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Abstract Let FG be the semisimple group algebra of a finite group G over a finite field F. In this article,
we obtain a sufficient condition for which G does not have a normal complement in the unit group of F'G. In
particular, we have studied the normal complement problem for semisimple group algebras of dihedral groups,
quaternion groups and groups of order p", where n = 3, 4 and p is an odd prime.

Keywords Semisimple group algebras - Normal complement - Wedderburn decomposition - Dihedral groups -
Unit group

Mathematics Subject Classification  16U60 - 20C05

1 Introduction

Let G be a finite group of order n and F;, a finite field of order ¢ such that the characteristic of F,; does not divide
n. Therefore F,; G is a semisimple group algebra. From the Wedderburn decomposition, we have

,
F,G = P M, (D).

i=1

where D; is a division ring containing an isomorphic copy of F; in its center and M, (D;) denotes the ring of all
n; x n; matrices over D;. Since F, G is finite, it implies that each D; is finite and therefore D; = F, ki @ finite

field with ¢* elements for every i. Hence
-
F,G = @Mm (F )
i=1
Thus,

U(F,G) ~ [ | GL(ni. ¢").

i=1
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Let

T l_[ GL(nj,qkf) — GL(ni,qki)
j=1

denote the i™ projection map. It is known that if ¢ > 3, then the normal subgroups of GL(n, ¢) are either central
subgroups or contain SL(n, g). It is also known that the only maximal normal subgroup of SL(n, q) is the center
Z(SL(n, q)) with order ged(n, g — 1). For details, see [1, Theorem 4.9].

One of the interesting topics in the theory of group rings is to understand the structure of their unit groups.
To find the structure of the unit group, the normal complement problem plays an important role. The problem
was posed by H. N. Ward [15] in 1960 which states that for a given p-group G and a field K containing p
elements, does G have a normal complement in U(K G)?, i.e. is there a normal subgroup N in U(K G) such that
U(KG) = NxG?In1976,R. K. Dennis [3] posed the same problem for an arbitrary group ring RG. In this paper,
we deal with the normal complement problem for semisimple group algebras. The Wedderburn decomposition
of semisimple group algebras plays a crucial role in analysing the existence of a normal complement in their unit
groups.

Itis shown in [10] that any finite abelian p-group or a finite p-group of exponent p and nilpotency class 2 has
a normal complement in the unit group of the corresponding group algebra, where the group algebra is defined
over the field containing exactly p elements. Moreover, if |F| = 2 then Dg and Qg have a normal complement
in U(F Dg) and U(F Qg), respectively whereas D¢ does not exhibit a normal complement in U(F Dj¢). Some
more results in favor of the normal complement problem are given in [6]. Further, if F' has exactly 2 elements
then it has been proved in [5] that dihedral, semi-dihedral and quaternion groups of order 2", n > 3 do not have
a normal complement in the unit group of their corresponding group algebras. In [11], the normal complement
problem for central elementary-by-abelian p-groups over the field F, has been discussed. Recently in [13], the
problem has been studied for the group algebras of A4, S4 and Dy, (m is odd) over a finite field of characteristic
2. Several results on this problem for modular group algebras of finite groups which are not p-groups can be
found in [8,9].

There are infinite examples of abelian semisimple group algebras in which the problem has an affirmative
answer, see [7, Example 1]. In the same article, it is shown that normal complement does not exist in the case of
semisimple group algebras of metacyclic groups of order pj p>, where pi, p» are odd primes. The problem for
semisimple group algebras of symmetric and alternating groups has been discussed in [12].

This article deals with the normal complement problem for the semisimple group algebras. In section 2, we
have derived a sufficient condition for which a finite group G does not have a normal complement in U(F,; G)
for a semisimple group algebra F,G. Further, we have studied the normal complement problem for a class of
simple and perfect groups. In section 3, the same problem for dihedral groups, quaternion groups, and groups of
order p"*, n = 3, 4 has been discussed.

2 Normal complement problem

In this section, we have discussed the normal complement problem for semisimple group algebra F,; G, where
G is a finite group of order n and ¢ > 3. We provide a sufficient condition for which G does not have a normal
complement in the corresponding unit group U(F;; G). Let

¢ : U(F,G) — [[GL(mi. 4"
i=1

be an isomorphism. The following lemma plays a very crucial role in proving the main result:

Lemma 2.1 If G has a normal complement in U(F,;G), then 7t;¢ (G) has a normal complement in G L (n;, g~y
forl <i<r.

Proof Since G has a normal complement in U(F, G), itimplies that there exists an epimorphism 6 : U(F,G) —
G, fixing G. For 1 < i < r, define 6 : GL(n;, qk") — mi¢p(G) by 0(mip(u))) = mi¢p(@(u)) for every
u € U(F,;G). Itis clear that 6 is an epimorphism and fixes ;¢ (G). Hence 7;¢ (G) has a normal complement in
GL(ni,q"). O
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Let ;|4 () be the restriction map of 7r; on ¢(G) and K; the kernel of 7; |4 (). Therefore

$(G)| _ n

K| |Kil

i (G)] =

Let F denote the unit group of Fy. If G is abelian then n; = 1 for 1 <i < r and so 7;¢(G) is a subgroup
of quk,-' Hence n divides (qk" — DI|K;| for 1 <i < r. Further, if G is non-abelian, then we have the following
result.

Theorem 2.1 Ifn does not divide (¢% —1)|K;| for somei, 1 <i < r then G does not have a normal complement
in U(F,;G).

Proof Assume that G has a normal complement in U(F,;G). Since G is non abelian, there exists atleast one

i, 1 <i <rsuchthatn; > 1. By Lemma 2.1, we have that 77;¢»(G) has normal complement N in G L(n;, qk")
for every i with n; > 1. Therefore

|GL(n;, ") |K;|
n

IN| =

Since N is anormal subgroup of GL (n;, g*i), either N is contained in the center Z(G L (n;, ¢*)) or SL(n;, ¢*i) <
N.If N < Z(GL(n;, qki)) then ¢ divides n, which is a contradiction. Now, if SL(n;, qk") < N, we get that n
divides (qk" — 1)|K;|, which leads to a contradiction. O

Corollary 2.1 Let G be a non-abelian simple group of order n. For every i, 1 <i <r withn; > 1, if n does
not divide q*i — 1 then G does not have normal complement in U(F,G).

Proof Note that the possible value for | K;| is the cardinality of some normal subgroup of G. Since G is simple,
the possible value for | K;| is either 1 or n. If |K;| = n for every i with n; > 1, then |7;¢(G)| = 1, which leads
to a contradiction as ¢ (G) is a non abelian group. Therefore, there exists j such that |K ;| = 1. Since n does not
divide g%/ — 1, it implies that G does not have a normal complement in U(F,;G). O

Next, we deal with perfect groups.

Definition 1 A group G is said to be perfectif G = G', where G’ is the commutator subgroup of G. For example,
As, SL(2,5), etc.

Note that if G has a normal complement in U(F, G) then G’ has a normal complement in U (F;G) (see [8,
Theorem 2]). Since G = G,, it implies that G has a normal complement in U(Fq G). Further, observe that

N
/ [} )
U (FyG) ~ [ [ SL(ni. ¢").
i=1
where n; > 1 for 1 <i <s. Define d; = gcd(n;, qki —1).

Theorem 2.2 Let G be a perfect group of order n. If n does not exceed |SL(n;, ¢%)|/d; for some i, then G does
not have a normal complement in U(Fy;G).

Proof Assume that G has a normal complement in U(F; G), then G has a normal complement in U (FyG) and
therefore ;¢ (G) has normal complement N in SL(n;, qki) foreveryi, 1 <i < s.Butthe only maximal normal
subgroup of SL(n;, qki) is the center, having order d;. Therefore |N| < d;, where

ISL(n;, ¢*)|.|K;]
n

IN| =

Since |K;| > 1 for every i, we have

o ISL(ui g")]
il dl .
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Corollary 2.2 SL(2,5) does not have normal complement in U(Fy;SL(2,5)) for g > 5.

Proof By [14], we can see that the decomposition of U’ has a factor SL(6,q). As for g > 5, we have

ISL(6, q)| [SL(6, q)]
< <
6 ged(6,9 — 1)
and therefore SL(2, 5) does not have normal complement in U(F; SL(2, 5)). |

120

3 Normal complement problem for some class of groups

In this section, we have discussed the normal complement problem of semisimple group algebras of dihedral
groups, quaternion groups, and groups of order p”, n = 3, 4 respectively.

3.1 Dihedral group algebras

Let F,; D», be the semisimple group algebra of the dihedral group of order Dy, over the field F;. Let Dy, =
(a,b|a*=b*=1, b= 'ab =a~!). Define

s = [d1d divides n, g" = ~1(mod g) for some u = 1]
By [2, Subsection 4.3], the Wedderburn decomposition of F, D, is given by
(452) (2
FJZ) @ Mo(Fg4)" 2d @ My(Fypy2)* 47 if nis odd and
d¢s deS,d#n
(442)) )
Fq(4) @ Ma(F5,)" 2 @ My(Fypy2)* a7 if n is even,
d¢s deS,d#nt

where f; denotes the order of ¢ modulo 7, for every divisor d of n and ¢(n) denotes the Euler’s phi function of
n. The following result deals with the case when every divisor d of n is in S.

Theorem 3.1 Ifq > 3 and n divides 1 + g" for some integer u > 1, then Doy, does not have normal complement
in U(Fy Day).

Proof Note that if n divides 1 + ¢" for some integer u > 1, then all divisors d of n are in S and hence

e
o | Fox < T GL(2,q7%) " if n is odd,
2 din.d#
U(Fy Do) = e (o
/o e
FYx Ffx FXx Ffx [l GL2.q%) "’ ifniseven.

din,d#n,%

Let L; be the kernel of the restriction map 7;|g, (p,,)- It implies that D,, has a normal subgroup of order |L;].
Therefore |L;| = d or 2n, where d is a divisor of n. If n is odd and |L;| = n or 2n for every i > 2, then
|1 (D2y,)| = 2 or 1 respectively. It follows that ¢1 (D2,,) is abelian, which leads to a contradiction. Thus, there

Ty
exists some j > 2, such that |L;| = d’, where d’ is different from n and 2n. If 2n divides (q% — 1)d/ , then

Tar L - .
g > =1 (mod 7), which is a contradiction because the order of ¢ modulo 7 is f;. Hence from Theorem 2.1,
we can say that Dy, does not have normal complement in U(F D5,,). Similar way one can prove the result when
n is even. m]

Remark 1 In particular, if ¢ = 3 and n is odd, then it is clear that 8 is not divisible by 4 for any proper divisor d
Je Je
of n. Hence 3% # 1 (mod %) and therefore % > l and so g % > 3. Then the normal subgroups of GL(2, g Td)

e
are either central subgroups or contain SL(2, g Ea ). Thus the above result holds. For example, Do does not have
normal complement in U(F3 D).
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3.2 Quaternion group algebras

We have studied the normal complement problem in group algebras F, Q4,, where ¢ > 3 and ged(q, 4n) = 1.
Let Qun = (a,b | a® = 1, b*> =a", b~'ab =a~ ). Define

2
T = {d| d divides 2n, ¢" = —1 <mod 7”) for some u > 1).

By [2, subsection 4.4], the Wedderburn decomposition of Fy Qg is given by
Case l.q =1 mod 4

o2 o2

Ff)@Mz(qud)(W) . Mz(qud/z)(T)

d¢T deT,d#n,2n
Case2.qg =3 mod 4
(@) (w(%"))
Ff) @ Fg @ My (Fyea)' *d @ M3(Fo42)* 24 7 if nis odd and
d¢r deT,d#n,2n

(‘”(%Tn)) (w(%"))
Fq(4) @ Mo (Fyoa)t @ M (Foy2)* ¢/ if nis even,
d¢T deT,d#n,2n

where o, denotes the order of ¢ modulo %”, for every divisor d of 2n. The following result deals with the case
when every divisor of 2n isin T'.

Theorem 3.2 If 2n divides 1 + q“ for some integer u > 1, then Qua, does not have normal complement in
U(Fq Q4n)~

Proof Assume that 2n divides 1+ g* for some integer u > 1. So, the set T contains all divisors of 2n and hence

9% 1 G6L2.¢%

P g=1 mod4
deT,d#n,2n

5 ) o (w%"))
UFgQan) {1 FfP x FXx  [1  GL@2,g%)" ™
T deT,d#n2n
(w(%”))
od

ifnisoddandg =3 mod 4

Y% I G6L2.qh)

P ifnisevenandg =3 mod 4.
deT,d#n,2n

Let M; be the kernel of the restriction map 7;|,(0,,). It implies that Q4, has a normal subgroup of order |M;|.
Therefore |M;| = d or 4n, where d is a divisor of 2n. If ¢ = 1(mod 4) and |M;| = n, 2n or 4n for every i > 4,
then |7;2(Qan)| = 4, 2 or 1 respectively. It follows that ¢2(Q4,) is abelian, which leads to a contradiction.
Thus, there exist some j > 4, such that [M;| = d’, where d’ is different from n, 2n and 4n. If 4n divides

od’ ’q’ L. .. .
(q 7 — l)d’ ,theng™ =1 (mod fl—’?), which is a contradiction because the order of ¢ modulo % is o4'. Hence
from Theorem 2.1, we can say that Oy, does not have a normal complement in U(F, Q4,,). The remaining cases
follow in the same way. O

3.3 Group algebras of groups of order p3

Here, we deal with group algebra F,,; G, where G is a non-abelian group of order p> for an odd prime p such that
ged(p, g) = 1. It is known [4] that

FyG = Fy @@ F P9 @ My (Fn)©,

where f denotes the order of ¢ modulo p and e = pT_l.
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Theorem 3.3 If p> does not divide g/ — 1, then G does not have a normal complement in UF,G).

Proof Let ¢3 : U(F,G) — F) x F;f X x quf x GL(p,q”) x --- x GL(p, ¢') be an isomorphism and

—
(1+p)e

M; be the kernel of the restriction map 7|, (). If |7;¢3(G)| < p3 foreveryi > 14 (14 p)e, then it follows that
¢3(G) is an abelian group, which is a contradiction. So, there exists j > 1+ (1 + p)e such that |7 ;¢3(G)| = p3
and hence |M;| = 1. Thus, if p> does not divide ¢/ — 1, then Theorem 2.1 implies that G does not have a normal
complement in U(£; G). |

e

3.4 Group algebras of groups of order p*

Now, assume that G is a group of order p* for an odd prime p. The Wedderburn decomposition of the semisimple
group algebra F,; G has been provided in [4]. The following table provides the set of groups of order p* which
does not have normal complement in their unit group under certain conditions. Here f denotes the order of ¢

modulo p and e = pT_l

G Wedderburn decomposition Sufficient condition
G Fy@ F,r P9 B F, 1, PO @ M, () i@’ -1
G2 F,® qu((l+[1+p2)e) st Mp(qup)(e) P @ — 1)
Gs Fy @ F, P9 @ F,;, P @ M, (F, )" prip@ -1
e F, P Fq/((l+[1+p2)e) EBMP(qu)(pe) pt ¥ p(qf -1
Gs Fy @ Fyr PO @y PO @ My (F )P p*tp@’ —1)
Gs Fy @ Fyr PO @My (Fy ) 409 Pt tp@’ -1
Gr Fy @ Fyr PO @ Fy D Mp(Fyi)© prtp@’? =1
Gs Fy@ Fyr PO @ F O @My (Fypp) p*tp@’? = 1)
Go F,@®F, ((+p+pPe) @ M,(F, PO P p@f — 1
Gio Fy@F, s PODF, O DM, (Fyp)@, p=3 p*ip@’? =1
F, fan) qu((l+P)€) @Mp(Fq/)((l+p)e>, p>3 [)4 ¥ p(qf -1
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