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Abstract We prove several Ramanujan-type congruences modulo powers of 5 for partition k-tuples with 5-cores,
for k = 2, 3, 4. We also prove some new infinite families of congruences modulo powers of primes for k-tuples
with p-cores, where p is a prime.
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1 Introduction

A partition of a positive integer # is a finite non-increasing sequence of positive integers A = (A1, A2, ..., Ag)
k
such that ) A; = n. The number of partitions of n is denoted by p(n). Euler found the generating function of

i=1

p(n), given by

> pg" = (

>0 q; q)oo
where

(@: @)oo = [ [ —ag"). gl <1.

i>0
For example, the five partitions of 4 are

4,3+1,242,2+14+1,1+14+14+1.
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Ramanujan-type congruences for partition... 345

Thereafter, the subject got a massive push when Ramanujan found some amazing congruences that the partition
function p(n) satisfies; this ushered in an era of study of arithmetic properties of the partition function as well
as other restricted types of partitions. Ramanujan proved the following identities:

pGn+4)=0 (mod5), p(Tn+5) =0 (mod7), and p(lln+6)=0 (mod 11).

Over the years, various authors have studied different classes of partitions in the hope of proving such Ramanujan-
type congruences for newer partition types. In this paper, we look at the class of partitions called k-tuple partitions
with ¢-cores and prove some Ramanujan-type congruences that these partitions satisfy.

The Ferrers-Young diagram of a partition is a pattern of dots with A; dots in the i-th row for the partition
A = (A1, A2, ..., Ag) of n. The hook number of a dot is the number of dots directly below and to the right of the
dot, including the dot itself. A partition is called a ¢-core partition for > 2 if the partition has no hook number
divisible by #. We further define a partition k-tuple of n to be the k-tuple of partitions (A1, A2, ..., Ag), where

k
Z Ai =n.
i=1
For example, the Ferrers-Young diagram of the partition 5+1 of 6 is given below along with the hook numbers:

.6 .4 .3 .2 .

o!
As none of the hook numbers are divisible by ¢ for any # > 7, this is a f-core partition of 6 for any r > 7. Next,
consider the tuple (4+3+2, 5+1). This is a 2-tuple whose hook numbers of the individual tuples are not divisible
by any ¢t > 7. So, this is a 2-tuple z-core partition of 15 for any # > 7.
Let A; x(n) be the number of partition k-tuples of n with ¢-cores and its generating function is given by

(q q
E A
n>0 tk(n)q (q q)k

t\kt
oo (1.1)

These partitions and the generating functions are the objects of study in this paper.
There have been several studies involving the congruence properties of A; x(n). Dasappa [4] proved the
following result:
As2(5%n+5%—-2)=0 (mod 5%), «a>1. (1.2)

In a similar vein, recently Majid and Fathima [3] proved the following result:
A53(5%n+5%—-3)=0 (mod 5%, «>1. (1.3)

Both of these results were proved using elementary techniques which involved using dissection formulas and
induction. We extend these results in the following theorem.

Theorem 11 Foralln > 0 and o > 1, we have
As 43 n 459 _4) =0 (mod 5%1). (1.4)
For instance, putting « = 4 and 5, we have the following congruences:
As54(5°n+3121) =0 (mod 5%)
and
As4(5%1 +15621) =0 (mod 5°).

We further find some new infinite families of congruences for A; x (n) for some general values of k and ¢, as
stated in the following results.

Theorem 12 Let p > 5 be a prime and letr € Nwith 1 < r < p — 1, be such that 24r + 1 is a quadratic
nonresidue modulo p. Then, foralln > 0,i > 1 and N > 1, we have

A, v i(pn+r)=0 (mod pM).
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For example, if we take p = 5, then 24r 4 1 is quadratic nonresidue modulo 5 when r = 3 and 4. Hence,
the above theorem implies that

Assvi_1(Sn+r)=0 (mod 5Y), forn>0,i>1,N>1landre (3,4}

Theorem 13 Let p > 5 be a prime and let r € N with 1 < r < p — 1, be such that 8r + 1 is a quadratic
nonresidue modulo p. Then, foralln > 0,i > 1 and N > 1, we have

A, Ni3(pn+r)=0 (mod pN).

For instance, if we take p = 5, then 8r + 1 is quadratic nonresidue modulo 5 when r = 2 and 4. Hence, the
above theorem implies that

Assvi_3(5n+r)=0 (mod 5V), forn>0,i>1,N>landr € {2,4}.

Theorem 14 Let p > 5 be a prime and letr € Nwith 1 <r < p — 1, be the unique value such that 8r +1 =0
(mod p). Then, foralln > 0 andi > 1, we have

Ap pi—3(pn+r)=0 (mod p).
For example, if we take p = 5, then 8r +1 = 0 (mod 5) for r = 3. Hence, the above theorem implies that
As5535n+3)=0 (mod)5), foralln > 0andi > 1.

We also prove some new individual congruences for As ;(n) for some specific values of ¢.

Theorem 15 For all n > 0, the following congruences are true:

A52(25n4+23) =0 (mod 52), (1.5)
As2(125n +123) =0 (mod 5°), (1.6)
A53(25n+22) =0 (mod 5), (1.7)
As53(125n+122) =0 (mod 52), (1.8)
A54(25n4+21) =0 (mod 5°), (1.9)
As.4(125n 4+ 121) =0 (mod 5°). (1.10)

Next, we present a congruence result for A; x(n) modulo powers of primes, which can be also viewed as an
existence result for infinite families of congruences.

Theorem 16 Let p be a prime, k > 1, j >0, N > 1, M > 1, and r be integers such that 1 <r < pM — 1. If
foralln >0,

Apr(pMn+r) =0 (mod p),
then for all n > 0 we have

A, puin-1i (pMn+r) =0 (mod pM).

The following is an easy corollary.
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Corollary 17 Foralli > 0 and n > 0, we have

As52142(25n+23) =0 (mod 5), (1.11)
As5342(25n +23) =0 (mod 5%), (1.12)
As.554,(125n +123) =0 (mod 5%), (1.13)
As5243(25n+22) =0 (mod 5), (1.14)
Ass5443(125n+122) =0 (mod 5%), (1.15)
Assiva(5n+3,4)=0 (mod 5), (1.16)
As5344251+21) =0 (mod 5%, (1.17)
As524425n+21) =0 (mod 5), (1.18)
As5344(25n+21) =0 (mod 5%, (1.19)
Ass54i44251+21) =0 (mod 5°), (1.20)
As55144(25n+21) =0 (mod 5%, (1.21)
As 56425 +21) =0 (mod 5°), (1.22)
As.s8;04(125n +121) =0 (mod 5°). (1.23)

Proof The proofs of the above congruences follow from Theorem 15 and Theorem 16 and are similar in nature.
Hence, here we only present the proof of (1.17).
The case for i = 0 is true by (1.9). Using Theorem 16, and the case for i = 0, we deduce that

Z As.125i44(25n 4 21)g" = Z As4(25n+21)¢" =0 (mod 25),

n>0 n>0
which completes the proof. ml

The rest of the paper is organized as follows: in Section 2 we state some preliminary results that we require for
our proofs, Theorem 11 is then proved in Section 3, Theorems 12, 13 and 14 are proved in Section 4, Theorem 15
is proved in Section 5, Theorem 16 is proved in Section 6 and finally we close the paper with some concluding
remarks and conjectures in Section 7.

2 Preliminary Results

For the sake of brevity, we use the notation f; := (¢¥; ¢¥)so throughout the rest of the paper. We also let

(494" ¢7)oo

R(q) = .
@ (4% 490 (@ @)oo

1
First, we recall the following 5-dissections of 7 and f1. We have [2, Eq. (7.4.14)]
1

fi] = %(R4(lq5) + RS?qS) + RE?;) + RZZ) +5¢* —3¢°R(¢°) + 24°R*(¢°)
—q'R (%) +q8R4(q5)>, @2.1)
and [2, Theorem 7.4.4]
fi = fas (ﬁqs) —q - q2R<q5>) : (2.2)
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1
Lemma 21 Let Y Ps(n)q" = F. Then we have

n>0 J1
n f% j% 2 ;4 3fQO
> Py(5n+ 1)g" =472 + 5502 + 12500¢ +78125¢° =
"0 fe 12 1B /i
Proof Using equation (2.1), extracting the terms involving ¢>*+!, dividing by ¢ and then replacing ¢° by ¢, we
arrive at
2 < 4 418¢ 184042 3 455 5 10 6 15 )
Py(5n+1)q" +1015¢° —1840¢*R>(¢)+418¢° R (¢)—44° R (g) ).
,§ T =1\ R ) RO R(g) 1 TR R T R
(2.3)
We use the following formula [2, Theorem 7.4.4]
1 fe
—— —llg —¢*R(g)’ = =L, (2.4)
R(f])s f5
to obtain from equation (2.3)
20
Z Py(5n + Dg" = 4f5 + 550q == f5 s+ 12500q2f + 7812543 f24. (2.5)
=0 f A fi
O
Lemma 22 If Zo Q4(n)g" = f2 f*, then we have 20 Q4(5n + 4)q" = —15625¢% f4 f2.
n> n>
Proof Using equation (2.2), we obtain
Y 0am)g" = f213(1/R™(q) — 149/RP(g) + 7147/ R () — 18247 /R" (9) + 9104°/R° (9)
n>0
—1365¢°/R%(q) — 14304" /R” (q) + 5005¢%/R®(g) — 100104 '°/R*(¢)
+ 36404 /R (q) + 14105¢'%/R*(q) — 69304 '3/ R(q) — 15625¢'*
+ 6930 R(g) + 14105¢'°R*(q) — 364097 R*(g) — 1001048 R*(¢)
+5005¢2°R%(¢) + 1430¢>' R (q) — 1365¢**R¥(q) — 910¢**R°(¢)
+ 18297 R (9) + T79*°R"*(q) + 14¢*" RV (q) + ¢** R"(9)).
Extracting the terms involving ¢°"™* and then dividing by ¢* and replacing ¢°> by ¢, we get
> 045n +4)g" = —15625¢> 1 f1.
n>0
O

Lemma 23 If 3" Qs(n)q" = qf8 £}, then we have Y° Qs(5n + 4)g" = —125¢f3 f8.

n>0 n>0
Lemma 24 If )" Q¢(n)q" = q2f514f12, then we have Y Q¢(5n + 4)q" = —f52f114.
n=0 n>0

The proofs of Lemma 23 and Lemma 24 are exactly similar to the proof of Lemma 22. So, we leave them to the
reader.
We also recall that

o0
Y (=1t (2.6)

m=—0oQ

@ Springer



Ramanujan-type congruences for partition... 349

and [1, p.39, Entry 24(iii)]
£= 3 (D" @m 4 g2, @7
m>0

We know that for all primes p and integers k > 1, we have

= (mod ph. 2.8)

3 Proof of Theorem 11
We prove Theorem 11 using elementary g-series techniques, remniscent of the proof of the result of Majid and
Fathima [3]. But, before that we need the following result.
Theorem 31 For all integers a > 0, we have
D A5+ 5T —4)g" = Ao fS A+ BagfEfY + Cad® £3H T+ Dag® Y Asa)g",  (3D)
n>0 n>0

where Ag = 4, Bg = 550, Co = 12500, Do = 78125, and for any integern > 1, A,, By, Cp, and D, are defined
as

Ay =—-Cy_1 +4Dy_y, (32)
B, = —125B,,_1 + 550D, (3.3)
C, = —15625A,_1 + 12500D,,_1, (3.4)
D, =Dyt (3.5)
Proof From equation (1.1), we have
f20
ZASA(H)Q" ==
f4
n>0 1
From equation (2.5), we have
f20
D AsaGn+1)g" =4f5 £ +550q 13 £ + 125007 32 £ + 78125q3%

n>0 J1
=43 fi* 455013 £ + 12500q% f3* 7 + 7812567 Y " Asa(m)g".  (3.6)

n>0

Equation (3.6), is the case for « = 0. Now assume that the result holds for all values up to @ + 1 (¢ > 0).
Replacing n by 5n + 4, and by using Lemmas 22, 23, 24, and equation (3.6), we have

ZAi“(SaH” 45042 _ 4)q"
n>0
= Aa(—15625% [ fI*) + Ba(—125q £ f3) + Co (= f1* f) + Da(4 2 f1* + 55018 1}
+12500q% 44 £ + 781257 D " Asa(n)g™)
n>0
= (—Cq +4Do) f* f# + (—125B, + 550Da)q f f&
+ (=156254, + 12500D4)q” f2 f4* + 78125¢° Dy Y _ Asa(n)q"

n>0

= Aut 1 i 13 + Ba1f P 12+ Cap1 @ FE £ + Das1? ) Asa(n)q".

n>0

Hence, the result is true by induction. ml
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We can finally prove Theorem 11 now.

Proof of Theorem 11 From equations (3.2), (3.3), (3.4) and (3.5), we see that

A =0 (mod 5°), B =0 (mod 5%, C; =0 (mod 5%), D=0 (mod 35,
Ay =0 (mod 5%, B, =0 (mod 57), C>=0 (mod57), D> =0 (mod 5%),

Ay =0 (mod 5%t%), By =0 (mod 5¢15), C, =0 (mod 5973), Dy =0 (mod 5%79).

Now, it is easy to see that equation (3.1) implies Theorem 11. O

4 Proofs of Theorems 12, 13 and 14

Proof of Theorem 12 From the generating function of A, ,~;_;(n) and equation (2.8), we have

p(pNi=1) p(pNi=1)
P _Jr N
D Appriamg" = N = v /1 (mod p.
n=0 1 Ir
With the help of equation (2.6), we obtain
p(pNi-1) , o0
D Ap i (g = p,,T( > (—1)mqm(3ml)/2> (mod p").
n>0 fp m=—00

For some m and n, we are interested in finding out whether m (3m — 1) /2 = pn + r. This is equivalent to asking
whether 24pn + 24r + 1 = (6bm — 1)2, which implies 24r 4+ 1 = (bm — 1)? (mod p). However 24r 4+ 1 is a
quadratic nonresidue modulo p. It follows that

A, i1 (pn+r) =0 (mod p").
O
Proof of Theorem 13 Like before, we have
p(p"i=3) p(pNi=3)
Z ApsPNl-*?)(n)qn = £ [7Nl'43 = £ [7N_li f13 (mOd pN)
n>0 f1 fp
With the help of equation (2.7), we obtain
p(pNi=3)
D A, v = %(Z(—l)m(Zm + 1)qm(m+1)/2> (mod p™M). (4.1)
n>0 Sp m>0

For some m and n, we are interested in finding out whether m(m + 1) /2 = pn + r. This is equivalent to asking
whether 8pn + 8r +1 = (2m + 1)2, which implies 87 +1 = (2m + 1)> (mod p). However 8r + 1 is a quadratic
nonresidue modulo p. It follows that

Ap,pzvi_(pn +r)=0 (mod pN).

]

Proof of Theorem 14 Due to equations (2.7) and (4.1), we must determine whether pn +r = m(m + 1)/2 for
some integers m and n. Completing the square and considering the result modulo p gives 2m+1)2 =8r+1=0
(mod p). Therefore, p divides (2m + 1)?, implying that p divides 2m + 1. Since the coefficient of ¢”"+1)/2 in
the series representation in equation (2.7) is exactly 2m + 1, it follows that the coefficient we are interested in is
congruent to 0 modulo p. o
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5 Proof of Theorem 15

The proofs of the congruences are similar in nature. So, we only present proofs of (1.9) and (1.10). For others,
we just give the corresponding generating functions.
First, we prove (1.9). We have,

Y Asan)g" = 15 = 32> Pam)q".

Y
n>0 f n>0

Sn+1

Then, extracting the terms involving ¢ and dividing by ¢ and then replacing ¢> by ¢, we obtain

Y AsaSn+D)g" = 0> Pa5n + D"

n>0 n>0

With the help of Lemma 21, we get

Y Asa(Sn+ g" = < ?5 + 550q ){5 +12500q2?

n>0

720
+ 7812543 )
=z

= 4f2 f1* 4+ 550918 8 + 125004° £ £ + 78125¢ 3f

1

Using equations (2.1) and (2.2), extracting the terms involving ¢+, dividing by ¢ and then replacing ¢° by ¢,
we arrive at

20
> Asa@5n+21)g" = 55( 4f14 241002 — /5 +gq <1O4SOL - 22f18f58>

nz0 fiRP (@) fTR(g)
13 2 .14 3 /20
46000 —=>— — 62500 + 25375
( R @ flfS) T
20 p5 R10 RIS
— 46000g 4M+10450 sf L= 4 (@) — 100g 6 /3 R (q))’
fl fl f1

which on usage of (2.4) reduces to

> As425n+21)g" =5 (96f114f52 +13728¢ 18 18 + 3124804% £ f34 + 1953125q3ff )
n>0 1
which implies (1.9).

Proceeding in a similar way, we can also deduce

> Asa(125n + 121)g" = 56<1500004 F4 2 42145005504 18 £2 + 48825125004 f1

n>0

+30517578125q3j; )
J1

which proves (1.10).
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Now, we give the generating functions which will complete the proofs of the other congruences stated in the
result:

Y As52(25n +23)g" = 5 (48 e+ 625q]; )
1

n>0

> Asa(125n +123)¢" = 53<1202f1 A4 15625q]; )
1

n>0

> As3(25n+22)g" = 5(5838f1 f3 423325017 £ + 1953125(]2]; )
1

n>0

Z As3(125n + 122)g" = 5° (3643791 FL 13 4145754625 17 f5 + 1220703125612]; )
1

n>0

This completes the proof of Theorem 15.

6 Proof of Theorem 16

M—1 M—1
Without loss of generality, we may assume that r = Z pjrj forO <r; <p-—1,as Z pjrj can take any
j=0 j=0

value between 1 and pM — 1. For integers M > 1 (sufficiently large) and N > 1, we have

fp(pM+N71i+k) f M+N i
P 14
ZAP»PM+N"i+k(n)qn = prJerll-_,_k = PMAN—T; ZAp k(n)q"

n>0 J1

pMAN=2 2_1 ,
f,, PEUEN Ap)g" (mod p).
n=0

Extracting the terms that involve g”"*7° from the above identity, we obtain

MAN-2(,2_1);
Z Ay pun-tpp (pn +r0)g" = ff v Y Apk(pn +r0)q"
n>0 n=0

MAN=3(,2_1);
= TS Ap(pn+ro)g"  (mod pV).
n=0

I

Now, extracting the terms that involve g”"*"! from the above identity, we obtain

MAN=3 21y,
A, v (PPt ro+ prg" = TS Ay k(pPn 4 ro + prig”

n>0 n>0

MAN—4(,2_ 1y
=17 T APt ro+ pridg”  (mod pY).

n>0

From the above identity, we extract the terms that contain ¢?**"2, and from the resulting identity, we again
extract the terms that contain g”"*"3 and so on. It can be seen that after the M-th extraction using this iterative
scheme, we arrive at

M—1

ZApprﬁ-N—li_’_k(le’l‘f‘rO‘Fpr] +---4+p ry—1)q"

n>0

N—1 271'
=f )’ZA,,’k(pMn+ro+pr1+---+p

n>0

M=1ry_1g"  (mod p). (6.1)
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M—1 N)
2

Therefore, if we assume that A, x(pMn +ro + pri+ -+ pMlry_1) = Ap(pMn+r) =0 (mod p
then from the above identity, we have
Ap’pM+N—1,-+k(pMn +r)=0 (mod pN).

This completes the proof of Theorem 16.
We have the following easy corollary, which follows from equation (6.1) when M = 1.

Corollary 61 Let p be a prime, k > 1, j >0, N > 1, and r be integers such that 1 <r < p — 1. Then for all
n > 0, we have

N-1(p2_1yi
ZA[,’[,NH,((pn +rq = fr P ZA,,’k(pn +7r)g"  (mod p").

n>0 n>0

7 Concluding Remarks

(1) We have found several congruences modulo powers of 5, individual as well as infinite families similar to
those stated in Theorem 16, for As  (n) for higher values of k. The proofs of these are routine execises similar
to the proofs of (1.9) and (1.10) hence, they are not proved here. For instance, the following congruences are

true:
As(25n +14,19,24) =0 (mod 5°), (7.1)
As(125n 4 119) =0 (mod 5°), (7.2)
As7(251 +13,18,23) =0 (mod 5%), (7.3)
As7(125n 4 118) =0 (mod 5°), (7.4)
As 5246251 +14,19,24) =0 (mod 5), (7.5)
As 5346(25n +14,19,24) =0 (mod 5%), (7.6)
As5546(125n +119) =0 (mod 5%), (7.7)
As.52,7(251 4+ 13,18,23) =0 (mod 5), (7.8)
As.5347(25n +13,18,23) =0 (mod 5%), (7.9)
As.55147(125n+118) =0 (mod 5°). (7.10)

(2) Looking at the sequence of results in equations (1.2), (1.3) and (1.9), it suggests the possibility of there being
other such structures modulo higher powers of 5, and more generally for A; x (n) modulo higher powers of
t. Experiments also suggest some sort of cyclic behaviour, which we do not conjecture here, but it would be
interesting to know what can be said about As 5;43(5%n + 5% — 3) (mod 5%) and As 5,42(5%n + 5% — 2)
(mod 5%)?

(3) Experiments suggest some additional infinite family of congruences modulo powers of 5 which are stronger
results than those indicated by Theorem 16. We present them here as conjectures:

Ass5i41(25n +24) =0 (mod 5°), (7.11)
As.5242(25n+23) =0 (mod 5%, (7.12)
As5342(125n +123) =0 (mod 5°), (7.13)
As5:43(1250 +122) =0 (mod 5%), (7.14)
Ass54i44(125n + 121) =0 (mod 5°), (7.15)
As55:4(125n+121) =0 (mod 5°), (7.16)
As.52.6(25n +14,19) =0 (mod 5%, (7.17)
As5246(125n +119) =0 (mod 5%), (7.18)
As.52,47(25n +13,18,23) =0 (mod 5%), (7.19)
As5;,.7(125n+118) =0 (mod 5). (7.20)
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(4) Many other congruences modulo higher powers of 5 may exist for higher subsequences. It may be interesting
to study those congruences.
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