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Abstract In this paper we investigate a boundedness of the Hardy-Littlewood maximal operator M in the variable
Lebesgue spaces in the context locally compact abelian group. We show that the local Muckenhoupt condition
implies the local boundedness of M.
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1 Introduction

The purpose of this paper is to investigate the Hardy-Littlewood maximal operator on L?")(G) space, when G
is a locally compact abelian group (LCA group). Suppose that, G is a locally compact abelian group equipped
with a nontrivial and regular measure u, such that u(K) > 0 for all compact K C G. Notice that ;v does not
need to be Haar measure, because we do not assume u to be translation invariant. Through this work we shall
assume that measure p has this property. The general assumption on the group will be that it admits a sequence
of neighborhoods of 0 with certain properties that we will describe in the next definition (see, [5], Section 2.1).

Definition 1.1 A collection {U,};cz is a covering family for G if:
(1) {Ui}iez is anincreasing base of relatively compact neighborhoods of 0, UxczUr = G, and NgezUr = {0};
(2) there exists a positive constant cp and a mapping 6 : Z — Z such thatforall k € Z and all x € G
a)k < 0(k),
b) Ur — Ur C Usry,
c) u(x + Upw)) < cpu(x + Uyp).

We will refer to the condition c) as the doubling property of measure  with respect to 6 and we will call cp
the doubling constant. Note that, cp > 1 is required by the reason of Uy C Up).

Among the well known groups satisfying Definition 1.1 are the groups R, Z, torus T, p-adic group @, and
finite products of these groups (for details see [5]). Moreover, if G is a locally compact abelian group with
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equipped nontrivial Haar measure and with an increasing sequence {Uy }xez of compact open subgroups, such

that
Uui=6, (=10},

keZ keZ

then Definition 1.1 satisfies if and only if sup, .y |Ux/Uk—1| < 00, and one may take 0 (k) = k + 1.

We will call any set of the form x + Uy, x € G, k € Z a base set and the collection of all base sets will
be denoted by 3. For any natural number n we denote 0" (k) = (0"~ '(k)),n > 1, 0'(k) = 0(k), k € Z. For
V = x + Uj; base set we denote V* = x + Ug) and V** = x + Upa,. Observe that we can assume without
loss of generality the base sets to be symmetric. This is not a restriction at all because one can always consider
the new family of base sets formed by the difference sets U; — U; which increases the doubling constant from
cp to c%). We denote 2Uy := Uy — Uy = Uy + Ui. We also may assume that the function € be non-decreasing.
Indeed if we replace 6 by

G(k) =min{l € Z: 1 > k with Uy — Uy C U}},
we obtain that & function is non-decreasing, it (k) <0(k), ke Zandforallx € Gandk € Z

wWUzuy) = nWUek)) < cpi(Uk).
The notion of base sets allows to define a direct similar of the Hardy-Littlewood maximal function (uncen-

tered):

Mf(x) = sup ;

du, L (G).
ereBM(B)/B|f| e S e b

Likewise we may define the centered maximal function for f € L }OC(G)

1
M =S _— d .
J@y =8 0 Jose,

Note that uncentered maximal operator is comparable to the centered maximal operator (see [11], Lemma 1).
Accurately, for f € L} (G) we have

loc
Mf <Mf <cHEMf. (1.1)

The boundedness of M in L?(G), when measure p is regular (not necessary translation invariant) with
doubling property with respect to 6 was considered in [11]. In this paper proved a weighted norm inequalities
for Hardy-Littlewood maximal function for LCA group following Lerner’s approach.

Theorem 1.2 ( [11]) Let 1 < p < o0o. Then the maximal operator M is bounded in L? (G). Furthermore, for
f e L'(G), we have

C
M({XGGth(X)>l})§7||f||1, t>0. (1.2)

Given a function p(-): G — [1, 00), denote by L? O(G) the space of measurable functions f such that for some
A >0,

/ |f ) /APDdpu(x) < oo,
G

with (Luxemburg) norm

1 1) =inf{x >0 /G |f /AP dp(x) < 1}.

These spaces have been intensively studied for the past twenty years: for detailed histories and references see
monographs [1], [2].
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Given a measurable function p(-): G — [1,00), let us denote p_ = essinfyegp(x) and py =
ess sup, . p(x). By p/, and p’ we denote (p')+ and (p’)_. For the variable exponent p(-) we define the
conjugate exponent by the formula ﬁ + % =1.

One of the main problems of Harmonic Analysis on variable Lebesgue spaces is the problem of the bound-
edness of the Hardy-Littlewood maximal operator M on the space LP"). For a detailed history of this problem
in the Euclidean setting may found in monographs Cruz-Uribe and Fiorenza [1] and Diening et.al. [2].

Definition 1.3 We say that exponent p(-), 1 < p_ < p; < oo satisfies 4;,-(G) condition if there exists a
positive constant C > 0 such that, for any base set U € B

1
—=lxvlpolxvlpye = C. (1.3)
w(U) re) e
Note that condition (1.3) would interpreted as a full analogue of the classical Muckenhoupt A, condition in
the context of L”) spaces (see for Euclidean setting [7], [9]).
In case X = R" and p Lebesgue measure Kopaliani [7], showed that

M: LPORY) — LPO(RY)

provided p(-) is constant and bounded outside of 1 and oo large ball if and only if p(-) € Aj,.(R"). However,
it has been shown in [8] (see, also [2, Theorem 5.3.4] and [1, Example 4.51]) by a counterexample that without
additional condition at infinity does not imply that M : LP©)(R") — LPO(R™).

A. Lerner [9], in Euclidean setting (X = R", u-Lebesgue measure), proved the following theorem.

Theorem 1.4 Let 1 < p_ < py < 00, p € AjpcR") and E C R" be a measurable set of positive finite
measures. Then there exists a constant ¢ > 0 depending on p, n and E such that, for any f € LPO(R"),

IMOxelpey = el fllpey-

In this paper we will prove an analogue of the above theorem for L”)(G) setting. Namely we prove the
following theorem.

Theorem 1.5 Suppose 1 < p_ < py < ocoand p € Ajpc(G). Let E C G be a p-measurable set such that
xe € LPO(G). Then there exists a constant ¢ > 0 depending on p and E such that for any f € LPO(G),

M xElpe) = cll fllpe-

The paper is organized as follows. In Section 2 we have some preliminary results. We define the Ao (G)
class of weights and study some of their properties. In Section 3 we will prove the local boundedness of M when
p() € Ajpe(G). We use C, ¢ as an absolute positive constants, which may have different values in different
occurrences.

2 Preliminary results

Some basic properties of covering family follow directly from Definition 1.1. For instance (i) for every x € G
and k € Z itholds pu(x + Ug) > 0; (2) the interiors of the base sets Uy cover G, i.e., UkeZUlg = G. In particular,
for every compact K C G there is k € Z such that K C Uy (see [11], Proposition 1).

In [6], Theorem 44.18 it is proven a version of the Lebesgue differentiation theorem with respect to Haar
measure for LCA groups having a D’ sequence (see [6], Definition 44.10). Note that the result is still true which
the obvious changes for measures with are not translation invariant. Thus, since a covering family is in particular
D’ sequence, we have that the Lebesgue Differentiation theorem holds in our context (see for details [10], Remak
2.6).

For a given V e B, we will denote by j (V) the maximum integer such that V = x + U (y) for some x € G.
Such a number exists (see for details [10], Remark 2.3).

Let U € Bbe a fixed base set and k = j(U). The local base By is defined as

BU:{y+Uj:yEU,j§k}.
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We also defined the enlarged set U by the formula

uv=J v

VeBy

We have the following geometric properties of U (see [10]): For any z € U, Ucz+ Ug2) and as a
consequence of this property, we have

w(0) < 1z + Upagy) < Chu(z + Up). 2.1
Any covering family has the so-called engulfing property:

Lemma 2.1 ( [10], Lemma 2.2) Let U, V be two base sets suchthat U = x +U; andV =y + U; withi < j
andx,y € G IfUNV # 0, then x + Ui Cy + Up(jy-

We need following covering lemma. Note that Lemma 2.2 has proven in [5] in the case of an translation
invariant measure . For regular measure © with doubling property with respect to € Lemma 2.2 proved in [11].

Lemma 2.2 (see [11], Lemma 2) Let E be a subset of G and k : E — 7 a mapping bounded from above, such
that for every ko € Z the set {x € E : k(x) > ko} is relatively compact in G. Then there is a sequence (x,) C E,
finite or infinite, such that

(i) the sequence (ky) := (k(x,)) is decreasing,

(ii) the sets x, + Uy, are pairwise disjoint and

(iii) E C Ux, + 2Uy,).

We now define the local maximal function as follows

1
My f(x) = sup m[‘/|f(y)|dl$

XEVGBU

for any x € U and My f(x) = 0 otherwise.
Consider for a fixed U € B, the level set for the local maximal function acting on a function w at sale A > 0 :

Q, ={xe U: Myw(x) > A}
A basic method for investigating level sets is the Calderén-Zygmund decomposition of the set €2;.

Lemma 2.3 ( [10], Lemma 2.5) Let U € B be a fixed base set in G and w be a nonnegative and integrable
Sfunction supported on U and A > wg. If 2, is nonempty, there exists a finite or countable index set Q and
Sfamily {y; + Uy, }ico of pairwise disjoint base sets from By such that:

(a) The sequence {a;}icp is decreasing.

(b) Uicg Vi + Us; € C Uicg i + Up2(ay)

(c) Foranyi € Q, we have that

1

A< m /y,--l—Ual. wd . 2.2)
(d) Given'r > «; for some i € Q, then

;/ wdp < chHA. (2.3)

wQi +Ur) Jy+u,
From part (b) of Lemma 2.3 and Lebesgue differentiation theorem we obtain that

wx) < A for x € U\ | i + Upray- (2.4)
ieQ

A nonnegative, locally integrable function is called a weight. Below we will use the standard notations: for
any measurable set £ we denote

1
sw(E):/:Ewdu, and fE:M/EfdM'

It is well known fact that the class A, weights in Euclidean case can be defined in many equivalent ways.
Most of these results can be found in [3]. We introduce in the context LCA group the following definition of A
weights.
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Definition 2.4 We say that a weight w satisfies Ay, condition (w € A (G)) if there are positive constants
o, B < 1 such that whenever E is a measurable set of a base set V

w(E) . w(E)
n(V) w(V)

In [10] the authors use another definition Ay, weights for LCA groups. In Euclidean setting this class of
weights was originally introduced by Fujii [4] and later by Wilson [12]. In this paper the authors obtained
sharp quantitative weighted inequalities for the Hardy-Littlewood maximal operator in context of LCA groups,
obtaining an improved version of so-called Buckley’s theorem. The authors obtained reverse Holder inequality
for Muckenhoupt A, weights and provide a valid version of the "open property" for Muckenhoupt A, weights.

We prove following version of reverse Holder inequality.

< B. 2.5)

Theorem 2.5 (Weak reverse Holder inequality) Let w € Ax(G). Then there are positive constants ¢ and § such
that for every base set V

L

1 s, |\ 1
—A/Aw du <c—= /Awd,u.
uv) Jv uv) Jv

Corollary 2.6 Let w € Ax(G). Then there are positive constants ¢ and § such that for every base set V

1 143 )” 1 /
—_ d ~ du. 2.6
<M(V)/vw n) = U (20

Proof. By (2.1) this is obvious.

u‘

Lemma 2.7 Let w € Axo(G). Then there are constants O < b, ¢ < 1 such that for every base set V € B
ufx € Viwx) <bwy}) <cp(V). 2.7

Proof First observe that condition (2.5) is equivalent to that, there are positive constants «’, 8/ < 1, such that
whenever E is a measurable set of a V base set
w(E) PR (E)

——— < o implies
w(V) u(V)
Let E ={x € V: w(x) > bwy} where b € (0, 1) is going to be chosennow andlet E' = V\E ={x € V :
w(x) < bwy}. Then w(E’") < bwyp(E’) < bw(V). Next if we take b = B’ we have that u(E’) < o’ (V).
This yields (2.7). o

<p. (2.8)

Lemma 2.8 Let w € Axo(G). There are positive constants C and b such that for every base set V € B and for
every L > wy

wx € V:iwx) > i) < Canlx € V: wx) > bA)). (2.9)
Proof Let . > wyj. We may consider the Calderén-Zygmund decomposition of the set 2, = {x € V.

Myw(x) > A}. By Lemma 2.3 we find a family of pairwise disjoint base sets {V;}icp = {yi + Uy, }icp from

By satisfying
Uvicaclvw

ieQ ieQ
such that
1
A< wdpn, and ———— wdp < cHA
nv Jy, 1V Sy P

for each i. Using (2.7) we obtain

1
n(Vi) = m,u({x € Vi:wx) > bwy,}).
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By these properties of the V; sets combined with (2.4) we have

w(fx € Viwk) > A) < Y w(Vi™) <cpr Y u(Vi*) <cpr Y u(v)

i€Q i€Q i€Q
4
chHr
< 7P ulx e Vit w() > bwy ) < Ch Y p(lx € Vit w(x) > bi))
1-c ieQ [ ieQ

Cap({x € V: w(x) > bA}) < Cap({x € V : w(x) > bA}).

IA

Proof of Theorem 2.5 For arbitrary base set V and positive § we apply (2.9) to obtain estimate

1 s _ @8 -1 v.
IJ«(V)/ M(A)/ wlwdp = _M v)/ AT w({x e Vi wlx) > AhHdA
= / " “lw(x e V: wx) > ADdr + o Mlwx e Vi wx) > AHdr
H(V) n ) wy
< —= w(V) ‘Sfld)» + Qr )»’Sw({x eV: w(x) > br})dxr
M(V) 0 /L(V) wy
< (wv)H"s + LA - )»‘sw({x evV: w(x) > A}dr

bH_S:u'(V) bwy

Cé
148 148
< (wy) + —b1+5 (V) /Aw du.

If we choose § small enough such that bl + = < 1 the last term can be absorbed by the first term of the string of
inequalities. o

Lemma 2.9 Let w € Axo(G). Then there are positive constants ¢ and p such that for any base set V and any

measurable set E contained in V
E)\’ ~
w(E) < ¢ <M> w(V). (2.10)
u(V)

Proof Let E C V. If we use Holder inequality with r = 1 + &, (2.1) and (2.6), we obtain
o = o e = (s [) (50)
wV) (V) V) w(V)

C E 1/r
< — wdu (&) .
w(V) u(V)
This implies (2.10) with p = 1/r’.

Below we need the local variant of Lemma 2.9.

Definition 2.10 For fixed base set U = x + Uy we say that a weight w satisfies weak A~ (U) condition
(w € WAL (U)) if there are positive constants «, B < 1 such that for any base set V € By and for any
measurable subset £E C V

p(E) w(E)

——— < o implies

w(V) w(V)

Lemma 2.11 If a weight w satisfies weak A~ (U) condition, then there are constant C > 0 and y > 0 such
that

< B.

w(E) < C<MEV;> w(V) @2.11)

for each base set V. C U and each measurable set E C V.

Proof Proof is the same as in Lemma 2.9. O
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3 Proof of Theorem 1.5

Given a base set V € B define the averaging operator Ay by

b
u(V)

Proposition 3.1 Given an exponent p(-), 1 < p— < p4+ < 00, there exists a constant C > 0 such that for any
base set V € B

Ay f(x) = /V Fdpxv (o).

IAV flipey < Cllifllpey (3.1
ifand 0nly lfp() € -Aloc(G)~

The proof of Proposition 3.1 is essentially the same as for averaging operator defined by cubes for Euclidean
setting (see for example [1], Proposition 4.47).

Lemma 3.2 shows that the condition p(-) € A;,-(G) is actually sufficient for modular inequality. Similar
estimate for the case L”()(R") was obtained by Kopaliani [7].The proof in [7] is based on some concepts from
convex analysis. Lerner in [9] gave a different and simple proof. In this paper our approach is based on the
adaptation of Lerner’s proof [9].

Lemma 3.2 Given exponent p(-) such that 1 < p_ < py < 00, suppose p(-) € Aioe(G). Let f € LPO(G). If
there exists a base set V € B and constants ¢y, co > 0 such that | f|y > cy and || f |l p() < c2, where c, c2 > 0,
then there exists a constant ¢ depending only on p(-), c1, c2 such that

/V ()P dpr) < fv L OIPDd ).

Proof Using the condition p; < oo we may consider only the case ¢; = ¢ = 1. Since p/, < oo, by continuity
there exists o > 0 such that

/V o O dp(y) = /V |f @Old (). (3.2)

Since | f|y > 1, we have « > 1. By generalized Holder inequality
[ £ < 207101l
14

we get fV ap/(y)_ld,u(y) =< 2llxvllp() and consequently,

a=<c/lxvlpe- (3.3)

Given this value o, we have that

1 , p(x)
/V (F )P D dp(x) = /V (W fv o’ (”_ldu(y)> du(x) (3.4)

1 1 ’ ’ px)—1 ,
= ——- - P (y)—p'(x) () .
<M(V) /v <M(V) /‘,“ du(y)> du(x))/va dp(y)

For each x € V partition V into E;(x) ={y € V : p/(y) > p’(x)} and E»(x) = V\E|(x). Using (3.3) and
the estimate o > 1, we obtain

/ap’(”ﬂ"(”du(y):f ap’<>y>fp’<x>dﬂ(y)+/ P =P D g ()
v Ei(x) Ex(x)

<cUxvllye)?® + wv).
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In view of p(-) € Ajpc(G), we have
1 1 P'»M—=p'x) Pt
w L o du(y) du(x) (3.5

1 1 2 peo-1
— — )P 1 d
=<y <M(V)(||XV||p()) + > n(x)

1 1 o) !
<cto— | [ —=lxviiye) ) du(x)
(V) V(M(V) viro

v ey \ P
sc+cfv<—u(v) ) dp(x)

1 p(x)
§c~|—cf (—) du(x) <c.
v \lxvilpe

Further,
f "' Ddu(y) = 2 / Ol ) — / o D (y) (3.6)
|4 \%4 |4
<2 / I O)ldu(y)
{yeV:2a|f(y)|>aP M}
<c / | FDIPPdp(y).
\%4

From (3.4), (3.5) and (3.6) we obtain desired estimate. |

Corollary 3.3 Let 1 < p_ < pi < oo and p(-) € Ajoc(G). Suppose for base set V- we have & <t <
&/ xvllpe), where §1,8 > 0. Then tP™) € WA (V) with constant in inequality (2.11) depending only on

p(), &1, 5.
Proof Let Vy C V.LetE C Vo be any measurable subset with w(E) > u(Vp)/2. Define f = txg. Then

L WE) &
[fly,. = /txg(x)d,u(x)zl iy
v Jy w(Vo) = 2
lxellpe
£ ey = txell pey < B2l <
v o

Therefore, f satisfies the hypotheses of Lemma 3.2 with ¢ = &1/2, ¢» = & and there exists a constant ¢
depending only on p(x), &1, & such that

1
— POdu(x) < c/ POdu(x).
2P+ Vo E

Consequently, there exists constant C > 1 such that for any subset £ C Vj, u(E) > n(Vy)/2 we have
/ POdu(x) < C / PO du(x). (3.7)
Vo E

Define dv(x) = t?®du(x). From (3.7) we obtain that for any subset £ C Vo, u(E) < u(Vp)/2 we have
V(E) < (1 —1/C)v(Vp). Consequently 1P e WAL (V).

Corollary 3.4 Let 1 < p_ < p; < oo and p(-) € Ajoc(G). Then there are constants C,y > 0 such that for
any base set V and measurable subset E C V

Jet"Mdpe) _ (M(E))”.

Jy tP@du) = \u(v) 39
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Proof From Theorem 2.11 we obtain that there are constant C, y > 0 such that

@) C(“( )> / Py 3.9
/Et wx) < W) Vt w(x) (3.9

for each base set V and subset £ C V.

Note that V € V C V** and w(V) < M(V) < u(V*) < c%),u(V) (see (2.1)). As in proof of Corollary 3.3
we may find constants C1, C» > 0 such that

le P dp(x) sztW)du(x) SCz/ P dp(x).
\% \% \%4

From (3.9) we obtain desired inequality.

Proof of Theorem 1.5. We consider only the case ;(G) = oo, the case u(G) < oo needs minor modification.
Suppose f € LPO(G) and xg € LPY)(G). We can prove the desired inequality for a non-negative function f
which are bounded and have a compact support.

Suppose f € LPY(G) and || f| p(» =< 1. It is sufficient to proof that there exists a positive constant C

(independent of f) such that for any nonnegative function g € L? 0 (G), with support on E, ||g|l () <1

f Mfx)gx)du < C. (3.10)
G

Let A = c%) + 1. For each integer k, set
QU ={xeCG : Mfx) > A

Define Dy = Q4 \Q%k+1. Let Fi be an arbitrary compact subset of Dj. We will prove that

Mf(x)g(x)dp < C. (3.11)
UFy
By simple limiting argument from (3.11) we obtain (3.10).
Let w(Fy) > 0. define [ : F;y — 7Z function

1

l(x):max{keZ: _
mx + U Jrtu,

|f|d,u>k}.

This mapping is certainly well-defined, note also that the mapping / is bounded from above (see more details in
[11] proof of Theorem 3).

Without loss of generality we may assume that w(F;) > O for all k € Z. For x € Fj there exists a base
set Va, = x + Uy, , such that | fly, > Ak We may select from collection {Vy, , x € Fy}, finite or infinite of
pairwise disjoint base sets Vj , such that F, | j Vk";*,(see Lemma 2.2).

Define the sets

Ef =V nF EN =i\ Vi nFe, > 1.

s<j

Note that the sets E f are pairwise disjoint and U; E ’]‘ = Fy.
Define

Tg(x) = ZZ(M(Vk)f g u) xvi, ().

keZ j

Using the above definition, we get

/u (Mf)(x)g(x)dp <Ak+122 / gdu <A22ka / gdu
k Fr

keZ j k=1 j J
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= AfoTg =241 lp 1T gl prcys

and consequently for proving(3.11), it is sufficient to show that || Tg|| /() < C.
Note that Vi, C Q4 = U2 Dy and hence Tg = ) 2 Tig, where

o]

Tig) =) > ajuk(@xv,npe, ), (=0.1,..)

keZ j

where o 1 (g) = m fEf gdu.
J )
LetZ) ={(j, k) : a;x(g) > 1}and T ={(j, k) : a;i(g) < 1}.
Note that the condition p € Aj,(G) is equivalent to p’ € Aj,(G). The last condition implies that, for any
base set V || xv=l vy < Cllxv (. (itis sufficient take use (3.1) inequality for p’(:), U = V*and f = xv ).
We have

aji(g) < IIXEf; (PY8) IIgXEf; ey < IIXVk*}* (PY8)

2
w(Vi))
C C

= < .
Ixveslipey = xve lprey
J J

w(Vi))

Let (j, k) € Z;. Then by Corollary 3.4 o x(8)” *) € W Ao (Vi,) and by Lemma 3.2,

y
/ u(Vi; N Dytr) )
/ aj ()P Wdp < ¢ | —L——"= / ajr(g)’ Pdu
Vie; NDii Vi

w(Vi;) ;
12
Vk. N D 1 /
<C M / g(x)P (x)d,u. (3.12)
(Vi) 5
If (j, k) € I, then we have
/ @) Pdp 5/ ajk(g)du
Vi; D1 Vie; NDyeti

_ (Vi N Dyyp)

M(ij) E’; g(x)dpu. (3.13)

We need estimate ,u(ij N Dyyy) forl > 2. Let x € Vi; and V be an arbitrary base set such that x € V.
Observe that either V C Vk’j_* or Vi, C V** (see Lemma 2.1). If the second inclusion holds, then V** N Dy # ¢

and hence

Ifly < Bl flys < b - AR < A (1> 2).

Therefore, if | f|y > A, (I > 2) then V C Vk*j*. From this and from weak type property of M (see (1.2)), we
get '

nViy N Diyr) < plx € Vig = M(fxye) @) > A
J

c (Vi) Ak C
< 2 ), Ml = O Flye < Coppu(Viy) < V). (3.14)
- .

J
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By estimates (3.12),(3.13),(3.14), when / > 2 we obtain

/G(Tlg(x))pl(x)d“ = Z Z/V k(9P Pdp

kez j ¢ VeNDiti

=ly P'(x) —l
<CA Z /Eﬁg(x) dn+CA Z /Eﬁg(X)dM

(j.k)eZy (j.k)eTr
<CA™™ </ g Dy +/ g(X)dM).
G G
Where o = min{l, y}.

Using the fact that [Igll1 <2l xell (), and fG g(x)P/(x)d/L < 1 we obtain

ITigll ) < CAT/P% (1 > 2).

IA

For / = 0,1 if we use a trivial estimation (Vi; N Di41)
estimation ||7;g|| /() < C. Finally, we obtain

/JL(VkJ.), analogously will be obtained the

o0
178l < D 1Tigllpey < C.
[=0
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