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Abstract We construct an infinite family of real cyclotomic fields with non-trivial class group. This result
generalizes some results of [6] in the sense that our family includes theirs.

Keywords Diophantine equation - Continued fraction - Class number - Quadratic field - Real cyclotomic field

Mathematics Subject Classification  Primary: 11D09 - 11R29; Secondary: 11R11 - 11R18

1 Introduction & Set-up

The class number of cyclotomic fields have been studied since the time mathematicians established linkage
between Fermat’s last theorem and the unique factorization properties of cyclotomic integers more than a century
ago. Throughout this article the class number of Q(&,,), Q(z,) "= Q¢ + ¢, 1)) and Q(+/d) will be denoted
by h(n), H(n) and h(d) respectively. The class number h(n) of cyclotomic field Q(¢,) can be written as the
product

h(n) = Hm)h(n)".

The class number of real cyclotomic field Q(&,)™ (also known as the ‘plus part’) remains one of the most
enigmatic object to study.

The ‘minus part’ which we denote by h(n) ", it is also known as the relative class number, is defined by the
quotient

_ b
b = o

This is a tautology up to this point, but it is not tautological to note that h(n)~ can be calculated quite explicitly
by using the class number formula. On applying the class number formula to Q(¢,) and Q(¢,,)™ and then taking
the quotient, leaves us with the expression,

—1
by~ =an[] (731,X> :

X
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where the product runs over odd Dirichlet character x; B; , denotes the generalised Bernoulli numbers and

1 if n is a power of prime,
Q= .

2 otherwise.

On the other hand the ‘plus part’ is still a mystery. Their Minkowski bounds are too large to be effective for
the fields with large n, and their discriminant are also far to large for Odlyzko’s discriminant bound to treat their
class number.

Ankeny et al. [8] showed that, if p = (2ng)? + 1 is a prime where g is also a prime and n > 1 is an integer
then h[“,‘ > 1. Lang [9] has also proved the same result for p = {(2n + 1)q}> 4 4 where ¢ is a prime and n > 1
is an integer. In 1987, Osada [3] generalised the results of [8] and [9]. Some more interesting results along these
lines can be found in [2] and [5].

In a recent work, Mishra, Schoof and Washington [7] showed that, for a given finite abelian group G there
exist infinitely many real cyclotomic fields with class group G. On the other hand Chakraborty and Hoque [6]
has given explicit families of real cyclotomic fields having class number strictly bigger than 1. More precisely
they proved the following:

Theorem 1.1 (K.Chakraborty and A. Hoque)

1. Let p=1 (mod 4) and let d = (an)2 — L withn > 1 being an integer. Then H(4d) > 1.
2. Let p = +1 (mod 4) be a prime and let d = (2np)* + 3 with n being a positive integer and a multiple of 3.

Then H(4d) > 1.
3. Let p = +1 (mod 8) be a prime and let d = ((2n + 1)p)* + 2 with n a positive integer. Then H(4d) > 1.
4. Let p = 1,3 (mod 8) be a prime not equal to 3 and let d = ((2n + l)p)2 — 2 withn > 1 an integer. Then
H4d) > 1.

Their idea was to first prove that the equation x> — dy? = = p has no solution for d of the form
(np)? —1 with p=1 (mod 4)
Qnp)? +3 with p==+1 (mod 4)

(@n+ Dp)?+2with p=+41 (mod 8)
(@n+1)p)?>—2with p=1,3 (mod 8)

where p is a prime and 7 is a positive integer. Then they lift the class group of the quadratic field to the real
cyclotomic field using the following result of Yamaguchi [4].

Lemma 1.1 Let h be the class number of quadratic field Q(v/d), ifd > 0 is an integer with ¢ (d) > 4, where ¢
is Euler’s totient function, then h(d)|H (4d).

Let us recall that the continued fraction expression for ~/d where d is a square-free integer has the form

Vd = [ag, ar, az, ..., a,_1, a; = 2ap]

where a1, as, ..., a;—1 is a symmetric sequence.
Moreover, the converse of the above fact is also true. The following proposition describes the converse.

Proposition 1 [1] Letay, as, ..., a;—1 (t > 1) be any symmetric sequence of positive integers. Define a sequence
qi for —1 <i <t by the recurrence relation qi+1 = aj+1q; + qi—1, g—1 = 0, go = 1. Then the equation

Vd =1z,a1,a2, .., ai—1,2z], 2 = |d] (1.1)

has infinitely many square-free positive solutions d = 2,3 (mod 4) if and only if q,—1 is odd or q;—1 and
q1—-2q;—3 are both even. When either of the condition is satisfied then all the solutions of (1.1) are given by

d=d(n)=an’>+Bn+y: z(n)=nn+pu,

for integers n > 1. Here o, B, v, n, |t depend on ay, ay, ..., a;—1 with o % 0 is a square; n % 0 and the
discriminant is

B2 —day = (=) or4(—=1)" or 16(—1)".
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Moreover, if d(n) is square-free and d = 2,3 (mod 4), the fundamental unit of Q(\/E) has the form
€ = pn) +qvd (1.2)
where p is a linear polynomial, ¢ = q;—1 and both p and q depend on the sequence ay, ay, ..., a;—1.

In our case, we are going to consider 7 to be even so that the norm of the fundamental unit, N M /d)/Q () =1.
Also ay, az, ..., as_1 be any symmetric sequence of positive integers such that g, is odd. Note that such class
of symmetric sequences will be non-empty because if we take + = 2 and consider symmetric sequence a; = 1,
in this case g1 = 1 is odd. Hence by Proposition 1, the equation

\/E = [Za ap, az, ..., aS717 22]7 = I.dJ

has infinitely many square-free positive integer solutions d = 3 (mod 4). For example, if we take the same
sequence a; = 1 as above then we can see that there are infinitely many d’s with d = 3 (mod 4). We aren’t
interested in d = 2 (mod 4) for reasons which would be clear when we prove non-triviality of the class number.
Therefore for us d has the form:

d=an’>+ Bn+ y.
If d is square-free, the fundamental unit of Q(+/d) is of the form:
€= pn) +qvd.

In this article, we obtain an infinite family of d’s with non-trivial class number for real cyclotomic fields
Q(Z44)™. We now state the main result of this note.

Theorem 1.2 There are infinitely many d = 3 (mod 4) of the form d = an® + Bn + y such that H(4d) > 1.

Here «, B and y are as stated in the Proposition 1.

2 Solvability of a Diophantine equation

Lemma 2.1 Given a prime p, there are infinitely many d of the form d = an®+ Bn~+y for which the Diophantine
equation

x?—dy> ==+p
has no integer solution.

Proof First we consider
x2 —dy? = p. 2.1)

If possible let us assume that (2.1) has an integer solution (xo, yo) and without loss of generality we assume that
it is the smallest solution with yg > 1. Then,

xg —dys = p. (2.2)
We rewrite it as
Nimgay o = yov/d) = p.
The above equation can written as (since € is a unit)
p = Nmga o((xo = yov/d)e),
which can be further reduced to,
P = Nmg /g ,0((0 = yovd)(p(n) + qV/d)).
= Nmgyay0((P(Mx0 — dgyo) + (xoq — p(n)yo)Vd).
= (p(n)xo — dgy0)* — (xog — p(n)yo)*d.
Now by the minimality of y,, we have,

Yo < |xog — p(n)yol.
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Case 1 If yo < xoq — p(n)yo.
Then,

I+ p(m)yo = xoq.
We use (2.2) and set p(n) = x1n + x3. This leads to
(1 +xin+x)* = g*d)yg < ¢°p.
(1 +x1n +x2)> = g*(@n® + Bn + 1))yg < 4°p.
Also
q’p
(T — qPa)n® + 2x1 4+ 2x1x2 — *B)n + (x5 + 202+ 1 — ¢°y) < - (2.3)
Yo
Since x1, x2, p, q,a, B, v, yo are fixed integers, therefore, (2.3) implies that there are finitely many n's, which
further implies that there are finitely many d's. We may remove those finitely many d's.

Case 2 If yo < p(n)yo — xoq.
Then,

xoq < (p(n) — Dyo.
Again, using (2.2) and setting p(n) = x1n + x3, we get,
7*p < {xin +x2 — 1)’ — g*d}y5.
This leads to
0*p < {in+x2 = 1 = ¢*(@n® + Bn+ ))yj

and
—q°p
q*an® + pn+y) — (xin+x— 1> < ——.
Yo
Thus
—4°p
(qPe —xDn* + (qB — 2x; — 2xpx)n + (qPy —xj —2xa— 1) < ——. (2.4)
Yo
By the same argument as in case (1), we have finitely many d's.
Next, we consider
x2 = dy2 = —p. (2.5)
Suppose that (2.5) has an integer solution. Without loss of generality assume that (xg, yo) is the smallest solution
with yp > 1.
Then,
X -y =—p. (2.6)
We rewrite
Nmgy /a0 — yovd) = —p. (2.7

The above equation can written as (since € is a unit)
—p = Nmgy sz 10((0 = yovVd)e),
which is,
—p = Nmgyyz0((xo = Yovd) (p(n) + g/ d)).
= Nmgy/g,0((P()x0 — dgyo) + (xog — p(n)yo)Va).
= (p(n)xo — dqyo)* — (xog — p(n)y0)*d.
Now by the minimality of yy, we have,

Yo < |xoq — p(n)yol.
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Case 3 If yo < xoq — p(n)yo. Then,

(I + pm))yo < xoq.
We use (2.6) and set p(n) = x1n + x3. This leads to

—¢’p = (1 +x1n + x2)° — ¢*d}y}
> {1+ x11 + x2)* — ¢*(an® + Bn +y)}y3.

This implies

—4¢’p

Y6

> (x% — qzoz)n2 + 2x1 + 2x1x0 — qzﬂ)n + (1622 +2x +1— qzy),

which implies finitely many d's.

Case 4 If yo < p(n)yo — xoq.
Then,

xoq < (p(n) — D)yo.
We use (2.6) and set p(n) = x1n + x3. This leads to
—g*p < {(xin+x2 — D — g*d)yt.
—q*p < {(xin+x2 — 1)* — g*(an® + Bn + y)}§.
9*p
2t an’ + fn+y) — (n+x— 12
Yo

This implies

2
(P — xDn* + (¢%B = 2x1 — 2xxn + (@%y =B — 20— 1) < L2,
Yo
which implies finitely many d's.
This completes the proof of Lemma 2.1 O

3 Proof of the Theorem (1.2)

Let p =1 (mod 4) be a prime. There are infinitely many d = 3 (mod 4) such that the Legendre symbol

d
(¢)-
p
We consider those d’s. / )
This implies, p splits completely in Q(+/d), i.e. p = PP, where P and P are prime ideals. We also have

Nm(P) = Nm() = p.
Suppose if possible the class number /(d) of Q(+/d) is 1. Then 9 is a principal ideal in OQ( Jay» Say

B =(a+ b«/ﬁ). Thus, we have
p=Nm(P) = Nmg s ola +bVd) = |a* — db?).

This implies
a’> —db* = +p, (3.1)

which contradicts the lemma (2.1). Hence h(d) # 1. Except for finitely many d’s, we have ¢ (d) > 4, therefore
h(d)|H (4d) (by Lemma 1.1). Since h(d) > 1, we have H (4d) > 1.
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4 Concluding remarks

As mentioned earlier, if we consider the sequence a; = 1 for t = 2, then in this case d = (z + 1)> — 1. Suppose
z is even, say, z = 2n, then

d=Qn+1)*-1
=4n(n+1).

So, for d to be square-free z has to be odd. Hence d has to be of the form (2np)* — 1, which is precisely the
family considered in [6]. Thus, we get a more generalized and larger family.
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