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Abstract Let R be a prime ring with extended centroid C and characteristic of R be different from 2. Suppose
that U is the Utumi quotient ring of R and £ a noncentral Lie ideal of R. Assuming 71, 7>, 73 three generalized
derivations of R, we investigate the identity

()T () — Ty(wu + uT3(u), uly, =0

for all u € £, and then we describe the forms of the maps, where n > 1 is a fixed integer.
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1 Introduction

Throughout this paper R will be a prime ring with center Z(R), extended centroid C and U be its Utumi quotient
ring. The standard polynomial of degree 4 is defined as

s4(81,6,8,&) = GESA(_1)050(1)50(2)"30(3)&0(4),

where (—1)? takes value either (41) or (—1) according as o is an even or odd permutation in the symmetric
group S4. By R satisfies s4, we mean that s4(&1, &2, &3, &4) = O for all &1, &, &3, &4 € R. A subgroup L of R is
called Lie ideal of R, if £ is additive subgroup of R such that [£, R] € L. We recall that an additive mapping
F : R — R associated to a derivation d is a generalized derivation of R, if F(xy) = F(x)y + xd(y) for all
x,y € R.Forsome a, b € R, F(x) = ax + xb for all x € R is called inner generalized derivation. The symbol
[a, b] stands for commutator of the elements a, b € R which is defined by [a, b] = ab — ba. By [a, b],, we
mean the the n-th commutator of a, b € R which s [[a, b],—1, b] forn > 1.

Let S be a nonempty subset of R. A mapping F : R — R is said to be commuting on S if [F(§), &] = O for
all £ € § and centralizing on S if [F(§),&] € Z(R) for all £ € S. Posner [22] initiated the study of commuting
and centralizing maps on prime rings. After then, this result has been extended by a number of authors in many
directions.
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The mappings 7 : R — R and G : R — R are said to be co-commuting (co-centralizing) on § if
F(E)e —&EG(E)=0forallé € S (resp. F(§)§ —EG(E) € Z(R) forall & € §).

BreSar proved in [4] that if R is a prime ring and d and § are two nonzero co-centralizing derivations (i.e.,
d(&)e —&£5(8) € Z(R) for all £ € R), then R must be commutative. Later Lee and Wong [20] studied above
condition on noncentral Lie ideal £ of a prime ring R. Lee and Wong [20] proved that if d(§)§ — £5(§) € Z(R)
for all & € L, then either d = § = 0 or R satisfies s4.

Let f(xy,...,x,) be a multilinear polynomial over C which is noncentral valued on R. Let F and G
be two nonzero generalized derivations of R. Let S be a nonempty subset of R. Denote the set f(S) =
{f(&,....&)|&, ..., & € S} In [1], Argag and De Filippis studied the structure of the maps F and G,
when F(§)é —£G(§) = O0forall& € f(I), where [ is an ideal of R. In [8], De Filippis and Dhara described the
forms of the maps F and G, when F(§)§ —£G(§) € C forall & € f(1).

Argac et al. [2] studied the Engel condition acting on noncentral Lie ideal £ in prime ring. They described
the forms of the generalized derivation F, when [F(u), u], = 0 forallu € £, n > 1 a fixed integer.

De Filippis and Rania [10] studied also the Engel condition [F(u)u — uGu),ul], =0forallu € £L,n > 1
a fixed integer and then described the forms of the maps.

In [7], Carini et al. initiated to study the product of two generalized derivations. They studied F(#)G(u) = 0
for all u € f(R) and then described the structure of the maps.

Recently, in [6], De Filippis et al. studied product of two generalized derivation with 1-Engel condition in
prime ring. More precisely, they obtained the following result:

Let R be a prime ring with extended centroid C, U be its Utumi ring of quotients. Let £ be a non-central Lie
ideal of R, F and G be two non-zero generalized derivations of R. If char(R) # 2 such that

[Fw)Gw),ul =0

for all u € L, then one below mentioned conclusion holds:

(1) there exist p, g € U such that F(x) = xp and G(x) = gx with pq € C;
(2) R satisfies s4.

Recently, Dhara et al. [11] studied the situation [F(#)G(u) — uH(u), u] = 0 for all u € L, where F, G
and H are three generalized derivations of R and £ a non-central Lie ideal of R and then described the possible
forms of the maps.

Moreover, recently Tiwari [23] studied the case 75 (u)7(u) — 71 (w)u + u73(u) = O forallu € f(R), where
71, 75 and 73 are three generalized derivations of R and then obtained possible forms of the maps. In the present
article, our interest is to study the situation with n-Engel condition. More precisely, we will prove the following
Theorem.

Theorem 1.1 Let R be a prime ring with extended centroid C, U its Utumi quotient ring and L a noncentral
Lie ideal of R. Suppose that Ty, T, Tz are three generalized derivations of R and n > 1 a fixed integer. If char
R # 2 such that

[T2)T1 (u) — Ty (wu + uT3(u), ul, =0

forall u € L, then one below mentioned conclusion holds:

(1) there exists u € C such that T = 0, Ty is any map, T3(x) = ux for all x € R;

(2) there exist y € C and b, c € U such that Ti(x) = yx, To(x) = xb and T3(x) = cx for all x € R with
yb+ceC;

(3) there exist y € C and a, c,m € U such that T1(x) = xa, To(x) = yx and T3(x) = cx +xm forall x € R
withc —a,ya+m € C;

(4) R satisfies sa, the standard identity of degree 4.

2 The case: inner generalized derivations

Leta,b,c, p,q,m € U and T1(x) = ax + xb, To(x) = px + xq and 73(x) = cx + xm for all x € R. Since L
is a noncentral Lie ideal of R, we may assume that £ = [R, R]. Then [73(u)7(u) — 71 (w)u + uZ3(u), ul, =0
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forall u € [R, R] yields
|:P[$la Elalér, &1+ plér, £1°b + [£1, £2]qalé, &1 + [£1, £1ql&1, £1b

—alr, &) — [&1, £21blE1, £2] + [€1, &]cl&r, &1+ [€1, &1°m, [&1, Ez]} =0

n

for all &1, & € R.
Now we begin to investigate this generalized polynomial identity (GPI).

Lemma 2.1 Leta, b, c, p,q,m € U and R be a prime ring of char R # 2. If
|:P[$l» &£lalér, 21+ plér. &1°b + [£1, &)qalé1, &] + [E1, &]g[&1. &1b

—alé1, &1 — [£1, &IbIEL &2] + [61. &]clér. &1 + [61, &17m, [&1, Sz]} =0

is a trivial GPI for R, then one of the following holds:

(1) a,beC;

(2) p,qeC;
(3) pbeC.

ey

Proof By [5], we know the fact that R and U satisfy the same GPIs. Moreover, by hypothesis the given GPI is

a trivial GPI for R, and hence
|:P[§l» Elalér, &1+ plér, &1°b + [£1, &2qalér, £2] + [£1, &21ql€1, £21b

—alé1, &1 — [&1, &21bl&1, &1 + [&1, &2]clér, &1 + [&1, &21%m, [&1, 52]}

n

is the zero element in the free product T = U x¢ C{&1, &}, that is,

[P[El, Elalé1, &1+ pl&1, &1°b + [&1, &lqalér, L]+ [61, &]ql€1, &1b

—al&1, &1% — [&1, £1blE1, &1 + [&1, &2)cl&1, £]
&1, E21°m, [£1, Ez]} =0eT.

This implies {p, a, 1} linearly C-dependent, because if they are linearly C-independent, then

[al&r, &%, (61,61, =0e T

implying a € C, a contradiction. Thus there exist o1, oz, @3 € C such that o1 p + apa + a3 = 0.

Now we consider the following two cases:
Case-1: Let ) = 0.
Then oy # 0 and hence a € C. Then (2) reduces to

[p[sl, £1%a + plér, &1°b + (&1, &1(ag — b + o)[&1, &1 + [&1, &1gl&1, £1b

+&1, £21°(m — a), [&1, Sz]] =0eT.

n

2

3)

If p ¢ C, then p[&, Ez]z(a + b)[&1, &) =0 € T implying a + b = 0. Thus we have obtained a, b € C as

desired in conclusion (1).
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If p € C, then by (3)
(&1, 52]|:(dq —b+c+ pa—a)é, &1+ (p+g)lér, &1b

+[&1, &21m, [&1, Ez]} =0eT. “)

n

This implies {m, b, 1} is linearly C-dependent, because if they are linearly C-independent, then

&, &1 (p+ e &b =0eT 5

implying p +¢q = 0,1i.e., g = —p € C as desired in conclusion (2). Thus there exists S, B2, B3 € C such
that Bym + B2b + B3 = 0. If B; = 0, then b € C and hence conclusion (3) is obtained. Let 8; # 0. Then
m = o'b+ a” for some o', " € C. By (4)

(&1, éz][(aq —b+c+pa—a)é, ]+ (p+g)lér,&1b

+[&1, &1(@'b + a), [£1, ‘Ez]] =0eT.

n

This implies either b € C or

L& (p+qg+a)EL,&b=0eT

implying ¢ = —(p + «’) € C. In any cases, we have conclusions.
Case-2: Let a; # 0.
Then p = Bra + B2. By (2)

[(ﬂla + Bo)[E1, E2lalér, &1+ (Bia + Bo)lE1, E21°b + [£1, E2)qalél, &]

+1&1, &1q[1, £1b — al&), £1% — (1, &1b[E1, &]
&1, &E1clEr, &1+ [&1, £21°m, [£1, sz]] =0eT. ©6)

This implies a € C and hence (6) reduces to
(€1, 821 |:[517 &1(Bra + B2)b + qaléy, 521 + qlé1, 6210

+(c = b)[&1, &2] + [&1, &21m, [&1, 52]] =0eT. @)

n

This implies {m, b, 1} is linearly C-dependent, because if they are linearly C-independent, then

[xé1, 1" 51, 62lm =0 € T ®)
implying m = 0, a contradiction. Thus there exists 8], 85, B3 € C such that 8{m + pib + B5 = 0.If g; = 0,
then b € C and hence conclusion (1) is obtained. Let 8| # 0. Then m = y'b 4 y” for some y’, y” € C. By (7)

(€1, &2] [[51, &1(Bra + B2)b + qalér, &] + qlé1, &1

+(c —b)&1, &1+ [E1L. &1y b+ v, [51,52]} =0eT.

n

This implies either b € C or

L& Bra+Bo+qg+y)ELEID=0eT

implying ¢ = —B1a — B2 — y’ € C. In any cases, we have conclusions. O
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Lemma 2.2 Let R = My (K), k > 3, be the algebra of all k x k-matrices over the field K with characteristic
different from 2 and a, b, c, p, q, m € R. If R satisfies

|:P[§1, £lalér, &1+ plér, £1°b + (€1, &1qaltr, &1 + [&1, £21q[&1, £21b

—al&1, 1% — [&1, &21b[E1, £21 + [€1, &21clE1, &1+ [€1, &21°m, [£1, sz]} =0

n
then one of the following holds:

(1) a,beK -I;
(2) p.q €K Ix;
(3) p.be K - I

Proof We denote by e;; the usual unit matrix with 1 in the (i, j)-th entry and zero elsewhere. Let a = (a;; )k xk,
b = (bij)kxk, ¢ = (Cijixk> P = (Pijdixcks @ = (Gij)kxk> M = (M )k xk-
Let i, j, r be three different indices. Now we consider §1 = ¢;; and &, = ej; and then [&1, &2] = [¢;j, ¢ji] =
ej; — ej;. By hypothesis, we get
[pleii —ejjlalei; —ejj) + plei; +ejj)b+ (e;j; — ejj)qale;; — ejj)
+(eii — ejj)qleii —ejj)b —aleii +ejj) — (eii — ejj)b(eii — ejj)
+(eii — ejj)C(eii — ejj) + (eji + ejj)m, (ejj — ejj)]n =0. 9)

Left multiplying by ey and right multiplying by ¢;;, we get
ekk{l?(eii —ejpa(=1)"ej; + pleii + ej)b(=1)"ej; — a(—l)"ejj} =0
that is
pri(—aij + bij) + pijlajj + bjj) —arj = 0. (10)

Let¢ € Aut (M (K)) suchthat ¢ (x) = (1 +ejx)x(1 —ejx) forallx € R.Let¢(a) = (alfj)kxk,d)(b) = (b;j)kxk,

o (p) = (P} kxk-
Since ¢ (a), ¢ (b), ¢ (g) satisfy the same condition as a, b, g do, we may replace a;;, b;;, gi; with alfj, bl’.j, qi’j
in (22). Then we have

pri(—aj; +bi) + ppilas; + b)) —ap; =0. (11)
This implies
Pri(—aij + bj; — axj + bij) + prj(ajj +bjj) — axj = 0. (12)
Together (10) and (12) implies that
pri(b —a)j =0 (13)

We consider the automorphism ¥ (x) = (1 +¢;;)x(1 —¢;;) forall x € R and if we denote ¥ (a) = (alf})kxk,
Y (b) = (blf})kxk, Y(p) = (P,/';')kxk and using above argument, we have

Pii (b = i) = 0. (14)
This implies
pri{b — a)kj — (b —a)ri} = 0. 5)
Thus we have
pi(b —a)i = 0. (16)

Then by [9, Proposition 1], either p € K - [y orb —a € K - Ii.
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Now we consider x € Aut(My(K))suchthat x (x) = (14-¢jx)x(1—eji) forallx € R.Let x (a) = (a;}/)kxk,
x(b) = (bl’.}’ Viescks x(p) = (plf;.’ Vixk- Again using above relation, it follows that

Pi(—afi + b)) + piia; + b)) —aii =0, (17)
which gives
Pri(—aij + b,'j) + pijlajj + b.,'j +ax; + bkj) —ai; = 0. (18)

Again, together (10) and (18) implies that
pkj(a + b)kj =0. (19)
Then again by [9, Proposition 1], either p € K - [y ora+ b € K - I.

Ifp¢ K-Ir,thena+b,a—b € K - I implyinga, b € K - I;. Therefore, either p € K - [y ora,b € K - I.
Let p € K - I;. Then by hypothesis

|:[§1, £1@ap +qa — b+ o)[&1, &1+ [£1, &217(bp + m) + [&1, £21q[&1, £21b

—al&1, &1%, [&1, Ez]} =0.

Letu =ap +qga — b+ cand v = bp + m. Then
[[a, EJulér, &1+ [61, &1% + [61, &1ql&1, &1b

—al&1, &1% [£1, 52]:| —0.

n

Replace [&1, &2] = e;; — ¢, and obtain
[(eii —ejjule;i —ejj) + (eii +ejj)v+ (eii —ejj)g(eii —ejj)b

—al(eii +ejj), (ejj — ejj)] =0.

n

Left multiplying by e;; and right multiplying by e, we get
(_l)nejj{(eii +ejj)v+ (eii —ejj)qleii — ejj)b}ekk =0.
which gives

Vit — qjibix + qjjbjx = 0. (20

Now we consider ¢ € Aut(My(K)) such that @(x) = (1 + e;)x(1 — e;;) for all x € R. Denote ¢(v) =
(vlf;.”)kxk, o) = (blf/j”)kxk, ?(q) = (qf}//)kxk- Then, again using above relation, it follows that

mnr s uanuG
vjk —4ji bik +4jjbji =0
This implies

Vik — qjibit +(qjj — qjx)bjrx = 0. (2D

The relations (20) and (21) together implies g jxb jx = 0. Then by [9, Proposition 1], eitherb € K - Iy orqg € K - I.
]

By the same manner, one can prove the following.
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Corollary 2.3 Let R = My (K), k > 3, be the algebra of all k x k-matrices over the field K with characteristic
different from2 and a, b, c, q, p, u, m € R. If R satisfies

[P[él, £lalér, &1 4 plér, £21°b + (&1, &1ulér, &1+ [&1, £1ql&1, £1b

—al1, &1 — [€1, &1bIE1, E2] + [&1, E21clEr, &1 + [E1, 217 m, [&1, 52]} =0

then one of the following holds:

(1) a,be K I;
(2) p,g € K- Ix;
(3) p.beK-I.

Lemma 2.4 [10, Lemma 3] Let R be a prime ring of char (R) # 2 and a,b,c,q € U. If

lal§1, &21 + [51. 6216, [&1, &211k[&1, &21 — [€1, &21[clé1, 621 + [61. §21g, [61. §211k = O
forall &, & € R, then one of the following holds:

(1) a,q,b—ceC;
(2) R satisfies sy anda —b+c—q € C.

Lemma 2.5 Let R be a prime ring of char (R) # 2 and a,b,c,q, p,m € R. Ifa,b € C and R satisfies
[P[Sl  &2lalér, &1+ plé. £21°b + &1, £2]qalér. &1+ (61, £1q[&1, £21b

—al&1, 1% — [£1, &21b[E1, £2] + [E1, &21cl&1, &1+ [€1, &21°m, [£1, éz]:| =0

n

then one of the following holds:
(1) (@a+b)p—a,(a+b)g—b+c,meC;
(2) R satisfies sa.

Proof By the hypothesis, R satisfies

[(ap +bp — a)l&1, &1 + [E1, £21(aq + bg — b+ O)[&1, &2] + [&1, £21°m, [&1, Sz]} =0.

n
By Lemma 2.4, one of the following holds:

i) (@+bp—a,(a+byg—b+c,meC;
(i1) R satisfies s4.

O

Lemma 2.6 Let R be a prime ring of char (R) # 2 and a,b,c,q, p,m € R. If p,q € C and R satisfies

[P[Sl  &2lal&r, &1+ pl&1, £21°b + [&1. £2]qalér. &1+ [61. £]q[&1, £21b
—algr, &1 — (&1, &1b[51. &1 + &1, £2]clé1, &1+ (&1, &1m, (&1, éz]:| =0

then one of the following holds:

(1) a(p+q)+c—b,b(p+qg)+m,aeC;

(2) R satisfies sa.

Proof Under the above condition R satisfies

[[El, &1(ap + aq + ¢ — b)[&1, &1 + [&1, &1 (bp + bg + m) — al&1, &2, [&1, 52]] =0
Then conclusion follows by Lemma 2.4. O
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Lemma 2.7 Let R be a prime ring of char (R) # 2 and a, b, c,q, p,m € R. If p, b € C and R satisfies
[P[Sl  E)alér, &1 + pl&, &b + (€1, &lqalér, &1+ [&1, &]ql&1, £21b

—al&1, 1% — [£1, &21b[E1, £2] + [€1, &21clE1, &1+ [€1, &21°m, [£1, éz]:| =0

n

then one of the following holds:

(1) ap+qa+bg+c,a+b,meC;
(2) R satisfies sa4.

Proof In this case R satisfies

|:[§1, Elap +qa +bq + o)l&1, &1 + (bp — a = b)[&1, &1 + [61, &1 m, [&1, Sz]] =0

n

By Lemma 2.4, one of the following holds:
i)ap+qa+bg+c,bp—a—b,meC.Since p,be C,a+beC.
(ii) R satisfies s4. ]

Proposition 2.8 Let R be a prime ring of char R # 2, U its Utumi quotient ring, C the extended centroid of R
and L a noncentral Lie ideal of R. If 11, T, T3 are three inner generalized derivations of R and n > 1 a fixed
integer such that

()71 (w) — Ti(wu + uT3(u), ul, =0
forall u € L, then one of the following holds:

(1) there exists u € C such that Ty = 0, T is any map, 73(x) = ux for all x € R;

(2) there exist » € C and b, ¢ € U such that Ty (x) = Ax, To(x) = xb and T3(x) = cx for all x € R with
A +ceC;

(3) there existy € C and a, c,m € U such that T (x) = xa, To(x) = yx and T3(x) = cx + xm for all x € R
withc —a,ya+m e C;

(4) R satisfies sa, the standard identity of degree 4.

Proof Let T{(x) = ax + xb, To(x) = px + xq and 73(x) = cx + xm for all x € R and for some fixed
a,b,c,p,q,m € U. Since L is a noncentral Lie ideal of R and char (R) # 2, by [3, Lemma 1] there exists a
nonzero ideal I of R such that 0 # [, R] € L. Therefore, [I, I] € L. Moreover I, R and U satisfy the same
GPIs (see [19]). Thus U satisfies

[P[%l, £2]alEr, &1+ plér, £1°b + (&1, &2]qalér, &1 + [&1, £21q[&1, £21b

—alé1, &1 — [E1. &1bIE1 &2] + [61, &]clé1. &1 + [&1, £21m, [£1, 52]} =0.

n

If (22) is a trivial generalized polynomial identity for R, then by Lemma 2.1, we have a,b € Cor p,q € C
orp,beC.

Now we assume that (22) is nontrivial GP1I for U. Now U ®¢ C, where C is the algebraic closure of C,
satisfies (22), when C is infinite and U, U ®¢ C are prime and centrally closed by [12, Theorem 2.5 and Theorem
3.5]. So we may replace R by U and U ®¢ C according as C is finite or infinite. Therefore, we conclude that R
is centrally closed over C and C is either finite or algebraically closed. In view of Martindale’s theorem [21], R
is then a primitive ring with a nonzero socle H = soc(R) and C as its associated division ring. In the light of
Jacobson’s theorem [15, P-75], R is isomorphic to the dense ring of linear transformations on a vector space V
over C.

If dimc (V) = m is finite, then R = M,,,(C). If m = 2, then R satisfies s4, which is our last conclusion. Thus
we assume that m > 3. By Lemma 2.2, we get eithera,b € C or p,g € Cor p,b € C.

Next we may assume that dimc (V) = oo. In this case also, we want to prove thata,b € C or p,q € C or
p, b € C. On contrary, we assume that
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ea¢Corb¢C,

e p¢Corqg ¢ C,;

e p¢Corb¢C(C.
Since dimc (V) = 0o, R and so H = soc(R) do not satisfy any polynomial identities. We know that if for some
veU,|[v, H] = (0), then v € C. Therefore, by assumption, there exists #1, f2, 13, 14, t5, t, t7 € H such that
(1) either [a, t;] # 0or [b, 1] # 0;
(2) either [p, 13] # O or [, 1] # 0;
(3) either [p, 15] # 0 or [b, 6] # O;
(4) s4(t7, 18, 19, 110) # 0.
By Litoff’s theorem [13], there exists idempotent e € H such that
(1) t1,...,t0 € eRe;
(2) at;, tja, bt;, t;b, pti, tip,qti, tig € eRe foralli =1, ..., 10.
Moreover, eRe = My (C), the ring of all k x k matrices over C.

By (22) we have

|:€P€[€1, Er]eaelkr, £2] + epel&r, £2)%ebe + [£1, &r]e(qa)el&r, £2] + [£1, &2]eqel&, E2]ebe

—eaeltl, £]% — [£1, E2]ebelEl, &1 + [£1, E2lecelr, £2] + [£1, E21%eme, [&1, 52]} =0,

n
isa GP1I for eRe. Then by Corollary 2.3 case one of the following holds:

(1) eae, ebe € Ce, which contradicts with the choices of | and t, in H;
(2) epe, eqe € Ce, which contradicts with the choices of 3 and #4 in H;
(3) epe, ebe € Ce, which contradicts with the choices of #5 and 76 in H;
(4) eRe satisfies s4, which contradicts with the choices of 77, tg, t9, t19 in H.

Therefore, whether dim¢ (V) is finite or infinite, in any cases we have a,b € C or p,q € Cor p,b € C.
We consider these situations in the following cases:

Case-1. When a, b € C.

Then by Lemma 2.5, (a+b)p —a, (a+b)qg —b+c,m € C.Now (a+b)p —a € C implies eithera+b = 0
orpeC.Ifa+b=0,thenc € C andso 7;(x) = (a + b)x =0, To(x) = px + xq and 73(x) = (¢ + m)x for
all x € R. This gives conclusion (1).

Moreover, if a + b # 0, then p € C and hence 71 (x) = (a + b)x, To(x) = x(p + ¢q) and 73(x) = (c + m)x
for all x € R with (a + b)(p + q) + (c +m) € C. This gives conclusion (2).

Case-2. When p,q € C.

Thenby Lemma2.6,a(p+q)+c—b, b(p+q)+m,a € C.Therefore,c—(a+b) € C and (a+b)(p+q)+m €
C.Thus 71 (x) = x(a + b), Tr(x) = (p + q)x and T3(x) = cx + xm for all x € R. This gives conclusion (3).

Case-3. When p,b € C.

Then by Lemma 2.7, ap + ga + bg + ¢, a + b, m € C. In this case also (a + b)(p + q) + (c +m) € C.
Thus 71 (x) = (a + b)x, Tr(x) = x(p + ¢q) and 73(x) = (¢ + m)x for all x € R, which is conclusion (2). O

3 Proof of the Theorem 1.1

Since char R # 2 and L is a noncentral Lie ideal of R, by [3, Lemma 1] there exists a nonzero ideal / of R
such that 0 # [I, R] € L. Therefore, [, I] C L. Hence by our assumption we have [7;([&1, &])71([€1, &2]) —
Ti([51, &2D &1, &1 + [61, 21361, &2D), [€1, 6211, = 0 forall &1, & € 1.

By [18, Theorem 3], there exist a, p, ¢ € U and derivations d, g and § over U such that 77 (x) = ax 4+ d(x),
Tr(x) = px + g(x) and T3(x) = cx + 8 (x).

Since I, R and U satisfy the same GPIs (see [19]) as well as same differential identities (see [19]), then
without loss of any generality we may assume that U satisfies

[(p[%'l, 621+ g([61. &2D)(alé1, &21 4 d([81, 52D)) — (alé1, &21 4 d([81, 52D))[81. 521

+1&1, &21(clé1, 521 + 8([61, 521)), [61, Ez]} =0.
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If R satisfies s4, then we have our conclusion. Thus we assume that R does not satisfy s4. If d, g and § all
are inner derivations then conclusion follows by Proposition 2.8. Thus to prove our Theorem, we consider the
following conditions:

d, g are inner and § is outer.
d, § are inner and g is outer.
8, g are inner and d is outer.
d is inner and g, § are outer.
g is inner and d, § are outer.
d is inner and d, g are outer.
d, g and § all are outer.

We consider above situations into the following cases.

Case 1: d, g are inner and §is outer.

Let d(x) = [b, x] and g(x) = [g¢, x] for all x € R and for some b, g € U. Then 71(x) = ax + d(x) =
(a +b)x — xband T5(x) = (p + g)x — xq for all x € R. By hypothesis, U satisfies

[((P + @)lé1, &21 — [61, 6219) ((a + b)[§1, &2] — [61, §21b)

—((a +b)[&1, &2] — [&1, £21b)[&1, 621
+l&1, &21(clér, &21 + 8([&1, &21)), [61, Ez]] =0. (23)

n

By Kharchenko’s Theorem [16], U satisfies

|:((P +q@)l&1, &1 — [&1, &1q)((a + b)[&1, &1 — [£1, &21D)
—((a+b)[&1, &] — [&1, &1D)[&1, &1
+L&1, &21(clér, &1 + [s1, &1+ [&1, s21), [&1, 52]:| =0. (24)

In particular, U satisfies blended components

[[51, &21([s1, &21 + [&1, 52D, [€1, Ez]} =0. (25)

n

This is a polynomial identity (PI). Hence by [17, Lemma 2] there exists a field K such that U € M;(K),
t > 1 and M, (K) satisfies

[&1. éz][([Sh &1+ 61, 52]), [€1, Ez]} =0. (26)

n

But for &1 = e2,& = ez1,51 = e11,52 = 0, we have 0 = [&1, Ez]|:([S1, &1+ [&1, 52D, [&1, éz]] =2"¢y, a

n
contradiction.

Case 2: d, Sare inner and gis outer:
Let d(x) = [b, x] and 8(x) = [m, x] for all x € R and for some b, m € U. Then 7;(x) = ax + d(x) =
(a + b)x — xb and 7T3(x) = (¢ + m)x — xm for all x € R. By hypothesis, U satisfies
[(p[ifl, &1+ g8, &2D)((a + b)[&1, 621 — (61, 621b)
—((a + D)[&1, &1 — [61, 6210)[61, 621

181, £21((c + m)[&1, §2] — [1, &21m), [&1, Sz]] =0. @7
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Since g is outer, by Kharchenko’s Theorem [16], U satisfies

|:(P[€1, &1+ [s1, 5]+ 61, s2D) ((a + b)[E1, &2] — [61, §21b)
—((a + b)[&1, &) — [&1, 621b) (&1, &2]
+(&1, &21((c + m)[&1, &] — &1, &21m), [&1, 52]} =0. (28)

In particular, U satisfies blended components
[([Sl, &1+ [61, s2D((a + D61, 21 — [61, &21b), [61, 52]]n =0. (29)
For sy = 0 and 51 = &, we have
(51, Ez][a[él, &1+ b, [&1, 611, [&1, Sz]]n =0. (30)

Since we assumed that R does not satisfy s4, by Lemma 2.4, a, b € C. By (29), U satisfies

[([Sl, &1+ [&1, 521D, [&1, $2]} al§1,6]1=0. (3D
Replacing s; with [a’, £1] and s, with [d’, &] for some a’ ¢ C, we have

|:[a’, (&1, &211, &1, 52]:| alé1,6]=0. (32)

n

By Lemma 2.4, we have a = 0. Thus 77(x) = 0 and 73(x) = px + g(x) and hence by hypothesis U satisfies
[[E1, &21((c + m)[&1, &1 — [&1, &20m), [&€1, &21], = 0. Again by Lemma 2.4, ¢,m € C, i.e., 73(x) = cx. This
gives conclusion (1).

Case 3: 8, g are inner and dis outer.

Let g(x) = [¢g, x] and §(x) = [m, x] for all x € R and for some ¢, m € U. Then 75(x) = (p + g¢)x — xq
and 73(x) = (¢ +m)x — xm for all x € R. By hypothesis, U satisfies

[((P + @)[61, 521 — [61, &219)(alé1, &21+ d([&1, 621)

—(alg1, &2]1 +d([51, &21)[61, &2]
+1&1. &21((c + m)[&1, &2]1 — [61, &21m), [&1, Sz]] =0. (33)

n

Since d is outer, by Kharchenko’s Theorem [16], U satisfies

|:((P +q@)lé1, &1 — (&1, &21g9) (alér, &1 + [s1, &1 + [61, 52])
—(al&1, &1+ [s1, &1 + [E1, s2D)[61, &2
+[&1, &21((c + m)[&1, &2] — [£1, &21m), (€1, Ez]} =0 (34

n

and hence U satisfies blended component

[((P + @)1, 821 — [&1, &219) ([s1, &21 + [&1, 521

—([s1, &1+ [&1, s2D[&1, 821, [£1, 552]] =0.
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Assuming 51 = &1 and sp = 0 and then using Lemma 2.4, we have p, ¢ € C. Thus (35) reduces to

|:P[§ls &E1(s1, &21 + [E1, 52D — ([s1, &21 + [&1, 2D (&1, 821, [61, 52]] =0. (36)

n

Replacing s; with [p/, £1] and s, with [p’, &1 in (36) for some p’ ¢ C, we have

|:[$l» &1lpp’, &1, 611 — [P/, 61, &11161. &21. [61, Sz]} =0. (37

By Lemma 2.4, p/, pp’ € C, a contradiction.

Case 4: dis inner and g, Sare outer.

Let d(x) = [b, x] for all x € R and for some b € U. Then 7;(x) = (a + b)x — xb for all x € R. By
hypothesis, U satisfies

[(P[él LE1+ g(&1, &) ((a + b)l&r, &] — [£1, £1D)
—((a + D)[&1, &1 — [&1, &21D)[&1, &2
+[&1, &21(clér, &1 + 6([&1, &2D), [&1, 52]:| =0. (38)

n

If g and § are linearly C-independent, by Kharchenko’s Theorem [16], U satisfies

|:(P[$1, &1+ [s1, &)+ &1, 2D ((a + b)[£1, &2] — [61, 621b)
—((a+b)[&1, &] — [&1, &21D)[&1, &1
+L&1, &1(clér, &1 + (11, &1 + (&1, 0D, [&1, Sz]] =0. (39)

n

In particular, U satisfies blended component

[[?31, &1(11, &1+ [61, 12D, [&1, Ez]} =0. (40)

n

This is same as (26) and hence by same argument it leads to a contradiction.
If g and § are linearly C-dependent, there exists 0 # A € C such that g(x) = AS(x) + [p/, x] forallx € U
and for some p’ € U. Then U satisfies

[(P[El, &1+ A8([&1, &1 + [P, [&1, &1 ((a + b)[&1, &1 — [£1, £1b)
—((a + b)[&1, &] — [&1, &1b)[&1, &]
+[&1, &1(clér, &1+ 8(&1, &), [&1, Ez]} =0. (41)

n

By Kharchenko’s Theorem [16], U satisfies

|:(P[§1, &1+ A([s1, &1+ [E1, s21) + [P/, [61, &1D((a + D)1, 621 — (&1, 621b)
—((a + D)[&1, &] — [&1, &1D)[&1, &]
+[&1. &1(clér, &1 + [s1, &1 + [&1, 520, [&1, Ez]} =0. (42)

n

In particular, U satisfies blended component

|:)\([Sl» &1+ [61, 52D ((a + D)[E] — [61, 621D)

+[&1, &21([s1, &21 + [&1, 52D, [€1, Ez]} =0. (43)

n
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Assuming 51 = &1 and 5o = 0, we have from above

(€1, 2] |:?»(a + D)[&1, &1 — [61, &21Ab, [&1, 52]] =0. (44)

n

By Lemma 2.4, Ab, A(a + b) € C. Since A # 0, we have a, b € C and hence from above U satisfies

|:(M)([S1, &1+ [61. 2D 61, 821 + [81, &21([s1, §21 + [61. 52D, (61, %‘2]} =0. (45)

n

Replacing s1 with [p/, &1] and s, with [p’, & ] in above relation for some p’ ¢ C, we have

[[MP/, (&1, &211161, &1+ [&1, &1, [&1, &11, [&1. Ez]} =0 (46)

By Lemma 2.4, p’ € C, a contradiction.

Case 5: gis inner and d, Sare outer.

Let g(x) = [g¢, x] for all x € R and for some ¢ € U. Then 7p(x) = (p 4+ q¢)x — xq for all x € R. By
hypothesis, U satisfies

[((P +@)lé1, &1 — (61, &21g) (alér, &1 +d(&1, &) — (alér, &1+ d(&1, &)1, &2

+l&1, &21(clé1, &21 + 8([&1, 521)), (&1, 52]} =0. (47)

n

If d and § are linearly C-independent, by Kharchenko’s Theorem [16], U satisfies

|:((P +@)lé1, &1 — (61, &21g9) (alér, &1 + [s1, &1 + [61, 52])
—(al&1, &1+ [s1, &1+ [£1, s2D)[61, &2
+L&1, &1(clér, &1+ (11, &1 + (&1, 0D, [&1, 52]] =0. (48)

n

In particular, U satisfies blended component

[[51, &1, &1 + [&1, 12D, [&1, Ez]:| =0. (49)

This is same as (26) and hence by same argument it leads to a contradiction.
If d and § are linearly C-dependent, there exists 0 # A € C such that d(x) = A8(x) + [p/, x] forall x € U
and for some p’ € U. Then U satisfies

[((P + q)l&1, &1 — (&1, 52]Q> (a[&, &1+ A&, &D + [P, [&1. 52]])
_<a[§11 &1+ A8([&1, & + [P, [&1, 52]]) (61, &2]

+[&1. Sz](C[Sl, &1+ 8([&1, %‘2])>, (61, Ez]} =0. (50)

n

By Kharchenko’s Theorem [16], U satisfies
[((P + @)l&1, 621 — [&1, Sz]CI) (a[él, &1+ Als1, &1+ [&1, 2D + [P, [&1, Ez]])
- <a[51» &1+ A([s1, &1+ [, 2] + [P, [&1. 52]]) (&1, 621

+[El,€2]<6[$1,52] + ([s1, 8] + [51,52])>, [51752]} =0.
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In particular, U satisfies blended component

[((p + @61, 521 — [61, &219) (A ([s1, &21 + [51, 521)) — A([s1, §21 + [61, 52D 61, 621

+L&1, &1([s1, &1 + [&1, 52D, [&1, 52]} =0. (52)

Assuming 51 = &1 and 5o = 0, we have from above
[()»(P + q@)l61. 621 — (61, &21rq) (1, 621, (&1, 52]:| =0. (53)

By Lemma 2.4, Ag, A(p + q) € C. Since A # 0, we have p, g € C and hence from above U satisfies

[)\P[Sl,&]([ﬂ,éz] + [&1, 82]) — A(ls1, &1 + [€1, 52D 61, &2

+L&1, &1(s1, &1 + (&1, 520D, (&1, 52]:| =0. (54)

Replacing s1 with [p”, &/] and s, with [p”, & ] in above relation for some p” ¢ C, we have

[[51, Ellapp” + p” 61, &1 — [Ap”, [&1, &11[&1, &1, [&1, 52]] =0. (55)

n

By Lemma 2.4, Ap” € C. Since A # 0, we must have p” € C, a contradiction.

Case 6: dis inner and d, gare outer.

Let §(x) = [m, x] for all x € R and for some m € U. Then T3(x) = (c + m)x — xm for all x € R. By
hypothesis, U satisfies

I:(P[gl» &1+ g (51, &2D)(alér, &21 + d([&1, &21)) — (alé1, 21 + d([&1, 621)[61, 521
181, £21((c + m)[&1, &2] — [61, &21m), [&1, Sz]} =0. (56)

If d and g are linearly C-independent, by Kharchenko’s Theorem [16], U satisfies

[(P[%‘l,éz] + [s1, &1+ [&1, 2D (alér, &1 + (11, &1 + 61, 1))
—(aléy, &1+ (11, &1 + [61, D&, &2
+[&1, &1((c +m)[&1, &2]1 — [&1, &21m), [&1, 52]] =0. (57)

n
In particular, U satisfies blended component

|:([S1, &1+ &1, 2D (1, &21 + [&1, 2D, [&1, Ez]} =0. (58)

n

This is a PI. Hence by above argument, there exists a field K such that U € M,(K), ¢ > 1 and the matrix ring
M, (K) satisfies [([Sl, &1+ (&1, 2D (11, 2] + [61, 2], L&, 52]} = 0. Hence for s1 = 0, 52 = €22, &1 = eq2,

n

& = ez, 11 =eptezr,tr = 0,wehave 0 = |:([51’ &1+[&1, 2D ([11, &21+[&1, 22D), [61, 52]} = (=112,

a contradiction.
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If d and g are linearly C-dependent, there exists 0 # A € C such that d(x) = Ag(x) + [p’, x] forallx € U
and for some p’ € U. Then U satisfies

[(P[El, &1+ g([&1, &) al&r, &1+ g (&1, &) + [P/, [E1, &1D)
—(al&1, &1+ 2g([&1, &1 + [P, [&1, &1D&1, 2]
+[&1, &21((c + m)[&1, &2] — (&1, &21m), [&1, 52]:| =0. (59)

n

By Kharchenko’s Theorem [16], U satisfies

[(P[él 6214 ([s1, &1 + [&1, s2D)(alér, &1 + A([s1, &1 + [E1, s21) + [P/, [£1, &1D
—(al&1, &1+ A([s1, &1+ [&1, 21) + [P/, (&1, £1D 61, &1
+L&1, &21((c +m)[&1, &2]1 — [&1, &21m), [&1, 52]] =0. (60)

In particular, U satisfies blended component

[([Sl, &1+ [61, s2D (A (51, &2] + [€1, s21)), [€1, 52]] =0. (61)

n

Since A # 0, from above U satisfies

[([sl, £+ [£1, 2%, [&1, Sz]} =0. (62)

n
This is a PI. Hence by same argument, there exists a field K such that U € My (K), k > 1 and the matrix ring
M (K) satisfies [([sl, &1+ [&, 52])2, [&1, 52]] = 0. Since R does not satisfy s4, k > 3. Thus for 51 = e13,

n

s2 =e31,61 = e, 6 = ey, wehave 0 = |:([S1a &1+ [€1, 2%, [&1, éz]] = 2"¢y1, a contradiction.

Case 7: d, gand Sall are outer: "

Now two cases may arise here. Either d, g and § are linearly C-independent or d, g and § are linearly
C-dependent. We consider these cases in the following subcases.

Sub-case-i: d, gand Sare linearly C-independent.

Applying Kharchenko’s Theorem [16] to (22), U satisfies

[(P[Sl, &+ [s1, &) + [61, saD (alér, &2] + (11, &2] + [61, 12])
—(aléy, &1+ [11, &1 + [61, D&, &2
+[&1, &21(clér, &2] + [u1, &1 + (&1, u2]), [51752]} =0. (63)

In particular, U satisfies blended component

[[51, & 1([ur, &1+ [&1, uzl), [&1, 52]] =0. (64)

This is same as (26) and hence by same argument it leads to a contradiction.

Sub-case-ii: d, gand Sare linearly C-dependent.

There exist ', 8/, ¥’ € C and ¢’ € U such that &’g(x) + B'd(x) + y'8(x) = [¢’, x] forall x € U.

If (o/, B/) = (0,0) then § is inner, a contradiction. Thus we may assume that either o’ # 0 or 8’ # 0.
Without loss of generality, we assume here that &’ # 0. Then we can write g(x) = Bd(x) + y38(x) + [g, x] for
allx € U,forsome 8,y € Cand g € U.
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By hypothesis, U satisfies

|:<P[§1, &1+ Bd(&1, & + yédér, &D + g, [&1, Ez]])

-<a[€1, &1+ d(&, 52]))
—(alér, &1 +d([&1, &D))E1, &]
+[&1, &1(clér, &1+ 8([&1, &), [&1, Sz]] =0. (65)

n

If d and § are linearly C-independent, then applying Kharchenko’s Theorem [16], we can replace d (§1) with
s1, d (&) with 5o, §(&1) with ¢, §(&2) with £ and then U satisfies

[(P[EL &1+ B([s1, &1 + [61, s2]) + v (11, &1 + [61, 2] + (g, [61, 52]])

<a[$1 21+ ([s1, 621 + (&1, Sz])>
—(alér, x2] + ([s1, &21 + [&1, s21) 161, &2
+[&1, &21(clé1, &1 + [11, &21 + [&1. 12]), [51,52]:| =0. (66)

n

In particular, U satisfies blended components

[V([tl y 1+ 61, nD(alér, &1+ ([s1, &1 + [£1, s21)

+l&1, 2111, &21 + [§1, 2], [Sl,éz]]n =0. (67)
In particular, U satisfies (assuming s; = s = 0)
|:V([t1» &21 + (&1, 2D ([s1, 621 + [61, 521, [€1, 52]11 =0. (63)
and hence
y[([n, &1+ 161, D7 (&1, &]L =0. (69)

If y # 0, then |:([t1, &1+ [&1, n)?, [€1,&]| = 0 which is same as (62) and then by same argument, it
leads to a contradiction. Thus y = 0 and then by (87), U satisfies

[&1. Sz][([tl, &1+ [&1, D), [&1, 52]} =0. (70)

This is same as (26) and hence by same argument it leads to a contradiction.
If d and § are linearly C-dependent modulo inner, let §(x) = nd(x) + [, x] for all x € U and for some
b’ € U. By (65), U satisfies

|:<P[‘§l» &1+ Bd((&1, &1) + ynd (61, &1) + [q + yb', [&1, %2]])

.(a[%'l, &1 +d (&1, 52]))
—(alé1, &1+ d([&1, &)1, &
+[&1, &1(cl&1, &1+ nd (&1, &) + [V, [61, &1D), [&1, Ez]} =0. (71)
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By Kharchenko’s Theorem [16], we can replace d (1) with s1, d(§>) with s, and then U satisfies
[(P[él, &1+ B+ yn)(ls1, &1+ [€1, 2D + [g + vV, [&1, 52]])

~<a[$1» &1+ ([s1, &1+ [&1, Sz]))
—(alé1, &1+ ([s1, &1 + [&1, s21) 61, &2]

+[&1. &21(cl€r, &1 + n([s1, 21 + (61, 2] + [V, [61. £21D). [&1, Sz]L =0. (72)
In particular, U satisfies blended component
[(ﬁ + yms1, &21+ (61, s2D) ([s1, 621 + [§1, 52D, [61, Szl]n =0 (73)
that is
B+ WI)[([SL E1+ (61, 27, (&1, §2]L =0. (74)

If (B4 yn) # 0, then |:([sl, &1+ [&1, sz])z, [&1, é‘gz]:| = 0 which is same as (62) and then by same argument,

n
it leads to a contradiction. Thus (8 + yn) = 0. Then g(x) = Bd(x) + y(nd(x) + [V, x]) + [q,x] = (B +
ynd(x) + [qg + ynb', x] = [q + ynb', x] for all x € U, which is inner derivation, a contradiction.
This completes the proof of the theorem.
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