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Abstract Let G be a graph and H be a set of connected graphs. A spanning subgraph H of G is called an
‘H—factor if each component of H is isomorphic to a member of . In this paper, we first present a lower bound
on the size (resp. the spectral radius) of G to guarantee that G has a {P», C, : n > 3}—factor (or a perfect
k—matching for even k) and construct extremal graphs to show all this bounds are best possible. We then provide
a lower bound on the signless laplacian spectral radius of G to ensure that G has a {Ky ; : 1 < j < k}-factor,
where k > 2 is an integer. Moreover, we also provide some Laplacian eigenvalue (resp. toughness) conditions
for the existence of { P, C;, : n > 3}-factor, P>3—factorand {K; ; : 1 < j < k}-factorin G, respectively. Some
of our results extend or improve the related existing results.

Keywords Component factor - (Signless Laplacian) Spectral radius - Laplacian eigenvalue - Toughness - Perfect
k—matching

1 Introduction

All graphs considered in this paper are undirected, connected and simple. Let G = (V(G), E(G)) be a graph of
order n and size m. For a subset S € V(G), we use G[S] and G — S to denote the subgraphs of G induced by
S and V(G)\S, respectively. We denote by G| U G, the disjoint union of G| and G;. The join G| Vv G is the
graph obtained from G| U G, by adding all possible edges between V(G1) and V (G»). As usual, the star and
the cycle of order n are denoted by K ,—1 and C,, respectively. Let G| and G, be two vertex—disjoint graphs.
Other undefined notations can be found in [4].

The Laplacian and the signless Laplacian matrices of a graph G are defined as L(G) = D(G) — A(G) and
0(G) = D(G) + A(G), where A(G) and D(G) are the adjacency matrix and the diagonal degree matrix of G,
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respectively. The largest eigenvalues of A(G) and Q(G) are called the spectral radius and the signless Laplacian
spectral radius of G, denoted by p(G) and ¢(G), respectively. Let 11;(G) (or u; for short) be the i-th smallest
Laplacian eigenvalues of G. In particular, the second smallest Laplacian eigenvalue 112 (G) is also known as the
algebraic connectivity of G [8].

For a set of connected graphs H, a spanning subgraph H of G is called an H—factor if each component of H
is isomorphic to a member of H. In particular, an H—factor is a P> ¢—factor if H = {Py, P¢+1, ...}, where Ppisa
path with £ vertices. Up to now, there have been lots of research work to seek the conditions for the existence of
‘H—factor in a graph, suchas { P>, C;, : n > 3}-factor [9,17],{K; ; : 1 < j < k}-factor [1], P>3—factor [13], etc.
We won'’t list them all here, but we’ll focus primarily on those related to the spectral conditions for the existence
of H—factor in a graph. Zhang [20] characterize the extremal graphs with maximum spectral radius among all
connected graphs of given order with prescribed minimum degree and without a Px—factor or a Px3—factor,
which generalizes the result in Li and Miao [14]. In [16], Miao and Li give some sufficient conditions (size, the
spectral radius, or the distance spectral radius) to ensure that a graph contains a {K7, jrl=j= k}—factor,
where k > 2 be an integer. We refer the readers to [18] for more details on graph factors.

Motivated by [17], it is natural and interesting to ask whether or not there is a spectral condition to guarantee
the existence of {P>, C,, : n > 3}-factor in a graph? Note that every even cycle can be decomposed into a
combination of P,. Then the above problem has another statement as follows: whether or not there is a spectral
condition to guarantee the existence of { P>, Co;y1 :i > l}—factor in a graph?

Inspired by the ideas from Miao and Li [16] and using the typical spectral techniques, we provide some
sufficient conditions to ensure a graph G contains a { P>, Caj41 : i > l}-factor in terms of the size and the
spectral radius of G, respectively.

Theorem 1.1 Let G be a graph of order n. Then we have

(i) forn € {3,4,10} orn > 12, if |[E(G)| > (”;2) + 2, then G has a {P>, Caj+1 : 1 > l}factor;

(ii) forn € {5,7,9, 11}, if |[E(G)| > E==D ‘then G has a {Pa, Cais1 1 i = 1}factor;
(iii) forn € {6,8), if [E(G)| > U= then G has a {Ps, Cai41 i > 1)~factor.
Theorem 1.2 Let G be a graph of order n. Then we have

(i) forn € {3,4,8} orn > 10, if p(G) > 0(n), then G has a { P>, Czi4+1 : i > l}—factor, where 6(n) is the

largest root of x3 — (n — 4)x*> — (n — Dx +2(n — 4) = 0;

(ii) forn € {5,7,9}, if p(G) > n=3+vn°—6n+5 W, then G has a { P>, Coi+1 : 1 > l}—factor;

(iii) forn =6, if p(G) > %ﬁ, then G has a { P2, Cyiy1 : i > 1}-factor.
Recently, Miao and Li [16] provided a sufficient condition to ensure a graph G has a {K; ; : 1 < j < k}—

factor in terms of p(G). As a continuance of their work, we further deduce a sharp lower bound on ¢(G) to
ensure that G hasa {K; ; : 1 < j < k}-factor.

Theorem 1.3 Let k > 2 be an integer and G be a graph of order n > 2k + 12. If
q(G) = q(K1 vV (Kn—k—2 U (k + 1)K1)),

then G has a {K1,j : 1 < j < k}—factor unless K1 Vv (K, —x—2 U (k + 1) Ky).

For a graph G of order n, the Laplacian eigenratio of G is defined as Z igg; , and it has attracted great concern
about the relations between the Laplacian eigenratio and other graph properties [10, 11]. For example, it is known
that for a graph G of order n, if n is even and ﬁiggg > %, then G has a perfect matching [5]. Furthermore, we also
present the following Laplacian eigenratio conditions for the existence of { P>, C2;+1 : i > 1}—factor, P>3—factor
and {Ky ; : 1 < j < k}-factor in a graph, respectively.

Theorem 1.4 Let G be a graph of order n. If% > %, then G has a { P>, Czi41 : i > 1}-factor.

Theorem 1.5 Let G be a graph of order n. If Zigg; > % then G has a P>3—factor.

Theorem 1.6 Let k > 2 be an integer and G be a graph of order n. If% > ﬁ, then G hasa {Kyj :1 <
Jj < k}-factor.
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472 H. Chen et al.

For § € V(G),letc(G —S) and i (G — S) denote the numbers of connected components and isolated vertices
in G — S, respectively. Recall that the toughness # (G) of a connected graph G is defined as

S
#: SCV(G), c(G-S5)=2;.
c(G—=39)

By convention, a complete graph has infinite toughness. This parameter was introduced by Chvital [6] in
1973 and is closely related to many graph properties, including Hamiltonicity, pancyclicity and spanning trees,
see [3]. Very recently, Gu and Haemers [11] derived a lower bound of #(G) by building the relationship between

the toughness of G and its Laplacian eigenvalues as follows: #(G) > #ﬁl(@ for any connected graph G

el ; w2(G) n2(G) 1
of orde;,r n. This '1mp11e§ that (G) > m > 1 when Mi © = 7 Thus, by Theorem 1.4, we have the
following result immediately.

Corollary 1.7 Let G be a graph of order n. If t (G) > 1, then G has a { P>, Cai+1 : i > 1}-factor.

Remark 1.1 Recall that Guan, Ma and Shi [12] showed that for a graph G, if 1 (G) > 1,then G hasa { P>, C2;41 :
i > 2}—factor. So Theorem 1.4 can be viewed as a generalization of their result.

t(G) = min {

Similarly, we have the following results for the existence of P>3—factor and {K; ; : 1 < j < k}-factorin a
graph, respectively.

Corollary 1.8 Let G be a graph of order n. If t (G) > %, then G has a P>3—factor.

Remark 1.2 Recall that Zhou et al. [21] showed that for a graph G, if 1(G) > % then G has a Ps3—factor. So
Corollary 1.8 can be viewed as a slight improvement of the result due to Zhou et.al.

Corollary 1.9 Letk > 2 be aninteger and G be a graph of ordern. Ift (G) > %, thenGhasa{Ky j:1=<j <k}-
factor.

A matching M in a graph is a set of pairwise non-adjacent edges. A perfect matching is a matching which
matches all vertices of a graph. Let f : E(G) — {0, 1, ..., k} be an assignment such that the sum of weights
of edges incident with any vertex is at most k, i.e., Ze'vv f(e) <k for any vertex v € V(G). A k--matching is a
subgraph induced by the edges with weight among 1, ..., k suchthat ), f(e) < k. The sum of all weights,
ie., ZeeE(G) f(e), is called the size of a k-matching f. A k—matching is perfectif ), , f(e) = k for every
vertex v € V(G). Clearly, a k—matching is perfect if and only if its size is k|V (G)|/2. For k = 1, the perfect
I-matching is also known as the the perfect matching. For & = 2, Tutte [17] showed that a connected graph
G has a perfect 2-matching is equivalent to G has a {P>, Cy;j4+1 : i > l}—factor. Moreover, for k > 4 be an
even integer, it was shown by Lu and Wang [15] that a graph G contains a perfect k—matching if and only if G
contains a perfect 2-matching. Thus, by Theorems 1.1, 1.2 and 1.4 and Corollary 1.7, we then have the following
conditions for a graph G has a perfect k—matching.

Corollary 1.10 Let k > 2 be an even integer and G be a graph of order n. Then we have
(i) forn € {3,4,10} orn > 12, if |E(G)| > (”;2) + 2, then G has a perfect k—matching;
(ii) forn € {5,7,9, 11}, if |[E(G)| > S==D ‘then G has a perfect k-matching;
(iii) forn € {6, 8}, if |[E(G)| > W, then G has a perfect k—matching.
Corollary 1.11 Let k > 2 be an even integer and G be a graph of order n. Then we have
(i) forn € {3,4,8} orn > 10, if p(G) > 0(n), then G has a perfect k—matching, where 6 (n) is the largest
root of x3 — (n —4)x%> — (n — Dx +2(n — 4) = 0;
(ii) forn € {5,7,9}, if p(G) > n=3+v3n®—6n+5 V54"2_6"+5, then G has a perfect k—matching;
(iii) forn =6, if p(G) > %ﬁ, then G has a perfect k—matching.

Corollary 1.12 Let k > 2 be an even integer and G be a graph of order n. If% > %, then G has a perfect

k—matching.
Corollary 1.13 Let k > 2 be an even integer and G be a graph of order n. If t (G) > 1, then G has a perfect
k—matching.

The remainder of the paper is organized as follows. In Section 2, we present some preliminary results, which
will be used in the subsequent section. In Section 3, we will give the proofs of Theorems 1.1, 1.2 and 1.3,
respectively. In section 4, we present the proofs of Theorems 1.4, 1.5 and 1.6, respectively. In the last section we
construct extremal graph to show the bound obtained in Theorems 1.1 and 1.2 are best possible.
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2 Preliminary

In this section, we present some preliminary results and lemmas which are useful.
Let ¢pp(x) := det(xI — M) be the characteristic polynomial of a square matrix M, where I is the identity
matrix, whose order is the same as that of M. Consider an n X n real symmetric matrix

Myy My -+ My,
My Myo - My,

9
Mm,l Mm,2 Mm,m

whose rows and columns are partitioned according to a partitioning X1, X5, ..., X,y of {1, 2, ..., n}. The quotient
matrix B of the matrix M is the m x m matrix whose entries are the average row sums of the blocks M; ; of M.
The partition is equitable if each block M; ; of M has constant row (and column) sum.

Lemma 2.1 ([19]) Let M be a square matrix with an equitable partition w and let M, be the corresponding
quotient matrix. Then every eigenvalue of My is an eigenvalue of M. Furthermore, if M is nonnegative and My
is irreducible, then the largest eigenvalues of M and My are equal.

Lemma 2.2 ([17]) A graph G has a { P>, Csi+1 : i > l}—factorifand only ifi(G — S) < |S|forany S C V(G).

Lemma 2.3 (/1]) Foranyintegerk > 2,agraph G hasa{K ; : 1 < j < k}-factorifandonlyifi(G—S) < k|S]|
forany S C V(G).

In order to prove the main results for p(G) and ¢(G) simultaneously, we introduce the matrix A,(G) =
aD(G) + A(G) and denote by p,(G) the largest eigenvalue of A,(G), where a > 0. Clearly, Ag(G) = A(G)
(resp. A1(G) = Q(G)) and po(G) = p(G) (resp. p1(G) = q(G)).

Lemma 2.4 ([2]) If H is a spanning subgraph of a graph G, then p,(H) < p,(G), with equality if and only if
G = H; Moreover, if H is a proper subgraph of G, then p,(H) < pq(G).

Lemma 2.5 ([7]) Let G be a graph of order n with m edges. Then

2
q(G)§£+n—2.

3 Proofs of Theorems 1.1, 1.2 and 1.3

We now give the proofs of Theorems 1.1, 1.2 and 1.3, respectively.

Proof of Theorem 1.1: Suppose to the contrary that G has no {P,, Co;j41 : i > l}—factor. Then Lemma 2.2
implies that there exists a non-empty subset § € V(G) satisfying i(G — S) > |S| 4+ 1. We choose such a
connected graph G of order n so that its size is as large as possible. According to the choice of G, we see that
the induced subgraph G[S] and each connected component of G — § are complete graphs, respectively, and
G = G[S]V (G -Y9).

First, we claim that there is at most one non-trivial connected component in G — S. Otherwise, we can add
edges among all nontrivial connected components to get a bigger non-trivial connected component, which is a
contradiction to the choice of G. For convenience, leti (G — §) =i and | S| = s. We now consider the following
two possible cases.

Case 1 G — S has only one non-trivial connected component, say G.

In this case, let |V (G1)] = n; > 2. Weare to showi = s + 1. If i > s + 2, let H| be a new graph
obtained from G by joining each vertex of G| with one vertex in /(G — §) by an edge, where /(G — S) is a
set of isolated vertices in G — S. Then we have |E (Hy)| = |E(G)| +n; > |[E(G)|andi (H] —S) > s+ 1,
a contradiction to the choice of G. Hence i < s + 1. Recall that i > s + 1. Therefore, we have i = s + 1 and
G =KV (Ky2-1UC(s+ DKy).
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474 H. Chen et al.

Bearin mind thatn = s +s +1+n; > 2s +3 > Sand |[E(G)| = s(s + 1) + (”_3_1). By a directed
calculation, we have

=2\ o EG) = L - 1)@2n—3s—8
< ) )+ —|E( )|—§(S— )(2n —3s —8)

v

%(s —1D@s+6—3s —8)

1
=-(—-D(—-2)=0.
2
Thus, |E(G)| < (n;2)+2 forn > 5. By adirect calculation, we have (";2)4_2 < _(3"—13("—1) forn € {5,7,9, 11}
and ("52) +2< 3"<+_2) for n € {6, 8}, a contradiction.

Case 2 G — S has no non-trivial connected component.

In this case, we are to prove i < s + 2. Ifi > s 4 3, let H, be a new graph obtained from G by adding an
edge in I1(G — S). Clearly, i (H, — S) > s + 1, Hy — S has exactly one non-trivial connected component and
|E(G)| < |E(H>)|, contradicting to the choice of G. Bear in mind thati > s+ 1, it suffices to consideri = s+ 1
(Ge,n=2s+1)andi =s+2(G.e,n =25 +2).

Fori = s+ 1,wehave G = K Vv (s + 1)K;. Therefore, n = 2s + 1 and |[E(G)| = s(s + 1) + (3) By a
directed calculation, we have

n—2 2 E(G)| = 2s — 1 ) ] s _1 ! 6
( ) )+ —|E( )I—( 5 >+ —s(s+ )—<2>—§(s— )(s —6).

("52) + 2 fors = 1 ors > 6, which is a contradiction forn =3 orn > 13. For s € {2, 3,4, 5}
11}), we have

Thus, |E(G)| <
(orne{57,9,

3?45 3n—-D*+2m—1)  Gn—-D@n-—1)
o2 8 N 8 ’

IE(G)| =s(s + 1) + (;)

a contradiction.
Fori = s +2,wehave G = K Vv (s + 2)K;. Therefore,n = 2s + 2 and |E(G)| = s(s +2) + (;) By a
directed calculation, we have

"2\ o 56 = ()42 (=l —a
( ) >+ —1E( )|—(2>+ —s(s+ )—(2)—5@— s —4).

Thus, |[E(G)] < ("52) + 2 fors = 1 or s > 4, which is a contradiction for n = 4 or n > 10. For s € {2, 3} (or
n € {6, 8}), we have

s 352435 3 n—1 [n—1 3n(n —2)
[E(G)| =s(s + )+(2> : 5 75 < 5 —i—) g

a contradiction.
In view of Cases 1 and 2, the proof of Theorem 1.1 is completed. O

Proof of Theorem 1.2: Suppose to the contrary that G has no {P,, Co;4+1 : i > l}—factor. Then Lemma 2.1
implies that there exists a non-empty subset S € V(G) satisfying i(G — S) > |S| + 1. We choose such a
connected graph G of order n so that its adjacency spectral radius is as large as possible. By Lemma 2.4 and the
choice of G, it follows that the induced subgraph G[S] and each connected component of G — S are complete
graphs, respectively, and G = G[S] V (G — §).

For convenience, let i (G — S) = i and | S| = s. We claim that there exists at most one non—trivial connected
component in G — S. Otherwise, we can add edges among all non—trivial connected components to get a non—
trivial connected component of larger size, which gives a contradiction (based on Lemma 2.4). Let ¢ (x) =
x3 — (n —4)x% — (n — 1)x + 2(n — 4) be a real function in x and 6 (n) be the largest root of ¢ (x) = 0. We now
consider the following two possible cases.

Case1 G — S has just one non-trivial connected component, say G1.
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In this case, let |V(G1)| = n; > 2. We are to show i = s + 1. If i > s + 2, let H| be a new graph
obtained from G by joining each vertex of G| with one vertex in / (G — §) by an edge. Theni(H; — S) > s + 1
and G is a proper spanning subgraph of Hj. By Lemma 2.4, we have p(G) < p(H]), a contradiction to the
choice of G. Thereforei < s + 1. Recall thati > s+ 1.Hencei =s+1(n =2s+1+n; > 2s + 3) and
G = K,V (Ky—25—1U(s+1)K7). We now consider the partition V(G) = V(K;)UV((s+1)K1)UV(K,—25—1).
Then the corresponding quotient matrix of A(G) is

s—1s+1n—-2s—1
Bl = N 0 0 ,
s 0 n—2s—2
and the characteristic polynomial of Bj is
@B, (x) =x3 —(n—s—3)x2— (sz—i—n—2>)c—s3—i—ns2—s3 —3s% +ns —s>—2s
=x3 —(n—s—3)x2— (s2+n—2>x—2s3+(n—4)s2+(n—2)s.

Note that the partition V(G) = V(K;) UV ((s + 1) K1) U V(K,,—2s—1) is equitable. Then Lemma 2.1 implies
that the largest root 61 of ¢p, (x) = 01is p(G). In order to prove 8(n) > p(G), it suffices to show ¢ (61) < 0.
Note that

¢ 01) = p01) — ¢p,(61)
=D +6+D0 +25>+s—ns+1—n+4s+4—n+s+3)
=(s— D=0+ (s+ 1O +25> — (n —6)s —2n +8)
<(s— D=0+ (+ 1) +2—5)
=G —D(=60—s—1)+2—y5)

and K is a proper subgraph of KV (K, 251U (s +1)K1). Then by Lemma 2.4, we have p(G) = 61 > s+ 1.
It follows that

¢ (01) = ¢(01) — @B, (01)
<@GE—-D(=010; —s—1)+2—y%)
<@GE=—DE0(s+1—=—s—1)+2—15)
=G6-12—-s)<0.
Thus, ¢(61) = ¢(01) — ¢p,(01) < 0 for s > 1, which implies that p(G) = 6; < 0(n), a contradiction for

n ¢ {5,6,7,9}. By adirect calculation, we have 0(5) ~ 2.34 < 5_3+‘/5X452_T+5 =3,0(6)=3.18 < —Hﬁ’
0(7) ~ 411 < 7_3+¢5X472_W — 1+/33.009) ~ 605 < 9—3+W _ 3+5/@.

Case 2 G — S has no non-trivial connected component.

Ifi > s + 3, let H, be a graph obtained form G by adding an edge in /(G — §). Theni(Hy — S) > s + 1
and H> — S has one non-trivial connected component. From Case 1, we have p(G) < 6(n), contradicting to the
choice of G. Thus, we only consideri = s + 1 (i.e.,n =2s + 1)andi = s + 2 (i.e., n = 25 + 2).

Fori = s+1,wehave G = K;V(s+1)Kjandn = 25+ 1. One may consider the partition V(K V(s+1)K1) =
V(K) UV ((s + 1)Ky). Its corresponding quotient matrix of A(K; Vv (ks + 1)K1) is

(s —=1s54+1
By = < s 0 )
And the characteristic polynomial of B is
¢p, (x) =x% — (s — Dx —s(s + 1).

Note that the partition V(K VvV (s + 1) K1) = V(K) U V((s + 1)K) is equitable. Then Lemma 2.1 implies that
p(Ks Vv (s + 1)Ky) is the largest root 6, of ¢p, (x) = 0. As ¢p,(x) = 0 is a quadratic equation with respect to
x, by the root formula, we have

—14+/552 425 +1

S
p(KsV (s + DKy) =6, = 5
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476 H. Chen et al.

If s = 1, then we have n = 3, ¢p,(x) = x% —2 and ¢(x) = (x + 1)(x? — 1). That is 6, = V2 = 6(3), a
contradiction to the condition. If s € {2, 3,4} (orn € {5,7,9}), then §, = $=1+ 5252+25+1 — n=3ty 5f2_6"+5, a
contradiction. Next, we consider s > 5. Note that
B (62) = ¢(02) — 02bp,(02) = —(s —2)05 + (s* — )02+ 45 — 6
= —0[(s —2)6r — 5% + 5] + 45 — 6,

and
0 s—14+52425+1 s—14+/Q2s+1)2+s2—-25 3s
= = > —
2 2 2
‘We then have
@ (02) = ¢ (02) — 02, (02)
=—0[(s—2)0 —s>+s]+4s—6
3
< —92[(s—2)~?s—s2+s]+4s—6
S2
= —92(5 —25)+4s—6
3 3
< —i+3s2+4s—6.
4
Let f(s) = —¥ + 352 + 45 — 6. Note that f'(s) = —9s2 + 65 +4 < 0 when s > 5. Hence f(s) is a

monotonically decreasing functions with respect to s. Therefore,

3 3
$(02) = ¢(02) — o, (62) < —% +3s2+45—6

Sf(5)=—¥<0-

Thus, ¢ (62) < 0 fors > 5and p(G) = 6, < 0(n), a contradiction.
For i = s + 2. In this subcase one has G = K V (s + 2)K| and n = 2s + 2. We consider the partition
V(G) = V(K;) UV ((s +2)K1). Then the corresponding quotient matrix of A(G) is

s—1s+2
B3=< s 0 )

¢y (x) = x? — (s — Dx — s(s +2).

Note that the partition V(G) = V(K) U V((s + 2)K1) is equitable. Then Lemma 2.1 implies that the largest
root 63 of ¢p,(x) = 01is p(G). As ¢p,(x) = 0 is a quadratic equation with respect to x, we may easily obtain
that

and its characteristic polynomial is

s—14++/5s2+6s5+1
03 = p(G) = > :
If s = 1, then n = 4, we have ¢p, (x) = x> — 3 and ¢ (x) = x(x> — 3), which implies that 63 = v/3 = 6(4), a

contradiction to the condition. If s = 2 (or n = 6), then 63 = , a contradiction. Next, we consider s > 3.

Bear in mind that n = 2s + 2 and so

d(x)=x> — (25 —2)x> — 25 + D)x — 4(s — 1).

14++/33
2

In what follows, it suffices to prove ¢ (63) < 0. Note that
#(03) = ¢(03) — 3¢5, (03)
=—03(s = D+ 03(s* — ) +4(s — 1)
=—(s = 1(BF — (s + )3 — 4),
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and

s—14+/5246s+1 s—14+/(s+52+4(2—5—6)
= >

O =
3 2 2

s+ 2.

Then we have
@ (03) = ¢ (03) — 03¢B,(63)
=—(s— 10 — (s +1)03—4)
<—(s=DIs+2? = (s+ (s +2) —4]
=—(G6-DE—-2)<0.

Thus, ¢ (63) < 0 fors > 3 and p(G) = 63 < 0(n), a contradiction.
In view of Cases 1 and 2, the proof of Theorem 1.2 is completed. O

Proof of Theorem 1.3: Assume that G has no {K; ; : 1 < j < k}—factor. Then Lemma 2.3 implies that there
exists some nonempty subset S € V(G) such that i(G — S) > k|S| + 1. Let |S| = s. Then G is a spanning
subgraph of G| = K V (K;,—(x+1)s—1 U (ks + 1)K ). Hence Lemma 2.4 implies that

q(G) = q(Gy), ey

with equality if and only if G = G.
If s =1,then G| = K| V (K;,—k—2 U (k 4+ 1)K71). Combining this with (1), we conclude that

q(G) < q(K1 VvV (Kyp—g—2 U (k+ 1)Ky1)),

where the equality holds if and only if G = K| V (K;,—k—2 U (k + 1) K}).
For s > 2, note that Lemma 2.5 implies that

2m(G
Q(G1)§M+n—2
n—1
—ks —1)(n —ks —2) +2s(ks + 1
=(n s )(n s1 )+ S(s+)+n—2 2)
n—
(K24 2k)s* — (2kn — 3k — 2)s + 2n* — 6n + 4
a n—1 ’

Let f(s) = (k* + 2k)s> — (2kn — 3k — 2)s + 2n> — 6n + 4. Since n > (k + 1)s + 1, then 2 < s < %= . By a
simple calculation, we have

n—1 2 2 n—1\2 B Ca _n—l
f(2)—f<k+1>—(k +2k)(2 (k+1>) (2kn — 3k 2)(2 k+1>

_(n =2k —3)(=2k> + (n — 8)k* — Tk — 2) 3)
- (k + 1)2

9k =)k +1)

N G S VL

where the inequality follows from the fact that n > 2k + 12 and k > 2. This implies that, for2 < s < H, the
maximum value of f(s) is attained at s = 2. This together with (2) and (3) imply that

fQ)  2n® — (4k + 6)n + 4k* + 14k + 8
G < =
q( 1)_11—1 n—1
2 —k—2) 2(n — 2k — 6)k — 4
= n — —_ —
n—1 “)
12k — 4
<2n—k—2)—
n—1
<2(n—k—2),
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where the penultimate inequality follows from n > 2k + 12. Note that K, _;_1 is a proper subgraph of K; Vv
(Ky—x—2 U (k+ 1)Ky). Then we have

q(K1 VvV (Kp—k—2 U (k+ DK1)) > g(Kp——1) =2(n —k —2).
Combining this with (1) and (4), we have
q(G) = q(G1) < q(K1 vV (Kp—k—2 U (k+ DK1)).
Concluding the above results, we obtain
q(G) = q(K1 vV (Kp—k—2 U (k+ DKY)),

where the equality holds if and only if G = K Vv (K, —x—2 U (k + 1)K7). Let S = {u} denote the unique vertex
of degree n — 1 in K| V (K;—x—2 U (k + 1)K1). Then i (K1 V (Kp—p—2 U (k + 1DK1) = S) > k+1 > |S]
since u is adjacent to k + 1 pendant vertices. Thus by Lemma 2.3, we have K| V (K,,—x—2 U (k + 1)K1) has no
{Ky,j : 1 < j < k}-factor, and so the result follows. O

4 Proofs of Theorems 1.4, 1.5 and 1.6

In this section, we will present the following Laplacian eigenvalue conditions for the existence of { P>, Coj41 :
i > 1}—factor, P>3—factorand {K ; : 1 < j < k}-factor, respectively. In order to prove our results, the following
lemma is needed.

Lemma 4.1 ([10]) Let G be a graph of order n. Suppose that S € V(G) such that G — S is disconnected. Let
X and Y be disjoint vertex subsets of G — S such that X UY = V(G) — S with | X| < |Y|. Then

IX| < Mn,
2
and
212
[S| > ———IX|.
Mn — 42

Now we are in a position to give the proofs of our results. Our strategy for proving the following results is
employed the similar argument as that was used in [10].

Proof of Theorem 1.4: Suppose to the contrary that G has no a {P>, Cpj+1 : i > l}—factor. Then Lemma 2.2
implies that there exists a nonempty subset S € V(G) such that

i(G—8)>|S|+1>2.

Let vy, v2, ..., v. be the isolated vertices of G — §, where ¢ = i(G — §). Defined X = Uj<;<|¢/2 v and
Y =V(G)— S — X. Then % < |X| <|Y|. By Lemma 4.1, we have
2 —1
5= 2
Mn — U2 2

with equality holding only when |X| = |Y| = 5-.
However, note that 2u > w, and X > 5 > % when c is even. Then we have
2p2
Mn — 42
When c is odd, by the definitions of X and Y, we have | X| < |Y|. Thus the equality never hold. Then

NE 'gzc:i(G—S).

212 c—1
Un — K2

S| > >c—1=i(G-9)—1,

a contradiction. O
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Let sun(G — S) denote the number of sun components in G — S. It is proved in [13] that every graph G
admits a P>3—factor if and only if sun(G — X) < 2|X| forevery X C V(G). Then we have the following result.

Proof of Theorem 1.5: Suppose to the contrary that G has no a P>3—factor. Then there exists a nonempty subset
S C V(G) such that
sun(G — S) > 2|S|+1 > 3.

Let Vi, Va, ..., V. be the sun components of G — S, where ¢ = sun(G — S). Without loss of generality, suppose
that |[Vi] < |V2| < --- < |V,|. Defined X = Uj<j<|¢/2)Viand Y = V(G) — § — X. Then % < |X| <1|Y|. By
Lemma 4.1, we have

2 -1
1§z 2
Mn — 42 2
. . . —1
with equality holding only when |X| = |Y| = 5-.
However, note that 3u > u, and X > 5 > % when c is even. Then
210 c _c 1
S| > ———— = > - = — - sun(G — 9).
Mn—p2 272 2

When c is odd, by the definitions of X and Y, we have |X| < |Y|. Thus the equality never hold. Then

s> 2 ecboes L -9 -
> : = = — - (Sun(G — — 1),
n— 2 2 2 T2

a contradiction. O

Proof of Theorem 1.6: Suppose to the contrary that G hasno a {K; ; : 1 < j < k}-factor. Then Lemma 2.3
implies that there exists a nonempty subset S € V(G) such that

i(G—S)>k|S|+1>3.

Let vy, v, ..., v be the isolated vertices of G — S, where ¢ = i(G — §). Defined X = Uj<j<|¢/2)v; and
Y = V(G) — S — X. Then 5! < |X| < |Y|. By Lemma 4.1, we have

20 c—1
Mn — 42 2

IS =

)

with equality holding only when | X| = |Y| = %
However, note that (k + 1)p2 > uy and X > 5 > % when c is even. Then we have
2
Mn — K2

IS| = >

_iGos
=G =9

N o
bl B

When c is odd, by the definitions of X and Y, we have | X| < |Y|. Thus the equality never hold. Then

) .c—l Zc—l
Mn — K2 2 k

IS > =%~(i(G—S)—1),

a contradiction. O
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5 Extremal graphs

In this section, we construct the extremal graphs to show that the bounds established in Theorems 1.1 and 1.2
are best possible, respectively.
Note that for a positive integer n, we have
() |E(K1 V (Ky_3 U2K)| = (";2) +2forn € {3,4,10} orn > 12;
(i) |E< et V "T“IQ) | = 30=D0=D forp ¢ (5,7,9, 11);

2

(iii) |E (K% v "T“KI) | = 202 for € (6, 8).
Clearly, the graphs K1V (K,-3U2K}), anl \/”Jrl K and K,.22 \Y, ”+2K1 haveno { P>, Cy;41 : i > 1}-factor,
respectively. This shows that the bound in Theorem 1.1 is best possible.

Theorem 5.1 Let n be a positive integer and 6 (n) be the largest root of x> — (n —4)x? — (n — x +2(n —4) = 0.
Then we have

(i) p(K1V (Ky,—3U2K1)) =60(n) forn € {3,4,8} orn > 10;
(ii) p (Kuz1 v %Kl) = 1=3YSEOES forp € (5,7, 9);

(iii) p(Py v 4K)) = 2B forn =6,

Proof Forn € {3,4,8} or n > 10, we consider the partition V(K| Vv (K,—3 U2K1)) = V(K1) U V(2K) U
V(K,—3). The quotient matrix of A(K| V (K,—3 U2K/)) corresponding to the above partition is

02n—-3
Bi=|110 0
10n—-4

Then we have
b, (x) =x> —(n—4x? —(n — Dx +2(n — 4).

Note that the partition is equitable. Then the spectral radius of graph K| Vv (K,_3 U 2K1) is the largest root of
x3—(n—4)x%—(n— Dx +2(n —4) = 0. It follows that p(K;| V (K,—3 U2K})) = 6(n).
For n € {5, 7, 9}, we consider the partition V(K% \Y %Kl) = V(K%) U V(%Kl). Then the corre-

ntl
2 .
;)

n—3 n?—1
X — .

2 4

sponding quotient matrix of A(K » nt "'ZH Ky)is

e

$p, (x) = x° —

w

=

]

=
—

N|

Hence we have

2 .
11K is the largest root of x2 — %x —n 4_1 = 0 since the above

partition is equitable. It follows that p (K n=1 V ”'51 K 1) = n=34yont—bnd> W.

For n = 6, consider the partition V(Kz Vv 4K1) = V(K>) U V(4K1). The quotient matrix of A(K> v 4K1)
corresponding to the above partition equals
14
B3 = (2 0) .

Hence we have ¢p,(x) = x> — x — 8. Note that the spectral radius of graph K, v 4K is the largest root of

x> — x — 8 = 0 since the above partition is equitable. It follows that p (K, vV 4K{) = %@ This completes

the proof. O

n+l

Note that the spectral radius of graph K 1V
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In view of Theorem 5.1, we know that the bound obtained in Theorem 1.2 is best possible.
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