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Abstract In this paper we study the problem of tracking the mean of a piecewise stationary sequence of inde-
pendent random variables. First we consider the case where the transition times are known and show that a
direct running average performs the tracking in short time and with high accuracy. We then use a single valued
weighted running average with a tunable parameter for the case when transition times are unknown and establish
deviation bounds for the tracking accuracy. Our result has applications in choosing the optimal rewards for the
multiarmed bandit scenario.
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1 Introduction

The multiarmed bandit problem [2] is important from both theoretical and application perspectives and has
implications in many fields including economics, machine and financial markets, to name a few. The basic
setup is that there are multiple arms each equipped with a reward sequence and the average reward in each arm is
different. The user (bandit) wants to latch on to the best arm in as short time as possible and therefore must balance
exploration together with exploitation to minimize its overall regret. There are many known bounds regarding the
exploration exploitation tradeoff ([5,6]) and for a recent survey of both theoretical and computational aspects,
we refer to Slivkins [8].

Recently [4], there has been interest in the case when the reward sequence of an arm displays nonstationarity.
In this case, a direct running average may not be feasible anymore and it is of interest to establish methods for
detecting the best arm in a dynamic manner. Auer et al. [3] propose dynamic tracking for the two armed bandit
problem and proceed by comparing the empirical means of both the arms (obtained from sliding window running
averages) and declaring that a transition has occurred when the difference is significant. For more details and
theoretical bounds on the regret we refer to Lattimore and Szepesvári [7].

In general, to compute dynamic running averages and invoke deviation estimates, we would have to store at
least O(log t) samples for t rounds. In this paper, we describe and analyse a single valued recursive estimator
that uses only knowledge of the minimum epoch durations and automatically performs tracking when the means
change.
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446 G. Ganesan

The paper is organized as follows: In Section 2, we describe the problem of tracking the mean of a piecewise
stationary sequence and show that an unweighted running average performs well if the transition times are known.
We also define a single valued weighted running average for the case when the transition times are known and
describe its tracking performance in our main result Theorem 1. Next in Section 3, we prove Theorem 1.

2 Piecewise stationary sequence

For integer t ≥ 1, let {X j }1≤ j≤t be positive independent random variables with 0 ≤ X j ≤ 1 and suppose there
are deterministic integers M = M(t) and 1 = s1 < s2 < . . . < sM = t such that

EX j = m(k) for each sk ≤ j < sk+1 and 1 ≤ k ≤ M − 1. (2.1)

In other words, the random variables {X j } are not necessarily stationary but enjoy “epochs" of stationarity in the
sense of (2.1). Throughout this paper, we consider only first order stationarity, i.e., stationarity in the mean and
for concreteness, define sk ≤ j < sk+1 to be the kth epoch and {sk} to be transition times.

It is of interest to “track" the mean {m(k)} as it varies from epoch to epoch, using a randomly sampled subse-
quence of {X j } as follows. Let {Z j }1≤ j≤t be independent Bernoulli random variables (that are also independent
of {X j }) with

P(Z j = 1) = ε j = 1 − P(Z j = 0). (2.2)

For t ≥ 1, let E(t) = {1 ≤ j ≤ t : Z j = 1} be the set of all sampling times and let T (1) < T (2) < · · · < T (w)

be the random indices in E(t). Using {XT (l)} we are interested in tracking the mean sequence {m(k)}.
In the context of armed bandit sequential learning, {X j } denotes the reward sequence of an arm and {Z j }

denotes the exploration sequence used to study and gain information regarding the reward sequence. There are
usually multiple arms each with its own reward sequence and after every transition, the goal is track the arm
with the largest reward, i.e., to latch on to the best arm as quickly as possible, using the rewards observed in all
arms during the exploration sequence.

If the transition times {sk} are known, then we can track {m(k)} simply using law of large numbers, provided
each epoch in (2.1) is of large enough duration. We use the following deviation estimates to demonstrate our
argument.

Lemma 1 (a) Let {W j }1≤ j≤r be independent Bernoulli random variables with

P(W j = 1) = 1 − P(W j = 0) > 0.

Setting Sr := ∑r
j=1 W j , we have for 0 < ε ≤ 1

2 that

P (|Sr − ESr | ≥ εESr ) ≤ 2 exp

(

−ε2

4
ESr

)

. (2.3)

(b) Let {U j }1≤ j≤r be positive independent random variables satisfying 0 ≤ U j ≤ 1 and set Vr := ∑r
j=1 λ jU j

where λ j > 0 are positive numbers. For any ε > 0 we have that

P (|Vr − EVr | ≥ εEVr ) ≤ 2 exp

(

−ε2(EVr )
2

∑r
j=1 λ2

j

)

. (2.4)

For a proof of (2.3) and (2.4), we refer to Appendix A of Alon and Spencer [1].
Indeed, suppose that the transition times {sk} are known and satisfy

min
k

(sk+1 − sk) ≥ tγ0 and min
k

m(k) ≥ μ0, (2.5)

for some constants 0 < γ0 ≤ 1 and μ0 > 0. Set ε j = 1
jβ

where 0 < β < 1 is a constant. For 0 < γ < γ0,

let Ek,γ (t) ⊂ E(t) be the set of all sampling indices lying between sk and sk + tγ and define

Rl := 1

#Ek,γ (t)

∑

T ( j)∈Ek,γ (t)

XT ( j) (2.6)
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for each l satisfying sk + tγ ≤ T (l) < sk+1. For sk ≤ T (l) < sk + tγ , we set Rl = 0. In words, we collect all
observations lying between sk and sk + tγ and compute a single average as defined in (2.6), whose right hand
side does not depend on l.

Using (2.3) and (2.4), we obtain the deviation estimate for Rl as follows. Since sk + tγ < t for each k, the
expected size of Ek,γ (t) is

E
(
#Ek,γ (t)

) =
sk+tγ∑

j=sk

1

jβ
≥

t+tγ∑

j=t

1

jβ
≥ tγ

tβ
. (2.7)

where # A denotes the cardinality of A. Therefore using (2.7) together with (2.3) we get that

P
(
#Ek,γ (t) ≥ C1tγ−β

) ≥ 1 − exp
(−C2tγ−β

)
(2.8)

for some constants C1, C2 > 0, not depending on k. Similarly E(#E(t)) = ∑t
j=1

1
jβ

≤ 2t1−β

1−β
and so again

using (2.3), we get that

P

(

#E(t) ≤ 4t1−β

1 − β

)

≥ 1 − exp
(
−C3t1−β

)
(2.9)

for some constant C3 > 0. There are in total M ≤ t epochs and so defining

Enice :=
M−1⋂

k=1

{
#Ek,γ (t) ≥ C1tγ−β

}⋂
{

#E(t) ≤ 4t1−β

1 − β

}

we get from (2.8), (2.9) and the union bound that

P(Enice) ≥ 1 − t exp
(−C2tγ−β

)− exp
(
−C3t1−β

)
. (2.10)

Given a realization ω ∈ Enice, the expected value Eω(Rl) = m(k) and so the Azuma-Hoeffding inequal-
ity (2.4) together with the second condition in (2.5) imply that

Pω (|Rl − m(k)| ≥ εm(k)) ≤ 2 exp
(
−C4ε

2#Ek,γ (t)
)

≤ 2 exp
(
−C4C1ε

2tγ−β
)

(2.11)

for each sk + tγ ≤ T (l) < sk+1 and some constant C4 = C4(μ0) > 0 not depending on k. There are M ≤ t
epochs and so defining Fgood to be the intersection of the event that

#E(t) ≤ 4t1−β

1 − β
(2.12)

and the event that

|Rl − m(k)| ≤ m(k)

tb
for each k and each sk + tγ ≤ T (l) < sk+1, (2.13)

we use (2.9) and (2.11) with ε = 1
tb together with the union bound, to get that Fgood occurs with probability at

least

1 − t exp
(−C2tγ−β

)− exp
(
−C3t1−β

)
− 2t exp

(
−C4C1tγ (1−β)−2b

)
. (2.14)

The expression in (2.14) converges to one as t → ∞ provided we fix b <
γ(1−β)

2 .

The relations (2.12) and (2.13) capture the essential requirements we seek in tracking:

(1) From (2.12), we get that the number of samples used for tracking is much smaller than the overall duration t.
(2) The condition (2.13) states that once our tracking scheme comes close to the mean in an epoch, it stays that

way for the rest of the epoch, even when new samples are encountered.
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(3) The term tγ could be interpreted as an upper bound for the time needed to track the mean with an accuracy
of 1 − 1

tb . Since we have chosen γ < γ0 strictly, the tracking time in any epoch is much smaller than the
total epoch duration, by (2.5).

The caveat in the above analysis is that we have crucially used the knowledge of the transition times {sk}
for the tracking. This in fact allowed us to construct Rl by collecting only the samples observed between sk
and sk + tγ . In practice, {sk} are unknown and so we are interested in “universal” schemes that do not depend
on {sk}. In our main result below, we use the following recursive estimator to perform “automatic” tracking.
For l ≥ 1 let αl := 1 − 1

lδ
where 0 < δ < 1 is a constant so that α1 = 0. Setting Y0 := 0, we define the lth

weighted running average for l ≥ 1 as

Yl := αlYl−1 + (1 − αl)XT (l). (2.15)

The term δ could be interpreted as the importance or weight given to the past observations in deriving the current
average.

We have the following result regarding the tracking performance of Yl .

Theorem 1 Suppose (2.5) holds and we set ε j = 1
jβ

. For every 0 < β < γ < γ0 and every 0 < δ <
γ−β
1−β

, there
are constants b, θ > 0 such that

P
(
Egood

) ≥ 1 − exp
(−tθ

)
(2.16)

where Egood = Egood(b, δ, γ ) is event that(2.12) and (2.13) hold, with Rl replaced by Yl .

In words, knowing only γ0 and fixing the tracking tolerance γ, we can choose our parameters β and δ such that Yl
tracks the mean {m(k)} with high probability.

3 Proof of Theorem 1

Let ω be a realization of the sequence (Z1, . . . , Zt ) so that {T ( j)}1≤ j≤L are fixed. We let Pω be the conditional
distribution of P, given the sequence ω. Also, for 1 ≤ k ≤ M − 1 let

sk + tγ ≤ T (Lk) < T (Lk + 1) < · · · < T (Uk) ≤ sk+1 − 1

be the set of random indices in E(t) lying between sk + tγ and sk+1 − 1.

We prove Theorem 1 in three steps. In the first step, we obtain estimates for Lk, Uk and their difference.
Using these estimates, we show in the second step that the expected value of the running average is close to the
current expected value. Finally, we use the Azuma-Hoeffding inequality (2.4) in Lemma 1, to show that the true
running averages are close to their respective expected values. Details follow.

Step 1: If E(r1, r2) = {r1 ≤ j ≤ r2 : Z j = 1} then #E(r1, r2) = ∑r2
j=r1

Z j and so

E (#E(r1, r2)) =
r2∑

j=r1

1

jβ
:= a(r1, r2)

where

r2 − r1

rβ
2

≤ a(r1, r2) ≤ 1 +
∫ r2

r1

dx

xβ
≤ 1 + r1−β

2 − r1−β
1

1 − β
(3.1)

for all r large. In terms of the notation following (2.2), we have E(r) = E(1, r) and from (3.1), we see
that a(1, r) ≥ r−1

rβ ≥ r1−β

2 and also that a(1, r) ≤ 1 + r1−β

1−β
≤ 2r1−β

1−β
for all r large. Consequently, setting

Esamp(r) :=
{

a(1, r)

(

1 − 1

log r

)

≤ #E(r) ≤ a(1, r)

(

1 + 1

log r

)}

and using the deviation estimate (2.3) with ε = 1
log r , we have that

P
(
Esamp(r)

) ≥ 1 − exp

(

−2C1
r1−β

(log r)2

)

,
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for some constant C1 > 0. We now define

Eexp :=
⋂

r≥(log t)2/(1−β)

Esamp(r)

and get from the union bound that

P(Eexp) ≥ 1 −
∑

r≥(log t)2/(1−β)

exp

(

−2C1
r1−β

(log r)2

)

(3.2)

for all t large.
For 0 < ε < 1 − β strictly and all r ≥ (log t)2/(1−β) =: a with t large, we have

exp

(

−2C1
r1−β

(log r)2

)

≤ exp
(−r ε

)

and so from (3.2), we get

P(Eexp) ≥ 1 −
∑

r≥a

exp
(−r ε

) = 1 −
∑

l≥0

exp
(−(l + a)ε

)
.

Using the mean value estimate (l + a)ε − aε ≥ εlaε−1 =: λl we further get that

P(Eexp) ≥ 1 − exp
(−aε

)∑

l≥0

exp (−lλ)

≥ 1 − exp
(−aε

)
∫ ∞

0
exp (−λ(x − 1)) dx

= 1 − 1

λ
exp

(
−aε

(
1 − ε

a

))

≥ 1 − εa1−ε exp

(

−aε

2

)

since ε < 1 and a > 2 for all t large. Setting ε to be slightly larger than 3(1−β)
4 we then get that

P(Eexp) ≥ 1 − exp
(
−(log t)3/2

)
(3.3)

for all t large. We assume henceforth that Eexp occurs and this obtains upper and lower bounds for each Lk
and Uk .

For a lower bound on the difference Lk+1 − Uk, we argue as in (2.7) to get that

E(Lk+1 − Uk) ≥
sk+1+tγ∑

j=sk+1

1

jβ
≥ tγ−β. (3.4)

Choosing γ > β strictly and setting

Edi f f :=
M−1⋂

k=1

{

Lk+1 − Uk ≥ tγ−β

2

}

,

we get from the deviation estimate (2.3) and union bound that

P(Edi f f ) ≥ 1 − t exp
(−C2tγ−β

)
(3.5)

for some constant C2 > 0, since the number of transitions M ≤ t. Setting Etot := Eexp ∩ Edi f f we get
from (3.3), (3.5) and the union bound that

P(Etot ) ≥ 1 − exp
(
−(log t)3/2

)
− t exp

(−C2tγ−β
)
. (3.6)
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We assume henceforth that Etot occurs so that for all r ≥ (log t)2/(1−β) and t large, we have

r1−β

4
≤ #E(r) ≤ 4r1−β

1 − β
, (3.7)

by (3.1).
Step 2: Let m(k) be the value of the mean μ j for sk ≤ j < sk+1. In this step, we show that for each

realization ω ∈ Etot , the expected value of the running average νl := EωYl is close to the current mean m(k)

for all l satisfying Lk ≤ l ≤ Uk .

Defining W j := XT ( j), we see that each Yl is a linear sum of {W j } since by expanding the recursion (2.15)
we get

Yl =
l∑

j=1

W jθ j,l (3.8)

where

θ j,l = (1 − α j )

l∏

i= j+1

αi

for 1 ≤ j ≤ l − 1 and θl,l = 1 − αl . By definition α1 = 0 and
∑l

j=1 θ j,l = 1 and so for each L1 ≤ l ≤ U1 we
have that νl = m(1).

Next we consider the case L2 ≤ l < U2 for which we have

νl = m(1)

U1∑

j=L0

θ j,l + m(2)

l∑

j=U1+1

θ j,l

= m(1)

l∏

j=U1+1

θ j,l + m(2)

⎛

⎝1 −
l∏

j=U1+1

θ j,l

⎞

⎠ . (3.9)

Since l ≥ L2, we have that

l∏

j=U1+1

α j ≤
L2∏

j=U1+1

α j

=
L2∏

j=U1+1

(

1 − 1

jδ

)

≤ exp

⎛

⎝−
L2∑

j=U1+1

1

jδ

⎞

⎠

≤ exp

(

− (L2 − U1)

Lδ
2

)

. (3.10)

Since ω ∈ Eexp, we get that Lk ≤ 4t1−β

1−β
for any k and since ω ∈ Edi f f as well, we also know that Lk+1−Uk ≥

tγ−β

2 . Using these estimates in (3.10), we get that

l∏

j=U1+1

α j ≤ exp
(
−C3tγ−β−δ(1−β)

)
(3.11)

for some constant C3 > 0. Choosing 0 < δ <
γ−β
1−β

strictly, we then get from (3.9) that

|νl − m(2)| ≤ (m(1) + m(2)) exp
(
−C3tγ−β−δ(1−β)

)
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for all L2 ≤ l ≤ U2. Continuing this way iteratively, we get that for each Lk ≤ l ≤ Uk that

|νl − m(k)| ≤ exp
(
−C3tγ−β−δ(1−β)

) M∑

j=1

m( j)

≤ C4t exp
(
−C3tγ−β−δ(1−β)

)
(3.12)

for some constant C4 > 0, since 0 ≤ X j ≤ 1 by Theorem statement and so m( j) ≤ 1.

Step 3: In this step, we use the deviation estimate (2.4) to show that Yl is close to νl . We therefore begin with
an upper bound for

∑l
j=1 θ2

j,l .

By definition θ2
l,l = (1 − αl)

2 = 1
l2δ and for 1 ≤ j ≤ l − 1 we have that

θ2
j,l = (1 − α j )

2
∏

j+1≤i≤l

α2
i

= 1

j2δ

∏

j+1≤i≤l

(

1 − 1

iδ

)2

≤ 1

j2δ
exp

⎛

⎝−2
∑

j+1≤i≤l

1

iδ

⎞

⎠

≤ 1

j2δ
exp

(

−2(l − j)

lδ

)

.

If j ≤ l − lδ(log l)2, then θ2
j,l ≤ e−2(log l)2

and if j ≥ l − lδ(log l)2 > l
2 , then θ2

j,l ≤ 4
l2δ . Combining we then

get that

l∑

j=1

θ2
j,l ≤ le−2(log l)2 + lδ(log l)2 · 4

l2δ
≤ 5(log l)2

lδ
(3.13)

for all l ≥ L0, a large constant.
Plugging (3.13) into (2.4) in Lemma 1 and setting ε = 1

tb and using the fact that m(k) ≥ μ0 a constant, we
then get that

Pω

(

|Yl − m(k)| ≥ m(k)

tb

)

≤ 2 exp

(

− 5μ2
0lδ

t2b(log l)2

)

. (3.14)

The estimate (3.14) is for a single epoch and there are M ≤ t epochs. Moreover, recalling that ω ∈ Etot , we get
from (3.7) that

tγ (1−β)

4
≤ L1 ≤ l ≤ 4t1−β

1 − β
≤ t.

Therefore from (3.14) and the union bound we get that

Pω

(
Egood

) ≥ 1 − 2t exp

(

−5μ2
0tδγ (1−β)−2b

(log t)2

)

. (3.15)

We choose b small so that b <
δγ (1−β)

2 . Averaging over ω ∈ Etot and using (3.6), we then get (2.16). This
completes the proof of the Theorem. 	
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