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Abstract In this paper we use new coincidence theorems of the author to obtain a variety of Ky Fan matching
type theorems for open coverings related to the map or maps. To establish our new matching results, we consider
maps which are of K K M or B P K type (these include the Kakutani maps, the acyclic maps and more generally
the admissible maps of Gorniewicz) together with maps which generate H L PY type maps.
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1 Introduction

Using recent coincidence theory of the author (see [9,11]), in this paper we present a variety of new Ky Fan
matching type theorems for general classes of maps (these maps include B P K (see [12,13]) maps and H L PY
maps). Our results include both the campact and coercive type situation. In addition, we consider matching
type results for a collection of maps and also we will reformulate our results to generate new intersection type
theorems. In particular, we obtain existence results between a convex hull and an intersection and the basic
approach is to consider maps whose convex hull is a H L PY type map together with B P K type maps. Then to
obtain our matching or intersection results we use a coincidence theorem.

Now we describe the maps considered in this paper. Let H be the C̆ech homology functor with compact
carriers and coefficients in the field of rational numbers K from the category of Hausdorff topological spaces and
continuous maps to the category of graded vector spaces and linear maps of degree zero. Thus H(X) = {Hq(X)}
(here X is a Hausdorff topological space) is a graded vector space, Hq(X) being the q–dimensional C̆ech
homology group with compact carriers of X . For a continuous map f : X → X , H( f ) is the induced linear
map f� = { f� q} where f� q : Hq(X)→ Hq(X). A space X is acyclic if X is nonempty, Hq(X) = 0 for every
q ≥ 1, and H0(X) ≈ K .

Let X, Y and � be Hausdorff topological spaces. A continuous single valued map p : � → X is called
a Vietoris map (written p : � ⇒ X ), if the following two conditions are satisfied: (i). for each x ∈ X , the set
p−1(x) is acyclic; and (ii). p is a perfect map i.e. p is closed and for every x ∈ X the set p−1(x) is nonempty
and compact.

Let φ : X → Y be a multivalued map (note that for each x ∈ X we assume that φ(x) is a nonempty subset

of Y ). A pair (p, q) of single valued continuous maps of the form X
p← �

q→ Y is called a selected pair of φ
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(written (p, q) ⊂ φ) if the following two conditions hold: (i). p is a Vietoris map; and (ii). q (p−1(x)) ⊂ φ(x)
for all x ∈ X .

Now we define the admissible maps of Gorniewicz (see [6]). An upper semicontinuous map φ : X → Y
with compact values is said to be admissible (and we write φ ∈ Ad(X,Y )) provided there exists a selected pair
(p, q) of φ. Examples of admissible maps are the Kakutani maps and the acyclic maps. An upper semicontinuous
map φ : X → C K (Y ) is said to be Kakutani (see [6]) (and we write φ ∈ K ak(X,Y )); here Y is a Hausdorff
topological vector space and C K (Y ) denotes the family of nonempty, convex, compact subsets of Y . An upper
semicontinuous map φ : X → 2Y (nonempty subsets of Y ) is said to be acyclic (see [6]) (and we write
φ ∈ AC(X,Y )) if φ has compact, acyclic values.

We also discuss the following classes of maps in this paper. Let Z be a subset of a Hausdorff topological space
Y1 and W a subset of a Hausdorff topological vector space Y2 and G a multifunction. We say F ∈ H L PY (Z ,W )

(see [8]) if W is convex and there exists a map S : Z → W with co (S(x)) ⊆ F(x) for all x ∈ Z , S(x) 
= ∅ for
each x ∈ Z and

⋃ { int S−1(w) : w ∈ W } = Z ; here S−1(w) = {z ∈ Z : w ∈ S(z)} and note that S(x) 
= ∅
for each x ∈ Z is redundant since if z ∈ Z then there exists a w ∈ W with z ∈ int S−1(w) ⊆ S−1(w) so
w ∈ S(z) i.e. S(z) 
= ∅. These maps are related to the DK T maps in the literature and F ∈ DK T (Z ,W ) (see
[5]) if W is convex and there exists a map S : Z → W with co (S(x)) ⊆ F(x) for all x ∈ Z , S(x) 
= ∅ for each
x ∈ Z and the fibre S−1(w) is open (in Z ) for each w ∈ W . Note that these maps were motivated from the ��

maps. We say G ∈ ��(Z ,W ) (see [2]) if W is convex and there exists a map S : Z → W with S(x) ⊆ G(x) for
all x ∈ Z , S(x) 
= ∅ and has convex values for each x ∈ Z and the fibre S−1(w) is open (in Z ) for each w ∈ W .

Next we describe a class of maps more general than the Ad maps in our setting. Let X be a convex subset of
a Hausdorff topological vector space and Y a Hausdorff topological space. If S, T : X → 2Y are two set–valued
maps such that T (co (A)) ⊆ S(A) for each finite subset A of X then we call S a generalized K K M mappping
w.r.t. T . Now the set–valued map T : X → 2Y is said to have the K K M property if for any generalized K K M
map S : X → 2Y w.r.t. T the family { S(x) : x ∈ X} has the finite intersection property (the intersection of
each of its finite subfamily is nonempty). We let

K K M(X,Y ) = {T : X → 2Y | T has the K K M property}.
Note that Ad(X, Y ) ⊂ K K M(X,Y ) (see [3,4,13]). Next we recall the following result (see [4]).

Theorem 1.1 Let X be a convex subset of a Hausdorff topological vector space and Y, Z be Hausdorff topo-
logical spaces.

(i). T ∈ K K M(X,Y ) if and only if T |� ∈ K K M(�,Y ) for each polytope � in X;
(ii). If T ∈ K K M(X,Y ) and f ∈ C(Y, Z) then f T ∈ K K M(X, Z);

(iii). If Y is a normal space, � a polytope of X and if T : � → 2Y is a set–valued map such that for each
f ∈ C(Y,�) we have that f T has a fixed point in �, then T ∈ K K M(�,Y ).

Also we recall (see [10]) the following two properties. Let C and X be convex subsets of a Hausdorff
topological vector space E with C ⊆ X and Y a Hausdorff topological space.

(i). If T ∈ K K M(X,Y ) then G ≡ T |C ∈ K K M(C,Y ).
(ii). If T ∈ K K M(X,Y ), T (X) ⊆ Z ⊆ Y and Z is closed in Y then T ∈ K K M(X, Z).

Next we describe the better admissible class of maps B P K due to Park (see [13]). Let X be a convex subset of
a Hausdorff topological vector space and Y a Hausdorff topological space. Now F ∈ B P K (X,Y ) if F : X → 2Y

and for any polytope P in X and any continuous map f : F(P) → P we have that f (F |P ) : P → 2P has a
fixed point.

From Theorem 1.1 (parts (i) and (iii)) note that B P K (X,Y ) ⊆ K K M(X,Y ) when Y is normal. Also (see
[13]) note that if F ∈ K K M(X, Y ) is closed then F ∈ B P K (X,Y ) and so the two classes coincide for closed
compact maps.

We also note the following properties.
Let C and X be convex subsets of a Hausdorff topological vector space E with C ⊆ X and Y a Hausdorff

topological space.

(i). If F ∈ B P K (X,Y ) then G ≡ F |C ∈ B P K (C,Y ).
Consider any polytope P in C and any continuous map f : G(P)→ P . Now since P is a polytope in X and
(note that G(P) = F(P) since P ⊆ C) f : F(P)→ P is a continuous map then since F ∈ B P K (X,Y )
there exists a x ∈ P with x ∈ f F |P (x) i.e. x ∈ f G(x) since x ∈ P ⊆ C . Thus G = F |C ∈ B P K (C,Y ).
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(ii). If F ∈ B P K (X,Y ) with F(X) ⊆ Z ⊆ Y then F ∈ B P K (X, Z).
Note that F : X → 2Y and let G : X → 2Z be the map obtained by restricting the image of F . Consider any
polytope P in X and any continuous map f : G(P)→ P . Now since G(P) = F(P) then f : F(P)→ P
is continuous and since F ∈ B P K (X,Y ) there exists a x ∈ P with x ∈ f F |P (x) = f G|P (x). Thus
F ∈ B P K (X, Z).

(iii). If F ∈ B P K (X,Y ) and f ∈ C(Y, X) then f F ∈ B P K (X, X).

Note that f F : X → 2X . Consider any polytope P in X and any continuous map g : f F(P)→ P . We must
show there exists a x ∈ P with x ∈ g ( f F)|P(x). To see this note that g f F |P = h F |P : P → 2P where
h = g f : F(P) → P is a continuous map (note that h(F(P)) = g ( f F(P)) ⊆ P). Since F ∈ B P K (X, Y )
there exists a x ∈ P with x ∈ h F |P (x) i.e. x ∈ (g f ) F |P (x) = g ( f F)|P(x). Thus f F ∈ B P K (X, X).

Finally we recall some coincidence results of the author (see [11]).

Theorem 1.2 Let X be a convex subset of a Hausdorff topological vector space E and Y a subset of a Hausdorff
topological space. Suppose F ∈ B P K (X, Y ) is a compact map and G ∈ DK T (Y, X). Then there exists a x ∈ X
with G−1(x) ∩ F(x) 
= ∅.
Theorem 1.3 Let X be a convex subset of a Hausdorff topological vector space E and Y a subset of a Hausdorff
topological space. Suppose F ∈ B P K (X,Y ) is a compact map and G ∈ DK T (K , X) with K = F(X). Then
there exists a x ∈ X with G−1(x) ∩ F(x) 
= ∅.
Theorem 1.4 Let X be a convex subset of a Hausdorff topological vector space E and Y a subset of a Hausdorff
topological space. Suppose F ∈ B P K (X,Y ) is a compact map and G ∈ H L PY (Y, X). Then there exists a
x ∈ X with G−1(x) ∩ F(x) 
= ∅.
Theorem 1.5 Let X be a convex subset of a Hausdorff topological vector space E and Y a subset of a Hausdorff
topological space. Suppose F ∈ B P K (X,Y ) is a compact map and G ∈ H L PY (K , X) with K = F(X). Then
there exists a x ∈ X with G−1(x) ∩ F(x) 
= ∅.
Theorem 1.6 Let X and Y be subsets of a Hausdorff topological vector space E with X convex and let F ∈
B P K (X,Y ) be an upper semicontinuous map with compact values. Let G ∈ DK T (Y, X) and suppose there
exists a map T : Y → X with co (T (y)) ⊆ G(y) for all y ∈ Y , T (y) 
= ∅ and has convex values for each y ∈ Y ,
T−1(x) is open (in Y ) for each x ∈ X and there is a compact subset K of Y and a convex compact subset C
of X with T (y) ∩ C 
= ∅ (or, alternatively co (T (y)) ∩ C 
= ∅) for y ∈ Y\K . Then there exists an x ∈ X with
G−1(x) ∩ F(x) 
= ∅.
Theorem 1.7 Let X and Y be subsets of a Hausdorff topological vector space E with X convex and let F ∈
B P K (X,Y ) be an upper semicontinuous map with compact values. Let G ∈ H L PY (Y, X) and suppose there
exists a map T : Y → X with co (T (y)) ⊆ G(y) for all y ∈ Y ,

⋃ { int T−1(w) : w ∈ X} = Y and
there is a compact subset K of Y and a convex compact subset C of X with R(y) ∩ C 
= ∅ (or, alternatively
co (R(y)) ∩ C 
= ∅) for y ∈ Y\K where R : Y → X is given by R(y) = {z : y ∈ int T−1(z)} for y ∈ Y . Then
there exists an x ∈ X with G−1(x) ∩ F(x) 
= ∅.
Remark 1.8 Next we note how the map R relates to the map T in Theorem 1.7. Let y ∈ Y be fixed. Then if
z ∈ R(y) then y ∈ int T−1(z) ⊆ T−1(z) = {w ∈ Y : z ∈ T (w)} so z ∈ T (y). Consequently R(y) ⊆ T (y) for
all y ∈ Y .

As a special case, if say T−1(z) is open (in Y ) for z ∈ T (Y\K ) then R(y) = T (y) for y ∈ Y\K . To see this fix
y ∈ Y\K . Now if z ∈ T (y) then y ∈ T−1(z) = int T−1(z) so z ∈ R(y). Thus T (y) ⊆ R(y) for y ∈ Y\K .

Remark 1.9 Now we present a condition to guarantee that R(y) ∩ C 
= ∅ for y ∈ Y\K in Theorem 1.7. Let
X,Y, E and F ∈ B P K (X, Y ) be as in Theorem 1.7. Let G ∈ H L PY (Y, X) and suppose there exists a map
T : Y → X with co (T (y)) ⊆ G(y) for y ∈ Y and

⋃ { int T−1(w) : w ∈ X} = Y . Assume that there is a
compact subset K of Y and a convex compact subset C of X with ∩x∈C

(
Y\int T−1(x)

) ⊆ K .

Let y ∈ Y\K . Then since

⋂

x∈C

(
Y\int T−1(x)

)
= Y\

(
⋃

x∈C

int T−1(x)

)

⊆ K
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we have

y ∈ Y\K ⊆ Y\
(

Y\
(
⋃

x∈C

int T−1(x)

))

=
⋃

x∈C

int T−1(x).

Thus there exists a x ∈ C with y ∈ int T−1(x) i.e. x ∈ C and x ∈ R(y) (here R : Y → X is given by
R(y) = {z : y ∈ int T−1(z)} for y ∈ Y as in Theorem 1.7) i.e. R(y) ∩ C 
= ∅. Thus if y ∈ Y\K then
R(y) ∩ C 
= ∅.

2 Main results

In this section using our coincidence theory we present some Ky Fan matching type theorems.

Theorem 2.1 Let X be a convex subset of a Hausdorff topological vector space and Y a subset of a Hausdorff
topological space. Suppose F ∈ B P K (X,Y ) is a compact map and T : X → 2Y is such that F(X) ⊆ T (X)
and T (x) is open (in Y ) for each x ∈ X. Then there exists a finite set M ⊆ X with

F( co (M))
⋂

(
⋂

x∈M

T (x)

)


= ∅.

Proof Let G(w) = co (T−1(w)) for w ∈ Y . We claim that G ∈ H L PY (K , X) where K = F(X). Note that
T−1 : K → 2X since if y ∈ K then from F(X) ⊆ T (X) there exists aw ∈ X with y ∈ T (w) (i.e.w ∈ T−1(y)).
Thus G : K → 2X and G(w) is convex for each w ∈ K . If we show

⋃

x∈X

intK G−1(x) = K (2.1)

then G ∈ H L PY (K , X). Note that
⋃

x∈X intK G−1(x) ⊆ K so we now need only show that K ⊆
⋃

x∈X intK G−1(x). Let y ∈ K and as above there exists a w ∈ X with y ∈ T (w). Fix η ∈ T (w) and
note that w ∈ T−1(η) ⊆ co (T−1(η)) = G(η) (note that G(η) is defined for η ∈ Y and T−1(η) may be
empty if η /∈ K ), so w ∈ G(η) i.e. η ∈ G−1(w). Consequently T (w) ⊆ G−1(w) and since T (w) is open
we have int T (w) = T (w). As a result from y ∈ T (w) and the above we have y ∈ int T (w) ⊆ G−1(w), so
y ∈ int G−1(w). Thus we have proved that K ⊆⋃x∈X int G−1(x). Next note that

K ⊆ K
⋂

(
⋃

x∈X

int G−1(x)

)

=
⋃

x∈X

(
K
⋂

int G−1(x)
)

and since for each x ∈ X note K
⋂

int G−1(x) is open in K then

K ⊆
⋃

x∈X

intK G−1(x).

Thus (2.1) holds so G ∈ H L PY (K , X) (here the selection of G chosen is G itself). Now Theorem 1.5 guarantees
the existence of a x0 ∈ X with G−1(x0)∩F(x0) 
= ∅. Let y ∈ G−1(x0)∩F(x0). Then x0 ∈ G(y) = co (T−1(y))
so from the definition of co there exists a M = {z1, . . . , zn} ⊆ X with M ⊆ T−1(y) such that x0 ∈ co (M). Fix i ∈
{1, . . . , n} and note that zi ∈ T−1(y) so y ∈ T (zi ) i.e. y ∈ T (zi ) for all i ∈ {1, . . . , n} so y ∈⋂n

i=1 T (zi ). Also
from above y ∈ F(x0) and x0 ∈ co (M) so y ∈ F( co (M)). Combining gives y ∈ F( co (M))

⋂(⋂n
i=1 T (zi )

)
.

��
Theorem 2.2 Let X be a convex subset of a Hausdorff topological vector space and Y a subset of a Hausdorff
topological space. Suppose F ∈ B P K (X, Y ) is a compact map and T : X → 2Y is such that T (X) = Y and
T (x) is open (in Y ) for each x ∈ X. Then there exists a finite set M ⊆ X with

F( co (M))
⋂

(
⋂

x∈M

T (x)

)


= ∅.
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Proof Let G be as in Theorem 2.1. Note that T−1 : Y → 2X since if y ∈ Y then from T (X) = Y there exists
a w ∈ X with y ∈ T (w) (i.e. w ∈ T−1(y)). Also note that

⋃
x∈X int G−1(x) = Y since if y ∈ Y there exists

a w ∈ X with y ∈ T (w) and as in Theorem 2.1 we have y ∈ int T (w) ⊆ G−1(w), so y ∈ int G−1(w). As a
result Y ⊆⋃x∈X int G−1(x) i.e.

⋃
x∈X int G−1(x) = Y , so G ∈ H L PY (Y, X). Now apply Theorem 1.4. ��

Now we consider Theorem 1.7 instead of Theorem 1.4 in the proof of Theorem 2.2.

Theorem 2.3 Let X be a convex subset of a Hausdorff topological vector space and Y a subset of a Hausdorff
topological space. Suppose F ∈ B P K (X,Y ) is an upper semicontinuous map with compact values and T : X →
2Y is such that T (X) = Y and T (x) is open (in Y ) for each x ∈ X. In addition assume that there is a compact
subset K of Y and a convex compact subset C of X with R(y)∩C 
= ∅ (or, alternatively co (R(y))∩C 
= ∅) for
y ∈ Y\K where R : Y → X is given by R(y) = {z : y ∈ int G−1(z)} for y ∈ Y where G(w) = co (T−1(w))

for w ∈ Y . Then there exists a finite set M ⊆ X with

F( co (M))
⋂

(
⋂

x∈M

T (x)

)


= ∅.

Proof As in Theorem 2.2 note that
⋃

x∈X int G−1(x) = Y so G ∈ H L PY (Y, X). Now Theorem 1.7 guarantees
the existence of a x0 ∈ X with G−1(x0) ∩ F(x0) 
= ∅. A similar argument as in Theorem 2.1 completes the
proof. ��

In Theorem 2.1, Theorem 2.2 and Theorem 2.3 the map G was of H L PY type. One could of course change
the assumption on T so that G is of DK T or �� type. Let us first consider Theorem 2.3.

Theorem 2.4 Let X be a convex subset of a Hausdorff topological vector space and Y a subset of a Hausdorff
topological space. Suppose F ∈ B P K (X, Y ) is an upper semicontinuous map with compact values and T :
X → 2Y is such that T (X) = Y . Let G(w) = co (T−1(w)) for w ∈ Y and assume that G−1(w) is open (in Y )
for w ∈ X. In addition assume that there is a compact subset K of Y and a convex compact subset C of X with
G(y) ∩ C 
= ∅ for y ∈ Y\K . Then there exists a finite set M ⊆ X with

F( co (M))
⋂

(
⋂

x∈M

T (x)

)


= ∅.

Proof Note that T−1 : Y → 2X and G ∈ DT K (Y, X) (here the selection of G is G itself). Now Theorem
1.6 guarantees the existence of a x0 ∈ X with G−1(x0) ∩ F(x0) 
= ∅. A similar argument as in Theorem 2.1
completes the proof. ��
Remark 2.5 Now we note a special case of G in Theorem 2.4. Note that if (T−1)−1(w) is open (in Y ) forw ∈ X
then from [14, Lemma 5.1] we have that G−1(w) is open (in Y ) for w ∈ X . Also note that if T−1(w) is convex
for each w ∈ Y then G(w) = T−1(w) for w ∈ Y

Also we immediately have the analogue of Theorem 2.2 (here we apply Theorem 1.2 instead of Theorem
1.4).

Theorem 2.6 Let X be a convex subset of a Hausdorff topological vector space and Y a subset of a Hausdorff
topological space. Suppose F ∈ B P K (X,Y ) is a compact map and T : X → 2Y is such that T (X) = Y .
Assume that G−1(w) is open (in Y ) for w ∈ X where G(z) = co (T−1(z)) for z ∈ Y . Then there exists a finite
set M ⊆ X with

F( co (M))
⋂

(
⋂

x∈M

T (x)

)


= ∅.

Now we consider the analogue of Theorem 2.1.

Theorem 2.7 Let X be a convex subset of a Hausdorff topological vector space and Y a subset of a Hausdorff
topological space. Suppose F ∈ B P K (X,Y ) is a compact map and T : X → 2Y is such that F(X) ⊆ T (X).
Assume that G−1(w) is open (in Y ) for w ∈ X where G(z) = co (T−1(z)) for z ∈ Y . Then there exists a finite
set M ⊆ X with

F( co (M))
⋂

(
⋂

x∈M

T (x)

)


= ∅.
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Proof Let K = F(X) and note (as in Theorem 2.1) that T−1 : K → 2X . Let G� denote the restriction of G to
K i.e G� = G|K . Then (G�)−1(w) is open (in K ) for w ∈ X since for w ∈ X note that

(G�)−1(w) = {z ∈ K : w ∈ G�(z)} = {z ∈ K : w ∈ G(z)}
= K ∩ {z ∈ Y : w ∈ G(z)} = K ∩ G−1(w)

which is open in K ∩ Y = K . Thus G� ∈ DK T (K , X). Now Theorem 1.3 guarantees the existence of a x0 ∈ X
with (G�)−1(x0) ∩ F(x0) 
= ∅. Let y ∈ (G�)−1(x0) ∩ F(x0) and note that y ∈ K since K = F(X). Thus
x0 ∈ G�(y) = G(y) = co (T−1(y)) and now the argument in Theorem 2.1 completes the proof. ��

We can extend our results to collections. We illustrate this with Theorem 2.1 (and Theorem 2.2).

Theorem 2.8 Let {Xi }ni=1 be a family of convex sets in Hausdorff topological vector spaces and {Y }ni=1 a
family of sets in Hausdorff topological spaces. For each i ∈ {1, . . . , n} let Fi ∈ Ad(Xi ,Yi ) be a compact
map and Ti : Xi → 2Yi with Ti (z) open (in Yi ) for each z ∈ Xi . In addition assume that Fi (Xi ) ⊆ Ti (Xi )

for each i ∈ {1, . . . , n} (or, alternatively Ti (Xi ) = Yi for each i ∈ {1, . . . , n}). Then there exists a finite set
M ⊆ X =∏n

i=1 Xi with

⋃

y=(yi )
n
1∈co (M)

n∏

i=1

Fi (yi )
⋂

⎛

⎝
⋂

x=(xi )
n
1∈M

n∏

i=1

Ti (xi )

⎞

⎠ 
= ∅.

Proof Let F(x) = ∏n
i=1 Fi (xi ) and T (x) = ∏n

i=1 Ti (xi ) for x = (x1, . . . , xn) ∈ X . Note (see [7]) that the
product of admissible with respect to Gorniewicz maps is admissible with respect to Gorniewicz (follows from
Künneth’s theorem and the product of upper semicontinuous maps with compact values is upper semicontinous
with compact values (see [1])) so F ∈ Ad(X,Y ) where Y = ∏n

i=1 Yi . Since Ad(X,Y ) ⊆ B P K (X,Y ) then
F ∈ B P K (X, Y ) is a compact map. Also note that (finite product here) T (x) = ∏n

i=1 Ti (xi ) is open (in Y ) for
each x = (xi )

n
1 ∈ X .

If we assume that Fi (Xi ) ⊆ Ti (Xi ) for each i ∈ {1, . . . , n} then note that

F(X) =
n∏

i=1

Fi (Xi ) =
n∏

i=1

Fi (Xi ) ⊆
n∏

i=1

Ti (Xi ) = T (X)

(or, alternatively if we assume that Ti (Xi ) = Yi for each i ∈ {1, . . . , n} then T (X) = Y ) and Theorem 2.1 (or,
alternatively Theorem 2.2) guarantees that there exists a finite set M ⊆ X with F( co (M))

⋂ (⋂
x∈M T (x)

) 
=
∅. ��

The above theorems have contrapositive reformulations (we will just consider Theorem 2.1, Theorem 2.2,
Theorem 2.3 and Theorem 2.8).

Corollary 2.9 Let X be a convex subset of a Hausdorff topological vector space and Y a subset of a Hausdorff
topological space. Suppose F ∈ B P K (X,Y ) is a compact map and S : X → 2Y is such that (a). F(co (A)) ⊆
S(A) for each finite subset A of X, and (b). S(x) is closed (in Y ) for each x ∈ X. Then F(X)

⋂(⋂
x∈X S(x)

) 
= ∅.
Proof To see this let T (x) = Y\S(x) for x ∈ X and assume that F(X)

⋂(⋂
x∈X S(x)

) = ∅ (i.e. assume that
F(X) ⊆ T (X) since Y\ (⋂x∈X S(x)

) = ⋃x∈X (Y\S(x)) =
⋃

x∈X T (x) = T (X)). Now (b) and Theorem 2.1
guarantee the existence of a finite set M ⊆ X with F( co (M))

⋂ (⋂
x∈M T (x)

) 
= ∅ i.e. (a) is not true when
A = M since

⋂
x∈M T (x) =⋂x∈M (Y\S(x)) = Y\ (⋃x∈M S(x)

) = Y\S(M). ��
Corollary 2.10 Let X be a convex subset of a Hausdorff topological vector space and Y a subset of a Hausdorff
topological space. Suppose F ∈ B P K (X,Y ) is a compact map and S : X → 2Y is such that (a). F(co (A)) ⊆
S(A) for each finite subset A of X, and (b). S(x) is closed (in Y ) for each x ∈ X. Then

⋂
x∈X S(x) 
= ∅.

Proof Let T (x) = Y\S(x) for x ∈ X and assume that
⋂

x∈X S(x) = ∅ (i.e. assume that T (X) = Y since
Y = Y\ (⋂x∈X S(x)

) = ⋃
x∈X (Y\S(x)) =

⋃
x∈X T (x) = T (X)). Now (b) and Theorem 2.2 guarantee the

existence of a finite set M ⊆ X with F( co (M))
⋂ (⋂

x∈M T (x)
) 
= ∅, and this contradicts (a). ��
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Corollary 2.11 Let X be a convex subset of a Hausdorff topological vector space and Y a subset of a Hausdorff
topological space. Suppose F ∈ B P K (X,Y ) is an upper semicontinuous map with compact values and S :
X → 2Y is such that (a). F(co (A)) ⊆ S(A) for each finite subset A of X, and (b). S(x) is closed (in Y ) for
each x ∈ X. In addition assume that there is a compact subset K of Y and a convex compact subset C of
X with R(y) ∩ C 
= ∅ (or, alternatively co (R(y)) ∩ C 
= ∅) for y ∈ Y\K where R : Y → X is given by
R(y) = {z : y ∈ int G−1(z)} for y ∈ Y where G(w) = co (T−1(w)) for w ∈ Y ; here T (x) = Y\S(x) for
x ∈ X. Then

⋂
x∈X S(x) 
= ∅.

Proof Let T (x) = Y\S(x) for x ∈ X and assume that
⋂

x∈X S(x) = ∅ (i.e. assume T (X) = Y ). Now Theorem
2.3 guarantee the existence of a finite set M ⊆ X with F( co (M))

⋂ (⋂
x∈M T (x)

) 
= ∅, and this contradicts
(a). ��
Corollary 2.12 Let {Xi }ni=1 be a family of convex sets in Hausdorff topological vector spaces and {Y }ni=1 a
family of sets in Hausdorff topological spaces. For each i ∈ {1, . . . , n} let Fi ∈ Ad(Xi ,Yi ) be a compact map
and Si : Xi → 2Yi is such that:

(a). for each finite subset A of X =∏n
i=1 Xi there exists at least one j ∈ {1, . . . , n} with
⋃

y=(yi )
n
1∈co (A)

Fj (y j ) ⊆
⋃

x=(xi )
n
1∈A

S j (x j )

(or, alternatively

⋃

y=(yi )
n
1∈co (A)

n∏

i=1

Fi (yi ) ⊆
n∏

i=1

⋃

x=(xi )
n
1∈A

Si (xi )

for each finite subset A of X),
(b). Si (z) closed (in Yi ) for each z ∈ Xi .

Then there exists a i ∈ {1, . . . , n} with Fi (Xi )
⋂(⋂

w∈Xi
Si (w)

)

= ∅.

Proof For i ∈ {1, . . . , n} let Ti (zi ) = Yi\Si (zi ) for zi ∈ Xi . Assume that there does not exist a i ∈ {1, . . . , n}with

Fi (Xi )
⋂(⋂

w∈Xi
Si (w)

)

= ∅ (i.e. assume that Fi (Xi )

⋂(⋂
w∈Xi

Si (w)
)
= ∅ for all i ∈ {1, . . . , n}). Note

we are assuming that Fi (Xi ) ⊆ Ti (Xi ) for i ∈ {1, . . . , n} since Yi\
(⋂

w∈Xi
Si (w)

)
= ⋃w∈Xi

(Yi\Si (w)) =
⋃
w∈Xi

Ti (w) = Ti (Xi ). Now (b) and Theorem 2.8 guarantee the existence of a finite set M ⊆ X = ∏n
i=1 Xi

with

⋃

y=(yi )
n
1∈co (M)

n∏

i=1

Fi (yi )
⋂

⎛

⎝
⋂

x=(xi )
n
1∈M

n∏

i=1

Ti (xi )

⎞

⎠ 
= ∅,

so (a) is not true since we note that

⋂

x=(xi )
n
1∈M

n∏

i=1

Ti (xi ) =
n∏

i=1

⋂

x=(xi )
n
1∈M

Ti (xi ) =
n∏

i=1

⋂

x=(xi )
n
1∈M

(Yi\Si (xi ))

=
n∏

i=1

⎛

⎝Yi \
⋃

x=(xi )
n
1∈M

Si (xi )

⎞

⎠ .

��
Next we will relax the compactness of F in Corollary 2.9 and Theorem 2.1 (see also Theorem 2.3 and

Theorem 2.4).

Theorem 2.13 Let X be a convex subset of a Hausdorff topological vector space and Y a subset of a Hausdorff
topological space. Suppose F ∈ B P K (X,Y ) is an upper semicontinuous map with compact values and S :
X → 2Y is such that (a). S(x) is closed (in Y ) for each x ∈ X, (b). F(co (A)) ⊆ S(A) for each finite subset A
of X, and (c). there exists a compact subset K of Y and a convex compact subset C of X with

⋂
x∈C S(x) ⊆ K .

Then F(X)
⋂(⋂

x∈X S(x)
) 
= ∅.
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Proof Suppose F(X)
⋂(⋂

x∈X S(x)
) = ∅ (i.e. ∩x∈X S(x) ⊆ Y\F(X)). Now

K ⊆
(
⋂

x∈X

S(x)

)
⋃

(

Y\
⋂

x∈X

S(x)

)

⊆
(

Y\F(X)
)⋃

(
⋃

x∈X

(Y\S(x))
)

and note that Y\F(X) and Y\S(x) (for x ∈ X ) are open in Y . Then since K is compact there exists a finite
subset {x1, . . . , xn} of X with

K ⊆
(

Y\F(X)
)⋃

(
n⋃

i=1

(Y\S(xi ))

)

.

Let Z = co (C∪{x1, . . . , xn}) and note that Z is a convex compact subset (see [1]) of X . Now since
⋂

x∈C S(x) ⊆
K we have

Y\K ⊆ Y\
(
⋂

x∈C

S(x)

)

=
⋃

x∈C

(Y\S(x)) .

Note that

Y = K ∪ (Y\K ) ⊆
(

Y\F(X)
)⋃

(
n⋃

i=1

(Y\S(xi ))

)
⋃

(
⋃

x∈C

(Y\S(x))
)

so

Y =
(

Y\F(X)
)⋃

(
⋃

x∈Z

(Y\S(x))
)

.

As a result

∅ = Y\Y =
[
Y \

(
Y\F(X)

)]⋂
[

Y \
(
⋃

x∈Z

(Y\S(x))
)]

= F(X)]
⋂

[

Y \
(

Y\
(
⋂

x∈Z

S(x)

))]

= F(X)
⋂

(
⋂

x∈Z

S(x)

)

i.e.

F(X)
⋂

(
⋂

x∈Z

S(x)

)

= ∅. (2.2)

Consider a map Q given by Q(x) = S(x) ∩ F(Z) for x ∈ Z . Note that Q : Z → 2Y (for a fixed x ∈ Z
consider assumption (b) with A = {x} i.e. F(x) ⊆ S(x) so ∅ 
= F(x) = S(x) ∩ F(x) ⊆ S(x) ∩ F(Z)).
Note from assumption (a) that Q(x) is closed (in Y ) for each x ∈ Z . Also for each finite subset A of Z
note that F(co (A)) ⊆ S(A). Now since Z is convex we have co (A) ⊆ Z so F(co (A)) ⊆ F(Z) ⊆ F(Z)
. Thus F(co (A)) ⊆ S(A) ∩ F(Z) = Q(A). Also F ∈ B P K (Z ,Y ) and since F is upper semicontinuous
with compact values and Z is compact then F ∈ B P K (Z ,Y ) is a compact map. Now Corollary 2.9 (with
X = Z , Y = Y , F = F and S = Q) guarantees that F(Z)

⋂(⋂
x∈Z Q(x)

) 
= ∅. Thus there exists a
w ∈ F(Z) with w ∈ ⋂x∈Z Q(x). Now since for x ∈ Z we have Q(x) = S(x) ∩ F(Z) ⊆ S(x) we have
w ∈ ⋂x∈Z Q(x) ⊆ ⋂x∈Z S(x), and also since Z ⊆ X we have w ∈ F(X). Thus F(X)

⋂(⋂
x∈Z S(x)

) 
= ∅,
which contradicts (2.2). ��
Remark 2.14 We can observe more in Theorem 2.13. In fact F(X)

⋂
K
⋂(⋂

x∈X S(x)
) 
= ∅ since K ⊇⋂

x∈C S(x) and
⋂

x∈X S(x) ⊆⋂x∈C S(x) yields

F(X)
⋂

K
⋂

(
⋂

x∈X

S(x)

)

⊇ F(X)
⋂

(
⋂

x∈C

S(x)

)
⋂

(
⋂

x∈X

S(x)

)

= F(X)
⋂

(
⋂

x∈X

S(x)

)


= ∅.
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Remark 2.15 Note that the assumption that F ∈ B P K (X,Y ) is upper semicontinuous with compact values can
be replaced by F ∈ B P K (Z ,Y ) is a compact map in Theorem 2.13 (here Z is as in the proof of Theorem 2.13).

Remark 2.16 Theorem 2.13 extends and generalises Theorem 8 in [4] (see also [3]).

Remark 2.17 We now present an observation about condition (c) in Theorem 2.13. Since
⋂

x∈C S(x) ⊆ K
we have Y\K ⊆ Y\ (⋂x∈C S(x)

) = ⋃
x∈C (Y\S(x)). Thus if z ∈ Y\K then there exists a x ∈ C with

z ∈ Y\S(x) ≡ T (x) (here T (w) = Y\S(w) for w ∈ X ). As a result x ∈ C and z ∈ T (x) i.e. x ∈ C and
x ∈ T−1(z) i.e. T−1(z) ∩ C 
= ∅. Thus if z ∈ Y\K then T−1(z)

⋂
C 
= ∅.

The contrapositive reformulation of Theorem 2.13 is as folows (see Theorem 2.1).

Corollary 2.18 Let X be a convex subset of a Hausdorff topological vector space and Y a subset of a Hausdorff
topological space. Suppose F ∈ B P K (X, Y ) is an upper semicontinuous map with compact values and T :
X → 2Y is such that (a). T (x) is open (in Y ) for each x ∈ X, (b). F(X) ⊆ T (X), and (c). there exists a compact
subset K of Y and a convex compact subset C of X with Y\ (⋃x∈C T (x)

) ⊆ K . Then there exists a finite set
M ⊆ X with

F( co (M))
⋂

(
⋂

x∈M

T (x)

)


= ∅.

Proof Let S(x) = Y\T (x) for x ∈ X and note that condition (a) in Theorem 2.13 is satisfied. Suppose for each
finite set A ⊆ X we have F( co (A))

⋂ (⋂
x∈A T (x)

) = ∅. Then

F(co (A)) ⊆ Y\
(
⋂

x∈A

T (x)

)

=
⋃

x∈A

(Y\T (x)) =
⋃

x∈A

S(x) = S(A),

so condition (b) in Theorem 2.13 is satisfied. Also notice

⋂

x∈C

S(x) =
⋂

x∈C

(Y\T (x)) = Y\
(
⋃

x∈C

T (x)

)

⊆ K ,

so condition (c) in Theorem 2.13 is satisfied. Now Theorem 2.13 implies F(X)
⋂(⋂

x∈X S(x)
) 
= ∅, which

contradicts assumption (b) in Theorem 2.18 since

⋂

x∈X

S(x) =
⋂

x∈X

(Y\T (x)) = Y\
(
⋃

x∈X

T (x)

)

= Y\T (X).

��
Remark 2.19 Now we make an observation about condition (c) in Corollary 2.18. Since Y\ (⋃x∈C T (x)

) ⊆ K
we have Y\K ⊆ Y\ (Y\ (⋃x∈C T (x)

)) = ⋃
x∈C T (x). Thus if z ∈ Y\K then there exists a x ∈ C with

z ∈ T (x) so T−1(z) ∩ C 
= ∅.
Remark 2.20 We now make an observation about a coincidence. Note from Corollary 2.18 that there exists a
finite set M ⊆ X and a z ∈ F( co (M))

⋂ (⋂
x∈M T (x)

)
. Therefore z ∈ F(w) for some w ∈ co (M) and

z ∈⋂x∈M T (x). Note that z ∈ T (x) for all x ∈ M i.e. x ∈ T−1(z) for all x ∈ M so w ∈ co(M) ⊆ co(T−1(z))
i.e. z ∈ F(w) and w ∈ co(T−1(z)).

We now extend Theorem 2.13 to collections (see Theorem 2.8).

Theorem 2.21 Let {Xi }ni=1 be a family of convex sets in Hausdorff topological vector spaces and {Y }ni=1 a family
of sets in Hausdorff topological spaces. For each i ∈ {1, . . . , n} let Fi ∈ Ad(Xi ,Yi ) and Ti : Xi → 2Yi is such
that (a). Ti (z) is open (in Yi ) for each z ∈ Xi , (b). Fi (Xi ) ⊆ Ti (Xi ), and (c). there exists a compact subset

Ki of Yi and a convex compact subset Ci of Xi with Yi\
(⋃

w∈Ci
Ti (w)

)
⊆ Ki . Then there exists a finite set

M ⊆ X =∏n
i=1 Xi with

⋃

y=(yi )
n
1∈co (M)

n∏

i=1

Fi (yi )
⋂

⎛

⎝
⋂

x=(xi )
n
1∈M

n∏

i=1

Ti (xi )

⎞

⎠ 
= ∅.
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Proof Let F(x) = ∏n
i=1 Fi (xi ), T (x) = ∏n

i=1 Ti (xi ) for x = (x1, . . . , xn) ∈ X , C = ∏n
i=1 Ci and K =∏n

i=1 Ki . The argument in Theorem 2.8 guarantees that F ∈ Ad(X,Y ) (here Y = ∏n
i=1 Yi ), T (x) is open (in

Y ) for each x ∈ X , and F(X) ⊆ T (X). Finally notice

Y\
⋃

w=(wi )
n
1∈C

T (w) =
⋂

w=(wi )
n
1∈C

(Y\T (w)) =
⋂

w=(wi )
n
1∈C

n∏

i=1

(Yi\Ti (wi ))

=
n∏

i=1

⋂

w=(wi )
n
1∈C

(Yi\Ti (wi )) =
n∏

i=1

⎛

⎝Yi\
⎛

⎝
⋃

w=(wi )
n
1∈C

Ti (wi )

⎞

⎠

⎞

⎠ ⊆
n∏

i=1

Ki = K .

Now Corollary 2.18 guarantees the existence of a finite set M ⊆ X with F( co (M)) ∩ (∩x∈M T (x)) 
= ∅. ��
We finally note that the results in this paper can be used to generate variational and minimax type inequalities.

To illustrate this we will consider Corollary 2.10 and we will take one real valued function to initiate the idea.

Example 2.22 Let X be a convex subset of a Hausdorff topological vector space and Y a subset of a Hausdorff
topological space. Suppose F ∈ B P K (X,Y ) is a compact map and assume that there exists a φ : X × Y → R
with (a). for each fixed x ∈ X , the map y �→ φ(x, y) is lower semicontinuous on Y , and (b). F(co (A)) ⊆ S(A)
for each finite subset A of X where S(x) = {y ∈ Y : φ(x, y) ≤ 0} for x ∈ X . Then there exists a y0 ∈ Y such
that φ(x, y) ≤ 0 for each x ∈ X .

To see this notice (a) guarantees that S(x) is closed in Y for each x ∈ X , so Corollary 2.10 guarantees that⋂
x∈X S(x) 
= ∅. Take y0 ∈⋂x∈X S(x), so φ(x, y0) ≤ 0 for each x ∈ X .

Remark 2.23 We now give an example of a map F ∈ B P K (X,Y ) in Example 2.22. Assume that there exists
a ψ : X × Y → R with for each fixed x ∈ X , {y ∈ Y : ψ(x, y) ≤ 0} is nonempty, compact and acyclic. Let
F : X → 2Y be given by F(x) = {y ∈ Y : ψ(x, y) ≤ 0} for all x ∈ X and assume F is upper semicontinuous.
Then F ∈ AC(X,Y ) so F ∈ B P K (X,Y ).

Example 2.24 Let X be a convex subset of a Hausdorff topological vector space and Y a subset of a Hausdorff
topological space. Assume that there exist maps φ, ψ : X×Y → R with φ(x, y) ≤ ψ(x, y) for (x, y) ∈ X×Y ,
and for each fixed x ∈ X , the map y �→ φ(x, y) is lower semicontinuous on Y . We will consider the minimax
inequality:

inf
y∈Y

sup
x∈X

φ(x, y) ≤ sup
x∈X

inf
y∈Y

ψ(x, y). (2.3)

If supx∈X inf y∈Y ψ(x, y) = ∞, then (2.3) holds. We will now assume supx∈X inf y∈Y ψ(x, y) <∞, and in this
case for eachα > supx∈X inf y∈Y ψ(x, y) (or alternatively, for eachα ∈ R) let Fα(x) = {y ∈ Y : ψ(x, y) ≤ α},
Sα(x) = {y ∈ Y : φ(x, y) ≤ α} for x ∈ X , and assume if Fα(x) has nonempty values for each x ∈ X then
Fα ∈ B P K (X,Y ) and it is a compact map, and Fα(co (A)) ⊆ Sα(A) for each finite subset A of X . Then (2.3)
holds.

To see this suppose (2.3) is false. Then there exists a α ∈ R with

sup
x∈X

inf
y∈Y

ψ(x, y) < α < inf
y∈Y

sup
x∈X

φ(x, y). (2.4)

Now either there exists a x0 ∈ X with Fα(x0) = ∅ or Fα(x) 
= ∅ for each x ∈ X . Suppose first there exists
a x0 ∈ X with Fα(x0) = ∅. Then ψ(x0, y) > α for each y ∈ Y , so inf y∈Y ψ(x0, y) ≥ α, and as a result
supx∈X inf y∈Y ψ(x, y) ≥ α, a contractiction (see (2.4)). It remains to consider the case when Fα(x) 
= ∅ for
each x ∈ X . Then Fα ∈ B P K (X, Y ) and Corollary 2.10 guarantees

⋂
x∈X S(x) 
= ∅, and let y0 ∈⋂x∈X S(x).

Thus φ(x, y0) ≤ α for each x ∈ X , so supx∈X φ(x, y0) ≤ α, and as a result inf y∈Y supx∈X φ(x, y) ≤ α, a
contractiction (see (2.4)). Thus (2.3) holds.
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