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Abstract Let Q = a
∑

x2
i + b

∑
xi x j be an integral positive definite quadratic form of level N in r(≥ 2)

variables and rQ(n) the representation number by Q for nonnegative integers n. First, we provide a necessary
and sufficient condition that Q represents one and find the exact value of rQ(1). Second, for such forms, we show
that rQ(n) satisfies a certain congruence relation for infinitely many n. Finally, when r(≥ 4) is even and (−1)r/2 N
is a fundamental discriminant, we classify the quadratic forms Q, which represent one, whose representation
numbers rQ(n) satisfy a partially multiplicative relation rQ(p2n)rQ(1) = rQ(p2)rQ(n) and provide closed
formulas for rQ(n).
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1 Introduction

Let

Q(x) = Q(x1, x2) = x2
1 + x2

2 + x1x2.

It is well-known that, for a nonnegative integer n, the representation number

rQ(n) = #
{

x ∈ Z
2 | Q(x) = n

}

of n by Q is given by

rQ(n) = 6
∑

0<d|n

(−3

d

)

(See [7, Theorem 17.1]). Here,
(−3

d

)
denotes the Kronecker symbol. Then one can readily check that rQ(1) =

6( �= 0) and

rQ(n) ≡ 0 (mod rQ(1)) (1.1)
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322 I. S. Eum

for all positive integers n. Moreover, it can be easily verified that

rQ(p
2n) = rQ(p2)rQ(n)

rQ(1)
(1.2)

for any prime p �= 3 and any positive integer n prime to p. Here, we note that 3 is the level of Q. In general, for
an integral positive definite quadratic form Q of level N in r variables, let

rQ(n) = #
{

x ∈ Z
r | Q(x) = n

}

be the representation number of a nonnegative integer n by Q. Then we call rQ(n) p-multiplicative for a prime
p � N if it satisfies the relation (1.2) for all positive integers n prime to p. In [1], the author provided some
equivalent conditions for p-multiplicativeness of rQ(n) under a certain assumption on Q.

Now, let r ≥ 2 be a positive integer. We will focus on the following integral positive definite quadratic form

Q(x) = a
r∑

i=1

x2
i + b

∑

1≤i< j≤r

xi x j ,

which is a generalization of x2
1 + x2

2 + x1x2. Let N be the level of Q. In this paper, we shall obtain similar results
as (1.1) and (1.2) for the above form Q. More precisely, we shall provide a necessary and sufficient condition
that Q represents one and find the exact value of rQ(1) (Theorem 3.1). When r is odd and b ≥ 1, we will assume
that rb + 1 ≡ 0 (mod 4). For such forms, we shall show that rQ(n) satisfies the following congruence relation

rQ(n) ≡ 0 (mod rQ(1))

for any positive integer n with gcd(n, r(r − 1)(r |b| + 1)) = 1 and
(

2n(rb+1)
p

)
= −1 for all odd prime p|(r − 1)

(Theorem 3.5). Here,
( ·

p

)
denotes the Legendre symbol. Furthermore, when r(≥ 4) is even and (−1)r/2 N is

a fundamental discriminant, we will classify the quadratic forms Q, which represent one, whose representation
numbers rQ(n) are p-multiplicative and provide closed formulas for rQ(n) by using the results in [1] (Theorem
4.3).

2 Preliminaries

In this section, we recall some basic notions of modular forms, Eisenstein series and quadratic forms.

2.1 Modular forms and Eisenstein series

Let H = {τ ∈ C | Imτ > 0} be the upper-half plane. For positive integers k and N , put �0(N ) = {γ ∈
SL2(Z) | γ ≡ ( ∗ ∗

0 ∗
)
(mod N )}, and for each γ = (

a b
c d

) ∈ �0(N ), we define the slash operator ·|kγ on the
functions f (τ ) on H by

f (τ )|kγ = (cτ + d)−k f (γ · τ),
where γ acts on H as the fractional linear transformation γ · τ = (aτ + b)/(cτ + d). For a Dirichlet character
χ modulo N , we define a character χ of �0(N ) to be

χ(γ ) = χ(d) for γ =
(

a b
c d

)

∈ �0(N ).

A holomorphic function f (τ ) on H is a modular form of weight k for �0(N ) associated with the character χ if

(i) f (τ )|kγ = χ(γ ) f (τ ) for all γ ∈ �0(N ),
(ii) f (τ ) is holomorphic at every cusp.
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On some representation numbers... 323

In particular, since

f (τ )|k
(

1 1
0 1

) = f (τ + 1) = f (τ )

by (i), f (τ ) has a Laurent series expansion with respect to q = e2π iτ of the form

f (τ ) =
∞∑

n=0

a(n)qn (a(n) ∈ C),

which is called the Fourier expansion of f (τ ). The a(n) is said to be the n-th Fourier coefficient of f (τ ). If
a modular form vanishes at every cusp, then it is called a cusp form. We denote by Mk(N , χ), Sk(N , χ) and
Ek(N , χ) the space of all modular forms, cusp forms and Eisenstein series of weight k for �0(N ) associated with
the character χ , respectively. As is well-known, Mk(N , χ) = Ek(N , χ) ⊕ Sk(N , χ) and Mk(N , χ) = {0} if
χ(−1) �= (−1)k ( [4, Theorem 2.1.7(1) and Lemma 4.3.2(1)]).

For a nonnegative integer k and a nontrivial primitive Dirichlet character χ modulo N , we let Bk,χ be a
generalized Bernoulli number defined by

N−1∑

a=1

χ(a)
xeax

eN x − 1
=

∞∑

k=0

Bk,χ
xk

k! .

Then it is well-known that Bk,χ �= 0 if and only if χ(−1) = (−1)k ( [3, Chapter XIV, Corollary of Theorem 2.2
and Theorem 2.3]).

Proposition 2.1 Denote by χ0 the trivial character modulo 1. Let ψ1 and ψ2 be primitive Dirichlet characters
modulo N1 and N2, respectively. Let k(≥ 2) be an integer satisfying ψ1(−1)ψ2(−1) = (−1)k . Define

Ek,ψ1,ψ2(τ ) = b0 +
∞∑

n=1

⎛

⎝
∑

d>0,d|n
ψ1(n/d)ψ2(d)d

k−1

⎞

⎠ qn ∈ C[[q]] (τ ∈ H),

where

b0 =
{

0 if L > 1
−Bk,ψ1ψ2/2k if L = 1

and we set ψi (h) = 0 if gcd(h, Ni ) �= 1 for i = 1, 2. Then except for the case when k = 2 and ψ1 = ψ2 = χ0,
Ek,ψ1,ψ2(τ ) defines an element of Mk(N1 N2, ψ1ψ2) which is called an Eisenstein series.

Proof See [4, Theorem 4.7.1] or [6, Theorem 5.8]. 
�
Proposition 2.2 Let k(≥ 2) be an integer and χ a nontrivial primitive Dirichlet character modulo N with
χ(−1) = (−1)k . Let

Xk,χ = {(ψ1, ψ2) | ψ1 and ψ2 are primitive Dirichlet characters modulo N1 and N2,

respectively,

N1 N2 = N and ψ1ψ2 = χ}.

Then {Ek,ψ1,ψ2(τ ) | (ψ1, ψ2) ∈ Xk,χ } is a basis of Ek(N , χ). Furthermore, we have

dimCEk(N , χ) =
∏

p|N
p prime

2.

Proof See [4, Theorem 4.7.2] or [6, Theorem 5.9]. For the dimension formula, see [2, Remark 2.3]. 
�
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324 I. S. Eum

2.2 Quadratic forms and Theta functions

For an integer k and a positive integer N such that (−1)k N ≡ 0 or 1 (mod 4), let χ(−1)k N be the Dirichlet
character defined by the Kronecker symbol, that is,

χ(−1)k N (·) =
(
(−1)k N

·
)

.

Then (−1)k N is a fundamental discriminant if and only if χ(−1)k N is a primitive Dirichlet character modulo N
( [5, Theorem 9.13]). Now, let r ≥ 2 be an even positive integer and k = r/2. Let Q be an integral positive

definite quadratic form in r variables and A =
(

∂2 Q
∂xi ∂x j

)
the Hessian matrix of Q so that

Q(x) = 1

2
xT Ax for x =

⎛

⎜
⎝

x1
...

xr

⎞

⎟
⎠ ∈ Z

r .

Further, let N be the level of Q, which is the smallest positive integer such that N A−1 is integral and has even
diagonal entries. For a nonnegative integer n, let

rQ(n) = #{x ∈ Z
r | Q(x) = n}

be the representation number of n by Q. We say that Q represents n if rQ(n) �= 0. Denote the generating function
	Q(τ ) of rQ(n) by

	Q(τ ) =
∑

x∈Z2k

e2π i Q(x)τ =
∞∑

n=0

rQ(n)q
n (τ ∈ H),

which is called the theta function associated with Q. Then it is well-known that the theta function	Q(τ ) belongs
to Mk(N , χ(−1)k det(A)) (See [4, Corollary 4.9.5(3)]). We say that rQ is p-multiplicative for a prime p � N if it
satisfies the relation (1.2) for all positive integers n prime to p. In [1], the author provided some necessary and
sufficient conditions that rQ(n) is p-multiplicative as follows.

Proposition 2.3 Let k ≥ 2 and Q be an integral positive definite quadratic form in 2k variables of level
N . Assume that χ(−1)k N is the primitive character satisfying χ(−1)k N = χ(−1)k det(A). Then the following are
equivalent:

(i) rQ is p-multiplicative for some prime p with p � N.
(ii) 	Q(τ ) can be expressed as a sum of Eisenstein series.

(iii) rQ is p-multiplicative for any prime p with p � N.

When dimCSk(N , χ(−1)k N ) = 1, then (i) ∼ (i i i) are equivalent to the following statement:

(iv) For some prime p � N, we have

rQ(p2)

rQ(1)
= 1 + χ(−1)k N (p)p

k−1 + p2(k−1).

Proof See [1, Theorem 3.1 and Corollary 3.2]. 
�
Remark 2.4 Notation being as in Proposition 2.3. From the proof of [1, Theorem 3.1], one may see that if rQ is
p-multiplicative for some prime p with p � N , then

rQ(p2)

rQ(1)
= 1 + χ(−1)k N (p)p

k−1 + p2(k−1).
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On some representation numbers... 325

Proposition 2.5 Let k ≥ 2 and Q be an integral positive definite quadratic form in 2k variables of level N . Let
A be the Hessian matrix of Q and assume that N = det(A) and (−1)k N is a fundamental discriminant, that is,
χ(−1)k N is a primitive Dirichlet character. Suppose that

dimCEk(N , χ(−1)k N ) = dimCMk(N , χ(−1)k N )− dimCSk(N , χ(−1)k N ) = 2.

Then we may express 	Q(τ ) ∈ Mk(N , χ(−1)k N ) as

	Q(τ ) = c1 Ek,χ0,χ(−1)k N
(τ )+ c2 Ek,χ

(−1)k N ,χ0(τ )+ a cusp form,

where

c1 = − 2k

Bk,χ
(−1)k N

and c2 = N k−1i−k2+k

(

− 2k

Bk,χ
(−1)k N

)

.

When dimCMk(N , χ(−1)k N ) = 2, then we have

rQ(n) = − 2k

Bk,χ
(−1)k N

∑

d>0,d|n

(
χ(−1)k N (d)+ N k−1i−k2+kχ(−1)k N (n/d)

)
dk−1.

Proof See [2, the proof of Theorem 6.2 and Remark 6.5]. 
�

3 The exact value of r Q(1) and a congruence relation of r Q(n)

For the rest of the paper, we will assume that r ≥ 2 is a positive integer and

Q(x) = Q(x1, · · · , xr ) = a
r∑

i=1

x2
i + b

∑

1≤i< j≤r

xi x j (a, b ∈ Z)

is an integral positive definite quadratic form in r variables. Then its Hessian matrix

A =
(
∂2 Q

∂xi∂x j

)

=

⎛

⎜
⎜
⎝

2a b b · · · b
b 2a b · · · b
...
...
...
. . .

...

b b b · · · 2a

⎞

⎟
⎟
⎠

is a symmetric positive definite integral matrix with even diagonal entries. From the positive definiteness, we get

a ≥ 1, 2a ± b ≥ 1 and det(A) = (2a − b)r−1(2a + (r − 1)b) ≥ 1. (3.1)

We will provide an equivalent condition for rQ(1) �= 0 and give a formula for rQ(1) as follows.

Theorem 3.1 Let r and Q be as above. Then we have

rQ(1) �= 0 if and only if

⎧
⎨

⎩

b ≥ 1 and 2a − b = 1,
b = 0 and a = 1,
b ≤ −1, r = 2 and 2a + b = 1.

Thus, b should be odd if b �= 0. For each case, we can find the exact value of rQ(1) as follows:

rQ(1) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

r(r − 1), if b ≥ 3 and 2a − b = 1,
r(r + 1), if b = 1 and a = 1,

2r, if b = 0 and a = 1,
6, if b = −1, r = 2 and a = 1,
2, if b ≤ −3, r = 2 and 2a + b = 1.
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326 I. S. Eum

Proof When b = 0, then

Q(x) = a
r∑

i=1

x2
i = 1

has an integral solution if and only if a = 1. In this case, one may easily see that all solutions are of the form

x = (±1, 0, · · · , 0), (0,±1, 0, · · · , 0), · · · , (0, · · · , 0,±1).

Thus, we get rQ(1) = 2r �= 0. Consider the case when b ≥ 1. Then one may verify that

1 = Q(x) = a
r∑

i=1

x2
i + b

∑

1≤i< j≤r

xi x j = 2a − b

2

r∑

i=1

x2
i + b

2

(
r∑

i=1

xi

)2

has an integral solution if and only if 2a − b = 1 because 2a − b ≥ 1 from (3.1) and b ≥ 1. Suppose that
2a − b = 1 and let u = (u1, · · · , ur ) ∈ Z

r be a solution of Q(x) = 1. Multiplying by 2 on both sides of
Q(u) = 1, we have

2 = (2a − b)
r∑

i=1

u2
i + b

(
r∑

i=1

ui

)2

=
r∑

i=1

u2
i + b

(
r∑

i=1

ui

)2

. (3.2)

Note that b should be odd. If b ≥ 3, then by (3.2), we get

r∑

i=1

u2
i = 2 and

r∑

i=1

ui = 0

and the solution vectors u should be of the form

u = (±1,∓1, 0, · · · , 0), (±1, 0,∓1, 0, · · · , 0), · · · , (0, · · · , 0,±1,∓1),

which implies that

rQ(1) = r !
1!1!(r − 2)! = r(r − 1) �= 0.

Here, m! denotes the factorial of a nonnegative integer m. When b = 1, then a = 1 since 2a − b = 1. From
(3.2), we have

r∑

i=1

ui = 0 or
r∑

i=1

ui = ±1.

When
∑r

i=1 ui = 0, then the same argument as in the case b ≥ 3 shows that there are r(r − 1) solutions. When
∑r

i=1 ui = ±1, then we have
∑r

i=1 u2
i = 1 by (3.2). As in the case b = 0, there are 2r solutions satisfying

∑r
i=1 u2

i = 1. Thus we get

rQ(1) = r(r − 1)+ 2r = r(r + 1) �= 0.

The remaining case is when b ≤ −1. Since 2a + b ≥ 1 from (3.1), b ≤ −1 and the form

r∑

i=1

x2
i − 2

∑

1≤i< j≤r

xi x j

is semi-positive definite, one may derive that

1 = Q(x) = 2a + b

2

r∑

i=1

x2
i − b

2

⎛

⎝
r∑

i=1

x2
i − 2

∑

1≤i< j≤r

xi x j

⎞

⎠ (3.3)
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On some representation numbers... 327

has an integral solution if and only if 2a + b = 1. Suppose that 2a + b = 1. Since 2a − b ≥ 1 and det(A) ≥ 1
from (3.1), we have 2a + (r − 1)b ≥ 1. Since 2a + b = 1, we find that

1 ≤ 2a + (r − 1)b = 2a + b + (r − 2)b = 1 + (r − 2)b,

which shows that 0 ≤ (r − 2)b. Since b ≤ −1, we should have r = 2. Now let u = (u1, u2) ∈ Z
2 be a solution

of Q(x) = 1. Then we have

2 = 2 · 1 = 2Q(u) = u2
1 + u2

2 − b
(
(u2

1 + u2
2)− 2u1u2

)
= u2

1 + u2
2 − b(u1 − u2)

2.

If b ≤ −3, then we have u2
1 + u2

2 = 2 and u1 = u2. Thus the only solution vectors are u = ±(1, 1) and we have

rQ(1) = 2 �= 0.

When b = −1, then a = 1 since 2a + b = 1. Thus Q is of the form

Q(x) = x2
1 + x2

2 − x1x2.

It is easy to verify that the only solution vectors are u = (±1, 0), (0,±1), (±1,±1) and we get

rQ(1) = 6 �= 0.


�
From now on, we always assume that Q represents one.

Remark 3.2 Let N be the level of Q. From Theorem 3.1 and (3.1), one may easily obtain the followings.

(i) If b �= 0, then b should be odd since 2a − b = 1 or 2a + b = 1.
(ii) When b ≥ 1, we have 2a − b = 1, det(A) = rb + 1 and

A−1 = 1

rb + 1

⎛

⎜
⎜
⎝

(r − 1)b + 1 −b −b · · · −b
−b (r − 1)b + 1 −b · · · −b
...

...
...
. . .

...

−b −b −b · · · (r − 1)b + 1

⎞

⎟
⎟
⎠ .

In this case, we have N = rb + 1 or N = 2(rb + 1) if r is even or odd, respectively.

For a positive integer m and a prime p, we denote by vp(m) the highest power of p dividing m. Let Sr
be the symmetric group on {1, 2, · · · , r} and X (n) = {x ∈ Z

r | Q(x) = n} for each positive integer n. For
u = (u1, u2, · · · , ur ) ∈ X (n) and σ ∈ Sr , let σ(u) = (uσ(1), uσ(2), · · · , uσ(r)) ∈ X (n). Before we introduce a
congruence relation of rQ(n), we need the following lemmas.

Lemma 3.3 For u, v ∈ X (n), define u ∼ v if there is σ ∈ Sr such that u = ±σ(v). Then ∼ is an equivalence
relation on X (n).

Proof It is immediate from the definition of Q. 
�
Lemma 3.4 Let m and h be positive integers with m ≥ h. Then we have

m

gcd(m, h)

∣
∣
∣
∣

(
m

h

)

.

Here,
(m

h

)
denotes the binomial coefficient.

Proof This lemma is well-known, but for the completeness of the paper, we give proof below. Let x and y be
integers such that mx + hy = gcd(m, h). Then we have

gcd(m, h)

m

(
m

h

)

= mx + hy

m

(
m

h

)

= x

(
m

h

)

+ y
h

m

(
m

h

)

= x

(
m

h

)

+ y

(
m − 1

h − 1

)

∈ Z.

This proves our lemma. 
�
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328 I. S. Eum

Theorem 3.5 Let r ≥ 2 be a positive integer. Suppose that rb+1 ≡ 0 (mod 4)when r is odd and b ≥ 1. Assume

that Q represents one. Let n be a positive integer such that gcd(n, r(r −1)(r |b|+1)) = 1 and
(

2n(rb+1)
p

)
= −1

for all odd prime p|(r − 1) (if there are any). Then we have the following congruence relation

rQ(n) ≡ 0 (mod rQ(1)). (3.4)

Proof Let n be a positive integer such that gcd(n, r(r − 1)(rb + 1)) = 1 and
(

2n(rb+1)
p

)
= −1 for all odd

prime p|(r − 1). Note that n should be odd. Let u = (u1, u2, · · · , ur ) ∈ Z
r be a solution of Q(x) = n, that is,

u ∈ X (n). Consider the equivalence relation defined in Lemma 3.3 and denote by [u] the equivalence class of
u. From Lemma 3.3, after a suitable rearrangement (if necessary), we may write the solution vector u as

u = (y1, y1, · · · , y1︸ ︷︷ ︸
r1

, y2, y2, · · · , y2︸ ︷︷ ︸
r2

, · · · , yl , yl , · · · , yl︸ ︷︷ ︸
rl

)

where l, ri ∈ Z
+ for 1 ≤ i ≤ l, r = r1 + r2 + · · · + rl and yi �= y j for 1 ≤ i �= j ≤ l. Then we have

#[u] = r !
r1!r2! · · · rl ! or 2 · r !

r1!r2! · · · rl ! (3.5)

if u = −σ(u) for some σ ∈ Sr or not, respectively. This can be easily proven by the fact that [u] = {σ(u) | σ ∈
Sr } ∪ {−σ(u) | σ ∈ Sr } and

#{σ(u) | σ ∈ Sr } = #{−σ(u) | σ ∈ Sr } = r !
r1!r2! · · · rl ! .

Note that the equivalence classes form a partition on X (n) and rQ(n) = #X (n). Therefore, it suffices to show
that

#[u] ≡ 0 (mod rQ(1)) (3.6)

for all u ∈ X (n). When b = −1, then we get the congruence (3.4) from (1.1) since the forms x2
1 + x2

2 + x1x2 and
x2

1 + x2
2 − x1x2 are equivalent over Z. When b ≤ −3, we have r = 2, 2a + b = 1 and rQ(1) = 2 by Theorem

3.1. Thus, we get

2n = 2Q(u) = u2
1 + u2

2 − b(u1 − u2)
2.

Note that we cannot have u1 = −u2. Indeed, if u1 = −u2, then we get

2n = u2
1 + u2

2 − b(u1 − u2)
2 = 2(−2b + 1)u2

1,

which shows that (−2b + 1)|n. This contradicts our assumption that 1 = gcd(n, r(r − 1)(r |b| + 1)) =
gcd(n, 2(−2b + 1)). Therefore, one may easily verify that there are only two possibilities [u] = {±(u1, u1)} or
[u] = {±(u1, u2), ± (u2, u1)}. Thus, we obtain that #[u] ≡ 0 (mod rQ(1)) for all u ∈ X (n) since rQ(1) = 2
and #[u] = 2 or 4. Now, we suppose that b ≥ 1. Then we have 2a − b = 1 by Theorem 3.1. Thus we get

2n = 2Q(u) = (2a − b)
r∑

i=1

u2
i + b

(
r∑

i=1

ui

)2

=
r∑

i=1

u2
i + b

(
r∑

i=1

ui

)2

=
l∑

i=1

ri y2
i + b

(
l∑

i=1

ri yi

)2

. (3.7)

Note that l ≥ 2. Indeed, if l = 1, then r = r1 and we obtain from (3.7) that

2n = r y2
1 + br2 y2

1 = r(rb + 1)y2
1 ≡ 0 (mod rb + 1),

which leads a contradiction because rb + 1 ≥ 2 · 1 + 1 = 3 and gcd(n, rb + 1) = 1. To prove (3.6), we first
claim that

pvp(r(r−1))
∣
∣
∣
∣

r !
r1!r2! · · · rl ! (3.8)

123
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for all odd prime p with p|r(r − 1). Here, we note that

r !
r1!r2! · · · rl ! =

(
r

r1

)

· (r − r1)!
r2!r3! · · · rl ! = r

r1
·
(

r − 1

r1 − 1

)

· (r − r1)!
r2!r3! · · · rl ! (3.9)

= r

r1
·
(

r − 1

r1 − 1

)

·
(

r − r1

r2

)

· (r − r1 − r2)!
r3!r4! · · · rl ! . (3.10)

Now, let d = gcd(r1, r2, · · · , rl). Then from (3.7) we get

2n =
l∑

i=1

ri y2
i + b

(
l∑

i=1

ri yi

)2

≡ 0 (mod d).

Since gcd(n, r) = 1 and d|r = r1 + · · · + rl , we have d|2. Let p be an odd prime divisor of r(r − 1). Since d|2,
we have p � ri for some 1 ≤ i ≤ l. Without loss of generality, we may assume that ri = r1. When p|r , then we
get p � gcd(r, r1) and, therefore, we have

pvp(r)
∣
∣
∣
∣

r

gcd(r, r1)
and pvp(r)

∣
∣
∣
∣

(
r

r1

)

by Lemma 3.4. From (3.9), we obtain that

pvp(r)
∣
∣
∣
∣

r !
r1!r2! · · · rl ! . (3.11)

Suppose that p|(r − 1). When p � (r1 − 1), then p � gcd(r − 1, r1 − 1) and we get

pvp(r−1)
∣
∣
∣
∣

r − 1

gcd(r − 1, r1 − 1)
and pvp(r−1)

∣
∣
∣
∣

(
r − 1

r1 − 1

)

by Lemma 3.4. Since p � r1, from (3.9), we obtain that

pvp(r−1)
∣
∣
∣
∣

r !
r1!r2! · · · rl ! .

When p|(r1 − 1), assume that p|r j for all 2 ≤ j ≤ l. Then we get from (3.7) that

2n =
l∑

i=1

ri y2
i + b

(
l∑

i=1

ri yi

)2

≡ (1 + b)y2
1 ≡ (rb + 1)y2

1 (mod p)

since p|(r −1). If p|(rb+1) = (r |b|+1), then we have p|n, which contradicts for gcd(n, r(r −1)(r |b|+1)) = 1.

Therefore, we get p � (rb+1) and
(

2n(rb+1)
p

)
= 1. This is a contradiction to our hypothesis that

(
2n(rb+1)

p

)
= −1.

Thus, we have p � r j for some 2 ≤ j ≤ l and, again, we may assume that r j = r2. Since p � r2, we get

vp

(
r − 1

gcd(r − 1, r1 − 1)
· r − r1

gcd(r − r1, r2)

)

= vp(r − 1)+ vp(r − r1)− vp(gcd(r − 1, r1 − 1))
︸ ︷︷ ︸

≥0

−vp(gcd(r − r1, r2))

since gcd(r − 1, r1 − 1) = gcd(r − 1, r − r1)

≥ vp(r − 1) since p � r2 and vp(gcd(r − r1, r2)) = 0,

which shows that

pvp(r−1)
∣
∣
∣
∣

r − 1

gcd(r − 1, r1 − 1)
· r − r1

gcd(r − r1, r2)
.

123



330 I. S. Eum

Since p � r1, we derive from Lemma 3.4 and (3.10) that

pvp(r−1)
∣
∣
∣
∣

(
r − 1

r1 − 1

)(
r − r1

r2

)

and pvp(r−1)
∣
∣
∣
∣

r !
r1!r2! · · · rl ! . (3.12)

From (3.11) and (3.12), we obtain that

pvp(r(r−1))
∣
∣
∣
∣

r !
r1!r2! · · · rl !

since gcd(r, r − 1) = 1. Thus, we have (3.8). To verify (3.6), it remains to show that

2v2(r(r−1)) | #[u]. (3.13)

Suppose that r is even. When the ri are all even, then we have 2|ri and 4 � ri for some 1 ≤ i ≤ l because
d = gcd(r1, · · · , rl)|2. We may assume that ri = r1. Then we get 2| gcd(r, r1), 4 � gcd(r, r1) and

2v2(r)−1
∣
∣
∣
∣

r

gcd(r, r1)
,

which shows from Lemma 3.4 and (3.9) that

2v2(r)−1
∣
∣
∣
∣

(
r

r1

)

and 2v2(r)−1
∣
∣
∣
∣

r !
r1!r2! · · · rl ! .

In this case, we will show that u �= −σ(u) for all σ ∈ Sr . Suppose that u = −σ(u) for some σ ∈ Sr . Then for
each 1 ≤ i ≤ l, there is a unique 1 ≤ j ≤ l such that yi = −y j and ri = r j . Note that i = j occurs if and
only if l is odd, and in this case, we should have yi = 0. We may assume that yl = yi = 0 when l is odd. Put
h = (l − 1)/2 or h = l/2 if l is odd or even, respectively. From Lemma 3.3, we may assume that y2k−1 = −y2k

for 1 ≤ k ≤ h. Then we get y2
2k−1 = y2

2k . Thus we derive from (3.7) and the above that
∑l

i=1 ri yi = 0 and

2n =
l∑

i=1

ri y2
i + b

(
l∑

i=1

ri yi

)2

=
h∑

k=1

2r2k−1 y2
2k−1.

Since the ri are all even, the above equality shows that n is even, which is impossible because n is odd. Thus,
we have u �= −σ(u) for all σ ∈ Sr and

2v2(r) = 2 · 2v2(r)−1
∣
∣
∣
∣ 2 · r !

r1!r2! · · · rl ! = #[u]

by (3.5). When one of the ri is odd, we may assume that r1 is odd. Then we have 2 � gcd(r, r1) and

2v2(r)
∣
∣
∣
∣

r

gcd(r, r1)
,

which implies from Lemma 3.4 and (3.9) that

2v2(r)
∣
∣
∣
∣

(
r

r1

)

and 2v2(r)
∣
∣
∣
∣

r !
r1!r2! · · · rl ! .

Now, suppose that r is odd. From the hypothesis of our Theorem, we have rb + 1 ≡ 0 (mod 4). Since r =
r1 + · · · + rl is odd, at least one of the ri is odd. In the case when only one of the ri is odd and the rest are even,
say rl is odd, we claim that 2|ri and 4 � ri for some 1 ≤ i ≤ l − 1. If 4|ri for all 1 ≤ i ≤ l − 1, then r ≡ rl
(mod 4) and, from (3.7), we get

2n =
l∑

i=1

ri y2
i + b

(
l∑

i=1

ri yi

)2

≡ rl(rlb + 1)y2
l ≡ r(rb + 1)y2

l ≡ 0 (mod 4)
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since br +1 ≡ 0 (mod 4). This is a contradiction since n is odd. Therefore, 2|ri and 4 � ri for some 1 ≤ i ≤ l −1
and we may assume that ri = r1. Then we have 2 � (r1 − 1) and 2 � gcd(r − 1, r1 − 1). Thus we get

2v2(r−1)
∣
∣
∣
∣

r − 1

gcd(r − 1, r1 − 1)
.

Since 2|r1 and 4 � r1, Lemma 3.4 and (3.9) show that

2v2(r−1)
∣
∣
∣
∣

(
r − 1

r1 − 1

)

and 2v2(r−1)−1
∣
∣
∣
∣

r !
r1!r2! · · · rl ! .

As in the case when r is even, we shall prove that u �= −σ(u) for all σ ∈ Sr . Suppose that u = −σ(u) for some
σ ∈ Sr . Since rl is odd and the rest of the ri are even, we obtain that l is odd, yl = 0 and, for each 1 ≤ i ≤ l − 1,
there is a unique 1 ≤ j ≤ l −1 with i �= j such that yi = −y j and ri = r j . Put h = (l −1)/2. From Lemma 3.3,
we may assume that y2k−1 = −y2k for 1 ≤ k ≤ h. Thus we derive from (3.7) and the above that

∑l
i=1 ri yi = 0

and

2n =
l∑

i=1

ri y2
i + b

(
l∑

i=1

ri yi

)2

=
h∑

k=1

2r2k−1 y2
2k−1.

Since the r1, · · · , rh are even, n must be even, which is a contradiction for n is odd. Thus, we have u �= −σ(u)
for all σ ∈ Sr and

2v2(r−1) = 2 · 2v2(r−1)−1
∣
∣
∣
∣ 2 · r !

r1!r2! · · · rl ! = #[u].

When at least two of the ri are odd, we may assume that r1 and r2 are odd. Then we deduce that

v2

(
r − 1

gcd(r − 1, r1 − 1)
· r − r1

gcd(r − r1, r2)

)

= v2(r − 1)+ v2(r − r1)− v2(gcd(r − 1, r1 − 1))
︸ ︷︷ ︸

≥0

−v2(gcd(r − r1, r2))

since gcd(r − 1, r1 − 1) = gcd(r − 1, r − r1)

≥ v2(r − 1) since 2 � r2 and v2(gcd(r − r1, r2)) = 0.

Thus we have

2v2(r−1)
∣
∣
∣
∣

r − 1

gcd(r − 1, r1 − 1)
· r − r1

gcd(r − r1, r2)
.

Since 2 � r1, we derive from Lemma 3.4 and (3.10) that

2v2(r−1)
∣
∣
∣
∣

(
r − 1

r1 − 1

)(
r − r1

r2

)

and 2v2(r−1)
∣
∣
∣
∣

r !
r1!r2! · · · rl ! .

Combining the above results, we get (3.13). From (3.8) and (3.13), we obtain that

#[u] ≡ 0 (mod r(r − 1)) (3.14)

and thus, we have

rQ(n) ≡ 0 (mod r(r − 1)). (3.15)

When b ≥ 3, we have rQ(1) = r(r − 1) by Theorem 3.1. Thus, we get the desired one. When b = 1, we
have rQ(1) = r(r + 1) by Theorem 3.1 and 1 = gcd(n, r(r − 1)(rb + 1)) = gcd(n, r(r − 1)(r + 1)). Put
ur+1 = u1 + u2 + · · · + ur and v = (u1, · · · , ur , ur+1). Then v becomes a solution of 2n = x2

1 + · · · x2
r + x2

r+1
by (3.7). Again, we may write v as

v = (v1, v1, · · · , v1︸ ︷︷ ︸
s1

, v2, v2, · · · , v2︸ ︷︷ ︸
s2

, · · · , vm, vm, · · · , vm︸ ︷︷ ︸
sm

)
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where r + 1 = s1 + s2 + · · · + sm with vi �= v j for 1 ≤ i �= j ≤ m. By using the same idea as above, one may
deduce that

pvp(r+1)
∣
∣
∣
∣

(r + 1)!
s1!s2! · · · sm !

for all odd prime p|(r + 1) and

2v2(r+1)−1
∣
∣
∣
∣

(r + 1)!
s1!s2! · · · sm !

when r is odd. Thus, we get

rQ(n) ≡ 0 (mod r + 1) or rQ(n) ≡ 0 (mod (r + 1)/2) (3.16)

if r is even or odd, respectively. Since gcd(r + 1, r(r − 1)) = gcd(r + 1, r − 1) = 1 or 2 if r is even or odd,
respectively, from (3.15) and (3.16), we have

rQ(n) ≡ 0 (mod (r + 1)r(r − 1)) or rQ(n) ≡ 0 (mod (r + 1)r(r − 1)/2)

if r is even or odd, respectively. This proves our congruence (3.4) because rQ(1) = r(r + 1).
The remaining case is when b = 0. In this case, we have a = 1 and rQ(1) = 2r from Theorem 3.1 and

n = Q(u) =
l∑

i=1

ri y2
i .

Since 1 = gcd(n, r(r −1)(rb +1)) = gcd(n, r(r −1)) and r = r1 +· · ·+rl , we have d = gcd(r1, · · · , rl) = 1.
Let p be a prime divisor of r . Since d = 1, we have p � ri for some 1 ≤ i ≤ l and we may assume that ri = r1.
Then we have p � gcd(r, r1). By Lemma 3.4, we get

pvp(r)
∣
∣
∣
∣

r

gcd(r, r1)
and pvp(r)

∣
∣
∣
∣

(
r

r1

)

.

From (3.9), we obtain that

pvp(r)
∣
∣
∣
∣

r !
r1!r2! · · · rl ! . (3.17)

Assume that σ(u) = −u for some σ ∈ Sr . Let h = l/2 or h = (l − 1)/2 if l is even or odd, respectively. By
applying the same method as the above, we may assume that y2k−1 = −y2k and r2k−1 = r2k for 1 ≤ k ≤ h and
yl = 0 when l is odd. Then we get

n =
l∑

i=1

ri y2
i =

h∑

k=1

2r2k−1 y2
2k−1,

which implies a contradiction since n is odd. Thus, we have σ(u) �= −u for all σ ∈ Sr . By (3.17) and (3.5), we
have

#[u] = 2 · r !
r1!r2! · · · rl ! ≡ 0 (mod 2r).

Hence, we get the desired one. 
�
Remark 3.6 From the proof of Theorem 3.5, one may observe the followings.

(1) For any odd positive integers n with gcd(n, r) = 1, we have

rQ(n) ≡ 0 (mod r).

(2) When b = 1, then the congruence

rQ(n) ≡ 0 (mod rQ(1))

holds for any positive integers n with gcd(n, r(r + 1)) = 1.
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4 p-multiplicative representation numbers

In this section, we let r ≥ 4 be even, k = r/2 and b ≥ 1. Then det(A) = rb + 1 is the level of Q by Remark 3.2
and 	Q(τ ) belongs to Mk(rb + 1, χ(−1)k (rb+1)). We begin this section with the following two lemmas.

Lemma 4.1 The value of rQ(4) is given as follows.

(i) When r = 4, 6, we have

rQ(4) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

60, if (r, b) = (4, 1),
36, if (r, b) = (4, 3),
36, if (r, b) = (4, 5),
20, if (r, b) = (4, 7),
12, if r = 4 and b ≥ 9,

and rQ(4) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

882, if (r, b) = (6, 1),
450, if (r, b) = (6, 3),
390, if (r, b) = (6, 5),
282, if (r, b) = (6, 7),
270, if r = 6 and b ≥ 9,

(ii) When r ≥ 8 and b ≥ 9, we have

rQ(4) = r(r − 1)+ 1

3
r(r − 1)(r − 2)(r − 3)(r − 4)

+ 1

(4!)2 r(r − 1)(r − 2)(r − 3)(r − 4)(r − 5)(r − 6)(r − 7).

(iii) When r ≥ 8 and b = 7, we have

rQ(4) = 2r + r(r − 1)+ 1

3
r(r − 1)(r − 2)(r − 3)(r − 4)

+ 1

(4!)2 r(r − 1)(r − 2)(r − 3)(r − 4)(r − 5)(r − 6)(r − 7).

(iv) When r ≥ 8 and b = 5, we have

rQ(4) = r(r − 1)(r − 2)+ r(r − 1)+ 1

3
r(r − 1)(r − 2)(r − 3)(r − 4)

+ 1

(4!)2 r(r − 1)(r − 2)(r − 3)(r − 4)(r − 5)(r − 6)(r − 7).

(v) When r ≥ 8 and b = 3, we have

rQ(4) = 3r(r − 1)+ 1

2
r(r − 1)(r − 2)(r − 3)(r − 4)

+ 1

(4!)2 r(r − 1)(r − 2)(r − 3)(r − 4)(r − 5)(r − 6)(r − 7).

(vi) When r ≥ 8 and b = 1, we have

rQ(4) = r(r − 1)+ 1

3
r(r − 1)(r − 2)(r − 3)(r − 4)

+ 1

(4!)2 r(r − 1)(r − 2)(r − 3)(r − 4)(r − 5)(r − 6)(r − 7)

+ 2r + 5

3
r(r − 1)(r − 2)(r − 3)+ 1

72
r(r − 1)(r − 2)(r − 3)(r − 4)(r − 5)(r − 6).

Proof One may easily verify case (i). We only prove (ii) since the rest cases can be obtained in the same manner.
Suppose that r ≥ 8 and b ≥ 9. Let u = (u1, · · · , ur ) ∈ Z

r be a solution of Q(x) = 4. Further, we let ∼ be
the equivalence relation as in Lemma 3.3 and [u] the equivalence class of u. Multiplying by 2 on both sides of
Q(u) = 4, we get

8 =
r∑

i=1

u2
i + b

(
r∑

i=1

ui

)2

.
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Since b ≥ 9, we have

r∑

i=1

u2
i = 8 and

r∑

i=1

ui = 0.

Since r ≥ 8 and 8 = 4 + 4 = 4 + 1 + 1 + 1 + 1 = 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1, we obtain that

X (4) = [(2,−2, 0, · · · , 0)] ∪ [(2, 1,−1,−1,−1, 0, · · · , 0)] ∪ [(1, 1, 1, 1,−1,−1,−1,−1, 0, · · · , 0)].

Hence we have

rQ(4) = #X (4)

= #[(2,−2, 0, · · · , 0)] + #[(2, 1,−1,−1,−1, 0, · · · , 0)] + #[(1, 1, 1, 1,−1,−1,−1,−1, 0, · · · , 0)]
= r(r − 1)+ 1

3
r(r − 1)(r − 2)(r − 3)(r − 4)+ 1

(4!)2 r(r − 1)(r − 2)(r − 3)(r − 4)(r − 5)(r − 6)(r − 7).


�
Lemma 4.2 If r ≥ 8, then we have

rQ(4)

rQ(1)
�= 1 + χ(−1)k (rb+1)(2)2

k−1 + 22(k−1).

Proof We only provide proof of the case when r ≥ 8 and b ≥ 9 since the other cases can be proved in the same
manner. Assume that

rQ(4)

rQ(1)
= 1 + χ(−1)k(rb+1)(2)2

k−1 + 22(k−1). (4.1)

Since b ≥ 9, by Theorem 3.1 and Lemma 4.1, we have rQ(1) = r(r − 1) and

rQ(4)

rQ(1)
= 1 + 1

3
(r − 2)(r − 3)(r − 4)+ 1

(4!)2 (r − 2)(r − 3)(r − 4)(r − 5)(r − 6)(r − 7). (4.2)

Substituting r = 2k and combining (4.1) and (4.2), we obtain an inequality

1

3
(2k − 2)(2k − 3)(2k − 4)+ 1

(4!)2 (2k − 2)(2k − 3)(2k − 4)(2k − 5)(2k − 6)(2k − 7) ≥ 22(k−1) − 2k−1

(4.3)

since χ(−1)k(rb+1)(2) = ±1. Put

f (x) = 22(x−1) − 2x−1 − 1

3
(2x − 2)(2x − 3)(2x − 4)

− 1

(4!)2 (2x − 2)(2x − 3)(2x − 4)(2x − 5)(2x − 6)(2x − 7).

Then one may verify that for x ≥ 2, f (x) > 0. Since k = r/2 ≥ 8/2 = 4, we have f (k) > 0, that is,

1

3
(2k − 2)(2k − 3)(2k − 4)+ 1

(4!)2 (2k − 2)(2k − 3)(2k − 4)(2k − 5)(2k − 6)(2k − 7) < 22(k−1) − 2k−1,

which contradicts the inequality (4.3). This proves our lemma. 
�
Now we can prove our main theorem.
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Theorem 4.3 Let r(≥ 4) be even and b ≥ 1. Suppose that (−1)k(rb + 1) is a fundamental discriminant. Then
rQ is p-multiplicative for all prime p � (rb + 1) if and only if

(r, b) = (4, 1), (4, 3), (4, 5), (6, 1).

For each case, we can provide the close formula for rQ(n) as follows:

rQ(n) = −5
∑

d>0,d|n
(χ5(d)− 5χ5(n/d)) d when (r, b) = (4, 1),

rQ(n) = −
∑

d>0,d|n
(χ13(d)− 13χ13(n/d)) d when (r, b) = (4, 3),

rQ(n) = −1

2

∑

d>0,d|n
(χ21(d)− 21χ21(n/d)+ 3χ−3(n/d)χ−7(d)− 7χ−7(n/d)χ−3(d)) d when (r, b) = (4, 5),

rQ(n) = −7

8

∑

d>0,d|n
(χ−7(d)− 49χ−7(n/d)) d2 when (r, b) = (6, 1),

for every positive integer n.

Proof Let N = det(A) = rb + 1 which is the level of Q. Since r ≥ 4 is even, k ≥ 2 is an integer and N is odd.
Since 2 is a prime with 2 � N , by Proposition 2.3, it suffices to check whether rQ is 2-multiplicative or not. If rQ
is 2-multiplicative, then from Remark 2.4, we should have

rQ(4)

rQ(1)
= 1 + χ(−1)k N (2)2

k−1 + 22(k−1). (4.4)

By Lemma 4.2, (4.4) does not hold if r ≥ 8. Suppose that r = 4 or 6. Then by Theorem 3.1, we have

rQ(1) =

⎧
⎪⎨

⎪⎩

20, if r = 4 and b = 1,
12, if r = 4 and b ≥ 3,
42, if r = 6 and b = 1,
30, if r = 6 and b ≥ 3.

When r = 4, then k = 2 and (−1)k N ≡ 4b + 1 ≡ 5 (mod 8) since b is odd. Thus we have

1 + χ(−1)k N (2)2
k−1 + 22(k−1) = 1 + χ4b+1(2)2 + 22 = 3.

When r = 6, then k = 3 and (−1)k N ≡ −(6b + 1) ≡ 1 or 5 (mod 8) if b ≡ 1 or 3 (mod 4), respectively. Thus
we get

1 + χ(−1)k N (2)2
k−1 + 22(k−1) = 1 + χ−(6b+1)(2)2

2 + 24 =
{

21, if b ≡ 1 (mod 4),
13, if b ≡ 3 (mod 4).

From the above and Lemma 4.1 (i), one may easily check that (4.4) holds if and only if

(r, b) = (4, 1), (4, 3), (4, 5), (6, 1).

Note that (−1)k N = 5, 13, 21,−7 if (r, b) = (4, 1), (4, 3), (4, 5), (6, 1), respectively. Thus (−1)k N is a
fundamental discriminant. From Proposition 2.2 and the dimension formula given by Cohen and Oesterlé ( [6,
§6.3]), we find that

dimCM2(5, χ5) = dimCE2(5, χ5) = 2, when (r, b) = (4, 1),

dimCM2(13, χ13) = dimCE2(13, χ13) = 2, when (r, b) = (4, 3),

dimCM2(21, χ21) = dimCE2(21, χ21) = 4, when (r, b) = (4, 5).

Therefore, if (r, b) = (4, 1), (4, 3), (4, 5), then the theta function 	Q(τ ) is a sum of Eisenstein series and by
Proposition 2.3, rQ is p-multiplicative for all prime p � N = (rb + 1). Since

− 4

B2,χ5

= −5, − 4

B2,χ13

= −1 and dimCM2(5, χ5) = dimCM2(13, χ13) = 2,
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from Proposition 2.5, we deduce that

rQ(n) = −5
∑

d>0,d|n
(χ5(d)− 5χ5(n/d)) d when (r, b) = (4, 1),

rQ(n) = −
∑

d>0,d|n
(χ13(d)− 13χ13(n/d)) d when (r, b) = (4, 3)

for all positive integers n. Consider the case when (r, b) = (4, 5). Since

	Q(τ ) ∈ M2(21, χ21) = E2(21, χ21)

and
{

E2,χ0,χ21(τ ), E2,χ21,χ0(τ ), E2,χ−3,χ−7(τ ), E2,χ−7,χ−3(τ )
}

is a basis of E2(21, χ21) by Proposition 2.2, we have

	Q(τ ) = c1 E2,χ0,χ21(τ )+ c2 E2,χ21,χ0(τ )+ c3 E2,χ−3,χ−7(τ )+ c4 E2,χ−7,χ−3(τ ) (4.5)

for some c1, c2, c3, c4 ∈ C. Since

	Q(τ ) = 1 + 12q + 6q2 + 32q3 + · · ·
E2,χ0,χ21(τ ) = −2 + q − q2 + q3 + · · ·
E2,χ21,χ0(τ ) = q + q2 + 3q3 + · · ·

E2,χ−3,χ−7(τ ) = q + q2 − 3q3 + · · ·
E2,χ−7,χ−3(τ ) = q − q2 − q3 + · · · ,

by comparing the first four coefficients of both sides of (4.5), we derive that

	Q(τ ) = −1

2
E2,χ0,χ21(τ )+ 21

2
E2,χ21,χ0(τ )− 3

2
E2,χ−3,χ−7(τ )+ 7

2
E2,χ−7,χ−3(τ ).

Thus, by comparing the n-th coefficients of both sides, we get

rQ(n) = −1

2

∑

d>0,d|n
(χ21(d)− 21χ21(n/d)+ 3χ−3(n/d)χ−7(d)− 7χ−7(n/d)χ−3(d)) d.

The remaining case is when (r, b) = (6, 1). Again, from Proposition 2.2 and the dimension formula given by
Cohen and Oesterlé, one may find that

dimCM3(−7, χ−7) = 3, dimCE3(−7, χ−7) = 2 and dimCS3(−7, χ−7) = 1.

Since dimCS3(−7, χ−7) = 1 and rQ satisfies (4.4), rQ is p-multiplicative for all prime p � N = 7 and
	Q(τ ) ∈ M3(−7, χ−7) can be expressed as a sum of Eisenstein series by Proposition 2.3. Since

− 6

B3,χ−7

= −7

8
and dimCE3(−7, χ−7) = 2,

from Proposition 2.5, we obtain that

	Q(τ ) = −7

8
E3,χ0,χ−7(τ )+ 73

8
E8,χ−7,χ0(τ ).

Hence, we have a closed formula

rQ(n) = −7

8

∑

d>0,d|n
(χ−7(d)− 49χ−7(n/d)) d2

for all positive integers n. This proves our theorem. 
�
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