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Abstract A set of vertices W € V(G) of a graph G with no isolated vertex is said to be a 2-dominating set
of G if every vertex in V(G) \ W is adjacent to at least two vertices in W. In addition, if V(G) \ W is an
independent set, then W is said to be a 2-outer-independent dominating set of G. The 2-domination number
(2-outer-independent domination number) of G is the minimum cardinality among all 2-dominating sets (2-
outer-independent dominating sets) of G. In this paper we study the above two parameters for the case of the
rooted product graphs. In particular, we obtain closed formulas (three possible expressions) for each of these
domination parameters, and we also characterise the graphs that satisfy each of these formulas. As a consequence
of the study, we obtain the corresponding formulas for the corona product graphs.
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1 Introduction

Domination in graphs is one of the most researched topics in the area of graph theory. A set W € V(G) is a
dominating set of a graph G if every vertex in V(G) \ W is adjacent to at least one vertex in W. Let D(G) be
the set of the dominating sets of G. The domination number of G is defined as y (G) = min{|W|: W € D(G)}.
A y(G)-set is aset W € D(G) such that |[W| = y(G). A similar agreement will be assumed when referring to
optimal sets associated to other parameters used in this article. For introductory reading related to this parameter
(as well as its main variants), we suggest the excellent books [8] and [9].

Fink and Jacobson [4,5] generalized the concept of dominating sets in graphs. A set of vertices W € V (G) of
a graph G is said to be a k-dominating set (kDS) of G if every vertex in V (G) \ W is adjacent to at least k vertices
in W. In addition, if V(G) \ W is an independent set, then W is said to be a k-outer-independent dominating set
(kOIDS) of G. Let D (G) and D,?i (G) be the sets of the kDSs and kOIDSs of G, respectively. The k-domination
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(a) (b)
Fig. 1 The set of black-coloured vertices forms a y,(Ps o, H)-set (a) and a yz”i (Ps oy H)-set (), respectively

number (resp., k-outer-independent domination number) of G is defined as y;(G) = min{|W| : W € Dy (G)}
(resp., y,fi(G) =min{|W|: W € D,‘{’i G)).

In [7], Hansberg and Volkmann summarise the main results obtained up to 2020 concerning k-domination,
with special emphasis on the case k = 2. Moreover, the k-outer-independent domination number of a graph has
been studied for the cases in which k < 2. The parameter yfi (G) was introduced in [12] and studied further in
[13-15,17], while for k = 1, the 10IDS is the well-known vertex cover set, and hence the vertex cover number
is denoted as B(G) = yl”i(G).

Godsil and Mckay [6] introduced the concept of rooted product graphs. Let G be a graph of order 7 and let
H be a graph with root vertex v € V(H). The rooted product graph G o, H is the graph obtained by taking
one copy of G and n copies of H, and identifying the i""-vertex of G with the root v in the i""-copy of H.
For every vertex u € V(G), the graph H,, = H will denote the copy of H in G o, H containing the vertex u.
Throughout the article, we will assume that G and H are graphs with no isolated vertex. In recent years, several
domination parameters have been studied in rooted product graphs. For instance, we cite the following works
[1-3,10,11,16].

In the Figure 1, we show two copies of the rooted product graph Ps5 o, H, where H is the graph obtained
from the complete graph K5 and eliminating exactly two edges incident to a root vertex v € V (Ks). For this
graph, we have that y» (P50, H) = 10 and yz(’i (Ps oy H) = 17. The corona product graph G © H'’ is a particular
case of a rooted product graph G o, H, where H = K| + H' (by considering v as the vertex of K; and K| + H’
as the join graph of K| and H'),i.e., GO H = G o, (K| + H).

In this paper we study the 2-domination number and the 2-outer-independent domination number in rooted
product graphs. A basic problem in the study of a domination parameter in any product of graphs is obtaining
closed formulas or sharp bounds and expressing these in terms of parameters of the graphs involved in the
product. In such a sense, this work settles the previous problem. In particular, we obtain closed formulas for the
two aforementioned parameters in the rooted product graphs and characterise the graphs that satisfy each of the
formulas obtained. As a consequence of the study, we deduce the corresponding formulas for the corona product
graphs.

2 The 2-domination number of rooted product graphs

To give the main results of this section, we need to establish some preliminary lemmas. As usual, given a graph
H and a vertex v € V(H), N(v) and H — v denote the open neighbourhood of v in H and the subgraph of H
induced by V(H) \ {v}, respectively.

Lemma 1 Let H be a graph. The following statements hold for any vertex v € V(H).

1) y2(H —v) = y2(H) — 1.
@(ii) If N(v) = V(H) \ {v}, then y»(H — v) = y2(H) — 1 if and only if H = K>.

Proof Let D' be a y>(H — v)-set. Observe that D = D’ U {v} € Dy(H). Hence, y2(H) — 1 < |D| -1 =
|D' U{v}| — 1 =|D’'| = y2(H — v), which completes the proof of (i).

From now on, let us assume that N (v) = V(H)\ {v}. Suppose that y» (H —v) = y»(H)— 1.If IN(v)ND'| =
|D'| > 2, then D’ € Dy(H), which implies that y»(H) < |D'| = y»(H — v) = y2(H) — 1, a contradiction.
Therefore, 1 < |D’| = |[N(v) N D’| < 1, and as a consequence, y»(H —v) = |D’| = 1. Hence H — v = K|,
which implies that H = K>, as desired. The other implication is straightforward, which completes the proof. O

Lemma 2 Let G and H be two graphs. If G has order n and v € V (H), then the following statements hold.

(1) 72(G oy H) < ny2(H).
(i) If yo(H —v) = y»(H) — 1, then the following statements hold.
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(@) 12(G oy H) < y2(G) +n(y2(H) — 1).
(b) If N(v) N D # @ for some yo2(H — v)-set D, then y»(G oy H) < y(G) + n(y2(H) — 1).

Proof Let S C V(G oy H) such that S N V(H,) is a y»(H,)-set for every u € V(G). It is straightforward that
S € Dy(G oy H). Hence,

y2(Goy H) < [S|= Y ISNV(H)I= Y ya(Hy) =ny(H),
ueV(G) ueV(G)

which completes the proof of (i).
From now on we assume that y, (H —v) = y2(H)—1.Let S’ € V(Go, H)\V(G) suchthat SN (V (H,)\{u})
is a 2 (H, — u)-set for every u € V(G). From any y»(G)-set X', it follows that X’ U S” € D,(G o, H). Hence,

y2(Goy H) < [X'US'|=|X'|+ Y IS0 (V(H)\ {u))
ueV(G)

=X+ ) ya(H,—u)
ueV(G)

=1(G) +n(y2(H) — 1),

which completes the proof of (ii)-(a).

Finally, we also suppose that there exists a y2(H — v)-set D such that N(v) N D # (. Now, let us consider
aset W C V(G o, H)\ V(G), where W N (V(H,,) \ {u}) is the subset of V(H,,) \ {u} induced by D for every
u € V(G). From any y (G)-set X, it follows that X U W € D, (G o, H). Hence,

y2(G oy H) < [ XU W[ =|X|+ Z (WD (V(H) \ {u})]
ueV(G)
= |X|+n|D|
=y(G) +n(y2(H) = 1),
which completes the proof. O

Lemma 3 The following statements hold for any y>(G o, H)-set W and any vertex u € V(G).

1) IWNV(H,)| = y(H) — 1.
G) If I WNV(H)| = yp(H) — 1, thenu ¢ W and [N(u) N W N V(H,)| < 1, and as a consequence,
Y2(H —v) =y(H) -1

Proof Let W be any y» (G o, H)-set and we fix any vertex u € V(G). Notice that (W NV (H,))U{u} € Da(H,).
Hence,

ve(H) =1 =y(Hy) =1 = [((WNV(H,))U{u}| =1 < WD V(H,)I

which completes the proof of (i).

From now on, let us suppose that |W N V(H,)| = y»(H) — 1.Ifu € Wor INw) N WNV(H,)| > 2,
then we have that W N V(H,) € D»>(H,), which implies that y»(H) = y»(H,) < |WNV(H,)| = y»(H) — 1,
a contradiction. Therefore, u ¢ W and |[N(u) N W N V(H,)| < 1, as desired. Since u ¢ W, it follows that
WNV(H,) € Da(H, —u). Hence, yo(H —v) = yo(H, —u) < |WNV(H,)| = y2(H) — 1. Finally, from
Lemma 1-(i) we deduce that y»(H — v) = y»(H) — 1, which completes the proof. |

The following theorem provides closed formulas for the 2-domination number of G o, H.

Theorem 4 Let G be a graph of order n and let H be any graph. For any vertex v € V(H),

72(G oy H) € {y(G) +n(y2(H) — 1), y2(G) + n(y2(H) — 1), ny2(H)}.
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Proof Let W be any y»(G o, H)-set. By Lemma 3-(i) we have that |W NV (H,)| > y»(H) — 1 for any vertex
u € V(G). Considering the above fact, we next define the subsets V~ and V= of V(G), which satisfy that
V- UVZ =V(G).

Vo ={ueV(G): IWNV(H,)| = y2(H) — 1},
V= ={u e V(G): IWNV(H)| = y2(H)}.

Next, we analyse the following two cases.
Case 1: V™~ = (. In this case we have that V(G) = V=, which implies that

y(Goy Hy= W= Y |WNVH) =Y [WNV(H)| =ny(H). e))
ueV(G) ueVz=

Therefore, Lemma 2-(i) leads to y»(G oy, H) = ny»(H).
Case 2: V™~ # (. In this case we have that

¥2(Goy H)y= W= Y [WNVH)+ Y [WNV(H)

ueVv= ueV-

Y ) + D () — 1)

ueV= ueV- 2)

VEI+ ) (nH) - 1)

ueV(G)

v

= V= +n(p(H) = 1).

By Lemma 3-(ii) it follows that u € V(G) \ W and that |[N(u) N W N V(H,)| < 1 for every vertex u € V™.
Since [N (u) N W| > 2 for every u € V(G) \ W, it is easy to see that W N V(G) € V= is a dominating set of
G. Hence, y(G) < |[W N V(G)| < |VZ|, which leads to y,(G oy, H) > y(G) + n(y2(H) — 1) by inequality
chain (2). Moreover, observe that Lemma 3-(ii) leads to y»(H — v) = y»(H) — 1, and by Lemma 2-(ii)-(a) it
follows that 2(G oy, H) < v2(G) +n(y2(H) — 1).

In summary, we have that

Y(G) +n(y2(H) = 1) < y2(G oy H) < y2(G) +n(y2(H) = 1). 3)

We only need to prove that (G o, H) only can take the previous extreme values. For this purpose, we next
analyse the following two subcases.

Subcase 2.1: There exists a vertex u € V~ such that [N(u) " W N V(H,)| = 1. Let us consider a set
W' C V(G o, H) where W NV (H,) is the subset of V (H,) induced by W NV (H,,) for every vertex x € V(G).
From any y (G)-set X, it follows that X U W’ € D»(G o, H). Hence,

v2(Goy H) < [XUW|= X[+ Y [W NV(H,)|
xeV(G)

=X+ Y IWNV(H,)
xeV(G)

=y(G) +n(y2(H) = 1).

Thus, by the previous upper bound and the lower bound given in inequality chain (3) we have that > (G oy H) =
y(G) +n(yr(H) — 1), as desired.

Subcase 2.2: [N(u) N W N V(H,)| = 0 for every vertex u € V~. As |[N(u) N W| > 2 for every vertex
u € Vit follows that W N V(G) € V= is a 2-dominating set of G. Hence, y2(G) < [W N V(G)| < |VZ|,
which leads to y»(G o, H) > y»(G) + n(y2(H) — 1) by inequality chain (2). Thus, by the upper bound given
in the inequality chain (3) it follows that y»2(G oy H) = y2(G) + n(y2(H) — 1), as desired.

Therefore, the proof is complete. O
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Now, we proceed to characterise the graphs with y»(G oy H) = y(G) +n(y2(H) — 1).

Theorem 5 Let G and H be two graphs. If G has order n and v € V (H), then the following statements are
equivalent.

(1) »2(G oy H) = y(G) +n(y2(H) — 1).
(1) y(H —v) = y»(H) — 1, and in addition, y2(G) = y(G) or there exists a y»(H — v)-set D such that
N@)N D #@.

Proof We first assume that y»(G oy H) = v(G) +n(y2(H) — 1). Let W be a (G o, H)-set, and consider the
sets V™~ and V= defined in the proof of Theorem 4. By Lemma 3-(i) and the fact that ¥ (G) < n, we deduce that
V= # . Letu € V™ such that |[N(u) N W N V(H,)| is maximum among all vertices in V~. By Lemma 3-(ii)
we have the following conditions.

e »(H —v)=n(H)-L
eug¢ Wand | Nu)NWNV(H,)| <1.

If INw) N WnNV(H,)| = 0, then it follows that [N(x) N W N V(H,)| = 0 for every x € V~. Proceeding
as in Subcase 2.2 of the proof of Theorem 4 we obtain that |W| = y»(G) + n(y2(H) — 1), which implies that
12(G) = y(G). Now, we suppose that |[N(u) N W N V(H,)| = 1. Notice that W N V(H,,) is a y»(H, — u)-set
suchthat Nwu)NWNV(H,) # 9. As H, —u = H — v, it follows that there exists a y,(H — v)-set D such that
N ()N D # &, as desired.

Conversely, we assume that (ii) holds. By Theorem 4 and Lemma 2-(ii)-(a) we have that y2(G o, H) €
7 (G)+n(n(H) = 1), 12(G)+n(y2(H) — D). I 12(G) = y(G), then y2(G o, H) = y(G) +n(y2(H) — 1), as
desired. Finally, if there exists a y» (H —v)-set D such that N (v)ND # @, then y»(Goy H) < y(G)+n(y2(H)—1)
by Lemma 2-(ii)-(b), which implies that y» (G oy H) = y(G) +n(y>2(H) — 1). Therefore, the proof is complete.
O

We next proceed to characterise the graphs with y»(G oy H) = y2(G) + n(y2(H) — 1). Observe that the
case ¥ (G) = y2(G) is excluded because it was discussed in Theorem 5.

Theorem 6 Let G be a graph of order n such that y(G) < y2(G) and let H be a graph and v € V (H). Then
12(G oy H) = y2(G) +n(y2(H) — 1) if and only if one of the following conditions holds.

(1) y2(H —v) = y(H) —1and N(v) N D = @ for any y»(H — v)-set D.
(i) y2(H —v) = y2(H) and y2(G) = n.

Proof We first assume that > (G oy, H) = y2(G) +n(y2(H) — 1). By Lemma 1-(i) it follows that y» (H — v) >
y2(H) — 1. Now, we analyse the next two cases.

Case 1: y»(H — v) = y»(H) — 1. By Lemma 2-(ii)-(a) and Theorem 4 we have that y»(G o, H) € {y(G) +
n(y2(H)—1), »»(G)+n(y2(H)—1)}. Asy (G) < y2(G), Theorem S leadsto N (v)ND = @ for any y»(H —v)-set
D. Hence, (i) follows.

Case2: y»(H —v) > y»(H).Let W be a (G o, H)-set, and consider the sets V ~ and V= defined in the proof of
Theorem 4. By Lemma 3-(ii) we deduce that V™~ = . From this previous condition and the fact that y»(G) < n
we have that

ny2(H) < Z IWNV(H)| = |W|=y2G oy H) = y2(G) + n(y2(H) = 1) < ny2(H).

uev+

The inequality chain above leads to y»(G) = n. Hence, (ii) follows.

On the other side, if condition (i) holds then Lemma 2-(ii)-(a) and Theorem 4 lead to y»(G o, H) €
{y(G)+n(y2(H)—1), y2(G)+n(y2(H)—1)}. Since y (G) < y2(G), itfollows by Theorem 5 that y» (G o, H) #
y(G) + n(y2(H) — 1), which implies that y»(G oy, H) = y2(G) + n(y2(H) — 1), as desired. Finally, if
condition (ii) holds then by Theorem 5 we have that y»(G o, H) # y(G) + n(y2(H) — 1), which implies that
2(G oy H) € {y»(G) +n(y»(H) — 1), ny2(H)} by Theorem 4. Since y»(G) = n, it follows that y» (G oy H) =
12(G) + n(y2(H) — 1), which completes the proof. O

Finally, we proceed to characterise the graphs with y»(G o, H) = ny»(H). Observe that the case y»(G) = n
is excluded because it was discussed in Theorem 6.

Theorem 7 Let G be a graph of order n such that y»(G) < n and let H be a graph and v € V(H). Then the
following statements are equivalent.
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Hl H,

Fig. 2 The set of black-coloured vertices forms a y» (H;)-set, fori € {1, 2}

(i) v2(G oy H) = ny2(H).
(i) y2(H —v) = y2(H).
Proof We first assume that y»(G oy, H) = ny>(H). By Lemma 1-(i) it follows that y»(H — v) > y2(H) — 1.
If y»(H —v) = y»(H) — 1, then by Lemma 2-(ii)-(a) and the fact that y»(G) < n we have that »(G o, H) <
1 (G) +n(y2(H) — 1) < nya(H), a contradiction. Therefore, y»(H — v) > y»(H), as desired.

Conversely, we assume that (ii) holds. As 2 (G) < n, it follows by Theorems 5 and 6 that y»(G o, H) ¢
{y(G) +n(y2(H) — 1), 2(G) + n(y>2(H) — 1)}, which implies that y»(G o, H) = ny»(H) by Theorem 4.
Therefore, the proof is complete. O

Next, we show that the three possible values of y>(G o, H) obtained in Theorem 4 (and characterised in
Theorems 5, 6 and 7) are realisable.

Example 1 Let G be a graph of order n. Let H; and H; be the graphs given in Figure 2 and let H3 be the graph
obtained from the complete graph Ks and eliminating exactly two edges incident to a root vertex v € V(K5s)
(see Figure 1). Then the three possible values of y» (G o, H) are described below.

e »(Go, H) =y(G)+5n=y(G) +n(y2(Hy) — 1).
e (G oy H)) = y2(G) + 4n = »»(G) + n(y2(Hr) — 1).
o (G oy H3) = 2n = ny>(H3).

As defined above, the corona product graph G © H can be seen as a rooted product graph, i.e., G © H =
G o, (K1 + H). The following theorem provides closed formulas for the 2-domination number of G © H.

Theorem 8 For any graph G of order n and any graph H,
n+y(G) if H=Ki,

GOH) =
va( ) ny2 (K1 + H) otherwise.

Proof Let K1+ H be the join graph of Kj and H, and let V(K) = {v}. Observe that GO H = G o, (K1 + H).
We first suppose that H = K. Hence, K1 + H = K, which implies that y» (K1) = 1 = y»(K>) — 1. Therefore,
Theorem 5 leads to the following equality chain.

12(G O K1) = (G oy K2) =y (G) +n(y2(Kz) — 1) = y(G) +n.

From now on we consider that H 2 K. Hence K| + H 2 K>, which implies that y»(H) # y»(K1 + H) — 1
by Lemma 1-(ii). In addition, Lemma 1-(i) leads to y»(H) > y» (K1 + H). Hence, by Theorem 5 we deduce that
12(G © H) # y(G) + n(y2(K1 + H) — 1). Therefore, one of the following conditions holds by Theorem 4.

(@) ¥(G) < y2(G) and y2(G © H) = y2(G) + n(y2(K1 + H) — 1).
(b) 2(G © H) =ny2(K1 + H).

If (b) holds, then we are done. Finally, if (a) holds, then by Theorem 6 and the fact that y»(H) > y»(K1 + H)
we deduce that y»(G) = n. Therefore, 2(G © H) = y»(G) + n(y2(K1 + H) — 1) = ny»(K; + H), which
completes the proof. O

3 The 2-outer-independent domination number of rooted product graphs

To give the main results of this section, we need to establish the following useful lemma.
Lemma 9 Let G and H be two graphs. If G has order n and v € V (H), then the following statements hold.
G (WNV(H,)| > yz(’i(H) — 1 for any yz"i(G oy H)-set W and any u € V(G).
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(i) y3'(G oy H) < B(G) +nys"(H). _
(iii) Ifv € S for some yy' (H)-set S, then yy' (G oy H) < nyy' (H).

Proof Let W be any yz"i (G oy H)-set and we fix any vertex u € V(G). Itis easy to see that (WNV (H,))U{u} €
DY (H,). Hence,
ys' (H) — 1=y (H) = 1 < [(WNV(H)) U{u}| =1 < [WNV(H,)I

which completes the proof of (i).

We next proceed to prove (ii). Let S be a )/201' (H)-set. Now, let us consider a set W C V(G o, H), where
W N V(H,) is the subset of V (H,) induced by S for every u € V(G). From any S(G)-set X, it follows that
XUW € DS (G o, H). Hence,

y$(Goy H) < IXUW| < |X|+ Y [WNV(H)| =B(G)+nlS| = B(G) +nys" (H),
ueV(G)

which completes the proof of (ii). .
Finally, we proceed to prove (iii). If we assume that v € S, then it is straightforward that W € D5' (G o, H).
Hence, yz"i (Goy H) < |W| = ZueV(G) \WNV(H,)| =n|S| = nyz(’i(H), which completes the proof. O

The following theorem provides closed formulas for the 2-outer-independent domination number of rooted
product graphs.

Theorem 10 Let G be a graph of order n and let H be any graph. For any vertex v € V(H),
¥ (G oy H) € (B(G) +n(ys" (H) = 1), ny3"(H), B(G) +ny3" (H)).

Proof Let W be any yz"i(G oy H)-set. By Lemma 9-(i) we have that |[W NV (H,)| > yz"i(H) — 1 for any vertex
u € V(G). Considering the previous fact, we next define the following subsets of V(G).

Vo =lueV(G): IWNV(H)| =y (H) -1},
V= ={ue V(G): IWNV(H,)| = y§ (H))},
VI ={u e V(G): IWNV(H,)| = y{(H)+1}.

Observe that V(G) = V™ U V= U V. Next, let us analyse the following possible cases.

Case 1: V— # (. If there exists a vertex u € V™ N W, then W NV (H,) € Dgi(Hu), which contradicts the
fact that |[W NV (H,)| = yz"i(H) — 1. Therefore, V™~ C V(G) \ W. Observe that V™~ is an independent set of
G because V(G) \ W is also an independent set of G. Hence, V= U VT = V(G) \ V™ is a vertex cover of G,
which implies that 8(G) < |V= U V| = |V=| + |VT|. Therefore,

v (Goy Hy= Y |WNVH)+ Y IWNVH)I+ Y |WNV(H,)

ueV+ ueV= ueV-
> Y WHE D+ Y W H + Y H) 1)
ueVv+ ueV= uevV-

. 4

=2V + VI + Y (iH) - 1) @
ueV(G)

> |V 4+ VT +n(y§ (H) - 1)

> B(G) +n(yy (H) — 1).

Now, we proceed to prove that yz"i(G oy H) < B(G) + n(yz"i(H) —1).Letu € V- C V(G) \ W. Now, let us
consider a set W’ C V(G o, H) where W' N V (H,) is the subset of V (H,) induced by W N V (H,,) for every
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vertex x € V(G). From any B(G)-set X, it follows that X U W” € Dgi (G oy H). Hence,

v (Goy H) < IXUW'|=|X|+ Y  |[W'NV(H,)
xeV(G)

=BG+ Y IWNV(H,) (5)

xeV(G)

= B(G) +n(ys (H) — 1).

Therefore, yz"i(G oy H) = B(G) + n(yz"i(H) — 1) by inequality chains (4) and (5).
Case 2: V™~ = (. In this case, we have that V(G) = V= U VT.If V* = ¢, then the following equality chain
holds.

ys' (Goy Hy=|W|= Y [WNVH) =Y y(H)y= Y y§'(H)=nys(H).
ueV= ueV= ueV(G)

From now on, we assume that V™ £ (. This implies that |W| > nyz"i(H ). By Lemma 9-(ii) we have that
[W| < B(G) +ny20i(H) and as B(G) < n, it follows that V= £ (. If there existsu € V=N W, then WNV (H,)
is a yz(’i (H,)-set containing vertex u, which implies by Lemma 9-(iii) that |W| < n)/z”i (H), a contradiction.
Therefore, V= C V(G) \ W, which implies that V= is an independent set of G because V(G) \ W is also an
independent set of G. Hence, V' = V(G) \ V= is a vertex cover of G, and as a consequence, 8(G) < |V T|.
Thus,

v (Goy Hy= Y IWNV(H) + Y [WNV(H,)

ueV+ ueV=

D HE D+ Y v (H)

ueV+ ueV=

VH+ Y viH)

ueV(G)

v

v

> B(G) +nys (H).

Therefore, y20i(G oy H) = B(G) + nyz‘)i(H), which completes the proof. |

Now, we proceed to characterise the graphs with 15" (G o, H) = B(G) + n(y$' (H) — 1). Before, we recall
that N[v] = Nw)U {v}and L(H) ={v e V(H) : IN(v)| = 1}.

Theorem 11 Let G and H be two graphs. If G has order n and v € V (H), then the following statements are
equivalent.

(i) Vz{)i(G oy H) = B(G) +n()/20i(_H) —D.
(i) v € L(H) and there exists a yy' (H)-set S such that N[v] C S.

Proof We first assume that yz"i (GoyH) = B(G) +n(y2"i (H)—1).Let Wbea y2”i (G oy H)-set, and consider the
sets V~, V= and VT defined in the proof of Theorem 10. By Lemma 9-(i) and the fact that 8(G) < n, we have that
V- #40.Letue V- .Ifu e Wor |[N(u)NV(H,)| > 2, then it is straightforward that W N V(H,,) € Dgi(Hu).
Hence, yz"i(H) = yz"i (Hy) < |WNV(H)| = yz”i(H) — 1, a contradiction. Therefore, u € V(G) \ W and
u € L(H,). Theconditionu € V(G)\W leadsto N(u)NV (H,) € W,whichimplies thatS = (WNV (H,))U{u}
isa yz"i(Hu)—set such that N[u] NV (H,) C S. Therefore, condition (ii) holds since H = H,,.

On the other side, let us assume that the condition (ii) holds, i.e., v € L(H) and there exists a yz"i (H)-set S
such that N[v] C S. Let us consider a set W € V(G o, H) where W' NV (H,,) is the subset of V (H,,) induced
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by S\ {v} for every u € V(G). From any B(G)-set X, it follows that X U W’ € Dgi(G oy H). Hence,

ys' (Goy H) < IXUW'|=|X|+ > |WNV(H,)
ueV(G)

=BG+ Y IS\ (vl

uev(G)
= B(G) +n(ys" (H) = 1).
Therefore, by Theorem 10 we have that yz"i (Goy H) = B(G) + n(yz"i (H) — 1), which completes the proof. O
We next proceed to characterise the graphs with yz"i(G oy H) = B(G) + nyzoi(H).

Theorem 12 Let G and H be two graphs. If G has order n and v € V (H), then the following statements are
equivalent.

) 13" (G oy H) = B(G) +ny3" (H).
(i) v ¢ S for every y;' (H)-set S.

Proof We first assume that y3" (G o, H) = B(G) + ny§' (H). If there exists a y§' (H)-set S’ such that v € ',
then by Lemma 9-(iii) we have that yz”i(G oy, H) < nyz(’i (H), which is a contradiction due to the fact that
B(G) > 0. Therefore, v ¢ S for every yz"i(H)-set S, as desired.

On the other side, let us assume that (ii) holds, i.e., v ¢ S for every y2”i (H)-set S.Let Wbea yz"i (G oy H)-set,
and consider the sets V—, V= and V71 defined in the proof of Theorem 10. If there exists a vertex u € V—,
then the set (W NV (H,)) U{u}isa yz"i (H,)-set containing vertex u, which contradicts condition (ii) because
H = H,. Hence, V™~ = (. Now, if V* = J, then V(G) = V= and as a consequence, there exists a vertex
ueV=NWasV(G)\ W is an independent set and G is not an edgeless graph. Observe that W N V (H,,) is a
y20i (H,)-set containing vertex u, which again contradicts condition (ii) because H = H,. Hence, V™ # ) and
as a consequence, we have that

y$' (Goy H)=|W| =Y IWNV(H)I+ Y IWNV(H,)

ueV+ uevV=

> > I HE) + D+ Y ys(H)

ueV+ ueV=

V4 Y vi(H)

ueV(G)

v

> nyz"i(H).

Therefore, by Theorem 10 we have that yz(’i (G oy H) = B(G) + nyZO[ (H), which completes the proof. m|

Finally, we proceed to characterise the graphs with yz"i(G oy H) = nyz"i(H ). As shown in Theorem 10,
there are three possible expressions for the 2-outer-independent domination number of G o, H. Thus, for the
case of the equality yz"i (Goy H) = nyz"i (H), the corresponding characterisation is obtained by negating the
equivalences associated to the previous results (Theorems 11 and 12).

Theorem 13 Let G and H be two graphs. If G has order n and v € V(H), then yz"i (Goy H) = nyz"i(H) if
and only if the next conditions hold.

(i) There exists a y2”i (H)-set S such that v € S.
(ii) v ¢ L(H) or N[v] € §' for every yz"i(H)-set S’

Next, we show that the three possible values of 5 (G o, H) obtained in Theorem 10 (and characterised in
Theorems 11, 12 and 13) are realisable.
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H] H2

Fig. 3 The set of black-coloured vertices forms a yzf’i (H;)-set, fori € {1, 2}

Example 2 Let G be a graph of order n. Let H; and H, be the graphs given in Figure 3 and let H3 be the graph
obtained from the complete graph Ks and eliminating exactly two edges incident to a root vertex v € V(Ks)
(see Figure 1). Then the three possible values of y;' (G o, H) are described below.

o 77" (G oy Hy) = B(G) +3n = B(G) +n(yy" (H)) = 1.
° )/2‘”.(G oy Hp) = 5n = nyy' (Hy). -
o 73'(G oy H3) = B(G) +3n = B(G) + nyy" (H3).

The following theorem provides closed formulas for the 2-outer-independent domination number of the
corona product graph G® H . Recall that GO H can be seen as arooted product graph,i.e., GOH = Goy(K1+H).
We use the notation N, for the edgeless graph of order r.

Theorem 14 Let G be a graph of order n. For any graph H of order r,

nr + B(G) if H=N,,

v (GO H) = .
2 nys' (Ky + H) otherwise.

Proof Let K1+ H be the join graph of Kj and H, and let V(K) = {v}. Observe that GO H = G o, (K1 + H).
Now, we analyse the following two cases.

Case 1: H = N,.. We first consider that » = 1. In this case, we have that K; + H = K». Therefore, Theorem 11
leads to yz”i(G O H) = yz”i(G oy K2) = B(G) + n(yz"i (K2) — 1) = B(G) + n, as desired. Now, we consider
that r > 2. Hence, K| + H is isomorphic to a star graph of order  + 1. Hence, V(K| + H) \ {v} is the unique
3" (K| + H)-set. Therefore, Theorem 12 leads to 5" (GO H) = 3 (Goy (K1 + H)) = B(G)+nys (K| +H) =
B(G) + nr, as desired.

Case 2: H 22 N,. In this case, we have that v ¢ £(K; + H). By Theorem 11 we deduce that yz"i(G OH) =

y;i(G oy (K1 + H)) # B(G) + n(yz"i (K1 + H) — 1), and by Theorem 10 it follows that
y3'(G O H) = y3' (G oy (K1 + H)) € {nys" (K1 + H), B(G) + nys" (K1 + H)).

Let us suppose that yz"i(G O H) = B(G) + nyz"i (K1 + H). Hence, Theorem 12 leads to v ¢ S’ for every
YKy + H)-set S'. Let S be a y§'(Ki + H)-set. As v ¢ S, it follows that V(H) = N(v) € S. Hence
S = V(H), which implies that yz"i(Kl + H) = |V(H)| =r.As K1+ H is not a star graph, there exists a vertex
x € V(H) such that N(x) N V(H) # (. Hence, it is easy to see that V(K| + H) \ {x} € Dgi(Kl + H). As
|[V(K1+ H)\{x}| = r,itfollows that V(K| 4+ H)\{x}isa yzoi (K1 4+ H)-set containing vertex v, a contradiction.
Thus, y§' (G © H) # B(G) + ny3" (K + H), which implies that y§' (G © H) = nyy" (K| + H), as desired. O
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