if X 1s a scheme and (*y its structure sheaf and 7 a sheaf of ideals m Oy, then the localization
property of the integral closure of an ideal gives a well defined notion of the integral closure 7 of 7 in Oy, which
is given as follows. On an open affine subset I/ of X we define H O(U Dy = HOYU, 1), where HO(U, 1) is the
integral closure of H O, Ty in HY%U , Oy). Therefore, if X = Spec R is affine then / Y% X,7)=Tisthe integral
closure of T in R.

On the other band it & = Py 0Ky, 15 a standard graded Noetherian algebra over a field Ry, 7 a homogeneous
ideal of R such that Ry ¢ I, and 7 be the ideal sheaf associated to / on V = Proj R. Then the ideal sheaf
associated to the integral closure 7 is the ideal sheaf 7 in Oy .

In this setup we have another way of reinterpreting the integral closure (see Definition 9.6.2 and Remark 9.6.4
in [34]).

(1) Let X be a normal variety and 7 C Py be a nonzero ideal sheaf. Let v: X — X be the normalization
of the blow up of X along 7. Let F be the exceptional divisor of v so that 7Oyt = Oy (—FE). Then
v, Oy (—E)y =7,

(2) Further, if f : ¥ — X is a proper birational map surjective map between normal varieties with the property
that 7Oy = Oy (—F) forsome effective Cartier divisor £ on Y. Then f factors through v and consequently
[Ov(—E)=1T.

In other words, two nonzero ideals 7 € 7 < Oy, where X denotes an affine normal variety, are infegrally
dependent (or have the same integral closure)ifandonly if 7Oy = 7Oy, where X ¥ — X isthe normalization
of the blow up along 7. This notion 15 used in singularity theory. In dealing with the questions which depend only
on the integral closure of an ideal. it is often convenient to replace |7 by a smaller ideal 7 which has the same
integral closure. The notion of integral closure makes sense in any Noetherian commutative ring.

The integral dependence of ideals of finite colength in a local ring has a well known numerical characterization,
namely equality of Hilbert-Samuel multiplicities, due to ID. Rees: Let (R, m) a Noetherian analytically unramified
local ring of dimension 4 and let [ € J be two ideals of finite colengths in K then

e(R,I)=e(R, J) & T=T7,

where e(R, I = lim,_, .. £(R/I™) /n® denotes the Hilbert-Samuel multiplicity (also known as multiplicity) of R
with respect to [.

Attempts to give a numerical characterization for ideals which might not necessarily be of finite colength
led to numerical mvariants hke j-mulaplicity, e-mulaplicity (see [4, 19, 31, 538, 59]) which require computing
the invariant at several localizations, hence not readily amenable to computations. Also there exists a notion of
multiplicity sequence (see [5, 9, 43]) which gives a numerical characterization of integral dependence.

Here we give a list of numerical characterizations of the integral dependence of 7 and J in graded setup. In
particular any of the multplicities, namely, the polar multplicities, the s-multiplicities or the j-multiplicities of
the truncated ideals 7[¥].. and J[¥ ], in R[Y] characterizes the integral dependence of [ and J.

A novelty of this approach is that it does not involve localization and only requires checking computable and
well-studied invariants like Hilbert-Samuel multiplicities. Existence of appropriate density functions play a central
role in the proofs.

We recall the definitions and properties of the three density functions which were used in the proof, namely, (1)
adic density function, (2) saturation density function and (3) epsilon density function.

Notation 5.6 Let & be a field and R = @y,-q Ry, be a standard graded finitely generated equidimensional algebra
over Ry = k of dimension d > 2. Let m = Pyy=.1 Ky, be the umique homogeneous maximal ideal of R Let 7 € J
be two nonzero homogeneous ideals in R. Let Z{J) and 4(J) be the maximum generating degrees of [ and J
respectively, and set d = max{d{l), 4(J)}. For the sake of simplifying the statement we further assume that R is
a domain. For a given choice of homogeneous generators of 7, let the set of degrees of its generatorsbe dy, . .., 4.
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By reindexing“ we may assume that 4 < --- < 4y and denote d(I) = d;. The saturation of I is defined to be the
gradedideal ] = 1: pm™ ={f € R| f -m® C [ for some ¢ € }.

Definition 5.7
(1) Let fi: Rxg — Rxp be the function given by

Ek( (Iﬂ) [xn] )

falx) =
JHA
né 1/'(173

The adic density function of I 1s the function [y : Ko — .o defined by
furyx) = limsup f,(x).
> 0C

(2) Let g1 [Bog — [&oq be the function given by

G (I": rm™) )
g

gn(x) =
The saturation density function of I 1s the function f 7, : Rsg — K. defined by

f_}-ﬁ,-}_(x:) = lm sup g, (x}.
7 12— 00

(3) Let f,(¢) : Kso — K. be the function given by

e (HE(R/TY)
nd=1/4]

fale)(x) = B4 )

The epsilon density (e-density) function of I is the function f;(7,: K=o — R>¢ defined by

Jeeny(x) = limsup fu (&) (x).

fl— O
We shall now list the properties of these density functions from [14].

Theorem 5.8 Let K and I be as in Notations 5.6. Then the following statements are true.

(i) The sequence { fy}nen converges (locally uniformly) to fipm) on the set B~ \ {d1}.
{1i1) Further,

0 Yx e [0, dy),
f{pxj(l’) = p](X} Yx € ((j], dg],
pj(x) ¥x €ld;,dj] and j=12,...,1,

where dy | = 00, and for each j = 1,...,1, p;(x) is a nonzero polyromial of degree < d — 1 with rational
coefficients. Moreover, py(x) has degree d — 1.
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(it} For any real number ¢ > 0, we have

24 ZUJHJ ¢ (('In) )
wiiv Ay = I =0 kAL i
/0 Jumixidx = ﬂ{gl;lc !

Next we recall the relevant notations to list the properties of the saturation density functions (see [25] for
definitions). Consider the projective variety V = Proj R with a very ample mvertible sheaf Oy (1). Let 7 be the
ideal sheaf associated to f on V. Let

7. X = Proj (EB,LEOI”) — Y

be the blow up of V along 7. Then 7 becomes locally principal on X, 1.e., there is an effective Cartier divisor £
on X (namely the exceptional divisor of &) such that 7Oy = Ox(—FE). Let H be the pullback of a hyperplane
section on V. Define the constants

oy =min{x € B-¢ | xH — FE 1ispseudo effective} and £y =min{x € R.g|xH — £ isnef},

where we have 0 < o7 = dy and 87 = & = d(I). If I is not an ideal of finite colength then F is an effective
divisor of positive degree which mplies that «; > 0.
We recall the following result from [14].

Theorem 5.9 Lef R and I be as in Notations 5.0. Then the following statements are frue:
(i} The sequence {g, new converges (locally uniformly) to fJl iy on the set IRwq. Furthermore,
Jimx)=d-volx(xH — E),

(it) The function [ Bog — Reg is continuous.

(iii) We have f 3, (x) = Oforallx < o, and i, is a strictly increasing continuously differentiable function on
the interval (o, 00).

fivi If x = £y, then

d—1 78

ot i -1 _ d—1—i a- crpi pd—l—iy i
fipyx) =d - (xH — E) = 'Zr;(—l) Lm(Hl - E Dxt,

where HY 170 . E? denotes the intersection number of the Cartier divisors HY 1! and E*.
(v} For any real number ¢ > (),

(x)dx = nIgr(])o T

/ . o G ((77),,)
5 T '

(vi) We have f 5 (x) = fimy(x) forallx > d(1).
{vii) If I is of finite colength then [ (x) = d - e(R)x?=1, where e(R) denotes the Hilbert-Samuel multiplicity of
R. Here, a7 = 1 = Q.

Using the above two density functions one can prove the properties of the s-density function leading to the
tnvartant e-multiplicity, where we recall that the notion of epsilon multiplicity, which was introduced in [UV08],
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and definad as follows: if (R, m) is a d-dimensional Noetherian local ring and 7 is an ideal in R, then the epsilon
multiplicity £(I) of I 1s defined as

_ e (HI(R/I™))
eIy = lmsuyp ——2— 1 *7
' ) ﬂ.—>00p ?’td/ !

where £ (—) denotes the length as an R-module. In particular, if [ is m-primary then it coincides with the usual
multiplicity of 7. Note that we can also write

p (HO(R/IM ep(ity e
e(l) = limsupk(m—“/)) = lim sup —R( / )
=00 nd/d! =00 n‘i/d!

as by definition HIE; (R/T") = ﬁl,’ I™. Tt was shown by [12] that the “lim sup’ in the definition can be replaced by
‘lim* under mild conditions on the ring R.

Theorem 5.10 Let R and I be as in Notations 5.6. Then the following statements are frue:
(i) The sequence { fu(e)}new converges (locally uniformly) to fo1, on the set R\ {d}. Moreover,
Jfey(x) = fipn(x) — fie(x), forall x € Rao.

(it} The function f.y, s continuous everywhere possibly except at x = dy. Moreover, it is continuously differentiable
outside the finite set {oy, dy, ..., i}

(iit) The support of the function fg(y is contained in the closed interval [ay, d(1)].

{iv) The e-multiplicity of I ts given by

eh= | fundx.

All the above density functions remain invariant up to integral closure (see Theorem 6.2 in [14]}).

Theorem 5.11 Let R and I be as in Notations 5.6. Let J = T be the integral closure of the ideal I in R. Then the
Jollowing statements are true:

(i) fun(x)= fumx) forallx & K.
(ii) fify(x) = fi7(x) for all x € Rxo.
fiii) fg(])(x) = fg(])(x) _fora.ll X < R;:O.

Conversely the equality of the adic density functions implies the integral dependence ([15]). As a consequence
we get numerical characterizations (in terms of various multiplicities) for the integral dependence of ideals as
follows.

Notation 5.12 (1) For any integer ¢ = d, let I = Gmecly and Jse = Ppc Sy be the corresponding truncated
idealsin R. Notice that /.. = I Nm° and J., = J Nm®
() Let
R[It] = @(m.,n)EN?"\IIn:)mfn and R[Jt] = $(ﬁ-i,;-:.)eFJl(Jn)frAtn

be the bigraded Rees algebras of 7 and J respectively.
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(3) Further consider the (¢, 1)-diagonal sub algebras of R[7¢] and R[J¢] respectively, i.e.,
R[Itlay,y, = Ba-0(IM)ept™ and RlJtlag, = Bu-0(J Mot

(4) Define 5 = R[Y], where ¥ 1s an indeterminate with deg ¥ = 1, and n = m + (¥ be the unique homogeneous
maximal ideal of 5. Let | = IS and J = J§ be the extensions of the ideals I and J in S respectively.

(5) For ¢ = d, similarly define the truncated ideals |-, = @Byl and Jop = Bpoedm n S,

(6) We also consider the (¢, 1)-diagonal sub algebras

SMaq g = Buzo ("), " and SUagy) = Buz0 (), 0"

CFl
of the Rees algebras S[l7] and S[J¢] respectively.

(7 Further, recall that the Hilbert-Samuel multiplicity of a (> 1)-dimensional finitely generated graded k-algebra
A = ®m-0Am, 18 given by

4 . 2 (Am)
elA) = lm —5—.
s oo METH (A1)

Theorem 5.13 (Theorem 1.1 1 [15]) With Notations 5.12 we have

I=7 if and only if e(S[II]A(E)])) = e(S[JI]A(

e, 1)

) Jor some (every) integer ¢ > d.
Further, if I is of finite colength then
e{S[It]a, 1) = c®e(R) —e(I, R) and e(SPtla, ) = c%e(R) —el, R).

Notation 5.14 Further assume that X is a domain. From [45] or Theorem 4.2 in [HT03], we know that there exist
constants mqg > Oand ng > 0 such that for all integers m = d(1)n+moand s = ng, the length function &g (1))
agrees with a polynomial in m and », t.e.,

@i (R

.,,—.\mln"i_l_‘ + lower degree terms,
tHd — 1 —i)!

i=0

where the coefficients ¢; (R[It]) are mtegers for all i = 0,...,d — 1. We shall refer to e;(R[I¢]) as the it
RA-multiplicity of R[It], where ‘RA’ stands for the Rees algebra.

Remark 5.15 The ™ RA-multiplicity ¢; (R[Ft]) is the intersection number H LLEG1-1 where H and F are divisors
as in Theorem 5.9. Therefore the saturation density function for [ can also be written as

d-1

: a—1 ; . :

fipx)=d- Z ( , )e,;(R[]’t])xz for all real numbers x > 4(I). (5.1)
i—o >

Further, eq_ (R[]} = H% ! = e(R) and therefore is independent of the ideal [.

We give another numerical characterization which involves e-multiplicity.

Theorem 5.16 (Theorem 5.6 in [15]) Adopt Notations 5.14 and further assume that R is a domain. Then the
Jfollowing statements are true:
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) E£R (J ) < o0 if and only if e; (R[It]) = e;(R[J1]) for all 0 < i < dim(R/T).
( ) J =T ifand only if e(I) = e(J) and ; (R[It]) = ¢; (R[J¢]) for all 0 < i < dim(R/I).

We note that both the above theorems are a natural generalization of the classical theorem of Rees [44] in the
graded situation.

These RA multiplicities and the mixed multiplicities f can be retrieved from each other, where recall that
the mixed multiplicities ¢; (J|7) for two ideals J and [ are integers introduced by Bhattacharya [Bha57] i the
following way.

Let (R, m) be a Noetherian local ring of dimension 4. Let J be an m-primary ideal and I be an arbitrary ideal
with positive height. Then by [Bha57] for all u 3> O and v 3> 0, the bivariate Hilbert function £ p (.I wpviy utly "’)
agrees with a bivariate numerical polynomial Q(u, v) of total degree & — 1. Moreover, we can write

. LN e JII) a4 i .
O, vy = +£4d I-00f 4 lower degree terms, (5.2)

Notation 5.17 Let R, m, and k& be as in Notations 5.6. Further assume that K is a domain. Let [ be a nonzero
homogencous ideal in K. Let § > 0 be an integer such that [ is generated in degrees < g and f-4 denotes the
truncated ideal @y 5 5.

Then (Lemma 5.3 and Proposition 5.4 in [13]) one has

d—1—i

— 1=\ .
Z (— 1)1( , ‘)5a'ed_1_i_j(m|13ﬁ) foralli =0,...,d — 1, and (5.3)
j

e (m|]-,:5) = Z (5,)ﬁ»f5fd_1_i+j(R[1f]) foralli =0,...,d — 1. (5.4)
: J
=0
Moreover, if dim (R/I) = ig then by Corollary 4.5 in [57]
ej(m|log) = Ble(R) forall j =0,...,d—ip—1.

Farther we can relate all these multiplicities with j-multiplicity of I (Theorem 1.3 in [15]).

Definition 5.18 Let (R, m) be a J-dimensional Noetherian local ring and I € R be an ideal. The j-multiplicity
of I is defined to be the integer

n—co  pd=1/(d — 1)

Theorem 5.19 Following Notations 5.6 we further assume that R is a domain. Then the following statements are
equivalent:

fiy I =J.

i) e (S[E]) = e; (SUJt]) forall i, where 0 < i < dim R/I.
(iii) ei(n|l=q) = e;(nlJ=q) for all i, where 0 < d — i < dim R/I.
{iv) & (I\C) = o( zc) Jor some integer (all integers) c > d.

{v) ]( > ) ]( ;_>C) for some integer (all integers) ¢ > d.
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We now give a brief outline of the methods used in the proofs.

As stated above, given a homogeneous ideal [ in R we have three real-valued nonnegative density functions,
namely the adic density function fi =, the saturation density function f . and the e-density function fy(y), which
respectively measure the ‘growth’ of {I"},, {ﬁ}n and £(J) on a real scale.

In order to give a numerical characterization for 7 = J, we first provide a numerical characterization for the
weaker assertion, namely the finiteness of £ (J /T).

Main point is the observation that the saturation density functions for f and J agree at some (every) integer ¢ > d
ifand only if £ (J/T) < o0, which is same as the assertion that the equality e(R []t]A(c,l)) = e(R[Jt]Amn) holds.
Hence Theorem 5.16 (2). Note thatboth R[11]a ) and R[J{]A (.1 A€ d-dimensional standard graded Noetherian
domains over Ky. Thus using saturation density functions, we give the following numerical characterization of
finiteness of £ (J /1) in terms of Hilbert-Samuel multiplicities as follow.

(1) Lr(J/T) < o0
Q) fipy(x) = fi7 (x) forallx = 0.
(3) €(R[II]A(C:U) = e(R[]f]A(m) for some integer ¢ > d.

We note that the equality 7 = J holds if and only if £5(J/T) < co. But as discussed above, this is equivalent to
the assertion that the equality e(S [II]A(C:”) = e(S [J¢] A(E‘n) holds. Hence Theorem 5.13.

Now, by construction, for a given graded ideal 7, the adic density function f;#)1s a point wise imit of integrable
step functions, and therefore using the Lebesgue’s dominated convergence theorem, we can express the saturated
density function fif, as integrals of the adic density function f{7+). On the other hand for ideals 7 € J the function
fiamy — [ 1s a nonnegative function which is continuous at almost all pomts. From this we deduce that the
equality of the adic density functions is same as the equality of the saturation density functions for the respective
extended ideals. Thus we establish the equivalence of the following statements:

HT=17.

(2) fir(x) = fip(x) forallx = 0.

(3) fiiy(x) = fip(x) forall x = 0.

(4) e(S[It]A(C:U) = e(S[Jt]A(E)I)) for some (every) integer ¢ > d.

Using the above equivalences one easily proves Theorem 5.19 (i), (i1), (i) and Theorem 5.16 (2).

Since the numerical characterizations are in terms of well-studied invariants, it is expected that these techniques
and results will have applications from both theoretical and computational points of view.
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