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Abstract In this paper we use new coincidence theorems of the author to obtain a variety of Ky Fan matching
type theorems for open coverings related to the map or maps. To establish our new matching results, we consider
maps which are of K KM or BP K type (these include the Kakutani maps, the acyclic maps and more generally
the admissible maps of Gorniewicz) together with maps which generate H L PY type maps.
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1 Introduction

Using recent coincidence theory of the author (see [9,11]), in this paper we present a variety of new Ky Fan
matching type theorems for general classes of maps (these maps include BPK (see [12,13]) maps and HLPY
maps). Our results include both the campact and coercive type situation. In addition, we consider matching
type results for a collection of maps and also we will reformulate our results to generate new intersection type
theorems. In particular, we obtain existence results between a convex hull and an intersection and the basic
approach is to consider maps whose convex hull is a HL PY type map together with B P K type maps. Then to
obtain our matching or intersection results we use a coincidence theorem.

Now we describe the maps considered in this paper. Let H be the Cech homology functor with compact
carriers and coefficients in the field of rational numbers K from the category of Hausdorff topological spaces and
continuous maps to the category of graded vector spaces and linear maps of degree zero. Thus H (X) = {H,(X)}
(here X is a Hausdorff topological space) is a graded vector space, H;(X) being the g—dimensional Cech
homology group with compact carriers of X. For a continuous map f : X — X, H(f) is the induced linear
map f, = {fuq} where fi, : Hy(X) — H,;(X). A space X is acyclic if X is nonempty, H, (X) = 0 for every
g > 1,and Hy(X) ~ K.

Let X, Y and T" be Hausdorff topological spaces. A continuous single valued map p : I’ — X is called
a Vietoris map (written p : ' = X), if the following two conditions are satisfied: (i). for each x € X, the set
p~1(x) is acyclic; and (ii). p is a perfect map i.e. p is closed and for every x € X the set p~!(x) is nonempty
and compact.

Let ¢ : X — Y be a multivalued map (note that for each x € X we assume that ¢ (x) is a nonempty subset

of Y). A pair (p, q) of single valued continuous maps of the form X Z 1Ly iscalled a selected pair of ¢
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(written (p, q) C ¢) if the following two conditions hold: (i). p is a Vietoris map; and (ii). g ( p_l x)) C d(x)
forall x € X.

Now we define the admissible maps of Gorniewicz (see [6]). An upper semicontinuous map ¢ : X — Y
with compact values is said to be admissible (and we write ¢ € Ad(X, Y)) provided there exists a selected pair
(p, q) of ¢.Examples of admissible maps are the Kakutani maps and the acyclic maps. An upper semicontinuous
map ¢ : X — CK(Y) is said to be Kakutani (see [6]) (and we write ¢ € Kak(X,Y)); here Y is a Hausdorff
topological vector space and C K (Y) denotes the family of nonempty, convex, compact subsets of Y. An upper
semicontinuous map ¢ : X — 2Y (nonempty subsets of Y) is said to be acyclic (see [6]) (and we write
¢ € AC(X,Y)) if ¢ has compact, acyclic values.

We also discuss the following classes of maps in this paper. Let Z be a subset of a Hausdorff topological space
Y1 and W a subset of a Hausdorff topological vector space Y, and G a multifunction. Wesay FF € HLPY(Z, W)
(see [8]) if W is convex and there exists amap S : Z — W with co (S(x)) C F(x) forall x € Z, S(x) # ¥ for
eachx € Z and | {ins SN w): we W)= Z;here S™!'(w) = {z € Z: w € S(z)} and note that S(x) # @
for each x € Z is redundant since if z € Z then there exists a w € W with z € int S~ (w) € S~H(w) so
w € S(z) i.e. S(z) # @. These maps are related to the DK T maps in the literature and F € DKT(Z, W) (see
[5]) if W is convex and there exists amap S : Z — W with co (S(x)) C F(x) forall x € Z, S(x) # ¥ for each
x € Z and the fibre S~! (w) is open (in Z) for each w € W. Note that these maps were motivated from the ®*
maps. We say G € ®*(Z, W) (see [2]) if W is convex and there exists amap S : Z — W with S(x) € G(x) for
all x € Z, S(x) # ¢ and has convex values for each x € Z and the fibre S~ w) is open (in Z) foreach w € W.

Next we describe a class of maps more general than the Ad maps in our setting. Let X be a convex subset of
a Hausdorff topological vector space and Y a Hausdorff topological space. If S, T : X — 2% are two set-valued
maps such that 7 (co (A)) € S(A) for each finite subset A of X then we call S a generalized K K M mappping
w.r.t. T. Now the set—valued map 7 : X — 2V is said to have the K K M property if for any generalized K K M
map S : X — 2V wrt. T the family { S(x) : x € X} has the finite intersection property (the intersection of
each of its finite subfamily is nonempty). We let

KKMX,Y)={T : X —> 2Y | T has the KK M property}.
Note that Ad(X,Y) C KKM(X,Y) (see [3,4,13]). Next we recall the following result (see [4]).

Theorem 1.1 Let X be a convex subset of a Hausdorff topological vector space and Y, Z be Hausdorff topo-
logical spaces.

(i). Te KKM(X,Y)ifandonlyif T|p € KKM(A,Y) for each polytope A in X;
(ii) IfT e KKM(X,Y)and f € C(Y,Z) then fT € KKM(X, Z);
(iii). If Y is a normal space, A a polytope of X and if T : A — 2V is a set-valued map such that for each
f € C(Y, A) we have that f T has a fixed pointin A, then T € KKM(A,Y).

Also we recall (see [10]) the following two properties. Let C and X be convex subsets of a Hausdorff
topological vector space E with C C X and Y a Hausdorff topological space.

(). T € KKM(X,Y)then G =T|c € KKM(C,Y).
Gi). fT € KKM(X,Y),T(X) S ZC Y and Zisclosedin Y then T € KKM(X, Z).

Next we describe the better admissible class of maps B P K due to Park (see [13]). Let X be a convex subset of
a Hausdorff topological vector space and ¥ a Hausdorff topological space. Now F € BPK (X, Y)if F : X — 2%
and for any polytope P in X and any continuous map f : F(P) — P we have that f (F|p) : P — 2F hasa
fixed point.

From Theorem 1.1 (parts (i) and (iii)) note that BPK(X,Y) € KKM (X, Y) when Y is normal. Also (see
[13]) note thatif F € KKM(X,Y) is closed then F € BPK (X, Y) and so the two classes coincide for closed
compact maps.

We also note the following properties.

Let C and X be convex subsets of a Hausdorff topological vector space E with C € X and Y a Hausdorff
topological space.

(1). f Fe BPK(X,Y)thenG = F|c € BPK(C,Y).
Consider any polytope P in C and any continuous map f : G(P) — P.Now since P is a polytope in X and
(note that G(P) = F(P) since P € C) f : F(P) — P is a continuous map then since F € BPK(X,Y)
there existsax € P withx € f Flp (x)i.e.x € f G(x)sincex € P C C.Thus G = F|c € BPK(C,Y).
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(ii). If Fe BPK(X,Y) with F(X) CZ CYthen F € BPK(X, Z).
Note that F : X — 2¥ andlet G : X — 27 be the map obtained by restricting the image of F. Consider any
polytope P in X and any continuous map f : G(P) — P.Now since G(P) = F(P) then f : F(P) - P
is continuous and since FF € BPK(X,Y) there existsax € P withx € f F|p (x) = f G|p (x). Thus
F € BPK(X, Z).

@ii). If Fe BPK(X,Y)and f € C(Y, X) then f F € BPK(X, X).

Note that f F : X — 2%, Consider any polytope P in X and any continuous map g : fF(P) — P. We must

show there exists a x € P with x € g (f F)|p(x). To see this note that g f F|p = h F|p : P — 2 where

h=gf:F(P)— P isacontinuous map (note that h(F(P)) = g (f F(P)) € P).Since F € BPK(X,Y)

there existsax € P withx e h Flp (x)ie.x € (g f) Flp(x) =g (f F)|p(x). Thus f F € BPK(X, X).
Finally we recall some coincidence results of the author (see [11]).

Theorem 1.2 Let X be a convex subset of a Hausdorff topological vector space E and Y a subset of a Hausdorff
topological space. Suppose F € BPK (X, Y) isacompact map and G € DKT (Y, X). Then there existsax € X
with G~ (x) N F(x) # 0.

Theorem 1.3 Let X be a convex subset of a Hausdorff topological vector space E and Y a subset of a Hausdorff
topological space. Suppose F € BPK(X,Y) is a compact map and G € DKT (K, X) with K = F(X). Then
there exists a x € X with G~1(x) N F(x) #= 0.

Theorem 1.4 Let X be a convex subset of a Hausdorff topological vector space E and Y a subset of a Hausdorff
topological space. Suppose F € BPK(X,Y) is a compact map and G € HLPY (Y, X). Then there exists a
x € X with G™'(x) N F(x) # 0.

Theorem 1.5 Let X be a convex subset of a Hausdorff topological vector space E and Y a subset of a Hausdorff
topological space. Suppose F € BPK (X, Y) is a compact map and G € HLPY (K, X) with K = F(X). Then
there exists a x € X with G~V (x) N F(x) # 0.

Theorem 1.6 Let X and Y be subsets of a Hausdorff topological vector space E with X convex and let F €
BPK(X,Y) be an upper semicontinuous map with compact values. Let G € DKT (Y, X) and suppose there
existsamap T : Y — X withco (T (y)) € G(y)forally € Y, T(y) # ¥ and has convex values for eachy € Y,
T~ (x) is open (in Y) for each x € X and there is a compact subset K of Y and a convex compact subset C
of X with T (y) N C # @ (or, alternatively co (T (y)) N C # 0) for y € Y\K. Then there exists an x € X with
G l(x) N F(x) #0.

Theorem 1.7 Let X and Y be subsets of a Hausdorff topological vector space E with X convex and let F €
BPK(X,Y) be an upper semicontinuous map with compact values. Let G € HLPY (Y, X) and suppose there
exists amap T : Y — X with co(T(y)) € G(y) forall y € Y, U {int T-'w): we X} =Y and
there is a compact subset K of Y and a convex compact subset C of X with R(y) N C # @ (or, alternatively
co(R(y)) NC # @) fory € Y\K where R : Y — X is givenby R(y) ={z: y € int T™' ()} fory € Y. Then
there exists an x € X with G~'(x) N F(x) # @.

Remark 1.8 Next we note how the map R relates to the map 7 in Theorem 1.7. Let y € Y be fixed. Then if
zeR(YthenyeintT ' (2) ST ') ={weY:zeT(w)}soze T(y). Consequently R(y) C T(y) for
ally e Y.

As a special case, if say T-(2)is open (in Y) for z € T(Y\K) then R(y) = T (y) for y € Y\K. To see this fix
yeY\K.Nowifze T(y)theny € T ) =int T '(2)soz e R(y). Thus T(y) € R(y) fory € Y\K.

Remark 1.9 Now we present a condition to guarantee that R(y) N C # @ for y € Y\K in Theorem 1.7. Let
X,Y,Eand F € BPK(X,Y) be as in Theorem 1.7. Let G € HLPY (Y, X) and suppose there exists a map
T:Y — Xwithco(T(y)) € G(y) fory € Y and | J{int T '(w) : w e X} = Y. Assume that there is a
compact subset K of ¥ and a convex compact subset C of X with Nyec (Y\int T’l(x)) CK.

Let y € Y\K. Then since

N (Y\imT—l(x)> _— (U imT—l(x)) cK

xeC xeC
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we have
yeY\K CY\ (Y\ (U imT—l(x)>> = U int T~ (x).
xeC xeC

Thus there exists a x € C with y € int T~'(x) i.e. x € C and x € R(y) (here R : Y — X is given by
R(y) = {z: y € intT~'(z)} for y € Y as in Theorem 1.7) i.e. R(y) N C # @. Thus if y € Y\K then
R(y)NC # 0.

2 Main results

In this section using our coincidence theory we present some Ky Fan matching type theorems.

Theorem 2.1 Let X be a convex subset of a Hausdorff topological vector space and Y a subset of a Hausdorff
topological space. Suppose F € BPK (X, Y) is a compact map and T : X — 2¥ is such that F(X) € T(X)
and T (x) is open (in Y ) for each x € X. Then there exists a finite set M C X with

F(co(M) [ (ﬂ T(x)) £ .

xeM

Proof Let G(w) = co (T~ Y(w)) for w € Y. We claim that G € HLPY (K, X) where K = F(X). Note that
T—!: K — 2Xsinceif y € K then from F(X) C T(X) there existsaw € X withy € T(w) (i.e.w € T~1(y)).
Thus G : K — 2% and G (w) is convex for each w € K. If we show

U intk GT'(x) = K (2.1)
xeX

then G € HLPY(K, X). Note that |J, y intg G '(x) € K so we now need only show that K C
U,ex intx G~ '(x). Let y € K and as above there exists a w € X with y € T(w). Fix n € T(w) and
note that w € T~ (n) € co (T~ (1)) = G(n) (note that G(y) is defined for n € ¥ and T~'(n) may be
empty if n ¢ K),sow € G(n) ie. n € G (w). Consequently 7' (w) < G~ '(w) and since T (w) is open
we have int T(w) = T(w). As a result from y € T (w) and the above we have y € int T(w) € G~ (w), so
y € int G~ !(w). Thus we have proved that K C UxeX int G~1(x). Next note that

K<k (U imG—l(x)) - (Kﬂ intG‘l(x)>

xeX xeX

and since for each x € X note K () int G l(x)is open in K then

K C U intx G (x).

xeX

Thus (2.1) holds so G € HLPY (K, X) (here the selection of G chosen is G itself). Now Theorem 1.5 guarantees
the existence of axg € X with G~ (x0) N F (x0) # ¥. Lety € G~ (xo) N F(xp). Then xg € G(y) = co (T~ (y))
so from the definition of co thereexistsa M = {z1, ..., z,} € X with M € T~!(y) suchthatxg € co (M).Fixi €
{1,...,n}andnote that z; € T’l(y) soy e T(zi)ie.ye T(z;)foralli e {l,...,n}soy € ﬂ;‘zl T (z;). Also
from above y € F(xo) and xo € co (M) so y € F(co (M)). Combining gives y € F(co (M) () (N2, T (z))-
O

Theorem 2.2 Let X be a convex subset of a Hausdorff topological vector space and Y a subset of a Hausdorff
topological space. Suppose F € BPK(X,Y) is a compact map and T : X — 2Y is such that T(X) = Y and
T (x) is open (in Y ) for each x € X. Then there exists a finite set M C X with

F(co(M) () (ﬂ T(x)) £ 0.

xeM
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Proof Let G be as in Theorem 2.1. Note that 7~! : ¥ — 2% since if y € Y then from T (X) = Y there exists
aw e X withy € T(w) (i.e. w € T~1(y)). Also note that Uy ex int G~ '(x) = Y since if y € Y there exists

aw € X with y € T(w) and as in Theorem 2.1 we have y € int T(w) € G~ '(w),so y € int G~ (w). As a
result Y € U,y int G71(x) ice. Uyey int G 1(x) =Y, 50 G € HLPY (Y, X). Now apply Theorem 1.4. O

Now we consider Theorem 1.7 instead of Theorem 1.4 in the proof of Theorem 2.2.

Theorem 2.3 Let X be a convex subset of a Hausdorff topological vector space and Y a subset of a Hausdorff
topological space. Suppose F € BP K (X, Y) is an upper semicontinuous map with compactvalues and T : X —
2Y is such that T(X) = Y and T (x) is open (in Y ) for each x € X. In addition assume that there is a compact
subset K of Y and a convex compact subset C of X with R(y) N C # @ (or, alternatively co (R(y)) N C # 0) for
y € Y\K where R : Y — X is given by R(y) ={z: y €int G_l(z)}fory € Y where G(w) = co (T~ w))
for w € Y. Then there exists a finite set M C X with

F(co(M) () (ﬂ T(x)) 0.

xeM

Proof Asin Theorem 2.2 note that Uxex intG~Y(x)=YsoG € HLPY (Y, X). Now Theorem 1.7 guarantees
the existence of a xg € X with G~ (xg) N F(xo) # ¥. A similar argument as in Theorem 2.1 completes the
proof. O

In Theorem 2.1, Theorem 2.2 and Theorem 2.3 the map G was of HL PY type. One could of course change
the assumption on 7 so that G is of DK T or ®* type. Let us first consider Theorem 2.3.

Theorem 2.4 Let X be a convex subset of a Hausdorff topological vector space and Y a subset of a Hausdorff
topological space. Suppose F € BPK(X,Y) is an upper semicontinuous map with compact values and T :
X — 2Y is such that T(X) = Y. Let G(w) = co (T Y (w)) for w € Y and assume that G~"(w) is open (in Y )
for w € X. In addition assume that there is a compact subset K of Y and a convex compact subset C of X with
G(y)NC # @ fory € Y\K. Then there exists a finite set M C X with

F(co(M) () (ﬂ T(x)) )

xeM

Proof Note that T~™! : ¥ — 2X and G € DTK (Y, X) (here the selection of G is G itself). Now Theorem
1.6 guarantees the existence of a xo € X with G~!(x0) N F(xg) # ¥. A similar argument as in Theorem 2.1
completes the proof. O

Remark 2.5 Now we note a special case of G in Theorem 2.4. Note that if (r—HN(w)is open (inY)forw € X
then from [14, Lemma 5.1] we have that G~ (w) is open (in Y) for w € X. Also note that if T~ (w) is convex
for each w € Y then G(w) = T~} (w) forw € Y

Also we immediately have the analogue of Theorem 2.2 (here we apply Theorem 1.2 instead of Theorem
1.4).

Theorem 2.6 Let X be a convex subset of a Hausdorff topological vector space and Y a subset of a Hausdorff
topological space. Suppose F € BPK(X,Y) is a compact map and T : X — 2Y is such that T(X) = Y.
Assume that G~V (w) is open (in Y ) for w € X where G(z) = co (T ~'(2)) for z € Y. Then there exists a finite
set M C X with

F(co(M) [ (ﬂ T(x)) # (.

xeM
Now we consider the analogue of Theorem 2.1.

Theorem 2.7 Let X be a convex subset of a Hausdorff topological vector space and Y a subset of a Hausdorff
topological space. Suppose F € BPK (X, Y) is a compact map and T : X — 2Y is such that F(X) € T (X).
Assume that G~V (w) is open (inY) for w € X where G(z) = co (T_l(z))for z € Y. Then there exists a finite
set M C X with

F(co(M) [ (ﬂ T(x)) £ 0.

xeM
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Proof Let K = F(X) and note (as in Theorem 2.1) that T—': K — 2X.Let G* denote the restriction of G to
K i.e G* = G|g. Then (G*)~!(w) is open (in K) for w € X since for w € X note that

GCH ' w)y={zeK:weG@}={zeK: weG{)
=KN{zeY:weGR@}=KnNG '(w

whichisopenin K NY = K. Thus G* € DKT (K, X). Now Theorem 1.3 guarantees the existence of a xg € X
with (G*)~1(xg) N F(xg) # @. Let y € (G*)~'(x9) N F(xo) and note that y € K since K = F(X). Thus
x0 € G*(y) =G(y) =co (T’l(y)) and now the argument in Theorem 2.1 completes the proof. O

We can extend our results to collections. We illustrate this with Theorem 2.1 (and Theorem 2.2).

Theorem 2.8 Let {X;}?_, be a family of convex sets in Hausdorff topological vector spaces and {Y}_, a
Sfamily of sets in Hausdorff topological spaces. For each i € {1,...,n} let F; € Ad(X;,Y;) be a compact
map and T; : X; — 2Yi with Ti(2) open (in Y;) for each z € X;. In addition assume that F;(X;) € T;(X;)
foreachi € {1,...,n} (or alternatively T;(X;) = Y; for each i € {1,...,n}). Then there exists a finite set
M C X =T[1'_, Xiwith

U Tleoo | N [Ine]#0

y=On)ieco (M) i=1 x=(x)jeM i=1

Proof Let F(x) = [['_, Fi(x;) and T'(x) = [[/_, Ti(x;) for x = (x1,...,x,) € X. Note (see [7]) that the
product of admissible with respect to Gorniewicz maps is admissible with respect to Gorniewicz (follows from
Kiinneth’s theorem and the product of upper semicontinuous maps with compact values is upper semicontinous
with compact values (see [1])) so F € Ad(X,Y) where Y = []i_, ;. Since Ad(X,Y) € BPK(X,Y) then
F € BPK(X,Y) is a compact map. Also note that (finite product here) T'(x) = [[7_, 7;(x;) is open (in Y) for
each x = (x;)] € X.

If we assume that F; (X;) C T;(X;) foreachi € {1, ..., n} then note that

FXO) =[[rxo=]]F&) c[[nx)=TX)

i=1 i=1 i=1

(or, alternatively if we assume that 7; (X;) = Y; foreachi € {1, ..., n} then T(X) = Y) and Theorem 2.1 (or,
alternatively Theorem 2.2) guarantees that there exists a finite set M € X with F (co (M)) () (ﬂ ceM T(x)) *
@. ]

The above theorems have contrapositive reformulations (we will just consider Theorem 2.1, Theorem 2.2,
Theorem 2.3 and Theorem 2.8).

Corollary 2.9 Let X be a convex subset of a Hausdorff topological vector space and Y a subset of a Hausdorff
topological space. Suppose F € BPK (X, Y) is a compact map and S : X — 2Y is such that (a). F(co (A)) C
S(A) for each finite subset A of X, and (b). S(x) is closed (in Y ) for eachx € X.Then F(X) () (ﬂxex S(x)) £ 0.

Proof To see this let T(x) = Y\S(x) for x € X and assume that mﬂ (ﬂxex S(x)) = () (i.e. assume that
F(X) C T(X) since Y\ (ﬂxeX S(x)) = Urex Y\S(&)) = Uyex T(x) = T(X)). Now (b) and Theorem 2.1
guarantee the existence of a finite set M € X with F(co (M)) () (ﬂxeM T(x)) # () i.e. (a) is not true when
A= Msince (\cpy T =(Nyey X\SK)) =Y\ (UxeM S(x)) = Y\S(M). O

Corollary 2.10 Let X be a convex subset of a Hausdorf{f topological vector space and Y a subset of a Hausdorff
topological space. Suppose F € BPK(X,Y) is a compact map and S : X — 2Y s such that (a). F(co (A)) C
S(A) for each finite subset A of X, and (b). S(x) is closed (in Y ) for each x € X. Then [,y S(x) # @.

Proof Let T(x) = Y\S(x) for x € X and assume that ﬂxex S(x) = 0 (i.e. assume that T(X) = Y since
Y =7\ (ﬂxex S(x)) = Uyex Y\S()) = U,ex T(x) = T(X)). Now (b) and Theorem 2.2 guarantee the
existence of a finite set M C X with F(co (M)) [ (ﬂxeM T(x)) # (4, and this contradicts (a). O
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Corollary 2.11 Let X be a convex subset of a Hausdorff topological vector space and Y a subset of a Hausdorff
topological space. Suppose F € BPK(X,Y) is an upper semicontinuous map with compact values and S :
X — 2V is such that (a). F(co (A)) € S(A) for each finite subset A of X, and (b). S(x) is closed (in Y ) for
each x € X. In addition assume that there is a compact subset K of Y and a convex compact subset C of
X with R(y) N C # @ (or, alternatively co (R(y)) N C # @) for y € Y\K where R : Y — X is given by
R(y) ={z: y € intG~ ()} for y € Y where G(w) = co (T~ (w)) for w € Y; here T(x) = Y\S(x) for
x € X. Then (\,cx S(x) # 0.

Proof Let T(x) = Y\S(x) for x € X and assume that ﬂxex S(x) =¥ (i.e. assume T (X) = Y). Now Theorem
2.3 guarantee the existence of a finite set M € X with F(co (M)) () (ﬂ M T(x)) # (), and this contradicts
(a). ]
Corollary 2.12 Let {X;}!_, be a family of convex sets in Hausdorff topological vector spaces and {Y}!_, a

family of sets in Hausdorff topological spaces. For eachi € {1,...,n}let F; € Ad(X;, Y;) be a compact map
and S; : X; — 2Yi is such that:

(a). for each finite subset A of X = []i_, X, there exists at least one j € {1, ..., n} with
U Fi(y;) € U Si(x;j)
y=(yi)] €co (A) x=(x;)] €A

(or, alternatively

U [Tron<s]] U s

y=On)jeco(A) i=l i=1 x=(x})] €A
for each finite subset A of X),
(b). Si(2) closed (in Y;) for each z € X;.
Then there exists ai € {1, ..., n} with Fr(X0) () (ﬂwex,- Sl-(w)) £,
Proof Fori € {1,...,n}letT;(z;) = Y;\Si(z;) forz; € X;. Assume thatthere doesnotexistai € {1, ..., n}with
FX)N (ﬂwex,- S,~(w)> £ § (i.e. assume that F;(X;) ) (ﬂwex,- Si(w)> —foralli € (1,...,n)). Note
we are assuming that F;(X;) € T;(X;) fori € {1, ..., n} since ¥;\ (ﬂweX,' S,-(w)) = UweXl- (Yi\Si(w)) =

UwE X T;(w) = T;(X;). Now (b) and Theorem 2.8 guarantee the existence of a finite set M C X = ]_[;‘=1 X;
with

U TIreo N[ N Tlzeo|#9

y=(y)| €co (M) i=l x=(x;){eM i=1

so (a) is not true since we note that

N [lne=]T N ©weo=]] () @\Si@)

x=(x;))jeM i=l i=1 x=(x;){eM i=1 x=(x;)jeM

=[1(v\ U s
i=1

x=(x;)|eM
O

Next we will relax the compactness of F' in Corollary 2.9 and Theorem 2.1 (see also Theorem 2.3 and
Theorem 2.4).

Theorem 2.13 Let X be a convex subset of a Hausdorff topological vector space and Y a subset of a Hausdorff
topological space. Suppose F € BPK(X,Y) is an upper semicontinuous map with compact values and S :
X — 2Y is such that (a). S(x) is closed (in Y ) for each x € X, (b). F(co(A)) C S(A) for each finite subset A
of X, and (c). there exists a compact subset K of Y and a convex compact subset C of X with ﬂxec Sx) C K.

Then F(X) () (ﬂxeX S(x)) # (.
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Proof Suppose F(X) () (ﬂxex S(x)) =@ (i.e. Nyex S(x) € Y\F(X)). Now

K< (ﬂ S(x)) U (Y\ N s<x)) c (nFm)U (U(Y\S(x»)

xeX xeX xeX

and note that Y\ F(X) and Y\S(x) (for x € X) are open in Y. Then since K is compact there exists a finite
subset {x1, ..., x,} of X with

K < (nFoo) U (U (Y\S(x,-») :
i=1

LetZ =co (CU{xy, ..., x,}) and note that Z is a convex compact subset (see [1]) of X. Now since [
K we have

S(x) €

xeC

Y\K € ¥\ (ﬂ S(x)) = J \so.

rec ot
Note that

y=KUmK < (NFO) (U (Y\S(xi») U (U (Y\S(x)))
) e s

v =(nFm) U (U <Y\S<x)>) :

As a result -

p=y\¥ = [r\ ("\F0)|N [Y\ (UZ (Y\S(x)))}

=FOI) [Y\ (Y\ (ﬂ S(x)))] =FX) () <ﬂ S(x))

N rez rez

FOO) (ﬂ S(x)> =0. (2.2)

xeZ

Consider a map Q given by Q(x) = S(x) NF(Z) for x € Z. Note that Q : Z — 2Y (for a fixed x € Z
consider assumption (b) with A = {x}ie. F(x) € S(x)so ¥ # F(x) = S(x) N F(x) € S(x) N F(2)).
Note from assumption (a) that Q(x) is closed (in Y) for each x € Z. Also for each finite subset A of Z
note that F(co (A)) € S(A). Now since Z is convex we have co (A) € Z so F(co(A)) € F(Z) C m
. Thus F(co(A)) € S(A)N F(Z) = Q(A). Also F € BPK(Z,Y) and since F is upper semicontinuous
with compact values and Z is compact then F € BPK(Z,Y) is a compact map. Now Corollary 2.9 (with
X=2ZY =Y, F=Fand S = Q) guarantees that F(Z) () (Nyez Q(x)) # . Thus there exists a
w € m with w € ﬂxez Q(x). Now since for x € Z we have Q(x) = S(x) ﬁm C S(x) we have
W€ (Nyez Q&) S (Nyez Sx), and also since Z € X we have w € F(X). Thus F(X) ) (ﬂxez S(x)) #,
which contradicts (2.2). ]

Remark 2.14 We can observe more in Theorem 2.13. In fact F(X) (K[ (ﬂxex S(x)) # () since K 2
Myece S@)and N,y S&) S Nee Sk) yields

FOO K (ﬂ S(x)) SFO() (ﬂ S(x)) N (ﬂ S(x)) =FX) ) (ﬂ s<x)> # 0.

xeX xeC xeX xeX
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Remark 2.15 Note that the assumption that ' € BP K (X, Y) is upper semicontinuous with compact values can
be replaced by F' € BPK(Z, Y) is a compact map in Theorem 2.13 (here Z is as in the proof of Theorem 2.13).

Remark 2.16 Theorem 2.13 extends and generalises Theorem 8 in [4] (see also [3]).

Remark 2.17 We now present an observation about condition (c) in Theorem 2.13. Since (),.» S(x) € K
we have Y\K € Y\ (Nyec S®)) = Usec (Y\S(&)). Thus if z € Y\K then there exists a x € C with
z € Y\S(x) = T(x) (here T(w) = Y\S(w) forw € X). Asaresult x € Cand z € T(x) i.e. x € C and
xeT '(z)ie. T (z)NC #¥. Thusif z € Y\K then T~!(z) (" C # 0.

The contrapositive reformulation of Theorem 2.13 is as folows (see Theorem 2.1).

Corollary 2.18 Let X be a convex subset of a Hausdorff topological vector space and Y a subset of a Hausdorff
topological space. Suppose F € BPK(X,Y) is an upper semicontinuous map with compact values and T :
X — 2Y is such that (a). T (x) is open (inY)foreachx € X, (b). F(X) C T(X), and (c). there exists a compact
subset K of Y and a convex compact subset C of X with Y\ (U eC T(x)) C K. Then there exists a finite set
M C X with

F(co(M) () (ﬂ T(x)) # (.

xeM

Proof Let S(x) = Y\T (x) for x € X and note that condition (a) in Theorem 2.13 is satisfied. Suppose for each
finite set A € X we have F(co(A)) [ (Nyea T(x)) =@. Then

F(co(A)) €Y\ (ﬂ T(x)) = J 1) = sw =5,

xX€A x€A X€EA

so condition (b) in Theorem 2.13 is satisfied. Also notice

[ SG) =[] \T(x) =1\ (U T(x)) CK,

xeC xeC xeC

so condition (c) in Theorem 2.13 is satisfied. Now Theorem 2.13 implies F (X)) (ﬂxex S(x)) # (3, which
contradicts assumption (b) in Theorem 2.18 since

[ S =() \T) =Y\ (U T(x)) = Y\T(X).

xeX xeX xeX
O

Remark 2.19 Now we make an observation about condition (c) in Corollary 2.18. Since Y\ (UxeC T(x)) CcK
we have Y\K C Y\ (Y\ (Uyec T())) = Uyec T(x). Thus if z € Y\K then there exists a x € C with
ze€T(x)soT ' (z)NC # 0.
Remark 2.20 We now make an observation about a coincidence. Note from Corollary 2.18 that there exists a
finite set M € X andaz € F(co(M)) () (ﬁxeM T(x)). Therefore z € F(w) for some w € co (M) and
z2€(Nyey T(x).Notethatz € T(x) forallx € Mie.x € T~!(z) forallx € M sow € co(M) C co(T~(2))
ie.z€ F(w)and w € co(T~L(2)).
We now extend Theorem 2.13 to collections (see Theorem 2.8).
Theorem 2.21 Let {X;}!' | be a family of convex sets in Hausdorff topological vector spaces and (Y }!_, a family
of sets in Hausdorff topological spaces. For eachi € {1,...,n}let F; € Ad(X;,Y;) and T; : X; — 2% s such
that (a). T;(2) is open (in Y;) for each z € X;, (b). Fi(X;) C T;(X;), and (c). there exists a compact subset
K; of Y; and a convex compact subset C; of X; with Y;\ (U E(w)) C K;. Then there exists a finite set
M cC X =T[['_, Xiwith

weC,-

U Tleoo | N [Ize]#0

y=(n)jeco (M) i=1 x=(u)ieM i=1
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Proof Let F(x) = [ Fi(x)), T(x) = [[}_; Ti(x;) forx = (x1,...,x,) € X, C =[]'_; Ci and K =
[T/, Ki. The argument in Theorem 2.8 guarantees that F € Ad(X,Y) (here Y = [[/_, ¥;), T(x) is open (in
Y) for each x € X, and F(X) C T(X). Finally notice

ol ta= [ \r@y= () J]@\Gw)

w=(w;)}eC w=(w;)|eC w=(w;)]eC i=1
n n n

=1 N o\newH=[[lr\| U nw|]|<]]k =k
i=1 w:(wi)'l'eC i=1 w:(w[)';ec i=1

Now Corollary 2.18 guarantees the existence of a finite set M C X with F(co (M)) N (Nyem T(x)) #@. O

We finally note that the results in this paper can be used to generate variational and minimax type inequalities.
To illustrate this we will consider Corollary 2.10 and we will take one real valued function to initiate the idea.

Example 2.22 Let X be a convex subset of a Hausdorff topological vector space and Y a subset of a Hausdorff
topological space. Suppose F' € BPK (X, Y) is a compact map and assume that there existsa¢ : X x ¥ — R
with (a). for each fixed x € X, the map y — ¢ (x, y) is lower semicontinuous on Y, and (b). F(co (A)) C S(A)
for each finite subset A of X where S(x) ={y € Y : ¢(x,y) <0} for x € X. Then there exists a yp € ¥ such
that ¢ (x, y) <0 foreach x € X.

To see this notice (a) guarantees that S(x) is closed in Y for each x € X, so Corollary 2.10 guarantees that
MNyex S(x) # 0. Take yo € (yex S(x), 50 @(x, yo) <0 foreachx € X.

Remark 2.23 We now give an example of a map F € BPK (X, Y) in Example 2.22. Assume that there exists
ay : X xY — Rwith foreach fixedx € X, {y € Y : ¥ (x,y) < 0} is nonempty, compact and acyclic. Let
F:X — 2" begivenby F(x) ={y e Y : ¥(x,y) <0} forall x € X and assume F is upper semicontinuous.
Then F € AC(X,Y)so F € BPK(X,Y).

Example 2.24 Let X be a convex subset of a Hausdorff topological vector space and Y a subset of a Hausdorff
topological space. Assume that there exist maps ¢, ¥ : X x Y — Rwith¢(x, y) < ¥ (x, y)for(x,y) € X x 7Y,
and for each fixed x € X, the map y — ¢ (x, y) is lower semicontinuous on Y. We will consider the minimax
inequality:

inf sup ¢(x,y) <sup inf ¥(x,y). 2.3)
YeY xex xeX YEY

Ifsup,cx infyey ¥ (x,y) = 00, then (2.3) holds. We will now assume sup, . x infyey ¥ (x,y) < 00,andin this

caseforeacha > sup, .y infyey ¥(x,y) (oralternatively, foreacha € R)let Fy(x) ={y € Y : ¥ (x,y) < a},

Se(x) ={yeY: ¢(x,y) < a}forx € X, and assume if F,(x) has nonempty values for each x € X then

Fy € BPK(X,Y) and it is a compact map, and F,(co (A)) € S,(A) for each finite subset A of X. Then (2.3)

holds.

To see this suppose (2.3) is false. Then there exists a @ € R with

sup inf ¥ (x,y) <o < inf sup ¢(x,y). 2.4
xeX YEY YeY xex

Now either there exists a xo € X with F,(xo) = @ or Fy(x) # @ for each x € X. Suppose first there exists
axp € X with Fy(xo) = @. Then ¥ (xp,y) > o foreach y € Y, so infycy ¥ (x0,y) > «, and as a result
sup,cy infyey ¥(x,y) > o, a contractiction (see (2.4)). It remains to consider the case when Fy(x) # @ for
eachx € X. Then F, € BPK(X,Y) and Corollary 2.10 guarantees (), .y S(x) # ¥, andlet yg € [),cx S(x).
Thus ¢ (x, yo) < o for each x € X, so sup,cy ¢(x, yo) < o, and as a result infycy sup,cx ¢(x,y) < o, a
contractiction (see (2.4)). Thus (2.3) holds.

Funding Not Applicable.

Data availability Not Applicable.

@ Springer



532 D. O’Regan

Declarations
Competing Interests The author declares no conflict of interest.

Ethical Approval Not Applicable.

References

. C.D. Aliprantis and K.C. Border, Infinite dimensional analysis, Springer Verlag, Berlin, 1994.
. H. Ben-El-Mechaiekh, P. Deguire and A. Granas, Points fixes et coincidences pour les applications multivoques II (Applications
de type @ and ®*), C.R. Acad. Sc., 295(1982), 381-384.

o —

3. T.H. Chang, Y.Y. Huang, J.C. Jeng and T.H. Chang and K.H. Kuo, On S—KKM property and related topics, Jour. Math. Anal.
Appl., 229(1999), 212-227.

4. T.H. Chang and C.L. Yen, KKM property and fixed point theorems, Jour. Math. Anal. Appl., 203(1996), 224-235.

5. X.P.Ding, W.K. Kim and K.K. Tan, A selection theorem and its applications, Bulletin Australian Math. Soc., 46(1992), 205-212.

6. L. Gorniewicz, Topological fixed point theory of multivalued mappings, Kluwer Acad. Publishers, Dordrecht, 1991.

7. L. Gorniewicz and M. Slosarski, Topological essentiality and differential inclusions, Bull. Austral. Math. Soc., 45(1992), 177-
193.

8. L.J. Lim, S. Park and Z.T. Yu, Remarks on fixed points, maximal elements and equilibria of generalized games, Jour. Math.

Anal. Appl., 233(1999), 581-596.
9. D. O’Regan, Coincidence results and Leray—Schauder alternatives between multivalued maps with continuous selections and

admissible maps, Topology and its Applications, 284(2020), Art. No. 107368, 6pp.

10. D. O’Regan, KKM type maps and collectively coincidence theory, submitted.

11. D. O’Regan, Coincidence theory for better admissible multifunctions, Journal of Analysis, to appear.

12. D.O’Regan and J. Peran, Fixed points for better admissible multifunctions on proximity spaces, Jour. Math. Anal.
Appl., 380(2011), 882-887.

13. S. Park, Coincidence theorems for the better admissible multimaps and their applications, Nonlinear Anal. , 30(1997), 4183—
4191.

14. N.C. Yanelis and N.D. Prabhakar, Existence of maximal elements and equlibria in linear topological spaces, J. Math.
Econom., 12(1983), 233-245.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under a publishing agreement

with the author(s) or other rightsholder(s); author self-archiving of the accepted manuscript version of this article is solely governed
by the terms of such publishing agreement and applicable law.

@ Springer




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2026-03-14T13:09:25+0530
	Preflight Ticket Signature




