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Abstract Let O = a lez + b ) x;x; be an integral positive definite quadratic form of level N in r(> 2)
variables and g (n) the representation number by Q for nonnegative integers n. First, we provide a necessary
and sufficient condition that Q represents one and find the exact value of ro (1). Second, for such forms, we show
thatr g (n) satisfies a certain congruence relation for infinitely many . Finally, when r (> 4) iseven and (—1 Y/I2ZN
is a fundamental discriminant, we classify the quadratic forms Q, which represent one, whose representation
numbers ro(n) satisfy a partially multiplicative relation ro (pzn)rQ(l) =79 (p2)rQ (n) and provide closed
formulas for rg (n).
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1 Introduction

Let
0(x) = Q(x1,x2) = X] + x5 + X1x2.
It is well-known that, for a nonnegative integer n, the representation number
rQ(n)z#[erZ| Q(x):n}
of n by Q is given by
m=63 (7
ro(n) = —
¢ d
0<d|n

(See [7, Theorem 17.1]). Here, (%3) denotes the Kronecker symbol. Then one can readily check that ro (1) =
6(# 0) and

ro(n)=0 (mod ro(1)) (1.1)
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322 I. S. Eum

for all positive integers n. Moreover, it can be easily verified that

ro(pHro(n)

1.2
ro() (1.2)

ro(pn) =

for any prime p # 3 and any positive integer n prime to p. Here, we note that 3 is the level of Q. In general, for
an integral positive definite quadratic form Q of level N in r variables, let

rom)=#{xeZ | 0x) =n}

be the representation number of a nonnegative integer n by Q. Then we call ro(n) p-multiplicative for a prime
p 1 N if it satisfies the relation (1.2) for all positive integers n prime to p. In [1], the author provided some
equivalent conditions for p-multiplicativeness of 7 (n) under a certain assumption on Q.

Now, let r > 2 be a positive integer. We will focus on the following integral positive definite quadratic form

r
Q(x):ain2+b Z XiXj,
i=1 I<i<j<r

which is a generalization of x12 + x% + x1x2. Let N be the level of Q. In this paper, we shall obtain similar results
as (1.1) and (1.2) for the above form Q. More precisely, we shall provide a necessary and sufficient condition
that Q represents one and find the exact value of 7o (1) (Theorem 3.1). When r is odd and b > 1, we will assume
that rb + 1 = 0 (mod 4). For such forms, we shall show that r (n) satisfies the following congruence relation

ron) =0 (mod ro(1))

for any positive integer n with ged(n, r(r — 1)(r|b| + 1)) = 1 and (W) = —1 for all odd prime p|(r — 1)

(Theorem 3.5). Here, (;) denotes the Legendre symbol. Furthermore, when r(> 4) is even and (—1)" 2N is

a fundamental discriminant, we will classify the quadratic forms Q, which represent one, whose representation
numbers 7 (n) are p-multiplicative and provide closed formulas for 7o (n) by using the results in [1] (Theorem
4.3).

2 Preliminaries

In this section, we recall some basic notions of modular forms, Eisenstein series and quadratic forms.

2.1 Modular forms and Eisenstein series

Let H = {tr € C | Imt > 0} be the upper-half plane. For positive integers k and N, put [o(N) = {y €
SL2(Z) | y = (4%) (mod N)}, and for each y = (%) € I'o(N), we define the slash operator -|;y on the
functions f(t) on H by

F@Oky =t +d)Ffy-0),

where y acts on H as the fractional linear transformation y - T = (at + b)/(ct + d). For a Dirichlet character
x modulo N, we define a character y of I'g(/N) to be

X() = x(d) fory = (ﬁ f) € To(N).

A holomorphic function f(tr) on H is a modular form of weight k for I'g (V) associated with the character y if

1) f@lky = x () f(r) forall y € To(N),
(i) f(t) is holomorphic at every cusp.
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On some representation numbers... 323

In particular, since

FOG) =@+ = f)

by (i), f(z) has a Laurent series expansion with respect to ¢ = ¢>'* of the form
[e )
f@ =) amq" (a) €C),
n=0

which is called the Fourier expansion of f (7). The a(n) is said to be the n-th Fourier coefficient of f (7). If
a modular form vanishes at every cusp, then it is called a cusp form. We denote by M (N, x), Sk(N, x) and
Er (N, x) the space of all modular forms, cusp forms and Eisenstein series of weight k for I'g (V) associated with
the character y, respectively. As is well-known, My (N, x) = E (N, x) & Sk (N, x) and My (N, x) = {0} if
x(—1) # (—l)k ([4, Theorem 2.1.7(1) and Lemma 4.3.2(1)]).

For a nonnegative integer kK and a nontrivial primitive Dirichlet character x modulo N, we let By , be a
generalized Bernoulli number defined by

N-—1 ax 00 k

xe X
D@ =) By
a=1 k=0

Then it is well-known that By , # 0if and only if x (=1) = (- DX ([3, Chapter XIV, Corollary of Theorem 2.2
and Theorem 2.3]).

Proposition 2.1 Denote by x the trivial character modulo 1. Let vy and vy be primitive Dirichlet characters
modulo Ny and N», respectively. Let k(> 2) be an integer satisfying ¥ (—1)y»(—1) = (—1). Define

Exyrn@=bo+Y_ | Y. vim/dyya(dd " | q" e Cligll (r € H),

n=1 \d>0,d|n

where

o — 0 ifL > 1
0= —Bi gy, /2k if L =1

and we set i (h) = 0 if gcd(h, N;) # 1 fori = 1, 2. Then except for the case when k = 2 and yr1 = ¥» = xo,
Ey v, (T) defines an element of My (N1 Na, Yr1v2) which is called an Eisenstein series.

Proof See [4, Theorem 4.7.1] or [6, Theorem 5.8]. O

Proposition 2.2 Let k(> 2) be an integer and x a nontrivial primitive Dirichlet character modulo N with
x(=1) = (=D*. Let

Xk, = {1, ¥2) | Y1 and rp are primitive Dirichlet characters modulo Ny and N»,
respectively,
NiN2 = N and Y192 = x}.

Then {Eg y, vy, (T) | (Y1, ¥2) € Xi ) is a basis of E (N, x). Furthermore, we have

dimc& (N, ) = [] 2

pIN
P prime

Proof See [4, Theorem 4.7.2] or [6, Theorem 5.9]. For the dimension formula, see [2, Remark 2.3]. O
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324 I. S. Eum

2.2 Quadratic forms and Theta functions

For an integer k and a positive integer N such that (—1)*N
character defined by the Kronecker symbol, that is,

Oor I (mod 4), let x(_jyy be the Dirichlet

(—1)"N>

X1y () = <

Then (—1)*N is a fundamental discriminant if and only if X(—1ykn 18 a primitive Dirichlet character modulo N
( [5, Theorem 9.13]). Now, let r > 2 be an even positive integer and k = r/2. Let Q be an integral positive

2
definite quadratic form in r variables and A = (%) the Hessian matrix of Q so that
[hadt]

xi
1
0(x) = EXTAX forx=|: |eZ.

Xr

Further, let N be the level of Q, which is the smallest positive integer such that N A~! is integral and has even
diagonal entries. For a nonnegative integer n, let

ron) =#xeZ | Q(x) =n}

be the representation number of n by Q. We say that Q represents n if rp (n) # 0. Denote the generating function
®p(1) of ro(n) by

o
Op(r) = Y TN =% "rp(mq" (r € H),
xeZ2* n=0

which is called the theta function associated with Q. Then it is well-known that the theta function ® ¢ () belongs
to Mi(N, X(—1y det(a)) (See [4, Corollary 4.9.5(3)]). We say that r¢ is p-multiplicative for a prime p { N if it
satisfies the relation (1.2) for all positive integers n prime to p. In [1], the author provided some necessary and
sufficient conditions that r (n) is p-multiplicative as follows.

Proposition 2.3 Let k > 2 and Q be an integral positive definite quadratic form in 2k variables of level
N. Assume that x_yy is the primitive character satisfying x(_yjkny = X(—1)kdet(a)- Lhen the following are
equivalent:

(i) rg is p-multiplicative for some prime p with p { N.
(i) ® (1) can be expressed as a sum of Eisenstein series.
(iii) ro is p-multiplicative for any prime p with p { N.

When dimcSy (N, X(_l)kN) =1, then (i) ~ (iii) are equivalent to the following statement:
(iv) For some prime p t N, we have

ro(p?)

k—1 2(k—1)
+p .
ro(1)

=1+ x_irn(Pp

Proof See [1, Theorem 3.1 and Corollary 3.2]. O

Remark 2.4 Notation being as in Proposition 2.3. From the proof of [1, Theorem 3.1], one may see that if r¢ is
p-multiplicative for some prime p with p 1 N, then

ro(p?)
ro(1)

20k—1)

=14 xCiv@p " +p
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Proposition 2.5 Let k > 2 and Q be an integral positive definite quadratic form in 2k variables of level N. Let
A be the Hessian matrix of Q and assume that N = det(A) and (—1)KN is a fundamental discriminant, that is,
X(—1)kN is a primitive Dirichlet character. Suppose that

dim(cgk (N, X(*l)kN) = dim(CMk(N, X(*l)kN) — dim(CSk (N, X(*l)kN) =2.
Then we may express ©g(t) € My (N, X(_l)kN) as
Bp(r) =c Ekxo.x e (r) + 2Bk x ey (t) + a cusp form,

where
2k 2k
cl=———— and ¢ = N1k (——) .
Bk’x(—l)kN Bk’X(—l)kN
When dimc M (N, x(_1ykn) = 2, then we have
— _L k—1.—k>+k k—1
ro(n) = Yo (e @ + N Y ey yd) ) aF

KX 0kN d=0.d|n

Proof See [2, the proof of Theorem 6.2 and Remark 6.5]. O

3 The exact value of r (1) and a congruence relation of r g ()

For the rest of the paper, we will assume that r > 2 is a positive integer and

Q(X)=Q(xl,~-,xr)=ain2+b Z xixj (a,beZ)

i=1 I<i<j<r

is an integral positive definite quadratic form in r variables. Then its Hessian matrix

20 b b--- b

52 b2ab---b

A= Q =1 . .. .
0x;0x; oo

b bb---2a

is a symmetric positive definite integral matrix with even diagonal entries. From the positive definiteness, we get
a>1, 2a+b>1 and det(A) = Q2a—b)"'Qa+ ( —1)b)>1. 3.1
We will provide an equivalent condition for 7 (1) # 0 and give a formula for (1) as follows.

Theorem 3.1 Let r and Q be as above. Then we have

b>1 and 2a —b =1,
ro(1) #0 ifandonlyif {b=0 and a=1,
b<-1,r=2 and 2a+b=1.

Thus, b should be odd if b # 0. For each case, we can find the exact value of ro (1) as follows:

rr—1),if b>3 and 2a —b =1,
rr+1),if b=1 and a=1,
ro(l) = 2r, if b=0 and a=1,
6, if b=—1,r=2 and a=1,
2, if b<-3,r=2 and 2a+b=1.
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326 I. S. Eum

Proof When b = 0, then

O0x)=a Zx? =
i=1

has an integral solution if and only if @ = 1. In this case, one may easily see that all solutions are of the form
X = (:l:laov"' 70)7 (Oa:l:laoa"' 70)7"' 7(07“' 70’:l:1)-

Thus, we get ro (1) = 2r # 0. Consider the case when b > 1. Then one may verify that

r r 2
I_Q(X)—aZx +b Z Xixj = az_bei2+§<in)
i=1 i=1

I<i<j<r

has an integral solution if and only if 2a — b = 1 because 2a — b > 1 from (3.1) and b > 1. Suppose that
2a —b = land letu = (uy,---,u,) € Z" be a solution of Q(x) = 1. Multiplying by 2 on both sides of
Q(u) =1, we have

r r 2 r r 2
2:(2a—b)Zui2+b<Zu,~) :Zu?+b<zu,~) . (3.2)
i=1 i=1

i=1 i=1

Note that b should be odd. If b > 3, then by (3.2), we get

r r
duj=2 and Y u;=0
i=1 i=1

and the solution vectors u should be of the form
u=(xl,¥1,0,---,0), (£1,0,F1,0,---,0),---,(0,---,0,£1, F1),
which implies that

|
ro(l) = m —r(r—1) £0.

Here, m! denotes the factorial of a nonnegative integer m. When b = 1, then a = 1 since 2a — b = 1. From
(3.2), we have

r r

Zu,- =0 or Zui = +1.

i=1 i=1

When er 1 4 = 0, then the same argument as in the case b > 3 shows that there are r (r — 1) solutions. When
Yo u, = =1, then we have Y\, u? = 1 by (3.2). As in the case b = 0, there are 2r solutions satisfying
Yoy ul = 1. Thus we get

ro(l) =r(r = 1)+2r =r(r+1) #0.
The remaining case is when b < —1. Since 2a + b > 1 from (3.1), b < —1 and the form
Zx -2 Z XiX;
I<i<j<r

is semi-positive definite, one may derive that

l=0x) = a;—bz 2 _ Zx -2 Z XiX; 3.3)

i=1 I<i<j<r
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On some representation numbers... 327

has an integral solution if and only if 2a + b = 1. Suppose that 2a + b = 1. Since 2a — b > 1 and det(A) > 1
from (3.1), we have 2a + (r — 1)b > 1. Since 2a + b = 1, we find that

1 <2a+ @ —-1D)b=2a+b+F—-2)b=1+ (r —2)b,

which shows that 0 < (r — 2)b. Since b < —1, we should have r = 2. Now letu = (i1, us) € 72 be a solution
of Q(x) = 1. Then we have

2=2-1 =2Q(u)=u%+u%—b((u%+u%)—2u1u2) = ut +u} — b(u) — u2)*.

If b < —3, then we have u% + u% = 2 and u; = uy. Thus the only solution vectors are u = £=(1, 1) and we have
ro(l) =2 #0.
When b = —1, then a = 1 since 2a + b = 1. Thus Q is of the form
0kx) = x12 +x§ — X1X2.
It is easy to verify that the only solution vectors are u = (£1, 0), (0, £1), (&1, £1) and we get

ro(1) =6 # 0.

From now on, we always assume that Q represents one.

Remark 3.2 Let N be the level of Q. From Theorem 3.1 and (3.1), one may easily obtain the followings.

(1) If b # 0, then b should be odd since 2a —b =1 or2a + b = 1.
(i1)) When b > 1, we have 2a — b = 1, det(A) = rb + 1 and

r—Db+1  —b b —b

L b G —Db+1—b-- b

Crb+1 : : RS :
—b b b r—Db+1

In this case, we have N =rb + 1 or N = 2(rb + 1) if r is even or odd, respectively.

For a positive integer m and a prime p, we denote by v, (m) the highest power of p dividing m. Let S,
be the symmetric group on {1,2,--- ,r} and X(n) = {x € Z" | Q(x) = n} for each positive integer n. For
u=(uuy - ,u)€Xmando € S,,leto() = (Us1), Us(2), - , Us(r)) € X (n). Before we introduce a
congruence relation of rg (n), we need the following lemmas.

Lemma 3.3 Foru, v € X (n), defineu ~ v if there is o € S, such that u = £o (v). Then ~ is an equivalence
relation on X (n).

Proof 1Tt is immediate from the definition of Q. O

Lemma 3.4 Let m and h be positive integers with m > h. Then we have
m m
ged(m, h)|\h )’

Proof This lemma is well-known, but for the completeness of the paper, we give proof below. Let x and y be
integers such that mx + hy = gcd(m, h). Then we have

ged(m, h) (m _mx+hy m\  (m ﬁ m\  (m m—1
() =" G =0 oG =2 () () <=

This proves our lemma. O

Here, (Z’) denotes the binomial coefficient.

@ Springer



328 I. S. Eum

Theorem 3.5 Letr > 2 be a positive integer. Suppose thatrb+1 = 0 (mod 4) whenr is odd and b > 1. Assume
that Q represents one. Let n be a positive integer such that gcd(n, r(r — 1)(r|b| 4+ 1)) = 1 and (W) =—1

for all odd prime p|(r — 1) (if there are any). Then we have the following congruence relation

rom) =0 (mod ro(1)). (3.4)

Proof Let n be a positive integer such that ged(n, r(r — 1)(rb + 1)) = 1 and (W) = —1 for all odd

prime p|(r — 1). Note that n should be odd. Letu = (uy, us,--- ,u,) € Z" be a solution of Q(x) = n, that is,
u € X (n). Consider the equivalence relation defined in Lemma 3.3 and denote by [u] the equivalence class of
u. From Lemma 3.3, after a suitable rearrangement (if necessary), we may write the solution vector u as

u:(ylayly"'9y17y2’y27"‘7y2""’y17y17"‘7y[)

r r2 r

where [, r; eZ“'forlgiSl,r:rl—l—rz—i—-n—}—rlandyi#yjforlfiyéjfl.Thenwehave

r! r!
#u]=———— or 2- —m—— (3.5)

r]!r2!-~rl! r1!r2!~-r1!

ifu = —o (u) for some o € S, or not, respectively. This can be easily proven by the fact that [u] = {o(u) | o €
StU{—o@)|o € S§,}and

#o)|o €S }=#—-o@)|o €S }= -

r1!r2!~~r1!.

Note that the equivalence classes form a partition on X (n) and rg(n) = #X (n). Therefore, it suffices to show
that

#ul=0 (mod ro(1)) (3.6)

forallu € X (n). When b = —1, then we get the congruence (3.4) from (1.1) since the forms x% + x% + x1x2 and
x% + x% — x1x2 are equivalent over Z. When b < —3, wehaver =2,2a +b =1 and rp(1) = 2 by Theorem
3.1. Thus, we get

2n =2Q() = ui +u3 — b(uy — uz)*.
Note that we cannot have u; = —u». Indeed, if u1 = —u», then we get
2n = u% + u% —b(uy — u2)2 =2(—2b+ 1)u%,

which shows that (—2b + 1)|n. This contradicts our assumption that 1 = ged(n, r(r — 1)(r|b] + 1)) =
ged(n, 2(—2b + 1)). Therefore, one may easily verify that there are only two possibilities [u] = {£(u1, u1)} or
[u] = {&=(u1, u2), = (u2,uy)}. Thus, we obtain that #[u] = 0 (mod rp(1)) forallu € X (n) since ro(1) =2
and #[u] = 2 or 4. Now, we suppose that b > 1. Then we have 2a — b = 1 by Theorem 3.1. Thus we get

i 2

r r 2 r r 2 1
2n=2Q(u)=(2a—b)zu%+b<zui> =Zui2+b(2ui) =Zriyi2+b<2r,-yi) . (37
i=1

i=1 i=1 i=1 i=1 i=1
Note that [ > 2. Indeed, if / = 1, then r = r| and we obtain from (3.7) that
2n=ry} +br*yl =r(rb+ )y} =0 (mod rb + 1),

which leads a contradiction because rb + 1 > 2 -1+ 1 = 3 and ged(n, rb + 1) = 1. To prove (3.6), we first
claim that

|
Up(r(r—1)) r
P ) 38
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for all odd prime p with p|r(r — 1). Here, we note that
! —rp)! —1 —rp)!
S A T it VLAY (St T Gl VA (3.9)
rilrp!- ! r 3l ri—1/ rlrs!---r!
_r. r—1 (r—n .(r—rl—rz)!. (3.10)
ri \rp—1 r r3lrgl- -
Now, let d = ged(ry, r2, - - - , 7). Then from (3.7) we get

2

1 1
2n = Zriy,? +b (Zr,-y,) =0 (mod d).
i=1 i=1

Since ged(n,r) = 1l andd|r = r; + - - -+ r;, we have d|2. Let p be an odd prime divisor of r(r — 1). Since d|2,
we have p 1 r; for some 1 < i < [. Without loss of generality, we may assume that r; = r;. When p|r, then we
get p 1 ged(r, r1) and, therefore, we have

r

r

vp(r) vp(r)

and p

ged(r, r1)
by Lemma 3.4. From (3.9), we obtain that

|
por® i G.11)

rilrp! o

Suppose that p|(r — 1). When p { (r; — 1), then p { ged(r — 1, r; — 1) and we get

pvp(r—l) r—1 and pvp(r—l) r—1
ged(r —1,r1 — 1) r—1
by Lemma 3.4. Since p t rj, from (3.9), we obtain that
pvp(r—l) r! )
rl!rz! s rl!

When p|(r1 — 1), assume that p|r; for all 2 < j < [. Then we get from (3.7) that

2

l l

2n=7) riyi+b (Zrm) = (1 +b)yi =¢b+1yi (mod p)
i=1 i=1

since p|(r—1).If p|(rb+1) = (r|b|+1), then we have p|n, which contradicts for ged(n, r(r — 1) (r|b|+1)) = 1.

Therefore, we get p 1 (rb+1) and ( w> = 1. Thisis a contradiction to our hypothesis that (W) =—1.

Thus, we have p { r;j for some 2 < j <[ and, again, we may assume that r; = r». Since p { ry, we get

r—1 r—r
‘U .
P\ged(r — 1,7 = 1) ged(r —ry, )
=v,(r = 1) +vp(r —r1) —vp(ged(r — 1,71 — 1)) —vp(ged(r —r1,12))

>0
since gcd(r — 1,r; — 1) =ged(r — 1,7 —ry)
> vp(r — 1) since p {rp and v,(ged(r — r1,12)) =0,
which shows that

vp(r—1) r—1 r—ri

p ged(r — 1,1 — 1) ' gcd(r —ry, )’
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330 I. S. Eum

Since p 1 r1, we derive from Lemma 3.4 and (3.10) that

_ _ !

pore=0 | (TN g pueteD A (3.12)

ry— 1 %) rilr!-- !

From (3.11) and (3.12), we obtain that
U rr=1) !
r1!r2! cee r;!

since ged(r, r — 1) = 1. Thus, we have (3.8). To verify (3.6), it remains to show that

20200 =1) | #y]. (3.13)

Suppose that r is even. When the r; are all even, then we have 2|r; and 4 { r; for some 1 < i < [ because
d = ged(ry, - -+, r1)|2. We may assume that r; = rj. Then we get 2| ged(r, r1), 4  ged(r, r1) and

pu2(r)—1 r

ged(r, rp)’
which shows from Lemma 3.4 and (3.9) that

pu2(r)—1 r and 2v2()-1
rl

r!

rilral o

In this case, we will show that u # —o (u) for all o € S,. Suppose that u = —o (u) for some o € S,. Then for
each 1 <i </, thereis a unique 1 < j < [ such that y; = —y; and ; = r;. Note that i = j occurs if and
only if / is odd, and in this case, we should have y; = 0. We may assume that y; = y; = 0 when [ is odd. Put
h=(—-1)/2orh =1/2ifl is odd or even, respectively. From Lemma 3.3, we may assume that yrx_| = —yai
for 1 <k < h. Then we get y%k_l = y%k. Thus we derive from (3.7) and the above that Zf: 1 riyi = 0and

1 I 2
S e (zy) S
k=1

i=1 i=1

Since the r; are all even, the above equality shows that n is even, which is impossible because n is odd. Thus,
we have u # —o (u) forall o € S, and

r!
2. ——— = #[u]

2v2(r) =2. 2vz(r)—1
rilrp!- gl

by (3.5). When one of the r; is odd, we may assume that r| is odd. Then we have 2 { ged(r, r1) and

Av2(r) d

ged(r,r1)’

which implies from Lemma 3.4 and (3.9) that

" and 2%2()
r

Now, suppose that r is odd. From the hypothesis of our Theorem, we have rb + 1 = 0 (mod 4). Since r =
r1 + - -+ +r7 is odd, at least one of the r; is odd. In the case when only one of the r; is odd and the rest are even,
say r; is odd, we claim that 2|r; and 4 { r; forsome 1 <i <1 — 1. If4|r; forall 1 <i <l —1,thenr = r
(mod 4) and, from (3.7), we get

a(r) !

rl!r2!-~~rl!'

2

l l
2n = Zriyiz +b (Z riyl-> =r(rb+ l)yl2 =r(rb+ l)yl2 =0 (mod 4)
i=1 i=1
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since br +1 = 0 (mod 4). This is a contradiction since n is odd. Therefore, 2|r; and 4 1 r; forsome 1 <i <[—1
and we may assume that r; = rj. Then we have 21 (r; — 1) and 2  gcd(r — 1, r; — 1). Thus we get

r—1
gced(r — 1,11 = 1)’
Since 2|ry and 4 t 1, Lemma 3.4 and (3.9) show that

" ana et
r—1 rilrp!-- !

As in the case when 7 is even, we shall prove that u # —o (u) for all o € S,. Suppose that u = —o (u) for some
o € S,. Since r; is odd and the rest of the r; are even, we obtain that/ is odd, y; = 0 and, foreach 1 <i <[ —1,
thereisaunique 1 < j </—1withi # jsuchthaty; = —y; andr; =r;. Puth = (/ —1)/2. From Lemma 3.3,
we may assume that yo;_1 = —yak for 1 < k < h. Thus we derive from (3.7) and the above that Zi:l riyi=0
and

2v2(r—l)

2v2(r—l)

! ! 2
= "riy;+b (Z riyi> = 2 1¥5
k=1

i=1 i=1
Since the r1, - - - , r, are even, n must be even, which is a contradiction for n is odd. Thus, we have u # —o (u)
for all o € S, and

r!
2. —— =#[u].
rilra!--r!

21}2(;’71) —2. 2v2(r7])7]

When at least two of the r; are odd, we may assume that r; and r, are odd. Then we deduce that

r—1 r—r
v .
2 gedir — 1,71 — 1) ged(r —r1, 1)
= -1 +vFE—r)—uvgdr—1,r —1)) —va(ged(r —r1,12))
>0

since ged(r — 1,71 — 1) = ged(r — 1,7 —ry)
> vp(r — 1) since 2 1 rp and v (ged(r — r1, r2)) = 0.
Thus we have

Hva(r=1) r—1 r—r

ged(r — 1,11 — 1) . ged(r —ry, 1)

Since 2 1 r1, we derive from Lemma 3.4 and (3.10) that

r—1 r—r and 27201
ry— 1 )

Combining the above results, we get (3.13). From (3.8) and (3.13), we obtain that

Hu2(r=1) r!

rilrl ol

#ul=0 (mod r(r — 1)) (3.14)
and thus, we have
ro(n) =0 (mod r(r —1)). (3.15)

When b > 3, we have ro(1) = r(r — 1) by Theorem 3.1. Thus, we get the desired one. When b = 1, we
have rp(1) = r(r + 1) by Theorem 3.1 and 1 = ged(n,r(r — 1)(rb + 1)) = ged(n, r(r — 1)(r + 1)). Put
Upp1 =u1+uz+---+urandv = (uy, -+, uy, ur+1). Then v becomes a solution of 2n = x12 +-- ~x,2 +xr2+1
by (3.7). Again, we may write v as

Vz(v]avla'.'7v]7v27v25"'5v25”'5UWl7vm5"'5vm)

51 52 Sm
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where r +1 =51 + 52 +---+ s, withv; # v for 1 <i # j < m. By using the same idea as above, one may
deduce that

pUp(rD (r+ D!
splsol e s!
for all odd prime p|(r + 1) and
ua(r+1)—1 (r+ D!
silsp!l 5!
when r is odd. Thus, we get
rogm)=0 (modr+1) or ro(n)=0 (mod (r +1)/2) (3.16)

if r is even or odd, respectively. Since gcd(r + 1, r(r — 1)) = gcd(r + 1,r — 1) = 1 or 2 if r is even or odd,
respectively, from (3.15) and (3.16), we have

rom)=0 (mod (r + Dr(r —1)) or ron)=0 (mod (r + r(r —1)/2)
if r is even or odd, respectively. This proves our congruence (3.4) because ro (1) = r(r + 1).
The remaining case is when b = 0. In this case, we have a = 1 and ro (1) = 2r from Theorem 3.1 and

[

n=Q@m =Yy ry’

i=1

Since | = ged(n, r(r —1)(rb+1)) = ged(n,r(r — 1)) andr =r;+---+r;, wehaved = ged(ry,--- , 1) = 1.
Let p be a prime divisor of r. Since d = 1, we have p { r; for some 1 < i <[ and we may assume that r; = ry.
Then we have p { ged(r, r1). By Lemma 3.4, we get

Up(r)

p

From (3.9), we obtain that

r!

(3.17)

rilr! ol

Assume that 0 (u) = —u forsome o € S,. Leth =[/2orh = (I — 1)/2 if [ is even or odd, respectively. By
applying the same method as the above, we may assume that y»;_1 = —yox and rog—1 = rop for 1 <k < h and
y; = 0 when [ is odd. Then we get

h
— O 2
n = Zrlyi = 22r2k—1)72k_1,
j k=1

i=1

which implies a contradiction since n is odd. Thus, we have o (u) # —u for all o € §,. By (3.17) and (3.5), we
have

r!

#u] =2 =0 (mod 2r).

Hence, we get the desired one. O
Remark 3.6 From the proof of Theorem 3.5, one may observe the followings.
(1) For any odd positive integers n with gcd(n, r) = 1, we have
ron) =0 (mod r).
(2) When b = 1, then the congruence
ron) =0 (mod rg(1))

holds for any positive integers n with ged(n, r(r + 1)) = 1.
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4 p-multiplicative representation numbers

In this section, we let > 4 be even, k = r/2 and b > 1. Then det(A) = rb + 1 is the level of Q by Remark 3.2
and © o (7) belongs to My (rb + 1, X(—Dk(rb+ 1)). We begin this section with the following two lemmas.
Lemma 4.1 The value of ro(4) is given as follows.

(i) Whenr = 4,6, we have

60, if (r,b) =4, 1), 882, if (r,b) = (6, 1),
36, if (r,b) = (4,3), 450, if (r,b) = (6,3),
ro@) =136,i (,b)=4)5), and rg(4) = {390, if (r,b) = (6,5),
20, if (r,b) = 4,7), 282, if (r,b) = (6,7),
12, if r=4andb > 9, 270, if r=6andb > 9,

(ii) Whenr > 8 and b > 9, we have
1
ro@ =r(r—1)+ Er(r —Dr—=2)(r —=3)(r -4
+ @r(;’ D=2 =3 —-HTr =5r -6 —17).
(iii) Whenr > 8 and b =7, we have
ro@ =2r+r(r—1)+ %r(r D —2)(r —=3)(r —4)
+ @r(r —Dr—=2=3)r—-—HUr-=5r—-60—-"7).
(iv) Whenr > 8 and b =5, we have
1
ro@) =rr—DE—-2)+r@r -1+ gr(r —Dir—=2)F-=3)r -4
+ ﬁr(r —Dr =20 =3 —-—bHr-=-5r—-060 -="17).
(v) Whenr > 8 and b = 3, we have
ro#) =3r(r— 1+ %r(r —Dr—=2)(r —=3)(r —4)
+ ﬁr(r —Dr=2F=3)r—-—Hr-=5r—-60—"7).
(vi) Whenr > 8 and b = 1, we have
rod)=r(r—1)+ %r(r —Dr—2)(r—=3)(r—4)
+ ﬁr(r —Dr—=—2F-=-3)r—-—DHr—-5C—-60 -7
+2r + %r(r —DHir—2)(r—3)+ %r(r —Dr=2)r=3)r—-—4Hr —-50 —06).

Proof One may easily verify case (i). We only prove (ii) since the rest cases can be obtained in the same manner.
Suppose that » > 8 and b > 9. Letu = (uy,--- ,u,) € Z" be a solution of Q(x) = 4. Further, we let ~ be
the equivalence relation as in Lemma 3.3 and [u] the equivalence class of u. Multiplying by 2 on both sides of
QO(u) =4, we get

r r 2
8=Zu,~2+b(2ui> .
i=1 i=1
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Since b > 9, we have

r r
Zu?=8 and Zu,-zo.
i=1 i=1

Sincer >8and8=4+4=4+14+1+14+1=14+1+14+1+14+1+1++ 1, we obtain that
X4 =[2,-2,0,---,00]U[(2,1,-1,-1,-1,0,--- ,0)JU[(1,1,1,1,—-1,—1,—1,—1,0,--- ,0)].
Hence we have
ro(4) = #X(4)
=#(2,-2,0,---, 0] +#[(2,1,—1,—1,—1,0,--- ,0)] +#[(1,1,1,1,—-1,—-1,—1,—1,0,--- ,0)]

1 1
=r(r—1) + gr(r —D(r—=2)(r =3)(r —4) + wr(r —Dr—=2)r—=3)r—-—Hr—-5r—-60¢—"17).

Lemma 4.2 [fr > §, then we have

ro(4) k=1 ~2(k—1)
— #£1 2)2 2 .
ro(D) # 14+ X preorn @ +

Proof We only provide proof of the case when » > 8 and b > 9 since the other cases can be proved in the same
manner. Assume that

ro(4)

=1 2)2k=1 4 22G=D), 4.1
ro(D) + X1k b1 (D) + 4.1)

Since b > 9, by Theorem 3.1 and Lemma 4.1, we have rg (1) = r(r — 1) and

ro4)
ro(1)

= 1+§(r—2)(r—3)(r—4)+ D =3 - —=5F—-06)(r—"17). 4.2)

o
@z

Substituting r = 2k and combining (4.1) and (4.2), we obtain an inequality

1

%(Zk —2)(2k —3)(2k — 4) + 2k — 2)(2k — 3)(2k — 4)(2k — 5)(2k — 6)(2k — 7) > 22%=1 _ pk=1

[eng
(4.3)

since X (_pykp41)(2) = £1. Put

flx) =230 o=l %(2x —2)(2x —3)2x — 4)

— ﬁ(Zx —2)(2x —3)(2x —4)(2x — 5)(2x — 6)(2x — 7).
Then one may verify that for x > 2, f(x) > 0. Since k = r/2 > 8/2 = 4, we have f (k) > 0, that s,

%(21« —2)(2k — 3)(2k — 4) + #(Zk —2)(2k — 3)(2k — 4)(2k — 5)(2k — 6)(2k — 7) < 22*=D _ok=1

which contradicts the inequality (4.3). This proves our lemma. O

Now we can prove our main theorem.
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Theorem 4.3 Let r(> 4) be even and b > 1. Suppose that (— 1)k (rb + 1) is a fundamental discriminant. Then
ro is p-multiplicative for all prime p { (rb + 1) if and only if

(r,b) =4,1), 4,3), 4,5), (6,1).

For each case, we can provide the close formula for rg(n) as follows:

ro(m)=—5 Y (xs(d)—5xs(n/d))d when (r,b) = (4, 1),

d>0,d|n
ro(n) = — Z (x13(d) = 13x13(n/d))d when (r,b) = (4, 3),
d>0,d|n
1
ro(n) = 5 Z (x21(d) =21 x21(n/d) + 3x-3(n/d) x—7(d) — Tx-7(n/d)x-3(d))d when (r,b) = (4,5),
d>0,d|n

7
rom =—g Y (r(d) = 49x=(n/d))d> when () = (6.1),
d>0,d|n

for every positive integer n.

Proof Let N = det(A) = rb + 1 which is the level of Q. Since r > 4 is even, k > 2 is an integer and N is odd.
Since 2 is a prime with 2 { N, by Proposition 2.3, it suffices to check whether r¢ is 2-multiplicative or not. If rg
is 2-multiplicative, then from Remark 2.4, we should have

ro(4)

ro(1)

By Lemma 4.2, (4.4) does not hold if » > 8. Suppose that » = 4 or 6. Then by Theorem 3.1, we have
20,if r=4andb =1,
12, if r=4andb > 3,

oM =3 4 if r—6andb =1,
30.if r=6andb > 3.

=1+ Xy @27 22670, (4.4)

When r =4, thenk =2 and (—1)YN =4b+ 1 =5 (mod 8) since b is odd. Thus we have
L x ey @27+ 22070 = 1y (2422 =33,

When r = 6, then k = 3 and (—l)kN =—(6b+1)=1or5 (mod 8)ifb =1o0r3 (mod 4), respectively. Thus
we get

21,if b=1 (mod 4),

k—1 2(k—1) __ 2 4 _
1+ X(—])kN(z)2 +2 =1+ X—(6b+1)(2)2 +2" = { 13,if =3 (mod 4).

From the above and Lemma 4.1 (i), one may easily check that (4.4) holds if and only if
(r,b)=4,1), (4,3), 4,5), (6,1).

Note that (—1)*N = 5,13,21, =7 if (r,b) = (4,1), (4,3), (4,5), (6, 1), respectively. Thus (—1)*N is a
fundamental discriminant. From Proposition 2.2 and the dimension formula given by Cohen and Oesterlé ( [6,
§6.3]), we find that

dimc M3 (5, x5) = dimcéa (5, x5) =2, when (r,0) = (4, 1),
dimc M2 (13, x13) = dimc&2(13, x13) =2, when (r, b) = (4, 3),
dimc M2 (21, x21) = dimc&2(21, x21) =4, when (r,b) = (4,5).

Therefore, if (r, b) = (4, 1), (4,3), (4,5), then the theta function ® o (7) is a sum of Eisenstein series and by
Proposition 2.3, r¢ is p-multiplicative for all prime p t N = (rb + 1). Since
4 4

=-5 - = —1 and dimcM;(5, x5) = dimc M7 (13, x13) = 2,
B2 y15

B2,X5
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from Proposition 2.5, we deduce that

ro(n) = =5 Z (x5(d) —5xs5(n/d))d when (r,b) = (4, 1),
d>0,d|n

ro(n) =— Z (x13(d) = 13x13(n/d))d when (r,b) = (4, 3)
d>0,dn

for all positive integers n. Consider the case when (r, b) = (4, 5). Since
Op(r) € Ma(21, x21) = £2(21, x21)
and
{E2 50001 (s E2,30150(D)s E2oy_5.x1(0)s E2,y_555(0)}
is a basis of & (21, x21) by Proposition 2.2, we have
Oo(T) = C1E2 x5, 501 (T) + C2E2 51,50 (T) + C3E2 55, 5_7(T) + CaE2 y_4 x_5(T) 4.5
for some ¢y, ¢3, ¢3, ¢4 € C. Since
Op(r) =1+ 12 +6¢% +32¢° + - -
Eoun (M =—2+q—q¢"+¢ +--

E2’X21,X0(T): q+q2—|—3q3+...
Exy 5x(0) = qg+q> =3¢+
Edy g.x5(0) = g—q*—q¢ 4+,

by comparing the first four coefficients of both sides of (4.5), we derive that

1 21 3 7
Oo(r) = _EEZ,xo,le (v)+ 7E2,xz1,xo(f) - §E2,x—3,x—7(f) + §E2,x—7,x—3 (7).

Thus, by comparing the n-th coefficients of both sides, we get
1
rom=—5 Y (1) =21x1(1/d) +3x-3(0/d) x-7(d) = Tx-7(1/d) x-3(d)) d.
d>0,d|n

The remaining case is when (r, b) = (6, 1). Again, from Proposition 2.2 and the dimension formula given by
Cohen and Oesterlé, one may find that

dimcM3(=7, x—7) =3, dimc&3(—7, x—7) =2 and dimcS3(—7, x—7) = 1.

Since dimcS3(—7, x—7) = 1 and rg satisfies (4.4), ro is p-multiplicative for all prime p { N = 7 and
®o(1) € M3(—17, x—7) can be expressed as a sum of Eisenstein series by Proposition 2.3. Since

6
B3y,

7
=3 and dimc&(—7, x—7) = 2,

from Proposition 2.5, we obtain that

7 73
BOo(r) = _§E3,xo,x77(f) + §E8,x77,xo(f)~

Hence, we have a closed formula

7
rom =—g Y (x-7(d) —49x2(n/d))d?
d>0,d|n

for all positive integers n. This proves our theorem. O
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