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Abstract The complete classification of 2-generator p-groups of class 2 has been achieved by Ahmad et al.
(2012). The various homological functors of these groups, such as the nonabelian tensor square, the nonabelian
exterior square and the Schur multiplier, are computed in recent past by Bacon and Kappe (1993), Kappe et al.
(1999), and Magidin and Morse (2010). It is also specified which of these groups are capable and which are
unicentral. As a generalized topic, the study of nilpotent multiplier of groups is motivated by its application in the
isologism theory of P. Hall (1940). Another important reason to study them is that, determining the structure of
nilpotent multiplier of groups is essential in studying generalized capability and covering groups, and would be
generally useful in developing such a framework. In this paper, we give a complete description of the 2-nilpotent
multiplier of 2-generator p-groups of class 2 as well as their triple tensor product and triple exterior product. In
addition, we determine which of these groups are 2-capable.
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1 Introduction and Motivation

The concept of nonabelian tensor product of groups was introduced by Brown and Loday in [10]. This construction
has its origin in algebraic K-theory and in homotopy theory. Following the work of Miller [25], Dennis [13]
introduced the nonabelian tensor square in a search for “homology functors” which are intimately related to
K-theory. Subsequently extending certain classical ideas of Whitehead [27], Brown and Loday discovered a
topological significance for this tensor square.

When two groups M and N act on each other satisfying certain compatibility conditions [9, pp. 178-179],
and act on themselves by conjugation, the nonabelian tensor product M ® N can be defined as a group generated
by the symbols m ® n, where m € M and n € N, with defining relations

mm' @n="m ") m®n) and m@nn' = mn)""'m "/n),
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for all m,m’ € M and n,n’ € N, where "m’ = mm'm™". It was shown in [14] with homological methods,
involving the original approach in [9,10], that M ® N is a finite group (or a p-group), when M and N are finite
groups (or p-groups).

Since the compatible actions are satisfied when a group acts on itself by conjugation, it leads to define the
nonabelian tensor square M ® M. The nonabelian exterior square M A M is the quotient of M ® M modulo the
central subgroup V(M) generated by the elements m ® m for all m € M. The image of the generator m ® m’
in M A M is written m A m’. The commutator map induces a homomorphism [, ]: M A M —> M, and the
results of [25] show that there is an exact sequence

00— Hy(M) — M ANM — M,

where H> (M) is the second homology group H>(M, Z) and is called the Schur multiplier of M.

Group theoretical aspects of nonabelian tensor squares have been studied extensively by several authors,
starting with the paper of Brown, Johnson and Robertson [9]. An important perspective of the research includes
computing the nonabelian tensor square of groups explicitly and describing them in more standard terms. For
larger finite groups, crossed pairing have been used as a computational technique. Let M and N be as above,
and let L be a group. Following the notation and terminology of [10], a function ® : M x N — L iscalled a
crossed pairing if

dmm’,n) = d™m' " n)®(m,n) and ®m,nn’) = dm,n)d"m,"n'),

forallm,m’ € M and n,n’ € N. Clearly any crossed pairing from M x N to L determines a unique homomor-
phism ®* : M ® N — L such that ®*(m ® n) = ®(m, n).

In order to achieve more related structural results of a group M, we need a generalization of M A M. By
a crossed module we mean a group homomorphism p : M — P together with an action of P on M which
satisfies the following conditions (p € P,m, m’ € M):

wPm)=Pu(m) and *"m' ="m'.
Letv : N — P be another crossed module. Then clearly M and N act on each other via P, and the first crossed
module rule implies that these actions are compatible. The second crossed module rule says that the actions of
M and N on themselves by conjugation are given by action via P.

Definition 1.1 ([10, Definition 2.11]) The nonabelian exterior product M A" N is obtained from M ® N by
imposing the additional relations m @ n = 1 for all (m,n) € M x N such that u(m) = v(n). The image of a
general element m ® nin M AP N is written m A n.

The kernel of the natural homomorphism M ® N —> M A N includes all the elements m ® n satisfying
u(m) = v(n), and is central in M ® N. Also recall from [10, Proposition 2.15] that, the group M ® N arose in
a certain universal crossed square which is constructed with crossed modules  and v.

Now we consider the crossed module [ , | : M A M —> M in which the action of M on M A M is defined
by "(m Am’) ="m A"m’, for all m,m’,n € M. On the other hand the identity homomorphism M —> M
is also a crossed module with M acting by conjugation. It follows that the action of M A M on M is given
by Ay = Imm'ly yhere [m, m'] = mm'm~'m’~!. So by Definition 1.1 we can form the triple exterior
product A’M = (M A M) A M which is obtained from (M A M) ® M by imposing the additional relations
(m Am’) ® [m, m'] = 1. Note that the triple tensor product SPM=MOIM)SM may be defined analogously
by using the same crossed modules [, ]: M ® M —> M and id : M —> M. Furthermore the c-fold exterior
product A°M (or tensor product ®“M) is defined recursively (see [11, p. 410]).

The first study in this direction was done by Ellis and McDermott [17], who obtained an upper bound for the
order of c-fold tensor product of prime power groups, ¢ > 2, and then has been studied in a number of papers
[3,12,16,22]. In particular, there have been some attempts to establish the explicit structure of 3-fold tensor
(exterior) product of certain groups [18,21]. This paper is devoted to develop such a framework by computing
the triple tensor (exterior) product of 2-generator p-groups of class 2. The classification of this family of groups
was first carried out in [5] for p > 2, and in [23] for p = 2, and then was completed by Ahmad et al. [1] (see
Theorem 1.2 in Section 2).

Theorem 1.2 ([1]) Let p be a prime, n > 2 a positive integer. Every 2-generated p-group of class exactly 2 and
order p" corresponds to an ordered 5-tuple of integers, («, B, y; p, o), such that:
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(JazBz2y=>21;
(i) a +B+y =n;
(iii) 0 < p,0 < y;

where (o, B, v; p, o), corresponds to the group presented by
G ={a,b|la, b} =la,b,al=1la,b,b] =1,a" =[a,0)" ,b"" =1[a,b]"").

Moreover:
FAMILY 1. Ifa > B, then G is isomorphic to:

(a) (a,B,y;p,y) when p <o.
(b) (o, B,v;v,0)when0 <o <o+a—B<poro<p=y.
(c) (o, B,y;p,0)when) < o < p <min(y,o +o — B).

FAMILY 2. Ifa =B > yora =B =y and p > 2, then G is isomorphic to («, B, y; min(p, o), y).
FAMILY 3. Ifaa = B = y and p = 2, then G is isomorphic to:

(a) (o, B, y;min(p,o),y) when 0 < min(p,0) <y — 1.
(b) (a,B,y;y —1,y —1)whenp =0 =y — 1.
(c) (a,B,y;v,v)whenmin(p,o) =2y — 1l and max(p,o) = y.

The groups listed in Family 1(a) through Family 3(c) are pairwise non-isomorphic.

Several remarkable results about the 2-generator p-groups of class 2 have been proven [24], including the
description of their various homological functors, such as the nonabelian tensor (exterior) square. This, however
allows us to obtain a number of substantial results among them the invariant factors of the triple tensor (exterior)
product, for each 2-generator p-group of class 2 in terms of its canonical parameters «, B, y, p, and o. We use
Cpm to denote the cyclic group of order p™.

Theorem 1.3 LetG = G, (a, B, v p, o) be any 2-generator p-group of class 2 with presentation as in Theorem
1.2 with p > 2. Then

3G = Cpe x (Cpp)T x (Cpr)* if p<o

T Cpe X Cppar X (Cpp)® x (Cpe)*if p>o0
AG = (Cpp)? X (Cpr)? . l:f p<o
Cpr—r chﬁ x (Cpo) if p>o

where T = min(p — o, a — f3).

Theorem 1.4 Let G = Gy(«, B, y; p, o) be any 2-generator 2-group of class 2 with presentation as in Theo-
rem 1.2. Then

Caa X (Cpp)" x (Ca0)* if p<o
203G = Cae X Comintapst) X Copro-o X (Cpp)> x (Cao)* if o<p<y
Cae X Comintapsny X Coprr X (Cyp)> X (Cao)* if o<p=y
Caa X (Coprip)? X (Cop)° X (Coymtay )2 X (Cpy=s)*  if o=p=y
(Cap)* x (Co»)? if p<o
(C2ﬂ+p—n)2 X (Czo)3 if o<p<y
NG = Cypir X Cop X (Cao)? if o<p=y
(Copring)* X Cor X (Cppmsp ) if o=p=y #a
C2ﬁ+1XC2ﬁX(C2ﬁ—1)3 if o=p=y=Bf=u«

where T = min(p — o, o — B), and §;; is Kronecker’s delta.
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Let a group G be presented as the quotient of a free group F by a normal subgroup R. Given a positive
integer c, the c-nilpotent multiplier of the group G is the abelian group

MO(G) = (RN yer1(F))/ver1(R, F),

where Y1 (R, F) = R, Ye41(R, F) = [y.(R, F), Fland y.4+1(F) = yYc+1(F, F). It was shown by Baer [7] that
these invariants are, up to group isomorphism, independent of the choice of free presentation of G. In particular,
MWD (G) is the Schur multiplier of G. It is well-known that if G is finite, then M (G) is finite too. The crucial
aspect of the research into the c-nilpotent multipliers of groups includes either establishing their structures, or
estimating their sizes and exponents. One reason for studying the c-nilpotent multiplier is its relevance to the
isologism theory of P. Hall [19,20].

This paper focuses on the M ®)(G). Burns and Ellis proposed in [11, p. 427] that by applying [11, Theorem
2.9], it should be possible to determine the second nilpotent multiplier of groups for which the tensor square has
been computed. This motivates us further to carry out such computations for achieving the triple tensor (exterior)
product of 2-generator p-groups of class 2. Let )/3j (G) be the quotient group A3G/7(G), where 7(G) is the
normal subgroup of NG generated by the elements

(x,y,2) =((x AV ATy A2) AX)((z Ax) ATY)),

for all x, y,z € G. The following commutative diagram in which both rows are exact is the consequence of
Theorem 2.9 in [11]:

0 —— ker(44(G) — G) ——  yiG)  —— p»G) —— 1

l El %l (1)

0 —— RNy3(F)/y3(R, F) —— y3(F)/y3(R, F) —— y3(F/R) —— 1

where the homomorphism y3u(G) — G is induced from the homomorphism [, , ]: A3G — G. It gives us

immediately the natural isomorphism MOG) = ker(y3t (G) —> G). In Section 3 we will show that the above
two homomorphisms coincide when G is a 2-generator nilpotent group of class 2, and as a result we obtain
MP(G) = A%G.

A group G is said to be capable if it is isomorphic to the central factor group M /Z (M) of some group M.
Capability plays a significant role in P. Hall’s classification scheme for p-groups up to isoclinism [19]. This notion
has been widely studied for years as an important source of groups with interesting properties. For instance, the
characterization of 2-generator capable p-groups of class 2 was initiated by Bacon and Kappe in 2003 [6], and
subsequently completed by Magidin and Morse in 2010 [24].

Extending the above terminology by Burns and Ellis [11] led to the definition of c-capability, ¢ > 1, in which
agroup G of the form G = M /Z.(M) is called c-capable where Z.(M) is the c-th term of the upper central series
of M. In particular, 1-capable groups are just the capable groups, and 2-capable groups can be expressed as the
central factor group of a capable group. Another aim of this paper is to characterize 2-capable groups among the
family of 2-generator p-groups of class 2. It is well-known that there is a fruitful relation between the concepts
of 2-capability and 2-nilpotent multiplier as well as triple exterior product of groups (see [11, Lemma 2.1(vii)]
and [21, Proposition 2.7]). Moreover, characterizing of 2-capable groups enables us to study more efficiently the
class of nilpotent groups of class < 2, for they fall into the same isologism class, called 2-isoclinism class [11,
pp- 406-407]. In preparation for our next main result we state the following.

Theorem 1.5 A 2-generator p-group of class two is 2-capable if and only if it is capable.

In Section 3, we describe our approach to determining the 2-nilpotent multiplier and 2-capability. It is based
on computing the triple (exterior) tensor products, which needs some computational evidence for a typical
2-generator p-groups of class two. For this reason, in Section 2, we summarize some of the notations and well-
known results that we use throughout. The GAP programs used in this context can be found in the last section,
in which we provide some details on the GAP output for explicit computations of specific groups in our class,
which allowed us to directly conjecture the results of the paper.
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2 Preliminaries

Let us start with stating the following presentation which has an essential role in order to describe the nonabelian
tensor (exterior) squares of 2-generator p-groups of nilpotnecy class 2.

Theorem 2.1 ([24]) Let G = G (a, B,y p, o) be a 2-generator p-group of class 2 with presentation as in
Theorem 1.2. Then G ® G is a homomorphic image of the abelian group generated by the six elements

a®a, bbb, (a@a®b)(b®a), a®b, a®la,b]l, bR la,b],
subject to the relations:

@)™ =bebft = (webhbea)? =1,

@en)* =@ela. o)™ = @ la, bp*""

@®a) =@olab)”. Gobn’ =belab)”,

@eb? =@l b)) belab)?

:l’

if p =2, and if p > 2 then subject to the relations:

@ea)” =beb” =((@ebba)’ =1,
@b = (@@ a, b)) = b, b =1,
@@b? =@®I[a b)) .

In particular, the exterior squares G A G is generated by the images of the three generators a ® b, a ® [a, b],
and b ® [a, b] under the natural homomorphism G ® G —> G A G. We need to use the invariant factors of
exterior squares in the proof of our main results.

Proposition 2.2 ([24, Proposition 34]) Let G = G ,(a, B, y: p, 0) be any 2-generator p-group of class 2 with
presentation as in Theorem 1.2 and p > 2. Then

Cps x (Cpp)* if p<o

GAGZ= 2 .
Cpr—rX(Cpr) if p>o

where T = min(a — B, p — o). The cyclic factors correspond to the subgroup generated by a @ b, a ® [a, b],
and b ® [a, b], respectively, when p < o; and to the subgroups generated by a Q b, (a ® b)_pﬂwa ® la, b],

and b ® [a, b), respectively, when p > o.

Proposition 2.3 ([24, Proposition 45]) Let G = Ga(«, B, v; p, 0) be any 2-generator 2-group of class 2 with
presentation as in Theorem 1.2. Then

Cop X (Cop)? if p<o
G A G ) Coproo X (ng)z if o<p<y
Copie X (Coo) if o<p=y

C2ﬂ+éaﬂ X C2y75,1y X Czyfﬁlgy if o=p=vy
where T = min(p — o, o — B), and §;; is Kronecker’s delta.

Let ®°G be the triple tensor product of a group G and x, y,z € G. To simplify the notation we shall
identify x ® y®@zwith(x ® y) ® z. If a® b € G ® G and ¢ € G, the defining action of G ® G on G gives
@®b) pe=1 = lablee=1 = [4, b, ¢]. So the relation (8) of [9, Proposition 3] implies that

(a®b®c)(x ® y ® Z) — [a,b,c] (x ® y ® Z)

It follows when G is a nilpotent group of class at most 3, then ®>G is an abelian group. When one tries to
figure out the structure of ®G, then definitely some applicable identities are needed. For this reason, we note
the following two useful relations.
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Lemma 2.4 ([3]) Let G be a nilpotent group of class two. Then for any x, y, z,t € G and any integers m, n,
and p,

(i) X" Y" Rz  =(x®y®2)"P(zQ[x,y]® 23 (x @ [x, vl ® Z)’"P(g)([y, XI®y® 2 (2),
(i) xRyR[z2,1DEZR[x, V]t R [y, x]®2z) = 1.

Remark 2.5 Let G be anilpotent group of class 2. Evidently for any x, y, z € G and any integern, (x® y)" ®z =
(x ® y ® 2)". So the exponent of ®>G divides the exponent of G ® G.

Next we express a helpful expansion formula, which can be verified directly using tensor calculus and
Lemma 2.4. This result will be applied to construct the required crossed pairings in Section 3.

Lemma 2.6 Let G be a 2-generator p-group of class 2 with presentation as in Theorem 1.2. Then for any
u=@®b) (a®la,b])’b®[a,b]) € GAGandany g =a"b"[a,b]? € G :

H®Eg=0@®b®a)"(a®b®b)"(a®la,bl®a) D" [a,b] ®b)"
b®a,bl® a)rnn1+tm+rq b®la,b]® b)r(g)+tn'

3 Proof of The Main Theorems

Now we are ready to prove the main theorems. Let start with the odd prime case.

3.1 The p odd case

Throughout this section G = G («a, B, y; p, o) is assumed to be as in Theorem 1.2 with p > 2. It is confirmed
in [24, Section 3.1] that G ® G = V(G) x (G A G), in which as G s isomorphic to Cpe x Cp,s, then
V(G) = Cpe x(Cpp )2, where the invariant cyclic factors can be taken to the subgroups generated by a ®a, b®b
and (a ® b)(b ® a), respectively. One could easily verify that the conditions of Proposition 10 of [9] allows to
decompose ®3G so that

®°G = (V(G)®G) x (G AG)®G).

In addition, since V(G) and G act on each other trivially, it follows from [10, Proposition 2.4] that V(G) ® G =
V(G)® G = Cpe x (Cpﬂ)s. The cyclic factors correspond to the subgroup generated by a ® a @ a,a @ a ®
b,b@b®®a,b®bRb,(a®@b)(bRa)®a,and (a ®b)(b® a) ® b, respectively. Therefore it remains to be
shown what the abelian invariants of (G A G) ® G are.

By performing the relevant computations using the HAP package of GAP for a number of these groups, it
quickly becomes apparent that (G A G) ® G will have six invariants of different orders regarding to disjoint cases
o < oand p > 0. Wenow establish these observation more precisely. Since GAG = (a®b, a®la, b], bQ[a, b])
by Proposition 2.2, we expect from Lemma 2.6 that

GAG)R®G=Z(u®b®a,a®b®b,a®la,b]®a,a®[a,b]@b,b®[a,b]®@a,b@[a,b]®D). (2)
The following result gives the order of these six generators.

Proposition 3.1 LetG = G, (a, B, v; p, 0) be a2-generator p-group of class 2 with presentation as in Theorem
1.2 with p > 2. Then the order ofa ® b @ a is pP if p < o, and pP** if p > . The order of a @ b ® b is pP.
The order of a® [a, bl ®@a is p” if p < o, and p° % if p > o. In addition |a @ [a, b]@b| = |b R [a,b]®a| =
Ib® [a,b] ® b| = p™in@:r),

Proof Keeping Remark 2.5 together with Proposition 2.2 in mind, it is enough to show that the order of generators
can be divided by the values given in the assertion. Of course there are two exceptional cases for which we should
first change the order values correspond to the cyclic factors in Proposition 2.2.

Assume that p < o. It follows from the natural homomorphism ®G — ®3G? that p# divides both
la ® b ®aland |a ® b ® b| as required. We also conclude that each of ¢ ® b ® @ and a ® b ® b are independent
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from the other generators of ®>G when mapping to ®*G??. The proof of other cases can be made by constructing
a suitable crossed pairing (G ® G) x G —> C)pp. For instance, Lemma 2.6 implies that the map

(GR®G)xG — Cpr, (u,8) — r(?) + sm

is a crossed pairing which induces a homomorphism 3G — C pr>maps a® [a, b]®a to the class of 1 modulo
p? and every other generator to 0, establishing the order and the independence for a ® [a, b] ® a.

Suppose p > o. Obviously the relation (¢ ® b)pﬁ = (a ® [a, b])?" in Theorem 2.1 implies the relation

@e®b® 9" =@®la,b]® )", 3)

for all g € G. Therefore by invoking Lemma 2.6 we define the crossed pairing
(GAG) X G —> Cppir, (u,g)+—>rm+ pﬂ_"(r<nz1) + sm),

which induces a homomorphism (G A G) ® G —> C s+ and immediately it follows a ® b ® a has order phrT,
and is independent of the other five generators of (G A G) ® G.
Now we work on the order of a ® b ® b. Taking N = (b ® [a, b]) I G ® G, it is easily seen that the map

NxG— (GR®G)®G, ((b®Ila,bl),g) r— (g®I[a,bl®b)

is a crossed pairing. So there exists a homomorphism N ® G — (G ® G) ® G which maps a ® [a, b] ® a
to a ® [a,b] ® b. On the other hand as N and G act on each other trivially, [10, Proposition 2.4] implies
that N @ G = N ® G, whence b ® [a, b] ® a has order p® in N ® G. Therefore from (3) we have that
a®b® b)”‘g =(a®la,b]® b)”o =1, and the order of a ® b ® b is indeed pﬂ. The independence follows
by mapping to ®3G?, since its image has order p# as well. As a consequence, the proof for the elements
a®la,b]®aanda ® [a, b] ® b follows directly from the relation (3). The remaind cases are obtained from the
relations (h®[a, b]|Qa)"’ = (b®b®a)1’ﬂ = 1, which are subsequences of Theorem 2.1, as well as the relations
bRbRa|=1bRbRb| = pﬂ. To show that the generators a ® [a, b]®a, a®[a,b]@b, bQ[a, b] R a, and
b ® [a, b] ® b are independent of each other, it needs to construct a suitable crossed pairing for each of them by
using Lemma 2.6, and to apply the relation (3). O

Remark 3.2 According to Proposition 2.2, in case p > o, the group G A G is generated by the elements

a®b,(a® b)’PﬂfJ (a ®la, b]), and b ® [a, b]. Analogously we construct the basis by taking our standard six
generators (2), and proposing the following generators for (G A G) @ G :

a®b®a, a®b®b, dy=@®b®a) " (@@, b1®a), d=@b®b) " (@®la,b]®b),
b®la,b]®a, bQla,b] R D.

‘We will find the order of d,; and dj,. The relation (3) tells us that the orders of d, and dj, divides p?. In addition
the images of d,, and dj, under the homomorphism ®°G — ®3G% have order pf/pP~? = p°, which shows
|dy| = |dp| = p°. The proof of Proposition 3.1 implies that these two are independent of the rest as well.

Proof of Theorem 1.3 As discussed at the beginning of this section, it is enough to determine the abelian invariants
of (G A G)® G. Since it is generated by the six elements in (2), then Proposition 3.1 and Remark 3.2 yield that

GAG)®G= :(CP“)Z <)t i eso

Cpﬂ+rXCp/SX(Cpo) if p>o
where the cyclic factors correspond to the subgroups generated by a @b Qa,a®bRb, a®|a, b]lRa, a®la, b]Qb,
b®la,bl]®a, and b ® [a, b] ® b, respectively, when p < o; and to the subgroups generated by a ® b ® a,
a®b®b,d,,dp,bR[a,b]®@a,and b® [a, b] ® b, respectively, when p > o. The next assertion follows easily,
since the additional relations of A3G together with Lemma 2.4(ii) imply thata ® [a,b] @b = b ® [a,b] ® a
modulo A3G. O
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3.2 The p=2 case

Let G = Ga(«, B, y; p, o) be the group with presentation as in Theorem 1.2. It is mentioned in [24] that in
p > 2 case, the map G ® G — G A G always has a natural splitting, which identifies the exterior square with
the subgroup V(G) of G ® G. In p = 2 case, although the above map does not split, but we always have an
isomorphism G ® G = V(G) x (G A G). So, thanks to [9,24], we can state again the following decomposition

®'G = (V(6)®G) x (GAG)®G).
Obviously by involving [10, Proposition 2.4] and [24, Theorem 50] we obtain

Cae x (Cyp)’ if p<o

Cae X Comin@psn X (Cop)*  if o<p<y
Coa X Comin(,p+1) X (Czﬁ)4 if o<p=y
Coa x (Cyp)° if o=p=y

VIG)®G =

Note that the generators of cyclic invariants are completely as same as the p odd case. By the above discussion,
we know thatin p > 2 case, G A G is isomorphic to the subgroup of G ® G generated by a ® b, a ® [a, b], and
b®]la, b]. Butitis not the case in general when p = 2 and we should consider the image of these generators under
the epimorphism G ® G — G A G. The argument before of Proposition 45 in [24] shows that the last three
generators of G ® G, which does not belong to V(G), are obtained by a suitable change of the basis elements
a®a,b®b,(a®b)(b®a),a®@b,a® la,b],and b ® [a, b]. So, we expect the invariants of (G A G) ® G to
follow the same pattern as for odd p, when keeping all the new considerations. We also anticipated most of the
results through some sample computations in GAP.

Proposition 3.3 Let G = Ga(a, B, y; p, 0) be a 2-generator 2-group of class 2 with presentation as in Theo-
rem 1.2. Then

(Cpp)? x (Cap)* if p<o
GAG) ®G = | oo X Cpp x (Cyo)* if o<p<vy
Chpir X Cyp X (C20)4 if o<p=y

(Cypisns)> X (Cyposay )2 X (Cposy)* if o=p=y

Proof By Proposition 2.3 and the above discussion we can assume that G A G = (11, 12, 13), where tl.’ s are a
suitable combinations of the elements ¢ ® b, a ® [a, b] and b ® [a, b] and are different in each case. Evidently
the same result as in Lemma 2.6 tells us that (G A G) ® G is generated by the basis elements #; ® a and #; ® b,
i = 1,2,3. We are going to determine their orders in each case. As mentioned at the beginning of the proof
of Proposition 3.1, it is enough to show that the order of generators are multiple of the claimed values in the
assertion.

Suppose that p < o.From [24]wehavet; = a®b,t) = a®la, b],and 3 = b®|a, b]. So the proof follows as
same as the proof of Proposition 3.1, the case p < 0. Now assumethato < p < y.Inthiscase theelements ;s are
as in the case p < o with exception that wheno < p < y, thent, = (a b)Y b[a, b)? " (a®[a, b]).
By finding a suitable crossed pairing, one can show that |a ® [a, b] ® b| = 2”. On the other hand applying the
relation (a ® )2’ = (a ®[a, b])* of Theorem 2.1 yields (a ® b ® a)*’ = (a ® [a, b] ® )", and consequently
1] @ a| = 2P+P~7  as claimed. Similarly we can show that |1 ® b| = 28 As in Remark 3.2 for p odd case, we
can do a same argument to find the order of elements #, ® a and #» ® b. The proof for the generators 73 ® a and
13 ® b can be obtained by constructing a required crossed pairing (G A G) X G —> Coo.

Assume o0 < p = y. Inthis case we know that 1] =a ®b, th = (a ® B[, b)) (@ ®][a, b)),
and 13 = b ® [a, b], and the assertion follows by a similar method. Finally if 0 = p = y and y < B, then
HhH=a®b,tp =a®la,b], 3 =>b l[a,b]. We claim that |a ® [a, b] ® a] = 2°. By a same identity as in
Lemma 2.6, consider the crossed pairing @ : (G A G) x G —> C which maps (u, g) to r(”;) + sm. Then
the induced map ®* maps a ® [a, b] ® a to the class of 1 modulo Cyo. Hence the order of a ® [a, b] ® a is 2°,
which is what we needed to establish. On the other hand we have that (¢ ® b ® a)2ﬁ =@®la,bl®a)? =1,
whence |a ® b @ a| = 2PT%¢  Similarly |[a ® b ® b| = 28736 The order of the remained generators is obtained
analogously.
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Supposethatc = p =y =B <a.Thent; =a®b,th =a®[a,b]l,and 3 = (a ®b)"2(b ® [a, b]). Also
ifo=p=y=B=athenti =a®b,tr =(a®b)2(a®]a,bl), 3 =(a®b)"2(b® [a, b]). In both cases
the proof obtained by a same discussion as above. Note that the independence of the generators can be proved
likewise the p > 2 case in the proof of Proposition 3.1. O

Proof of Theorem 1.4 The first assertion follows by a same argument as in the proof of Theorem 1.3, and by
invoking Proposition 3.3. To prove the next assertion, recall from Definition 1.1 the group A3G is obtained from
(G A G) ® G by imposing the additional relation (a A b) ® [a, b] = 1. Suppose that 0 < p = y. Clearly
Lemma 2.4(ii) implies that

h®a=@b®a) 2 "bela.bl@a)?
—@b®a) Y T @@a.b] @)Y (mod A3 G)

Hence 1, ® a is dependenton t; ® a, tr ® b, and 13 ® b in A3G. Therefore A3G = Copr X Cop X (Cza)3. The
remained cases can be proved analogously. O

Since the structure of the triple exterior product A3G is known, we can easily describe the second nilpotent
multiplier M@ (G), as the next aim of this paper, by computing the quotient group yf(G) = A3G/t(G). In
fact, these all coincide as we see in the following result.

Proposition 3.4 Let G be a 2-generator nilpotent group of class 2. Then t(G) = (1) and
MPG) = AdG.

Proof Recall that t(G) is generated by the elements (x, y, z) for all x, y, z € G. Since G is nilpotent of class
two, then

X, 3,200 =@ AYAYDIAZATX)ZAXATY)
=@AYADOAZAXD)EAXAYEAY ALY, ZDO AzZALZ xD(@EAX ALx, y]).

We claim that t(G) = (1). Let G = (a, b), for some elements a, b € G. Then
(a,b,a) =(arbnra)ybAhaANa)araAb)(aANbA[b,al)(bAaAla,al)(a AaAla,Db]).

Since (a Ab)(bAa) =1=aAa,itisclearthat (a AbAa)(bAara)=1andaANaAb=1=aAnaAl]a,Db].
In addition a A b A [b, a] = 1 modulo A3G. Hence (a, b, a) = 1.

Now consider the element (a, [a, b], b) = (a Ala, b] Ab)([a, bl Ab Aa)(bAa Ala, b])([a, b] Ab A b, al).
From Lemma 2.4(ii) it follows thata A[a, b]Ab = b Ala, b] Aa] modulo A3G. Also [a, bINbA[b, a]l = 1 by [3,
Theorem 3.3], which implies that (a, [a, b], b) = 1. Using a same discussion shows that all the generators of 7 (G)
are identity, which concludes the claim. Therefore the isomorphism M (G) = A3G is a direct consequence
of the diagram (1). O

Now, we are going to prove Theorem 1.5. The property of capability can be determined by computing a
central subgroup of G called the exterior center Z”(G), which is defined in [15] as Z"(G) = {g € G | g Ah =
lgac Y h € G}. It is shown [15] that the group G is capable if and only if Z"(G) is trivial. Also, the group
Z"(G) is coincide with Z*(G), called the epicenter of G, which is defined [8] in a different manner. A similar
criterion is given in [21] in order to decide whether a group is 2-capable or not:

A group G is 2-capable if and only if Z 2 (G) is trivial,

in which Z¥(G) = {g € G | gAx Ay =1 ;
Yi(G)

Z>(G), and is precisely the group denoted by Z;(G) called [11] the second term of upper epicentral series of G.

V x,y € G} is a characteristic subgroup of G contained in

Proof of Theorem 1.5 Evidently by definition 2-capability implies capability. We show that any 2-generator
capable p-group G = G, (a, B, y; p, o) of class 2 is 2-capable as well. Since yf(G) =~ A3G by diagram (1) and
Proposition 3.4, the subgroup Zﬁz(G) reduces to the subgroup ZAz(G) ={geGCGlgrxny=1,35 VYx,y € G}.
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So we must prove that Z Az(G) is trivial. Let g = a@”b"[a, b]? be an arbitrary element in Z Az(G). The tensor
calculus can be used to get

gAbAa=(@AbAra) (ana,b)Aa) DB Ala,blAa)™ =1, 4)
gAhana=(@nbnra)"(anlablAal™ b Ala, bl Aa]®@ =1, 5)
gAhanb=(@nrbra)"(@nla,b] Ab) (b Ala, bl Aa) ™ (b Ala,b] Ab)~ ). ©)

First assume p > 2. By the capability conditions [24, Theorem 63] we have thato — 8 = p —o and y = p.
When p < o, it is shown in the proof of Proposition 3.1 that the three elements in (4) are independent of each
other. Therefore (4) implies that m and ¢ are a multiple of p? and p”, respectively. On the other hand we see
in the proof of Theorem 63 in [24] that « = 8. Besides the relation (5) implies n is a multiple of p#, which
concludes that g = 1, as required.

Assume o > p.Inthis case the relation (a ®b®a)pﬁ = (a®[a, b]®a)?’ may affect our discussion. If pP tm,
the relation (4) givesm = pﬁ” = p%,and ifpﬁ [mthenaso+t < B, itfollows that (aAl[a, b]/\a)(';) = 1. Hence
again (4) implies (a AbAa)™ = 1 and consequently m = p*. Therefore for each case we get g = b"[a, b]?. Now
by applying the relation (5) we obtain (a AbAa)' (aAla,blAna) ™ = 1. If (anbra)" = (aAla,blra)! =1,
then n and ¢ must be a multiple of p#*7 and p*7, respectively. Thus g = 1. Otherwise, we have n = kp? and
g = kp® forsome 1 < k < p®.So g = [a, b]***° . From this we have that g Aa Aa = ([a, b] Aa Aa)* P’ =1
which is in contrary to the order of a A [a, b] A a in Theorem 1.3.

Suppose p = 2. In this case the capability conditions are given in [24, Theorem 67]. Also it is discussed in
the proof of Theorem 67 in [24] that either p = 0 = y and @ = B or one of the conditions (70)-(72) hold. Let
o < p = y. The canonical homomorphism A>G — A3G? together with (5) imply that 2# divides n. Also from
(6) we deduce g is amultiple of 27 . Take n = u2” and g = v27 for some integers u, v. Then g = a”[a, b1 o),
If 27 divides 27 (u + v), we get g = @™, otherwise by using the equation (a A [a, bD*% = (a Ab)" (b Ala, b])(;)
(the general expansion formula can be found in [4]), we get (a A [a, D] A ) = (aAbAra)"(bAla, bl A a)(;).
Therefore the relation (5) concludes that (a A [a, b] Aa) ™2 @V (b Ala, b A a)Z(';) = 1, whence 27 | 2° (u +v),
a contradiction. Now the relation (4) implies (¢ A b A a)™(a A [a, b] A a)(’g) = 1. By mapping to N3G it
follows that m = u2f for some 1 < u < 27. If (anbAa)™ =1,then g = 1. Otherwise if p < 8 — 1, then
(a Ab Aa)™ =1 acontradiction, else 8 = p and we have that (a A [a, b] A @)@ +2°") — | which is again a
contradiction. Because from the proof of Theorem 67 in [24], B > o + | which implies thato < p — 1.

Finally assume o = p = y. In this case the capability conditions implyoc = p =y = fanda = y + 1.
Likewise the previous case we have that n and ¢ are multiple of 2# and 27, respectively. Thus g = a™. Moreover
the relation (4) concludes that 28 divides m. On the other hand the equation (a Ab)™ (b A [a, b]) (G) =1 together
with (4) imply that (b A [a, b] A @)~ (D)) (a A [a, b] A a)(2) = 1. Therefore (a A [a, b] Aa)(2) = 1 which is in
contrary to the order of a A [a, b] A a in Theorem 1.4. The remaind case p = o = y, @ = B, can be discussed
similarly. This finishes the proof. O

4 GAP Results

Our investigation of this topic started with initial guidance from the GAP [26] computational algebra system.
At the beginning, we collected experimental material by creating finite 2-generator p-groups of class 2. Let
G = Gy(a, B, y; p, o) beany 2-generator 2-group of class 2 with presentation as in Theorem 1.2. For illustration,
consider the group G = G3(3, 3, 2; 2, 2). The following GAP commands create a finitely presented group
isomorphic to G. We suppress most of the output for brevity with the double semicolons.
gap> F:=FreeGroup("a","b");;
gap> a:=F.1;;b:=F.2;;
gap> R:=[a”(273)/Comm(a,b)~(272), b"(273)/Comm(a,b)”(272), Comm(a,b)”(272),
> Comm(a,b)~a/Comm(a,b), Comm(a,b)” b/Comm(a,b)];;
gap> G:=F/R;
<fp group on the generators [ a, b ]>

Most of the calculations of this paper has been implemented in GAP as part of a package called HAP. It has
methods for some calculations in elementary algebraic topology and the cohomology of groups. We illustrate
this implementation on the group G = G2 (3, 3, 2; 2, 2). The following commands construct the crossed module
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id : G —> G, and then compute the tensor square G ® G —> G, the triple tensor product G —> G, the
exterior square G A G —> G, and the triple exterior product A3G —> G, respectively.

gap> K:=CrossedModuleByNormalSubgroup (G, G) ; ;

gap> T2:=NonabelianTensorProduct (K,K) ;;

gap> T3:=NonabelianTensorProduct (T2,K) ;;

gap> AbelianInvariants (Source (T3!.map)) ;
[ 4, 4, 4, 4, 8, 8, 8, 8, 8, 8, 8, 8]
gap> E2:=NonabelianExteriorProduct (K,K) ;;

gap> E3:=NonabelianExteriorProduct (E2,K) ;;

gap> AbelianInvariants (Source (E3! .map)) ;

[ 4, 4, 4, 8, 8 ]

The following commands return the second nilpotent multiplier M®)(G), and the order of the second
term of upper epicentral series Z3(G), respectively, which show that M®P(G) = A3G and the group G =
G»(3,3,2;2,2) is 2-capable.
gap> BaerInvariant (G, 2) ;

[ 4, 4, 4, 8, 8 ]
gap> Order (UpperEpicentralSeries(G,2));
1
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