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Abstract In this paper, we prove some congruences involving the coefficients {A,},=0,1,2,... of the analytic
solution yo(z) = Zi‘;o A, 7" of certian differential eqution Dy = 0 normalized by the condition y(0) = Ag =
1, where D is a 4th-order linear differential operator.
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1 Introduction

Recall that the Bernoulli numbers {B,},>¢ and Euler numbers {E,},>0 are defined as follows:

n—1
Bo=1, Z(’;)Bkzo n=23..),

k=0

2 > x" g
cre = Ly (<3).

n

The differential equations are of the following form
k .
Dyxy = (Z z Pl»(e)) y=0,
i=0

here 6 := Za% and the P; (@) are polynomials with integral coefficients and order n. Independently of the number
of terms we can rewrite the differential equation D, xy = 0 in the following way

Y + a1 @y o+ @@y + a1y +aox)y =0,
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where a; (z) are rational functions of z.

In [2], the authors define Calabi-Yau type equations to be differential equations of the form D4y = 0
satisfying certain extra conditions.

In [1], there are a lot of Calabi-Yau type differential equations, and the authors listed the corresponding

coefficients of the analytic solution to the differential equations. For example, A, = Y }_, (Z)2 (”;:k) (2””_]‘) are
coefficients of the analytic solution of the differential equation
Dy = (23%6% — 237(9216* 4+ 204660° + 164462 + 6216 + 92) — z>(3808516*
+ 13285846° 4 177267367 + 103352860 + 221168) — 22° (4758616* + 13101726°
+ 102879162 + 2089326 — 27232) — 2% - 17:*(88736* + 1402003 + 513962
— 16646 — 976) 4+ 2% - 3 - 17220 + 1)>(30 +2)(30 + 4))y = 0.
In this paper, we first investigate congruences for the more general numbers A\ = Y7 _, O (TR

of A,, where a is a nonnegative integer.

Theorem 1.1 Let p > 3 be a prime and let a be a nonnegative integer. Then modulo p* we have

@ _ |=2p—6p*—18p° if2la,
P —2p — p2(6 — 4, (2) + PP (=18 + 129, (2) + 2a — 6)q,(2)%) if2+1a,

where q,(2) = @pr-1— 1)/ p is the Fermat quotient.

Remark 1.1 In particular, we have
Ap_1 = —2p — p*(6—4q,(2)) + pP(—18 4 12¢,(2)) (mod p*).

Next we will investigate congruences for another type of numbers Bf,“) which are defined as follows:
@ e (n) 2K\ (2n = 2k\?
Bn - Z )
= k k n—k

where a is a nonnegative integer and n € N = {0, 1,2, ...}. Whena = 0, B,(la) are involved in the coefficients
2 2
(Zn”) Yo (Zkk) (zz:ik) of the analytic solution of the differential equation

Dy = (0% —2*220 + D?(260% +20 + 1) + 219226 + 1)2(20 + 1)(26 + 3))y = 0.

Whena =1, B,(l“) are the coefficients of the analytic solution of the differential equation

Dy = (96* — 122(646* + 800> + 7302 + 330 + 6) + 272%(1946" + 44060° + 527602
+ 31560 +75) — 21223946 + 2886° 4 39767 + 2616 + 66) + 2774 (226*
+ 806 4 1176% + 7760 + 19) — 25326 + DY)y = 0.

Theorem 1.2 Let p > 3 be a prime and let a be a nonnegative integer. Then
(1) If a is even,
_ 3  Sa
B = 4lr=Dltd) _ (E + ?> p>B,_3 (mod p*).
2) If a is odd,

B,(,“fl = (—1)P= D240t L 2E o (mod pd).
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Remark 1.2 In particular, we have

p—1 2 2
2k 2p —2 —2k 3
(0) P _ -1 3 4
B :E = 256" — —p°B,_3 (mod
- ko(k)(p—l—k) P s (med P

p—1
B = Z( )<2k) (i’j:f:i’j = (1) 0D 4 p2E, s (mod p).

k=

and

These two kinds of numbers are involved in the coefficients of analytic solutions of the differential equations in

[1].

We will give the proof of Theorem 1.1 in Section 3, and Section 4 is devoted to the proof of Theorem 1.2.

2 Preliminary results

Let m be a positive integer and let (a1, a, . .., ay) € (N)" = w, where N = {0, 1, 2, .. .}. For any
»
n > m, we define the alternating multiple harmonic sum as e
sign(a; yKi
Havan.apm= Y i

klal

1<ki<kr<..<kp<ni=l1

The integers m and Y ;- |a;| are respectively the depth and the weight of the harmonic sum. As a matter of
convenience, we remember H (1; n) as H,,.

A lot of mathematicians worked on the harmonic numbers, one may consult [4,6—10,12-14]. For example,
in 1862, J. Wolstenholme [15] showed that

Hp—1 =0 (mod p*) and H(2, p — 1) = 0 (mod p).

We know several nonalternating harmonic sums modulo a power of a prime as follows:
(1) ([5]) for a, r > 0 and for any prime p > ar + 2

(=1 agz::g P’Bp_gr—2 (mod p)  ifar is odd,

(=1t ar+l pPBp_ar—1  (mod p?)  ifar iseven.

H({a};p—1) = {

(ii) ([9]) for a positive integer a and for any prime p > a + 2, we have

—2qp(2) + pgp()* = 59°4p(2)° — Hp*Bp—3 (mod p?) a=l,

—1 a_ .
H(a;p ); ~X2p, , (mod p) if2ta>1,
2 a(2a+171) B d 2 %)
2+ PPp-a-1 (mod p~) if2]a.

Lemma 2.1 [3] Let p > 3 be a prime. Then
P ) ey (a4 L 3] (mod p*)
(p—"0/2) 127" '

Lemma 2.2 For any prime p > 3, we have

(p—1)/2

Hy;, 3
Z = = EBP_S (mod p). (2.1)
k=1
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Proof Noting that

(p—1)/2 p—1 p—1 p—1
H H; H; (—1)/ H;
) k2=42j_2=2 j_2+22 FE
k=1 j=1 j=1 j=1
2[j
then in view of [14, (2.2)] and [11, (5.4)], we have
Py (- 1) H, _ B iy
-3
= [; (mod p) and Z ¥ = B,_3 (mod p).
j=1 j=1
Therefore, the proof of Lemma 2.2 is finished. O

Lemma 2.3 Let p be an odd prime. Then for all k € {1,2, ..., p — 1} we have

26\2 (2(p — k)\?
kz(k> < ;—k ) = 4p>(1 = 4pHi—y + 4p Ho—1- 21 /p)p) (mod p). 2.2)

Proof Case 1.1f 1 <k < (p —1)/2, then

kz(zk)z(z(l?—k)> 2k2<2k) (p = 20)2(1 + pHyp2)*(k = DP(1 = pH_1)?
k) \p—k Kk (p— k)P

2UN\21 4+ 2pH, op — 2pHy_
2(k) +2pH), 2k2 D kl(modp4)’

(")

while

Pk _ (kP (p =2k 1P K Q= D’ = p(Hy — Hie-n)
k N k12 k12

2k
=4—1< ) (1 = 2p(Hak—1 — Hi—-1)) (mod p?).

This, with Hy,_2; = Hp¢—1 (mod p) yields the result.
Case2.If (p +1)/2 <k < p — 1, then we have

2N\Z (2(p — k)\ > 2%\ 2 (2K)2 - . . k—1)2 p+k711
K2 (P =\ _ 2 COMIRUAL SR PP S
k) \ p—k k (p—k)P L
Jj=2k
=1y
_ 2(2k>2(l7+k—1)2"'(p+1)2(p—1)2...(p_k+1)2 o p+z
= —F = _
k 2k — 1! =, i
k=1
_ () k= DR 4 pH )Pk = DPA - pHe ) [ p+Z
— Pk 2k — D2 p
j=2k
Pkl
= p2 1—4p Z p2 1—4p Z (modp4).
J=2k Jj=2k— p
Now the proof of Lemma 2.3 is complete. O

@ Springer



On some super-congruences for the coefficients... 413

3 Proof of Theorem 1.1

Lemma 3.1 Let p > 3 be a prime and let a be a nonnegative integer. Then

Pf (=% [ p+2 (mod p?) ifa =0 (mod2), an
= k(k+1) | p+2-49,(2) +2pg,(2)? (mod p?) ifa =1 (mod2), ‘
and )
”2‘: (=h* -6 (mod p) ifa =0 (mod 2), 32
— kK2(k+1)2 | -6+ 8¢,(2) (mod p) ifa =1 (mod?2). '
Proof Case 1.a = 0 (mod 2).
p—2 k p—2 p—2
-1 1
Z%: Tl rri s o =2 med p),
k=1 ( + ) k=1 k=1 + P =
in view of (i), we have
”f (— 1) ”f(l —2%  2k+ D+ 1)
2 2= 2 2
= k*(k + 1) = k k+1)
2H?2 1 o, SERRSY
(p=1 ok ok
1
= —2—2(1 ——) = —6 (mod p).
p—1
Case?2.a =1 (mod 2).
In the light of (i) and (ii), we have
p—2 k p—2 Kk p2 k p—1 k
—1)4 —1 —1 1 -2
Zk((kll)zz(k) _Zic-i-)l zz(k) p1
k=1 k=1 k=1 k=1
—1
=2 <H (1; pT> —H(l;p— 1)) +p+2=p+2-4q,2) +2pg,(2)* (mod p*)
and
P2 ak P2
Z (=1 Z( 1 +2(k+l)+1
k2(k 4+ 1)2 k2 (k+1)2
-2 [7—1 k
(—DF KD — (=DF (=1
= -2 +
Z D D >
k=1 k k= k k=1 k k=2 k
p—1
= _6-4H <1; T) = —6+ 8¢,(2) (mod p).
Now the proof of Lemma 3.1 is complete. O
Lemma 3.2 For any nonnegative integer a and prime p > 2, we have
i (=D H, |0 (mod p) ifa =0 (mod 2), (3.3)
k(k+1) — |2¢,(2)% (mod p) ifa =1 (mod2), ’
P_2 ak o
Z — D)% Hp4q _ 3 (mod p) ifa =0 (mod 2), (3.4)
— kk+1) 3+2¢,(2)% — 49,(2) (mod p) ifa =1 (mod?2), ‘
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Proof 1Tt is easy to see that

e D ey (I g G DL /8 1)“" mod p)
A - = p).
o kel j=1 p—l—-j+l k=1
Case 1.a =0 (mod 2).
-2 p=3 p—2
(— 1)“ka _” Hj Hier Hj 1
Z Zk Zk+1 Zk+1+zk2
k=1 k=0 k=1
p—2 p—2
H; 1 Hk
Z_ZT+1+ZEE_ZT+H(2 p — 1) (mod p).
In view of (i) and (3.5), we have
p—2
Hy
ZZTEH(Zp 1) =0 (mod p).
k=1
Hence
(% Hy _ P2 P2h 2o, P2,
Z K+ 1 s D -2 % kgi=22 7 =0medp)
o1 kke+D =k Ut k=1 k=1

Case?2.a =1 (mod 2).
It is known that

-1
<£_ 1) = (=D*"'(1 = pHi—1) (mod p?).

Then by (i) and (ii), we have

-1 —1 1 —1
(D“Hkl ”()"‘(il ”(D“y’ (p)
pkl k

o~
Il
-

~

=1 k=1

< ( )_H(l;p—1)>_2p—;

H
1
(1, P- 5 ) —2¢,(2) = —pg,(2)* (mod p?),

this means that

—1
D H

2 qp(2)* (mod p).

=~

=1
This, with (i) and (ii) yield that

(DFH, 53 (=DF A3 (—DRH R (=D (- 1)’<H
Z k2k2+2 kklzzszFZ -

k=1 k=1 k=1

i ~1 (DR H
=<§H (2; £ )—H(Z;p—l))— D7 Hic = = ,(2)” (mod p).

k=1
By (3.5) and (3.9), we have

— -2 p—2 p—2
(D)™ H, S (=D¥H (— 1)k Hy (—=D*H 1>’<Hk 5
E = E — =2 =2g,2 d p).
Ck(k+1) = k — k+1 P qp(2)" (mod p)
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Now the proof of (3.3) is finished.
Now we turn to prove (3.4), it is easy to check that

i D%Hy1 ”f (— 1) H
i ktke+1) k(k +1)

(—nek A2 1 1
];k(lﬁ—l)z kz(_) <__k+1_(k+1)2)
pP—

2 )ak rP— 1( l)ak rP— 1( l)ak

— (=D — DY

k=1 k=2 k=2

(— l)ak up 1( )ak
=3+~ (- 1))2 — (=D} 5 (mod p).

k=1

If a = 0 (mod 2). By (i) and (3.3), we have

— (=D Hypy
Z:: KhED) o = 3 (mod p).

Ifa =1 (mod 2). By (i), (i1) and (3.3), we have

p—2 _ 1ak ak p—1 _1\ak
(—1) Hk+1 p(2)2_3_(1_( 1))2( 1) (_l)az( 1)

k2
k=1

Ez(y (1;”7‘1) —H(l;p—1)>+<H (2; ”T_l) —H(z;p—1)>
= —44,(2) (mod p).

Now we finish the proof of (3.4). O
Lemma 3.3 Let p > 3 be a prime, then for all integers k € {1,2, ..., p — 2}, we have

p=1+k\(2p=2—k\ _ (p =Kk —kp*(1 + pHi + pHis1)
k p—1-k) = K2(k + 1)

Proof We know that
(p—1+k><2p—2—k)= (p—1+k)---(p+DpQRp—2—-k)---p---(p—k)

(mod p*).

k p—1—k k! (p— 1!
PP +p) k=14 p)(=14p) - (k+p)p+1D---(p+p—2—k)
B k'(p — 1!
_PEDRp D (prp=2-k) _ pPPEDR(p 2= BN+ Hpap)
- (p+h(p—D! B (p+h(p—D!
PPk p =1 =N+ pHp 2 ) pr(=D (1 + pHp 2 4) 4
= (mod p™),
(p+kp—1-kp-D! SR -1-b(")
this, with H,_1_x = Hy (mod p) and (3.7) yields that
(p—l+k> <2p—2—k) _ p*(1 + pHii1)
k p—1—k) "+ —1-k(— pHy
_ (p—K*—k)p*(1 + pHi + pHis1) (tmod p%)
- K20+ 1)2 P
Now the proof of Lemma 3.3 is finished. O
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Proof of Theorem 1.1. By (3.7) and Lemma 3.3, we have

-2
2p -2\ & (p — k2 =) p>(1 + pHy + pHii1)
(@) p _ ak p p Pk + pHiy1
A -2 = -1 1 —apH, .
p-1 ( _1) ;( )" (1 — apHy) 1)
It is known that (2;) = 2 (mod p3), (cf., [15]). So we have
2p —2 2
P - (PP _ —p— 2p2 —4p3 (mod p4).
p—1 2Cp—-D\p 2p—1

This, with Lemma 3.1 and Lemma 3.2 yields the desired result.
Now we finish the proof of Theorem 1.1.

4 Proof of Theorem 1.2

Proof of Theorem 1.2. By (3.7) and

2k\ (2p —2—2k\ _ B p—1
(k)(p_l_k)=0(modp) fork e {0,1,...,p 1}\{—2 }

we have

@ _ p—1“+4_2 2p—22= 3 p— I\ [2k\%(2p — 2 — 2k\?
p=l 1 p—1 k k p—1—k

I<k=<p-2
kit bt
2k\* (2p — 2 — 2k
= (—1)“k<1—aka>(k) (p_l_k)
1<k<p—2 p
k#p;]
—k%  (2k\?(2p -2k
= ¥ cvta-apn s P ) (1) moa it
1<k<p—2 p p
k#p;]

In view of Lemma 2.3, we have the following congruence modulo p*,

B(a) ( p—l >a+4 2<2p_2>2
=t \(p—1)/2 p—1

IS (P—k? P
= Z (=1 - aka)(Z—l——Zk)zk_z(l +4pHy—1 —4pHi—1)
k=1 P
p—2 2 2
(p—k) p
+ Z (=1 — aPHk)mk—z(l +4pHy—p—1 —4pHi—1).
k=(p1)/2 P

@ Springer
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Replacing k by p — 1 — k in the second sum and noting that H,, 1 = Hy (mod p), we have

Bpo ((p—l)/z) 2( —1)

e (p—k? p?
Z (-1 — aka)ﬁ 2 (I+4pHy— —4pHi_1)
k=1
(p—3)/2

k+1)2 p2(p+1+k)?

+ Y (D™ —apHy) (1 +4pHyo — 4pHyy 1)

= QRk+1D?2  (k+D*
(p—3)/2 (p=3)/2 (p—3)/2 (—1yek

2 ( 1)ak 3 (_l)ak 3
Z @i P ]; Kk 413 TP 2. k+ )2k + 1)2

k=1

+p > (-1t 8Hy — 8Hy — 2aHy 1 2 1 (mod p*)
—_— — — ————+——) (mo .
P 0k + 1)2 \ 072k T S T T T T k1 P

Then with some simple computation we have

B(a) _( p—l >a+4_2<2p_2>2
=t \(p =12 p—1

-3 p=3

<

_ p_2§( 1)alp=1/2=k) B 17_3T 1)“((" 1/2—k)
2 k=1 k 2 k=1
p=3
p3 2 (— l)a((ﬁ 1)/2—k) A
+ 5 k—2((a +4)(Hy — Hip—1)2) — (2a + 4) Hy) (mod p™),

k

Il
-

where we used H(p—1)/2-x = 2Hp — Hi + H(p—1)/2 (mod p).
Proof of (1) Now a is even. Then

B(a) B ( p— 1 >a+4 B 2<2p _ 2)2
=t \(p-1D/2 p—1
(1 57) ) -5 (1 () -5 )
2 T2 (p—1)? 2 T2 (p—1?3

3 (p=1)/2
p
+5 Y @+ HH = Hponp) = Qa+ 4 Hy) (mod p?),

2 k=1

in the light of (ii), we know that

@ p— 1 a+4 2p ) 2
Bp_1 — _ -2 B
(p—1)/2 p—1
(p—1)/2 (p—1)/2

13 p3(a+4) k Hoy
— 2 3 3 2 : 3 2 :
__2p —8p + —p Bp3+— 2 ——(a+2)p 2 k_2’

then by Lemma 2.2 and [6, Lemma3.2] we have

p— 1\ 2p —2\? 11 Ta
B, - ( bt ) =2 ) =2 =80 = e By = By (mod p),
2 -

Therefore with (3.10) and Lemma 2.1 we immediately get the desired result. O
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418 G.-S. Mao, H. Zhang

Proof of (2) Now a is odd. Then

(p—3)/2
B(a) B p— 1 a+4 ., 2p ) 2 _ p_z P / (_l)k
Pt \(p—1/2 p—1) 2 [Z

_ p_2 (p—1)/2 (—1)k 4( 1)([7 1)/2

2\ & © (p—17?
~ 2 (lnpan-n (z — —4( nr- WZ) (mod p?)
— 2\ 2 '

With the help of [10, Corollary 3.7] and (ii), we have

1 a+4 2p—2 2
B;a—)1_< g ) _2< , > = —2p* + p’E, 3 (mod p?).

(r—1/2 p—1
At last by (3.10) and Lemma 2.1 we immediately get the desired result.
Now the proof of Theorem 1.2 is complete. O
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