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Abstract In this paper, we prove some congruences involving the coefficients {An}n=0,1,2,... of the analytic
solution y0(z) = ∑∞

n=0 Anzn of certian differential eqution Dy = 0 normalized by the condition y0(0) = A0 =
1, where D is a 4th-order linear differential operator.
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1 Introduction

Recall that the Bernoulli numbers {Bn}n≥0 and Euler numbers {En}n≥0 are defined as follows:

B0 = 1,

n−1∑

k=0

(
n

k

)

Bk = 0 (n = 2, 3, . . .),

2

ex + e−x
=

∞∑

n=0

En
xn

n!
(
|x | <

π

2

)
.

The differential equations are of the following form

Dn,k y :=
(

k∑

i=0

zi Pi (θ)

)

y = 0,

here θ := z ∂
∂z and the Pi (θ) are polynomials with integral coefficients and order n. Independently of the number

of terms we can rewrite the differential equation Dn,k y = 0 in the following way

y(n) + an−1(z)y(n−1) + · · · + a2(z)y
′′ + a1(z)y

′ + a0(z)y = 0,
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410 G.-S. Mao, H. Zhang

where ai (z) are rational functions of z.
In [2], the authors define Calabi-Yau type equations to be differential equations of the form D4,k y = 0

satisfying certain extra conditions.
In [1], there are a lot of Calabi-Yau type differential equations, and the authors listed the corresponding

coefficients of the analytic solution to the differential equations. For example, An = ∑n
k=0

(n
k

)3(n+k
k

)(2n−k
n

)
are

coefficients of the analytic solution of the differential equation

Dy = (232θ4 − 23z(921θ4 + 2046θ3 + 1644θ2 + 621θ + 92) − z2(380851θ4

+ 1328584θ3 + 1772673θ2 + 1033528θ + 221168) − 2z3(475861θ4 + 1310172θ3

+ 1028791θ2 + 208932θ − 27232) − 22 · 17z4(8873θ4 + 14020θ3 + 5139θ2

− 1664θ − 976) + 23 · 3 · 172z5(θ + 1)2(3θ + 2)(3θ + 4))y = 0.

In this paper, we first investigate congruences for the more general numbers A(a)
n = ∑n

k=0

(n
k

)a(n+k
k

)(2n−k
n

)

of An , where a is a nonnegative integer.

Theorem 1.1 Let p > 3 be a prime and let a be a nonnegative integer. Then modulo p4 we have

A(a)
p−1 ≡

{
−2p − 6p2 − 18p3 if 2|a,

−2p − p2(6 − 4qp(2)) + p3(−18 + 12qp(2) + (2a − 6)qp(2)2) if 2 � a,

where qp(2) = (2p−1 − 1)/p is the Fermat quotient.

Remark 1.1 In particular, we have

Ap−1 ≡ −2p − p2(6 − 4qp(2)) + p3(−18 + 12qp(2)) (mod p4).

Next we will investigate congruences for another type of numbers B(a)
n which are defined as follows:

B(a)
n =

n∑

k=0

(
n

k

)a(2k

k

)2(2n − 2k

n − k

)2

,

where a is a nonnegative integer and n ∈ N = {0, 1, 2, . . .}. When a = 0, B(a)
n are involved in the coefficients

(2n
n

)∑n
k=0

(2k
k

)2(2n−2k
n−k

)2
of the analytic solution of the differential equation

Dy = (θ4 − 24z(2θ + 1)2(2θ2 + 2θ + 1) + 210z2(θ + 1)2(2θ + 1)(2θ + 3))y = 0.

When a = 1, B(a)
n are the coefficients of the analytic solution of the differential equation

Dy = (9θ4 − 12z(64θ4 + 80θ3 + 73θ2 + 33θ + 6) + 27z2(194θ4 + 440θ3 + 527θ2

+ 315θ + 75) − 212z3(94θ4 + 288θ3 + 397θ2 + 261θ + 66) + 217z4(22θ4

+ 80θ3 + 117θ2 + 77θ + 19) − 223z5(θ + 1)4)y = 0.

Theorem 1.2 Let p > 3 be a prime and let a be a nonnegative integer. Then
(1) If a is even,

B(a)
p−1 ≡ 4(p−1)(a+4) −

(
3

2
+ 5a

3

)

p3 Bp−3 (mod p4).

(2) If a is odd,

B(a)
p−1 ≡ (−1)(p−1)/24(p−1)(a+4) + p2 E p−3 (mod p3).
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On some super-congruences for the coefficients... 411

Remark 1.2 In particular, we have

B(0)
p−1 =

p−1∑

k=0

(
2k

k

)2(2p − 2 − 2k

p − 1 − k

)2

≡ 256p−1 − 3

2
p3 Bp−3 (mod p4)

and

B(3)
p−1 =

p−1∑

k=0

(
p − 1

k

)3(2k

k

)2(2p − 2 − 2k

p − 1 − k

)2

≡ (−1)
p−1

2 47(p−1) + p2 E p−3 (mod p3).

These two kinds of numbers are involved in the coefficients of analytic solutions of the differential equations in
[1].

We will give the proof of Theorem 1.1 in Section 3, and Section 4 is devoted to the proof of Theorem 1.2.

2 Preliminary results

Let m be a positive integer and let (a1, a2, . . . , am) ∈ (N)m = N × N · · · × N︸ ︷︷ ︸
m times

, where N = {0, 1, 2, . . .}. For any

n ≥ m, we define the alternating multiple harmonic sum as

H(a1, a2, . . . , am; n) =
∑

1≤k1<k2<...<km≤n

m∏

i=1

sign(ai )
ki

k|ai |
i

.

The integers m and
∑m

i=1 |ai | are respectively the depth and the weight of the harmonic sum. As a matter of
convenience, we remember H(1; n) as Hn .

A lot of mathematicians worked on the harmonic numbers, one may consult [4,6–10,12–14]. For example,
in 1862, J. Wolstenholme [15] showed that

Hp−1 ≡ 0 (mod p2) and H(2, p − 1) ≡ 0 (mod p).

We know several nonalternating harmonic sums modulo a power of a prime as follows:
(i) ([5]) for a, r > 0 and for any prime p > ar + 2

H({a}r ; p − 1) ≡
{

(−1)r a(ar+1)
2(ar+2)

p2 Bp−ar−2 (mod p3) if ar is odd,

(−1)r−1 a
ar+1 pBp−ar−1 (mod p2) if ar is even.

(ii) ([9]) for a positive integer a and for any prime p > a + 2, we have

H

(

a; p − 1

2

)

≡

⎧
⎪⎨

⎪⎩

−2qp(2) + pqp(2)2 − 2
3 p2qp(2)3 − 7

12 p2 Bp−3 (mod p3) a=1,

− 2a−2
a Bp−a (mod p) if 2 � a > 1,

a(2a+1−1)
2(a+1)

pBp−a−1 (mod p2) if 2 | a.

Lemma 2.1 [3] Let p > 3 be a prime. Then

(
p − 1

(p − 1)/2

)

≡ (−1)(p−1)/2
(

4p−1 + p3

12
Bp−3

)

(mod p4).

Lemma 2.2 For any prime p > 3, we have

(p−1)/2∑

k=1

H2k

k2 ≡ 3

2
Bp−3 (mod p). (2.1)

123
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Proof Noting that

(p−1)/2∑

k=1

H2k

k2 = 4
p−1∑

j=1
2| j

H j

j2 = 2
p−1∑

j=1

Hj

j2 + 2
p−1∑

j=1

(−1) j H j

j2 ,

then in view of [14, (2.2)] and [11, (5.4)], we have

p−1∑

j=1

(−1) j H j

j2 ≡ − Bp−3

4
(mod p) and

p−1∑

j=1

Hj

j2 ≡ Bp−3 (mod p).

Therefore, the proof of Lemma 2.2 is finished. �	
Lemma 2.3 Let p be an odd prime. Then for all k ∈ {1, 2, . . . , p − 1} we have

k2
(

2k

k

)2(2(p − k)

p − k

)2

≡ 4p2(1 − 4pHk−1 + 4pH2k−1−
2k/p�p) (mod p4). (2.2)

Proof Case 1. If 1 ≤ k ≤ (p − 1)/2, then

k2
(

2k

k

)2(2(p − k)

p − k

)2

≡ p2k2
(

2k

k

)2 (p − 2k)!2(1 + pHp−2k)
2(k − 1)!2(1 − pHk−1)

2

(p − k)!2

≡ p2
(

2k

k

)2 1 + 2pHp−2k − 2pHk−1
(p−k

k

)2 (mod p4),

while

(
p − k

k

)2

= (p − k)2 · · · (p − 2k + 1)2

k!2 ≡ k2 · · · (2k − 1)2(1 − p(H2k−1 − Hk−1))
2

k!2

≡ 1

4

(
2k

k

)2

(1 − 2p(H2k−1 − Hk−1)) (mod p2).

This, with Hp−2k ≡ H2k−1 (mod p) yields the result.
Case 2. If (p + 1)/2 ≤ k ≤ p − 1, then we have

k2
(

2k

k

)2(2(p − k)

p − k

)2

≡ k2
(

2k

k

)2
(2k)2 · · · (p + k − 1)2

(p − k)!2

⎛

⎝1 − 2p
p+k−1∑

j=2k

1

j

⎞

⎠

2

≡ p2
(

2k

k

)2
(p + k − 1)2 · · · (p + 1)2(p − 1)2 · · · (p − k + 1)2

(2k − 1)!2

⎛

⎝1 − 4p
p+k−1∑

j=2k

1

j

⎞

⎠

≡ p2k2
(

2k

k

)2
(k − 1)!2(1 + pHk−1)

2(k − 1)!2(1 − pHk−1)
2

(2k − 1)!2

⎛

⎝1 − 4p
p+k−1∑

j=2k

1

j

⎞

⎠

≡ 4p2

⎛

⎝1 − 4p
p+k−1∑

j=2k

1

j

⎞

⎠ ≡ 4p2

⎛

⎝1 − 4p
k−1∑

j=2k−p

1

j

⎞

⎠ (mod p4).

Now the proof of Lemma 2.3 is complete. �	
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On some super-congruences for the coefficients... 413

3 Proof of Theorem 1.1

Lemma 3.1 Let p > 3 be a prime and let a be a nonnegative integer. Then

p−2∑

k=1

(−1)ak

k(k + 1)
≡
{

p + 2 (mod p2) if a ≡ 0 (mod 2),

p + 2 − 4qp(2) + 2pqp(2)2 (mod p2) if a ≡ 1 (mod 2),
(3.1)

and
p−2∑

k=1

(−1)ak

k2(k + 1)2 ≡
{

−6 (mod p) if a ≡ 0 (mod 2),

−6 + 8qp(2) (mod p) if a ≡ 1 (mod 2).
(3.2)

Proof Case 1. a ≡ 0 (mod 2).

p−2∑

k=1

(−1)ak

k(k + 1)
=

p−2∑

k=1

1

k
−

p−2∑

k=1

1

k + 1
= 1 − 1

p − 1
≡ p + 2 (mod p2),

in view of (i), we have

p−2∑

k=1

(−1)ak

k2(k + 1)2 =
p−2∑

k=1

(
1 − 2k

k2 + 2(k + 1) + 1

(k + 1)2

)

= 2H(2; p − 1) − 1

(p − 1)2 − 1 − 2

⎛

⎝
p−2∑

k=1

1

k
−

p−1∑

k=2

1

k

⎞

⎠

≡ −2 − 2

(

1 − 1

p − 1

)

≡ −6 (mod p).

Case 2. a ≡ 1 (mod 2).
In the light of (i) and (ii), we have

p−2∑

k=1

(−1)ak

k(k + 1)
=

p−2∑

k=1

(−1)k

k
−

p−2∑

k=1

(−1)k

k + 1
= 2

p−1∑

k=1

(−1)k

k
+ p − 2

p − 1

= 2

(

H

(

1; p − 1

2

)

− H(1; p − 1)

)

+ p + 2 ≡ p + 2 − 4qp(2) + 2pqp(2)2 (mod p2)

and

p−2∑

k=1

(−1)ak

k2(k + 1)2 =
p−2∑

k=1

(−1)k
(

1 − 2k

k2 + 2(k + 1) + 1

(k + 1)2

)

=
p−2∑

k=1

(−1)k

k2 −
p−1∑

k=2

(−1)k

k2 − 2

⎛

⎝
p−2∑

k=1

(−1)k

k
+

p−1∑

k=2

(−1)k

k

⎞

⎠

≡ −6 − 4H

(

1; p − 1

2

)

≡ −6 + 8qp(2) (mod p).

Now the proof of Lemma 3.1 is complete. �	
Lemma 3.2 For any nonnegative integer a and prime p > 2, we have

p−2∑

k=1

(−1)ak Hk

k(k + 1)
≡
{

0 (mod p) if a ≡ 0 (mod 2),

2qp(2)2 (mod p) if a ≡ 1 (mod 2),
(3.3)

p−2∑

k=1

(−1)ak Hk+1

k(k + 1)
≡
{

3 (mod p) if a ≡ 0 (mod 2),

3 + 2qp(2)2 − 4qp(2) (mod p) if a ≡ 1 (mod 2),
(3.4)
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Proof It is easy to see that

p−2∑

k=1

(−1)ak Hk

k + 1
=

p−2∑

j=1

(−1)a(p−1− j) Hp−1− j

p − 1 − j + 1
≡ −

p−2∑

k=1

(−1)ak Hk

k
(mod p). (3.5)

Case 1. a ≡ 0 (mod 2).

p−2∑

k=1

(−1)ak Hk

k
=

p−2∑

k=1

Hk

k
=

p−3∑

k=0

Hk+1

k + 1
=

p−3∑

k=0

Hk

k + 1
+

p−2∑

k=1

1

k2

= −
p−2∑

k=1

Hk

k
+ 1 +

p−2∑

k=1

1

k2 ≡ −
p−2∑

k=1

Hk

k
+ H(2; p − 1) (mod p).

In view of (i) and (3.5), we have

2
p−2∑

k=1

Hk

k
≡ H(2; p − 1) ≡ 0 (mod p). (3.6)

Hence

p−2∑

k=1

(−1)ak Hk

k(k + 1)
=

p−2∑

k=1

Hk

k(k + 1)
=

p−2∑

k=1

Hk

k
−

p−2∑

k=1

Hk

k + 1
≡ 2

p−2∑

k=1

Hk

k
≡ 0 (mod p).

Case 2. a ≡ 1 (mod 2).
It is known that

(
p − 1

k − 1

)

≡ (−1)k−1(1 − pHk−1) (mod p2). (3.7)

Then by (i) and (ii), we have

p
p−1∑

k=1

(−1)k−1 Hk−1

k
≡

p−1∑

k=1

(−1)k−1 − (p−1
k−1

)

k
=

p−1∑

k=1

(−1)k−1

k
− 1

p

p−1∑

k=1

(
p

k

)

= −
(

H

(

1; p − 1

2

)

− H(1; p − 1)

)

− 2p − 2

p

≡ −H

(

1; p − 1

2

)

− 2qp(2) ≡ −pqp(2)2 (mod p2),

this means that

p−1∑

k=1

(−1)k−1 Hk−1

k
≡ −qp(2)2 (mod p). (3.8)

This, with (i) and (ii) yield that

p−2∑

k=1

(−1)k Hk

k
=

p−2∑

k=1

(−1)k

k2 +
p−2∑

k=1

(−1)k Hk−1

k
≡

p−1∑

k=1

(−1)k

k2 +
p−1∑

k=1

(−1)k Hk−1

k

=
(

1

2
H

(

2; p − 1

2

)

− H(2; p − 1)

)

−
p−1∑

k=1

(−1)k−1 Hk−1

k
≡ qp(2)2 (mod p). (3.9)

By (3.5) and (3.9), we have

p−2∑

k=1

(−1)ak Hk

k(k + 1)
=

p−2∑

k=1

(−1)k Hk

k
−

p−2∑

k=1

(−1)k Hk

k + 1
≡ 2

p−2∑

k=1

(−1)k Hk

k
≡ 2qp(2)2 (mod p).
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Now the proof of (3.3) is finished.
Now we turn to prove (3.4), it is easy to check that

p−2∑

k=1

(−1)ak Hk+1

k(k + 1)
−

p−2∑

k=1

(−1)ak Hk

k(k + 1)

=
p−2∑

k=1

(−1)ak

k(k + 1)2 =
p−2∑

k=1

(−1)ak
(

1

k
− 1

k + 1
− 1

(k + 1)2

)

=
p−2∑

k=1

(−1)ak

k
− (−1)a

p−1∑

k=2

(−1)ak

k
− (−1)a

p−1∑

k=2

(−1)ak

k2

≡ 3 + (1 − (−1)a)

p−1∑

k=1

(−1)ak

k
− (−1)a

p−1∑

k=1

(−1)ak

k2 (mod p).

If a ≡ 0 (mod 2). By (i) and (3.3), we have

p−2∑

k=1

(−1)ak Hk+1

k(k + 1)
≡ 3 (mod p).

If a ≡ 1 (mod 2). By (i), (ii) and (3.3), we have

p−2∑

k=1

(−1)ak Hk+1

k(k + 1)
− 2qp(2)2 − 3 ≡ (1 − (−1)a)

p−1∑

k=1

(−1)ak

k
− (−1)a

p−1∑

k=1

(−1)ak

k2

≡ 2

(

H

(

1; p − 1

2

)

− H(1; p − 1)

)

+
(

H

(

2; p − 1

2

)

− H(2; p − 1)

)

≡ −4qp(2) (mod p).

Now we finish the proof of (3.4). �	
Lemma 3.3 Let p > 3 be a prime, then for all integers k ∈ {1, 2, . . . , p − 2}, we have

(
p − 1 + k

k

)(
2p − 2 − k

p − 1 − k

)

≡ (p − k2 − k)p2(1 + pHk + pHk+1)

k2(k + 1)2 (mod p4).

Proof We know that
(

p − 1 + k

k

)(
2p − 2 − k

p − 1 − k

)

= (p − 1 + k) · · · (p + 1)p

k!
(2p − 2 − k) · · · p · · · (p − k)

(p − 1)!
= p2(1 + p) · · · (k − 1 + p)(−1 + p) · · · (−k + p)(p + 1) · · · (p + p − 2 − k)

k!(p − 1)!
≡ p2(−1)kk!(p + 1) · · · (p + p − 2 − k)

(p + k)(p − 1)! ≡ p2(−1)kk!(p − 2 − k)!(1 + Hp−2−k)

(p + k)(p − 1)!
= p2(−1)kk!(p − 1 − k)!(1 + pHp−2−k)

(p + k)(p − 1 − k)(p − 1)! = p2(−1)k(1 + pHp−2−k)

(p + k)(p − 1 − k)
(p−1

k

) (mod p4),

this, with Hp−1−k ≡ Hk (mod p) and (3.7) yields that
(

p − 1 + k

k

)(
2p − 2 − k

p − 1 − k

)

≡ p2(1 + pHk+1)

(p + k)(p − 1 − k)(1 − pHk)

≡ (p − k2 − k)p2(1 + pHk + pHk+1)

k2(k + 1)2 (mod p4).

Now the proof of Lemma 3.3 is finished. �	
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Proof of Theorem 1.1. By (3.7) and Lemma 3.3, we have

A(a)
p−1 − 2

(
2p − 2

p − 1

)

≡
p−2∑

k=1

(−1)ak(1 − apHk)
(p − k2 − k)p2(1 + pHk + pHk+1)

k2(k + 1)2 .

It is known that
(2p

p

) ≡ 2 (mod p3), (cf., [15]). So we have

(
2p − 2

p − 1

)

= p

2(2p − 1)

(
2p

p

)

≡ p

2p − 1
≡ −p − 2p2 − 4p3 (mod p4). (3.10)

This, with Lemma 3.1 and Lemma 3.2 yields the desired result.
Now we finish the proof of Theorem 1.1. �	

4 Proof of Theorem 1.2

Proof of Theorem 1.2. By (3.7) and

(
2k

k

)(
2p − 2 − 2k

p − 1 − k

)

≡ 0 (mod p) for k ∈ {0, 1, . . . , p − 1}\
{

p − 1

2

}

,

we have

B(a)
p−1 −

(
p − 1

p−1
2

)a+4

− 2

(
2p − 2

p − 1

)2

=
∑

1≤k≤p−2
k �= p−1

2

(
p − 1

k

)a(2k

k

)2(2p − 2 − 2k

p − 1 − k

)2

≡
∑

1≤k≤p−2
k �= p−1

2

(−1)ak(1 − apHk)

(
2k

k

)2(2p − 2 − 2k

p − 1 − k

)2

≡
∑

1≤k≤p−2
k �= p−1

2

(−1)ak(1 − apHk)
(p − k)2

4(2p − 1 − 2k)2

(
2k

k

)2(2p − 2k

p − k

)2

(mod p4).

In view of Lemma 2.3, we have the following congruence modulo p4,

B(a)
p−1 −

(
p − 1

(p − 1)/2

)a+4

− 2

(
2p − 2

p − 1

)2

≡
(p−3)/2∑

k=1

(−1)ak(1 − apHk)
(p − k)2

(2p − 1 − 2k)2

p2

k2 (1 + 4pH2k−1 − 4pHk−1)

+
p−2∑

k=(p+1)/2

(−1)ak(1 − apHk)
(p − k)2

(2p − 1 − 2k)2

p2

k2 (1 + 4pH2k−p−1 − 4pHk−1).
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Replacing k by p − 1 − k in the second sum and noting that Hp−1−k ≡ Hk (mod p), we have

B(a)
p−1 −

(
p − 1

(p − 1)/2

)a+4

− 2

(
2p − 2

p − 1

)2

≡
(p−3)/2∑

k=1

(−1)ak(1 − apHk)
(p − k)2

(2p − 1 − 2k)2

p2

k2 (1 + 4pH2k−1 − 4pHk−1)

+
(p−3)/2∑

k=1

(−1)ak(1 − apHk)
(k + 1)2

(2k + 1)2

p2(p + 1 + k)2

(k + 1)4 (1 + 4pH2k+2 − 4pHk+1)

≡ 2p2
(p−3)/2∑

k=1

(−1)ak

(2k + 1)2 − 2p3
(p−3)/2∑

k=1

(−1)ak

k(2k + 1)3 + 2p3
(p−3)/2∑

k=1

(−1)ak

(k + 1)(2k + 1)2

+ p3
(p−3)/2∑

k=1

(−1)ak

(2k + 1)2

(

8H2k − 8Hk − 2aHk + 2

k
− 2

k + 1
+ 4

2k + 1

)

(mod p4).

Then with some simple computation we have

B(a)
p−1 −

(
p − 1

(p − 1)/2

)a+4

− 2

(
2p − 2

p − 1

)2

≡ p2

2

p−3
2∑

k=1

(−1)a((p−1)/2−k)

k2 − p3

2

p−3
2∑

k=1

(−1)a((p−1)/2−k)

k3

+ p3

2

p−3
2∑

k=1

(−1)a((p−1)/2−k)

k2 ((a + 4)(Hk − H(p−1)/2) − (2a + 4)H2k) (mod p4),

where we used H(p−1)/2−k ≡ 2H2k − Hk + H(p−1)/2 (mod p).

Proof of (1) Now a is even. Then

B(a)
p−1 −

(
p − 1

(p − 1)/2

)a+4

− 2

(
2p − 2

p − 1

)2

≡ p2

2

(

H

(

2; p − 1

2

)

− 4

(p − 1)2

)

− p3

2

(

H

(

3; p − 1

2

)

− 8

(p − 1)3

)

+ p3

2

(p−1)/2∑

k=1

1

k2 ((a + 4)(Hk − H(p−1)/2) − (2a + 4)H2k) (mod p4),

in the light of (ii), we know that

B(a)
p−1 −

(
p − 1

(p − 1)/2

)a+4

− 2

(
2p − 2

p − 1

)2

≡ −2p2 − 8p3 + 13

6
p3 Bp−3 + p3(a + 4)

2

(p−1)/2∑

k=1

Hk

k2 − (a + 2)p3
(p−1)/2∑

k=1

H2k

k2 ,

then by Lemma 2.2 and [6, Lemma3.2] we have

B(a)
p−1 −

(
p − 1

p−1
2

)a+4

− 2

(
2p − 2

p − 1

)2

≡ −2p2 − 8p3 − 11

6
p3 Bp−3 − 7a

4
p3 Bp−3 (mod p4).

Therefore with (3.10) and Lemma 2.1 we immediately get the desired result. �	
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Proof of (2) Now a is odd. Then

B(a)
p−1 −

(
p − 1

(p − 1)/2

)a+4

− 2

(
2p − 2

p − 1

)2

≡ p2

2

(p−3)/2∑

k=1

(−1)k

k2

= p2

2

⎛

⎝
(p−1)/2∑

k=1

(−1)k

k2 − 4(−1)(p−1)/2

(p − 1)2

⎞

⎠

≡ p2

2

(
1

2
H (2; 
p/4�) − H

(

2; p − 1

2

)

− 4(−1)(p−1)/2
)

(mod p3).

With the help of [10, Corollary 3.7] and (ii), we have

B(a)
p−1 −

(
p − 1

(p − 1)/2

)a+4

− 2

(
2p − 2

p − 1

)2

≡ −2p2 + p2 E p−3 (mod p3).

At last by (3.10) and Lemma 2.1 we immediately get the desired result.
Now the proof of Theorem 1.2 is complete. �	

Acknowledgements The authors would like to thank the anonymous referee for his/her useful suggestions on this paper.

References

1. G. Almkvist, C. van Enckevort, D. van Straten and W. Zudilin, Tables of Calabi-Yau equations, arXiv:math/0507430v2.
2. G. Almkvist and W. Zudilin, Differential equations, mirror maps and zeta values, Mirror Symmetry V, (N. Yui, S.-T. Yau, and

J. D. Lewis, eds.), Proceedings of BIRS workshop on Calabi-Yau Varieties and Mirror Symmetry (December 6-C11, 2003),
AMS/IP Stud. Adv. Math. 38, Amer. Math. Soc. International Press, Providence, RI (2007), 481–515; math.NT/0402386 (2004).

3. L. Calitz, A theorem of Glaisher, Canadian J. Math. 5 (1953), 306–316.
4. H.-Q. Cao and H. Pan, Note on some congruences of Lehmer, J. Number Theory 129 (2009), no.8, 1813–1819.
5. M. E. Hoffman, Quasi-symmetric functions and mod p multiple hamonic sums, Kyushu. J. Math. 69 (2015), 345–366.
6. G.-S. Mao, Proof of some congruences conjectured by Z.-W. Sun, Int. J. Number Theory 13 (2017), No.8, 1983–1993.
7. G.-S. Mao, Proof of two conjectural supercongruences involving Catalan-Larcombe-French numbers, J. Number Theory 179

(2017), 88–96.
8. G.-S. Mao and Z.-W. Sun, Two congruences involving harmonic numbers with applications, Int. J. Number Theory 12 (2016),

no.02, 527-539.
9. Z.-H. Sun, Congruences concerning Bernoulli numbers and Bernoulli polynomials, Discrete. Appl. Math. 105 (2000), 193–223.

10. Z.-H. Sun, Congruences involving Bernoulli and Euler numbers, J. Number Theory 128 (2008), 280–312.
11. Z.-W. Sun and R. Tauraso, New congruences for central binomial cofficients, Adv. in Appl. Math. 45 (2010), no.1, 125–148
12. Z.-W. Sun, Super congruences and Euler numbers, Sci. China Math. 54 (2011), 2509–2535.
13. Z.-W. Sun, A new series for π3 and related congruences, Internat. J. Math. 26 (2015), no.8, 1550055 (23 pages).
14. Z.-W. Sun and L.-L. Zhao, Arithmetic theory of harmonic numbers (II), Colloq. Math. 130 (2013), no.1, 67–78.
15. J. Wolstenholme, On certain properties of prime numbers, Quart. J. Math. 5 (1862), 35–39.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under a publishing agreement
with the author(s) or other rightsholder(s); author self-archiving of the accepted manuscript version of this article is solely governed
by the terms of such publishing agreement and applicable law.

123



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2026-03-14T12:59:31+0530
	Preflight Ticket Signature




