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Abstract In this paper, we explore sine and cosine functions and also a relation involving these functions to
establish identities involving convergent series in terms of the k-colored partition function and the set of the
integer compositions of a positive integer n. Combinatorial interpretations are provided and some special cases
are studied.
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1 Introduction

A partition of a positive integer n is a way of writing n as a sum of positive integers [more details in [2–6]]. In
the literature, there are many ways to discuss the results of partition functions. From the point of view of basic
hypergeometric series, it is still unclear how to interpret some q-series identities using combinatorial properties.

Our starting point is a perspective of inequalities involving k-colored partition functions discussed by Chern
et al, [7]. More precisely, the authors extended the k-colored partition function multiplicatively to a function on
k-colored partitions.

In this context, we will exhibit some identities involving k-colored partitions, many coming from sine and
cosine functions. More specifically, from two representations of trigonometric functions via infinite product and
Taylor series we will find interesting relations hidden in well-known identities.

A k-colored partition of n is an integer partition of n wherein each part appears colored with one of k available
colors. For example, if k = 2 and the colors are black and red, the 2-colored partitions of n = 4 are 4: 4, 3 + 1,
3 + 1, 3 + 1, 3 + 1, 2 + 2, 2 + 2, 2 + 2, 2 + 1 + 1, 2 + 1 + 1, 2 + 1 + 1, 2 + 1 + 1, 2 + 1 + 1, 2 + 1 + 1,
1 + 1 + 1 + 1, 1 + 1 + 1 + 1, 1 + 1 + 1 + 1, 1 + 1 + 1 + 1 and 1 + 1 + 1 + 1.
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306 M. Alegri, E. Spreafico

Let pk(n) be the number of k-colored partitions of an integer n. The generating function for pk(n) is given
by the next infinite product,

∞∑

n=0

pk(n)qn = 1

(q; q)k∞
, (1)

where the q-Pochhammer symbol is defined by

(a, q)n =
{

(1 − a)(1 − aq)(1 − aq2) · · · (1 − aqn−1), if n > 0,
1, if n = 0

.

Taking the limit n → ∞, we have

(a, q)∞ = lim
n→∞(a, q)n .

An integer composition of a positive integer n is a set of tuples of positive integers w1, w2, . . . , wn whose
sum is equal to n. The set of integer composition of a positive integer n is denoted by C(n).

We present some trigonometric identities below which are key tools for getting some combinatorial identities.

sin(x) =
∞∑

n=0

(−1)n

(2n + 1)! x2n+1 = x
∞∏

n=1

(
1 − x2

n2π2

)
, (2)

cos(x) =
∞∑

n=0

(−1)n

(2n)! x2n =
∞∏

n=1

(
1 − 4x2

(2n − 1)2π2

)
, (3)

sin2(x) =
∞∑

n=1

(
n−1∑

i=0

(
2n

2i + 1

))
(−1)n−1

(2n)! x2n, (4)

and

cos2(x) =
∞∑

n=0

(
n∑

i=0

(
2n

2i

))
(−1)n

(2n)! x2n . (5)

In the present study, we focus on exploring the sine and cosine functions and also an identity involving these
functions. Our approach consists of replacing the argument of the sine and cosine functions with convergent
series (1). As a combinatorial interpretation, these newly obtained identities are given in terms of k-colored
partition function and the set of integer compositions of n.

The content of this paper is structured as follows. In Sect. 2, we study the convergence of (1) and establish
new identities considering it as an argument for the sine and cosine functions. Section 3 is devoted to exploring
a relation involving sine and cosine functions by substituting the convergent series (1). Furthermore, these
identities are in terms of k-colored partition function and the set of integer compositions of n, then their related
combinatorial interpretations are provided. Finally, we state some final considerations and perspectives.

2 The k-colored partition function, and sine and cosine functions

Recall the generating function for the number of k-colored partitions of an integer n, pk(n), given by

∞∑

n=0

pk(n)qn = 1

(q; q)k∞
.

First, we will investigate the convergence of the following related series

∞∑

k=0

(−1)k pk(n)

k! . (6)

In order to show the convergence of series (6), consider the inequality for k-colored partition function presented
by Chern et al, [7], given as follows.
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On series involving sine, cosine, and k-colored... 307

Theorem 1 (Theorem 1.2, [7]) For any positive integers a ≥ b, we have

pk(a)pk(b) > pk(a + b),

except for (a, b, k) = (1, 1, 2), (2, 1, 2), (3, 1, 2), (1, 1, 3).

Thus, Theorem 1 permits us to establish the following lemma.

Lemma 1 For k ≥ 2, we have pk(n) ≤ 2kn.

Proof We proceed with the proof of the lemma by induction on n. For n = 1 we have pk(1) = k < 2k, for
all k ≥ 2. Consider that the inequality is valid for n, or, pk(n) ≤ 2kn . By using Theorem 1 and the inductive
hypothesis we have

pk(n + 1) < pk(1)pk(n) ≤ 2kn+1,

for all k ≥ 2. ��
Consider that the inequality is valid for n, i.e., pk(n) ≤ 2kn, with k ≥ 2. Using Lemma 1 we obtain

pk(n)

k! ≤ 2kn

k! . Since
∞∑

k=0

kn

k! is convergent, then the series (6) also converges.

The next theorem is devoted to establishing the identity

n∑

k=0

p1(k)
∑

{w1,...,wm }∈C(n−k)

(−1)m p2(w1) · · · p2(wm)

(2m + 1)!
∏

l 	=l1,...,lm

(
1 − 1

l2π2

)
=

∞∑

k=0

(−1)k p2k+1(n)

(2k + 1)! .

whose proof relies on determining the coefficient of qn in the following equality

1

(q; q)∞

∞∏

n=1

(
1 − 1

π2n2(q; q)2∞

)
=

∞∑

n=0

(−1)n

(2n + 1)!(q; q)2n+1∞
.

Theorem 2 For a positive integer n, under the previous notations, the following identity is valid

n−1∑

k=0

p1(k)
∑

{w1,...,wm }∈C(n−k)

∑

1≤l1<...<lm

(−1)m p2(w1) · · · p2(wm)

l2
1 · · · l2

mπ2m

∏

l 	=l1,...,lm

(
1 − 1

l2π2

)
(7)

+p1(n) sin(1) =
∞∑

k=0

(−1)k p2k+1(n)

(2k + 1)! .

Proof Consider the following identity obtained by substituting x = 1

(q; q)∞
in Expression (2),

1

(q; q)∞

∞∏

n=1

(
1 − 1

π2n2(q; q)2∞

)
=

∞∑

n=0

(−1)n

(2n + 1)!(q; q)2n+1∞
, (8)

for |q| < 1.

First, we need to find the coefficient of qn , for n > 0, on the left side of Equation (8).
Expression (1) for k = 1 gives us

1

(q; q)∞
=

∞∑

n=0

p1(n)qn . (9)

Then, the coefficient of qt in
1

(q; q)∞
is p1(t). Also for any t , the coefficient of qn−t in

∞∏

n=1

(
1 − 1

π2n2(q; q)2∞

)
(10)
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is given by

∑

{w1,...,wm }∈C(n−t)

∑

1≤l1<...<lm

(−1)m p2(w1) · · · p2(wm)

l2
1 · · · l2

mπ2m

∏

l 	=l1,...,lm

(
1 − 1

l2π2

)
.

In fact, the constant term of Expression (10) is given by 1 − 1
n2π2 , and by Expression (1) for k = 2, we get

1 − 1

π2n2(q; q)2∞
= 1 − 1

n2π2

∞∑

n=0

p2(n)qn .

Therefore, for each choice of m products, where each one is taken wi times as a power factor of q, and
w1 + w2 + . . . + wm = n − t , we have a part of coefficient of qn−t equal to

∑

1≤l1<...<lm

(−1)m p2(w1) · · · p2(wm)

l2
1 · · · l2

mπ2m

∏

l 	=l1,...,lm

(
1 − 1

l2π2

)
.

Thus, summing over all integer composition of n − t, the coefficients of qn−t is given by

∑

{w1,...,wm }∈C(n−t)

∑

1≤l1<...<lm

(−1)m p2(w1) · · · p2(wm)

l2
1 · · · l2

mπ2m

∏

l 	=l1,...,lm

(
1 − 1

l2π2

)
.

Specifically, if we take n in terms of q ′s in (9) we have, as part of coefficient of qn, the following expression

p1(n)

∞∏

n=1

(
1 − 1

n2π2

)
= p1(n) sin(1).

Therefore, summing p1(n) sin(1) to

n−1∑

k=0

p1(k)
∑

{w1,...,wm }∈C(n−t)

∑

1≤l1<...<lm

(−1)m p2(w1) · · · p2(wm)

l2
1 · · · l2

mπ2m

∏

l 	=l1,...,lm

(
1 − 1

l2π2

)
,

we obtain the coefficient of qn .
Conversely, the right side of Equation (8) give us the expansion

∞∑

n=0

(−1)n

(2n + 1)!(q; q)2n+1∞
= 1

(q; q)∞
− 1

3!(q; q)3∞
+ 1

5!(q; q)5∞
− . . . .

Then, the coefficient of qn is equal to

∞∑

k=0

(−1)k p2k+1(n)

(2k + 1)! ,

which proves the theorem. ��

Analogous to Theorem 2, the next identity is obtained by analyzing Equation (3) for x = 1

(q; q)∞
.

Theorem 3 For a positive integer n, under the previous notations, the following identity is valid

∑

{w1,...,wm }∈C(n)

∑

1≤l1<...<lm

(−1)m22m p2(w1) · · · p2(wm)

(2l1 − 1)2 · · · (2lm − 1)2π2m

∏

l 	=l1,...,lm

(
1 − 4

(2l − 1)2π2

)

=
∞∑

k=0

(−1)k p2k(n)

(2k)!
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Proof The proof of Theorem 3 follows using the same method as in Theorem 2. Let the following related identity,
for |q| < 1,

∞∏

n=1

(
1 − 4

(2n − 1)2π2(q; q)2n∞

)
=

∞∑

n=0

(−1)n

(2n)!(q; q)2n∞
. (11)

First, we need to find the coefficient of qn , for n > 0, on the left side of Equation (11).
The coefficient of qn in

∞∏

n=1

(
1 − 4

(2n − 1)2π2(q; q)2n∞

)
(12)

is given by

∑

{w1,...,wm }∈C(n)

∑

1≤l1<...<lm

(−1)m22m p2(w1) · · · p2(wm)

(2l1 − 1)2 · · · (2lm − 1)2π2m

∏

l 	=l1,...,lm

(
1 − 4

(2l − 1)2π2

)
.

In fact, the constant in each term of Expression (12) is

1 − 4

(2n − 1)2π2 ,

and by direct application of (1) with k = 2 follows

1 − 4

(2n − 1)2π2(q; q)2∞
= 1 − 22

(2n − 1)2π2

∞∑

n=0

p2(n)qn .

Therefore, for each choice of m products, where each one is taken wi times as a power factor of q, and
w1 + w2 + . . . + wm = n, the coefficient of qn is equal to

∑

1≤l1<...<lm

(−1)m22m p2(w1) · · · p2(wm)

(2l1 − 1)2 · · · (2lm − 1)2π2m

∏

l 	=l1,...,lm

(
1 − 4

(2l − 1)2π2

)
.

Then, for all composition of n, we obtain the coefficient of qn in the expansion of the product

∑

{w1,...,wm }∈C(n)

∑

1≤l1<...<lm

(−1)m22m p2(w1) · · · p2(wm)

(2l1 − 1)2 · · · (2lm − 1)2π2m

∏

l 	=l1,...,lm

(
1 − 4

(2l − 1)2π2

)
.

Conversely, the right side of Equation (11) gives us the expansion

∞∑

n=0

(−1)n

(2n)!(q; q)2n∞
= 1

(q; q)∞
− 1

2!(q; q)2∞
+ 1

4!(q; q)4∞
− . . . .

Then, the coefficient of qn is equal to

∞∑

k=0

(−1)k p2k(n)

(2k)! ,

which proves the result. ��
It seems to us that the results given in Theorem 2 and Theorem 3 are new and have never been established

in the literature.
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Remark 1 Since we have eix = cos(x) + i sin(x), x ∈ R, then for |q| < 1 we obtain

∞∑

n=0

in

n!(q; q)n∞
= i

(q; q)∞

∞∏

n=1

(
1 − 1

n2π2(q; q)2∞

)
+

∞∏

n=1

(
1 − 4

(2n − 1)2π2(q; q)2∞

)
. (13)

Combining Theorems 2 and 3 and analyzing the coefficient of qn in both sides of Expression (13) we get

i
n∑

k=0

p1(k)
∑

{w1,...,wm }∈C(n−t)
1≤l1<...<lm

(−1)m p2(w1) · · · p2(wm)

(2m + 1)! ×
∏

l 	=l1,...,lm

(
1 − 1

l2π2

)

∑

{w1,...,wm }∈C(n)
1≤l1<...<lm

(−1)m p2(w1) · · · p2(wm)

(2m)! ×
∏

l 	=l1,...,lm

(
1 − 4

(2l − 1)2π2

)
=

∞∑

k=1

i k pk(n)

k! .

Using the same techniques described in previous results, the search for the coefficient of qn in Equations (4)
and (5) gives us the next two results.

Theorem 4 For a positive integer n, under the previous notations, the following identity is valid

n∑

s=0

p2(s)
∑

{w1,...,wm }∈C(n−s)

∑

1≤l1<...<lm

∏

1≤i≤m

(
− 2

(li )2π2 p2(wi ) + 1

(li )4π4 p4(wi )

)

×
∏

l 	=
l1,...,lm

(
1 − 2

l2π2 + 1

l4π4

)
=

∞∑

k=1

(
k−1∑

i=0

(
2k

2i + 1

))
(−1)k−1 p2k(n)

(2k)! .

Theorem 5 For a positive integer n, under the previous notations, the following identity is valid

∑

{w1,...,wm }∈C(n)

∑

1≤l1<...<lm

∏

1≤i≤m

(
− 8

(2li − 1)2π2 p2(wi ) + 16

(2li − 1)4π4 p4(wi )

)

×
∏

l 	=
l1,...,lm

(
1 − 4

(2l − 1)2π2 + 16

(2l − 1)4π4

)
=

∞∑

k=0

(
k∑

i=0

(
2k

2i

))
(−1)k p2k(n)

(2k)! .

3 Identity involving the fundamental relation between sine and cosine functions

In this section, we will establish an identity exploring the fundamental relation involving sine and cosine functions

by substituting on x = 1

(q; q)∞
. An interesting result is related to the search for the coefficient of qn in the

expression

sin2
(

1

(q; q)∞

)
+ cos2

(
1

(q; q)∞

)
= 1, (14)

for all complex number q with |q| < 1.

Note that, by Expressions (2) and (3), Equation (14) can be rewritten as
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1

(q; q)2∞

∞∏

n=1

(
1 − 2

n2π2(q; q)2∞
+ 1

n4π4(q; q)4∞

)
(15)

+
∞∏

n=1

(
1 − 8

(2n − 1)2π2(q; q)2∞
+ 16

(2n − 1)4π4(q; q)4∞

)
= 1.

Furthermore, looking for the coefficient of q0 on the left side of (15), we get the following equation,

∞∏

n=1

(
1 − 2

n2π2 + 1

n4π4

)
+

∞∏

n=1

(
1 − 8

(2n − 1)2π2 + 16

(2n − 1)4π4

)
= 1.

The next theorem is provided by analyzing the coefficient of qn in (15).

Theorem 6 For a positive integer n, under the previous notations, the following identity is valid

n∑

s=0

p2(s)
∑

J∈C(n−s)

∑

1≤l1<...<lr

∏

1≤i≤r

(
p2( ji )a(li ) + p4( ji )(a(li ))

2
) ∏

m 	=
l1,...,lr

(
1 − 2a(m) + (a(m))2

)

= −
∑

T ∈C(n)

∑

1≤l1<...<lr

∏

1≤i≤r

(
p2(ti )b(li ) + p4(ti )(b(li ))

2
) ∏

m 	=
l1,...,lr

(
1 − 8b(m) + 16(b(m))2

)
,

where J = { j1, j2 . . . , jr } ∈ C(n − s), T = {t1, t2, . . . , tr } ∈ C(n), a(n) = 1
n2π2 , and b(n) = 4

(2n−1)2π2 .

Proof Consider the left side of (15). For all s ≤ n, the coefficient of qs in

1

(q; q)2∞
gives us the number p2(s). Having fixed the coefficient of qs, we just need to find the coefficient of qn−s in

∞∏

n=1

(
1 − 2

n2π2(q; q)2∞
+ 1

n4π4(q; q)4∞

)
. (16)

First, consider the term −2
m2π2(q;q)2∞

in (16). Taking { j1, j2, . . . , jr } an integer composition of n − s, for the

part j1, for example, the coefficient of q j1 in −2
m2π2(q;q)2∞

is equal to −2p2( j1)
m2π2 . Therefore, in order to find the

coefficient of qn−s in these terms, we need to take r choices in the infinite product (16) and consider the terms in
parentheses that are not chosen to appear as a coefficient of some q ji . By the multiplicative principle, a portion
of the coefficient of qn−s is

∑

1≤l1<...<lr

∏

1≤i≤r

p2( ji )a(li )
∏

m 	=
l1,...,lr

(
1 − 2a(m) + (a(m))2

)
,

with a(n) = 1
n2π2 .

Similarly, by considering the term 1
m4π4(q;q)4∞

, the other portion of the coefficient of qn−s is given by

∑

1≤l1<...<r

∏

1≤i≤r

p4( ji )(a(li ))
2

∏

m 	=
l1,...,lr

(
1 − 2a(m) + (a(m))2

)
,

with a(n) = 1
n2π2 .
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For fixed s, taking the sum in every composition J = { j1, j2, . . . , jr } ∈ C(n − s), we have

∑

J∈C(n−s)

∑

1≤l1<...<lr

∏

1≤i≤r

(
p2( ji )a(li ) + p4( ji )(a(li ))

2
) ∏

m 	=
l1,...,lr

(
1 − 2a(m) + (a(m))2

)
,

which is the coefficient of qn−s in the expansion of (16).
By the additive principle, for all s, 0 ≤ s ≤ n, we conclude that

n∑

s=1

p2(s)
∑

J∈C(n−s)

∑

1≤l1<...<lr

∏

1≤i≤r

(
p2( ji )a(li ) + p4( ji )(a(li ))

2
) ∏

m 	=
l1,...,lr

(
1 − 2a(m) + (a(m))2

)

is the coefficient of qn in (16).
In an analogous way, the contribution of the coefficient of qn in

∞∏

n=1

(
1 − 8

(2n − 1)2π2 + 16

(2n − 1)4π4

)

is given by

∑

T ∈C(n)

∑

1≤l1<...<lr

∏

1≤i≤r

(
p2(ti )b(li ) + p4(ti )(b(li ))

2
) ∏

m 	=
l1,...,lr

(
1 − 8b(m) + 16(b(m))2

)
.

Since n > 1 then in the right side of Equation (15) the coefficient of qn is equal to zero, and the result is
verified. ��

The following corollary is An interesting case of Theorem 6. This result is obtained considering the case
n = 1.

Corollary 1 Under the previous notations, the following identity is valid

∞∏

n=1

(
2 − 4

n2π2 + 2

n4π4

)
=

∞∑

n=1

(
4

n2π2 − 4

n4π4

) ∏

m 	=n

(
1 − 2

m2π2 + 1

m4π4

)

+
∞∑

n=1

(
16

(2n − 1)2π2 − 64

(2n − 1)4π4

) ∏

m 	=n

(
1 − 8

(2m − 1)2π2 + 16

(2m − 1)4π4

)
.

4 Conclusion and perspectives

This study presented new results regarding the sine and cosine functions. We established some identities involving
convergent series in terms of the number of k-colored partitions of n and the set of the integer compositions of n.

It seems to us that the established identities are new in the literature and the approach proposed here can
be applied to all convergent q-series. Moreover, it is possible to obtain some identities involving combinatorial
interpretation in terms of some classes of integer partitions.
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