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Abstract This note studies the inhomogeneous generalized Hartree equation
in+ Au = :|:|x|7p|u|p72(ly |- ulPu, p>0,p>2

The goal of this work is two-fold. First, one obtains the existence of a local solution in C7(H?**), where the

2-2
critical Sobolev exponent is given by the equality )\ij”y leo(A) |l grse = lluoll s - Second, one investigates the
uniqueness of critical solutions in C7(H*¢). Indeed, since one uses a fixed point argument in some Strichartz
spaces, the uniqueness in the energy space is not trivial. In fact, the technique used in order to obtain the existence
of a local sub-critical solution, which consists to divide the integrals on the unit centered ball of RV and it’s
complementary is no more sufficient to conclude. To overcome this difficulty, one uses a fixed point argument
with Strichartz estimates in some suitable Lorentz spaces, which enables us to handle the inhomogeneous term

N (0.¢]
by the fact that |x|™” € L»" .
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1 Introduction

This work considers the Cauchy problem for a generalized Hartree equation

.. _ —py,1P—2 AP ulPyu:
{lu+Au—M|X| |l P==(y - 7P |l P)us (1.1)

U|=0 = UQ-
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Here and hereafter u is a complex valued function of the variable (¢, x) € R x RY, for some integer N > 1. The
inhomogeneous decaying term is |x|~”, where p > 0. The Riesz-potential is defined on R" by

, )

y =
r(4)m72r| . |N-7

, O0<y <N.

The above equation is a generalization of the Hartree problem, which corresponds to p = y = 2, p = 0 and
N = 3. The nonlinear equations of Hartree type model the mean-field limit of some quantum systems [12].
It arises also in Bose-Einstein condensates of a gas of bosonic particles [2,22]. The stationary equation was
introduced by Ph. Choquard in order to describe the one-component plasma [20].

If u resolves the generalized Hartree equation (1.1), then also does the family

2-2p+y 2
u)y = X200 y(A*-, A), A >0.

_ (N _2-2p+y . . .
The identity [us ()| gs = A~ G )||u(A2t)|| f1+» gives the only one homogeneous Sobolev norm invariant
N_ 22ty . . . . . . .
under the above scaling, H% := HZ 2»-D _ Two particular situations were widely investigated in the literature.

The first one , called mass-critical regime, corresponds to s, = 0 and with an equivalent way p = p. =
# + 1. This case is related to the following mass conservation law

MIu()] :=/ lu(t, x))?dx = Mlug).
RN

The second one, called energy-critical regime, corresponds to s, = 1 and with an equivalent way p = p© :=
yJ}er_:zzp + 1. This case is related to the following energy conservation law

Bl = [ (19007 + 2 017Gy 1) )dx = Eluol
RN p

Similarly, the H*-critical regime corresponds to s. = s and with an equivalent way

o y+2-2p

p =D = N — 2 + 1. (1.2)

In this note, one considers (1.1) with the Duhamel integral formulation
w=eduy— m/ ei<'*T>A[|x|fﬂ|u|P*2(Jy «|- |*P|u|P)u] ds.
0

To the authors knowledge, the inhomogeneous Hartree equation was investigated in few papers. The first
work dealing with this topic seems to be [13], where the instability of standing waves was obtained for small
frequency under the conditions: p = 2, N > 3,0 < p < 2and N — 4+ 2p < y < N. Later on the
inhomogeneous generalized Hartree equation was considered by the first author [1], where a sharp threshold of
global well-posedness versus finite time blow-up of energy solutions was obtained via a Gagliardo-Nirenberg
type estimate and the existence of ground states. The scattering of the spherically symmetric focusing global
solutions, in the inter-critical regime, under the ground state threshold was proved by the first author in [25],
using a new approach due to Dodson et al. [11]. The radial assumption was removed in [26]. The scattering of
the defocusing global solutions in the inter-critical regime, was obtained by the authors in [24]. Recently, the
well-posedness and scattering for the critical inhomogeneous generalized Hartree problem was treated in [4,6].

It is the aim of this paper to develop a local theory of the inhomogeneous generalized Hartree equation (1.1),
in the energy critical regime. Indeed, the method used in [1, Theorem 5.1, Theorem 5.2] is no more applicable in
the critical case. To the authors knowledge, there is two methods used in the literature to overcome this difficulty.
The first one is to use a fixed point argument in some weighted Sobolev spaces [16,18]. This way was used
recently in [4, 17]. The second method uses a fixed point argument in Lorentz spaces [3, 15]. In this manuscript,
one follows the last method and one deals with the complications due to the non-local source term.

The rest of this paper is organized as follows. Section 2 contains the main result and some standard estimates.
In section 3, one proves the main result.
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Here and hereafter, one denotes, for simplicity, the Lebesgue and Sobolev spaces endowed with the usual
norms

L =L Ry, H :=H®R);
Il s= 0t 0= 2
1
R (R CYSER
Moreover, for p, ¢ > 0 and u, v € C, one defines the complex quantities
NP, ) o= x| 7Py * |- |7 QulP)ul? 2
NP (u) = NP (u, u);

Nu,v) = NPPu,v);
N@w) :=N(u, u).

Finally, for an eventual solution to (1.1), 7* > 0 denotes it’s lifespan.

2 Main result and useful estimates

This section contains the main result and some estimates needed in the sequel.

2.1 Main result

The novelty of this note is to obtain the local existence and uniqueness of energy critical solutions to (1.1).

Theorem 2.1 Let 1 < N <3, max{O,N —2s —2} <y < N,s >0and p > 0. Takew <Ss. <s
and uy € HS.

1. Assumethats < 1,s < % y<N—=2sandy <2p <min{2s +y, N —2s + y}. Then, there is T > 0 and
a unique local solution of (1.1), in the space

Cr(H®) N LI (W5"),

where (q,r) is an admissible pair in the meaning of Proposition 2.9. Moreover, the mass (and energy if
s = 1) is conserved. Furthermore, if s = s, the solution is global and scatters in H®, for small data.

2. Assume that N € {2,3}, s > 1, y < 2p < min{2 + y, 4} and (3.12) is satisfied. Then, there is at most one
solution of (1.1), in

Cr(HY).
In view of the results stated in the above theorem, some comments are in order.

e The condition w < s <1 gives the restriction on the spatial dimension N <2s +2 —2p +y <
21 +5) < 4

e in the proof, one needs the restriction y < 2p;

o the global existence and scattering for small data follow with classical arguments;

e the novelty here is the investigation of the critical case s = s.. This extends [1] which treats the inter-critical
regime;

o the essential ingredient here is the use of Lorentz spaces;

e the assumption w < s is equivalent to p > 2, which is due to the singularity of |u|?~2 for p < 2;

e the assumptions on s, can be written using p as follows

e the above result covers the energy-critical regime s. = 1, contrarily to [4]. It complements [15] to the space
dimensions N = 1, 2;
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e the problem(1.1) was treated in [17], using some weighted Strichartz type estimates;

o the first point in the above Theorem gives the uniqueness of solutions to (1.1) in the energy space intersected
with a Strichartz one;

e the existence and uniqueness of solutions to (1.1) in C7(H?*) follows fors = land2 < N < 3;

e the condition (3.12) is possible at least fors — 1, y, p — O and N = 3;

e one denotes the Sobolev-Lorentz spaces [19],

Wir = [ — A)217'LM and WT = (—A) T L™

e the scattering in H* for small data means that there is ¢ > 0 such that if |[ug||zs < ¢, then, there exists
us € H* such that lim; oo lu(t) — e~ ®uy||gs = 0;
e the uniqueness of H*-critical solutions follows the method used in [7, Proposition 4.2.5];

e Taking account of the property |x| ™ € L %‘oo, Lorentz spaces were used in order to obtain the local existence
of energy-critical solutions to NLS with an ihomogeneous local source term [3], see also [5] for the fractional
INLS. The presence of a non-local source term in (1.1) gives serious technical complications;

e in a paper in progress, the authors treat the ground state threshold of global existence and scattering versus
finite time blow-up of solutions in the spirit of [8].

2.2 Useful estimates

Let us start with giving some properties of Lorentz spaces. If f : RN — C is a measurable function, one denotes
the associated Schwarz rearrangement by

f¥(s) :==inf{A > 0, [{x e RN, | f(x)| > A}| < s}.

For 0 < p < oo and 0 < g < oo, one denotes the Lorentz norm

1

. 1
' (1 fow(tﬁf*(z))qg)q, 0<p,q<oo;
”f”pq = p 1
Sup,-ot? f*().
The Lorentz space is

L74(RY) := {f measurable , || f|lp.q < 00}

It is a quasi-Banach space endowed with the above quasi-norm. Moreover,

LP-P =LP L% = L% (convention);
g L9 7
- lpg =11 pygy. Vv >0
— N o0
|-|7PeLr .
In what follows, one gives the so-called generalized Holder’s estimate [23].
Lemma 2.2 Let 1 < py1, p2, p <ooand 1 < qy, g2, q < 00 such that
1 1 1 1 1 1
—=—+4+— and - < —+ —.
p P1 p2 q q1 q2
Then, there is C := Cy p; 4; such that

luvllp.g = Cllullpr.gi IVl pyga-

Recall also some convolution properties [23].

Lemma 2.3 Letl<pl-,p<oo,1§q,qi§ooand1+%=%+

< =

1
p2’
”f *g”P"I 5 ”f”p],q] ”g”pz,qZ'

Now, one recalls a Hardy-Littlewood-Sobolev inequality [21].
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Lemma 2.4 Let0 <y < N > 1. Then,
1. ||Jy*f||aq Il oI gy SN e #1<q2<q<ooandiy<a<oo;

1 N
Ny * Hglag SN v I8 ang 170 = Telilcotl<caam<oo g% <a < coand
N+tayy’
111

a aj ap’
Recall also some classical Sobolev embeddings [19].

Lemma2s5 Letl <r <oo, 1 <g<ooand0 <s < % Then,
W s LU0 R,
The next fractional chain rule [9,10] will be useful.

Lemma26LetN>10<,B<l 1 < p,p1, p2<ooand1<qq,§<>016{l234}Assumethat

1 _ 1,1 _ 1,1 1 __ 1 L_L L
E_p1+ _p3+p4’q_q1+qz + andFeC(C) Then,
II(—A)fF(u)IIp,q S II(—A)fullpl,ql IF' )l pyg- I q.41. G2 < 00 (2.3)
B B B
[(=2)Z@V)p.g S N=D)Zullp g 10 pr.go + 1(=D) 201 3. gs 1]l py.gs- 24

Let us give a Bootstrap result.
Lemma 2.7 Letk > 1,b > 0and0 < a < (’(T_l)(/cb)%. Take X € C([0, T1, Ry) satisfying
X(t) <a+ b(X(t))K, Vielo, Tl
X(0) < (kb)TF .
Thus,
X(1) <

K
la, Vtel0,T]

Proof The function f(x) := bx“ — x + a is decreasing on [0, (b/c)ﬁ] and increasing on [(b/c)ﬁ, 00). The

we conclude the proof by a continuity argument.
Let us recall the so-called Strichartz admissible couples.

Definition 2.8 A pair of positive real numbers (g, ) is said admissible if

1 1 2
NG ===, 2.5)
r q
and
2<gq,r< if N>3; (2.6)
2<gq,r<oo if N=2;; 2.7
2<gq,r<o0 if N=1. (2.8)

For short, one denotes by I' the set of admissible pairs.

Finally, one recalls a standard tool to control solutions of (1.1), namely the Strichartz estimate [ 14, Theorem
10.1].

Proposition 2.9 Let N > 1. Then, there exists C > 0 such that

1€ ull oy < Cllul;

2.0 o' A f@y dellarry < ClFll a2y

Here, (q,r) and (g, T) are admissible in the meaning: q, q > 2 and

N(l 1)_2 N(l 1)_2
2 r _q’ 2 F _c}'
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3 Proof of Theorem 2.1

In this section, one establishes the main result of this note.

3.1 Local existence of solutions

In this subsection, one proves Theorem 2.1 about the existence of a local solution to (1.1). Take an admissible
pair (¢, r) € I to be fixed later. First, by Lemma 2.4 and Lemma 2.2, one writes

—p p—2
IN G o)l S NHxI™ puplll/(l Ly, 220-n [l PuP "ol 2
N s ) 2.7 1

< xl~” 113 u? L, y—py 2@p—1 ul=2v i 202p-1
S Il | ||1/(H+u) oo 6”0l s g 0
u 2y
” ”p/(l+y 0)2(21) 1>|| ”1/(1 /J) 2(2P l)
P
S llull PIGE+ 52 202p 1)|| ||1/( I ) vl 22p—1)
u v
S 1y vca s I, g h-paa- Il 22p-1)
p
u v
S LS RPN [
Here,
1, 1 1
11_1;4_5_'_%’1 1 (1 1
Y=p _s 1 1 _p 1y
E(al"' 1\}// )p—7 N_p72(a2 N r)’
0< a+ N < 1,
0< ai - &<l
1L _p_1
0< oo N < 1
A direct computation gives
2Np
2s(p 1)+)/+N 2p
a1 = §- 2s
a y2N
2= - 1)y(§;y)+2(p+s)’
?< q—i— pN < 1;

Here, r is well defined because 2s + y > 2p and one needs to check that

r>2, aj >

and ap > 1.
-V

This is equivalent to

y=2p.

N>y+2s, p>1+ 555
p>1-— 2N L ys.

This is satisfied because N > y + 2s. Indeed, p > 2 and y < 2p < 2s + y guarantee the other inequalities. In

fact, for the last estimate, it is sufficient to have 2 > 1 — ZNAT £ ;S , which reads 3N > y + 2p + 2s. This holds

because y 4+ 2p + 2s < 2y + 4s < 2N. Now, one checks that

| 2N
1 _ 2s(p=D+y+N-2p <Ll _pr_ (p—DHN+y)+2(p+s)—2pp

r 2Np as N 2Np <L

{0 < ai + y;p _ N—-25+y—2p <1
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This reads

0<N-2s+y —2p <2N;
2s(p—D+y+N-=-20<(p—DWN+y)+2(p0+s)—2pp <2Np.

This is satisfied if

0<2p <N —2s+vy;
25(p—D+y+N-2p<(p—-DWN+y)+2(p+s)—2pp <2Np.

The above system reads

0<2p<N-—-2s+vy;
yHN=2s+p) < (p—D(y+N-26+p);
2(s = N) <2(p— 1)(N +2p — p).

So,because s <1 < Nand 0 < y < N, itis sufficient to write
p>2 0<2p<N-—-2s+y.
Now, with Sobolev embedding in Lemma 2.5, one has

IN @, vl 2 S llul?

pP—
s U] ARSI L

2p-1)
S llu || ] PP

Letgq : —(N T2 be such that (¢, r) € I'. Indeed, 2p > y and (N —2s)(p — 1) <24y — 2p give
q > 2. Thus, by Holder estimate

2(p—1
T 2o

N (u, )|l 14 (WS")HUHL%(L"Z)' (3.9

Lq (L'/ 2)

Moreover, 1 — 22 = 2+V—2p—(’2’_1)w—2s) >0and 1 — 271’ =0ifandonlyif p = pS =1+ 2+y 2p . Now, let
us estimate the term
M@, w) == (Jy * [ - [P ul? w]) x|~ )P
Using Lemma 2.4, one writes
L < —p,r—1 —p,p—1
M@, wyllyr2 S ™ u w”l/%%%”?” 1™ u ”“2'2(?)”—_11)

—p 2 —1 —1
5 |||x| p”ﬂ OO”MP U)”]/(i+y—p) 2(217—') ”up ”]/(L,%) 2(217—11)
s P

p—1
St ey apeny 1020 1o,
p—l1 p—1
wr2.
YA Ll AP 17
Here,
=1+ 4+
-
1,1 y_1_ s _ 1 (1 oy.
ﬁ(a_"_T_?)_?_N__l(a__ﬁ)’
S
0< i_p <1
a) N
A direct computation gives
2Np
25(2])—1)+V+N TR
ay = NN
2 2Np

Q= Gy 2
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Here, one needs to check that

r>2, a > and ap > 1.

N -y

This is satisfied by previous assumptions. Now, one checks that

% _ 2S([’—1)+)’+N 20 _ + V p_ N+2}/N—2l’ <1
1 _p _ (p 1)(N+y 2s)+2p 2pp
0< o N= INp < 1.

This is satisfied because
2p < N+ y —2s.

Thus, by Sobolev injections

MG 0l sy S T Tl ol oy (3.10)
Let us estimate the next quantities

(1) = 1y L 17275 ulP) x| P 2

() = [ (Jy * |- 1P [ulP~ (=) 2u) x| P |l P o

(1) = [y = 1Pl x )P P o

(I1) == (Jy * | - 17l P) x| =P ulP 2 (=A) 2ully 2.

The second and last terms can be controlled as previously

2p
< 1-22 2= 1o ANS < =2 2p=1) .
(1) + () S Tl G =M ollg gy S T4 Mgl 10l iy
One writes by Lemma 2.4,
—p=s,p puP=2y
(1) S Mx™P " u ||1/(1 ), 2= ™ u ||a2,2<2;11—11>

fluP =2

< X775 u —s—p. 22p=1 11X 7P|l & u 202p—1
S il TP P ey [ e PO L R et

-2
u u 2(2p—1
” ”p/(all y—s— p) 22p—1) ” ”1/(%_%)’ (1){1 )

-2
||u||p/(a1l+y Sy 2(2p—1 )”“ ”1/(%_%_%_,’_%)’2(?717:21) “u||1/(r1—%),2(2p—1)

< p
||M||p/(all+y 50y 2(2p— 1)” ” (p— 2)/((1127 +3Np)2(2p 1)”““1/(,_7) 22p—1)

p
S0P 1y, W, 11

Here,
L4141
11_1r+a'+a2’ 1 11 1
1ol L y=p=sy_ 1 _ s _ L =5 Ly
p_‘fm +1 N )= r N T p72(a2 N r)’
STp 14 r .
N 1< a TN 1< I;
I_s 1L _ 5
O<s—-%< 5N < 1
A direct computation gives
;= 2Np
- 25(2P—1)+V+N 2
a) = 2
N o
@ 2

= G—D(N+y—25)+2p"
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Here, one needs to check that

r>2, a > and ap > 1.
This is satisfied sufficiently if
N > 2s;
{P > 1+ 55
This is satisfied as previously. Now, let us chack that
{ W <athk=G5 <l
0 < % _ % — ZS(p—l)zJIrv;;+N—2p _ % - (p—l)(Nzﬁ;\;/p—ZsHZp _ % — al_z _ % <1
The first line above is satisfied because
2p < N+y —2s.
The second line in the above system reads
O<N+y—-2p0-2s <(p—D(N+y—25s—2p) <2Np,
which is satisfied because
p > 2.
Moreover, the term (/ /1) can be estimated similarly and with Sobolev embedding, one has
1) + () + (1) + ) S el oy S T 7 Il i
LY A LI (W5
Thanks to the fractional chain rule in Lemma 2.6, one gets
183Ny iz S Wl L ,ry S T Wl e (3.11)

Now, take the function

f) =ePuy—in / e CTOAMN () dr.
0

Take also for R, T > 0, the closed ceneterd ball of L%(Wzs’r) with radius R, denoted by
Br(R) = (u € LYW3"), |l isr, < R),
endowed with the complete distance
d(u,v) = |ju — v||L;(L,,2).
e First case p < p§. Let us write the elementary identities

-1 1.
ul? = IP] S lu = ol (qul”~" + P70,

ul? =2 — ol 0] S lu = vl(ul? =2 + [P,
Denote w := u — v. Then, using Strichartz estimates and (3.9)-(3.10), one has

d(f), f() S IN@w) =N

LY (Lr'2)
< AP (1ylP — |p|P =po1,P=1y
S Iy 00177 (ul [IP)DIx] ™ u IIL% w2
I, |- 7Pl x| 7P (ulP2u — P 20)| .
+ 1y [ 7P lP) x| 7 (Jul [v] )||LqT(L,,2)
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- -1 -1 - -1
SNy #0172 ul?™ + [P HwD x| ul? I 2
T

1y - 1P P (ul? > 4 ol w0,
L (Lr'2)

2p
< pl=% 2(p=D 2(p=1
ST a9 (llu ”L?(W;*') + ”U”L;(W;’r)) ”w”]“é(Lr,Z)

< Tl_%p R*P=Dg(u, v).

Moreover, Strichartz estimate with (3.11) give

1f @Ol gy S Mol s + II(—A)fN(M)IIL?(L,/.Z)
2p—1

1-22
< - q .
S luollgs + T IIMIIL?(W.;J)

_2
< clluoll s +eT' ™0 R¥P71.

Since p < p¢,onehas 1 — 27‘" > 0. Thus, the existence of a local solution to (1.1) follows with a classical Picard

argument by taking cllugll s < % and0 < T << 1.

— 71 .
e Second case p = p{. In such a case 1 — 2qu = 0. Taking 0 < R < ¢ 2-D, one has the contraction

d(f @), f() < cR*PVd(u, v).

Moreover, by Strichartz estimate, there is € (7)) — 0 as T — 0 such that

PP i-A . — 3 /
17 Gy qigry < e Suollg igry +el=BIN@I Ly oo

2p—1
LWy

A

i A
e 2uoll 1 sy + cllu

e(T) + cR*P7 1,

IA

Now, choosing 0 < T << 1, one obtains a contraction of Br (R). The existence of a local solution to the energy
critical problem (1.1) follows with a standard Picard fixed point argument.

3.2 Small data theory
Since s = s, the above calculus give

d(f ). f@)) < R Dd(w, v):
1@ iy < clluoll o + R

1
Thus, denoting by ¢ := [lug|| ;- and taking R := 2ce, one has for 0 < ¢ < (2c)_2<1’*1)_1,
ce +cR*™ 1 < R and cR?*P~D < R.

Thus, with a standard fix point argument, there exists a global solution for (1.1).
Now, take 0 < ¢, ' < oo and using Strichartz estimate and Duhamel integral formula via previous calculus

itA iAo L < ,
et = & Au) i SIN Ly s

< 2p—1
S g w3
Taking account of the above calculus with f(#) = u, via Lemma 2.7, one has

2p—1
||u||Lq((z,;/),w;v’) Set ”u”LQ((z,t’),W;") S e
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Thus, when t — o0,
éPu(t) > uy, in HE.
Then, when r — o0,

ut) —> e "u,, in H°.

This finishes the proof.

3.3 Uniqueness of energy solutions
In this subsection, one proves the existence of at most one solution to (1.1) in the energy space. Take T > 0 and

two solutions of (1.1), denoted by u, v € Cr(H*) and w := u — v. Taking account of the integral formula and
Strichartz estimates, one writes

< — /
ol ey S NG = NOI g g

where (g1, r1) € I to be fixed later and

4p 2Np )eF

(q,r) ¢=((N_ZS)(p—1)—y+2p’2s(p—l)+y+N—Zp

Arguing as previously, one writes

IN@) =N o S Iy #0177l — I D Ix ]~ fu] P~

I iz
- - -2 -2

1y -1l Qul?2u = P20l g

L%

- -1 -1 - -1

SNy 1172 QulP™ A+ P DwD =Pl g

Ly (L'17)
0y L PP P Qul P72+ ol P Hwl

Ly (L'1°7)

So, it is sufficient to control the terms

N u, w / ’ and M u, w ’ ’ .
” ( )” ?1( r1,2) ” ( )” ‘11( '"|*2)
By Lemma 24, one writes

< —p, P —p,P—2
IN G, w2 < lxl™ u ||1/(ﬁ+%),2<2;;—1> I ?u?wll,, 2cp-n

< |1x|~ 13 u? _ y |[uP 2w _
~ ”l | ”%,OO” ”1/(%_’_%)’2(2}; D ” ”1/(%_%)’2(1{11)

< lu|l” _ uP2w 20p—1
S ||p/(ﬁ+pr)’2(2p71)|l ||]/(%,%)’ 2o
< |lu|l” _ ub=? 22p—1 ||W _
S ||p/(ﬁ+pr)’2(2p_1)|l ”1/(%_%_%)’ (p‘iz)|| lr22p—1
)
< ull? _ ull? w _
SN vy aep-n 1Mk~ g - baep-n 1 In20r-D
)
< ull? _ ull? wll2.
S el /(ﬁ+pr),2” ”(P—2)/(é—%—%)’2” 2
Here, one assumes that
11,1,
11_r1+af41_a2’ 11 Iy _ 1
1 _ s el 4y ¥y=py 1 1 _p 1 1
2<r a >~ a> 1.

o
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Let us start with a;, which satisfies

1 y=p 1 P _Y=—>p
PG-N) = F Sy =3
1 _ Ny
ap N
This gives necessarily
(1 s ) y—p N-—y
- — =) — <
P~ W N N
Thus,
N —2p+2s
<l4+—.
L T
This is satisfied if p{ < 1 + %. This is true because s > 1 gives
24y < N +2s.
S. _ 2Np .
ince r = 5o TN =250 let us pick a such that
p 1 2s(p—D+y+N-2p 1 P p—2 2s(p—D+y+N-=2p
¥t -DG-P+= 5, =L =<vtETt ",
a > 1.
This is possible if

p s 25(p—D+y+N-2p
R (= — —
N+(p )(2 N)+ Np <

1.

This is equivalent to
O(p) = (N—2s)p2—2(2N—p—3s)p+N+y—2s—2,o < 0.

The above polynomial function has two different roots because N > 2s and Q(1) < 0. Thus, the previous
estimate reads

Q(ps) < 0.

This is equivalent to

2+y—2p 2+y—2p
) 2N = p =)

N -2
( $)( N —2s N —2s

—2N+y +2s <0.

This is equivalent to
Q4y —202—2(N—p—95)2+y —2p)+ (N —25)(=2N +y +2s5) < 0. (3.12)
Finally, one needs to have an admissible pair

1 1 1 1 p p—y p p=—2 1
-<l-——=—4—<=-"4+— 4 — 4+ — 4+ —.
B r al+az_2+ N +N+ 2 T

This is satisfied because 2p — y > 0. Thus, with Sobolev injections and Holder inequality

1 1
, < @ Td r2p=D)
”N(M, w)”ngl (Lri’z) ~ T "u”L%O(Hv) ”w“L;{(Lr,z).

Now, the inequality ¢] < g reads

1 1 2 2 1
N(—-)=—<2——=2—N(=—
2 r

l)
q q1 2
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Thus,
1 1 2 1 1 2 1 s 20—y 1 2
->1l-———==—4+———3>2(p—D(=z— = - ——.
ro ri N a1+a2 N>(p )(2 N)+ N +r N
This is satisﬁedifp§p§.Moreover,q—1,—61120andqi/—ql=Oifandonlyifp=p§.Now,let(qz,r2)el"
1 1

to be fixed later and the term

M(u, w o,
| M( )||L¢;2(L,2,2)

Using Lemma 2.4, one writes

1M w)llyg o S Nl wlly 1 s ] ™7u” ™, 2apen
S [ Yty P
< Null? ‘W(Jﬁy o1y 20y 0201 s g 200
S llu ”(p 1)/(l+y £_1)20p— 1)” ||1/(f_,) 202p— 1)”w||r2(2p 1)
S N ] sy (S

Here, one assumes that

_ 1 1 1.
1I_E—Fal_i_% Y—r 1 1 1 P 1
N
j_ﬁfm(c_“l‘ ;),m(a—ﬁ)fj,
r =2, 61>N%,02>1
Take the real number c; satisfying
(-G -0+ 2 < L <cmintZ L4 £
- D(z——)+— —<m1n —, 1}.
P N TN e N

This implies that

PR S A
(p )(z N) N<-

2(N p)

, under the assumption 2 < 2 + y < 2N, which holds because
2Np
2s(p—1)+y+N-2p"

This is satisfied because p < p§ <1+

2 <N <3andy < N.Now, since r = let us pick c; such that

2s(p—D)+y+N-2 — —1 | 2s(p=D)+y+N-2p.
B (p = (b = )+ RO < L <oy pply BOSIgN,
N
Cl>N_]/'
This is possible if
p—Y 2s(p—1)+y+N—-20p N-y
r_7 — (= - = .
N +(p )( ) INp <N
The above estimate reads
P 1 s 2s(p—D+y+N—-2p
— —D(= — — 1.
N+(p )(2 N)+ INp <

This equation is weaker than (3.12) and so is satisfied. Finally, let us check that

cl_l_1,1
- 2 1 2

%+%+%ﬁﬁ%
e
+Q + &
+py+,+L

B[ —

I/\ I/\ I/\ IA
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This is satisfied because 2p — y > 0. Thus,
1 _1 2p—1)
T g p—
”M(M, U)) “L(;é (Lré*z) 5 T % "u“LC;.O(HS) ”w“L‘%(Lr,z).

Now, let us check that g5 < g, which reads

1 1 2 2 1 1
NG--)=-<2-==2-N(--).
2 r q q2 2 n
Thus,
1 1 2 1 1 2 1 s 20—y 1 2
->l-————=—4+———=—>2(p—D(z— = - ——.
r- rn N C1+C2 N~ (P )(2 N)+ N +" N

This is satisfied under the above assumption and gives the existence of ¢ > 0 such that
B 2(p—1)
, < T p
”./\/l(u, w) ”L;l (L'i'z) ~ T ||I/l ||L%°(HS) ” w”L‘%(Lr.Z).

Finally, with Strichartz estimates

.
shs 2(p—1)
lwll g r2y S T Null oo o) 1wl 19 1r2)-

e Uniqueness in the energy sub-critical regime 2 < p < p§.
The uniqueness follows with the above estimate and a translation argument.
e Uniqueness in the energy critical regime p = ps.
In such a case the above calculus is no more sufficient to conclude. Let us denote for 7, A > 0, the interval
I := [0, T] and the quantities
N = W @) = NP ) x(jul 1o 4);

Na i= NP @) — N ) x(jut4101<4)-
Then, for w :=u — v,

IWal < 1y % 0 172 ul” = 1P xggugoi a1l P o <a)
1y 017 Qul? = 1017 gt o= 4 D1l o1 <)
+ 1y # 0 1P 1017 X112y D QeelP 20 = 012720 x4 4)
1y # 0 121012 X1z 4D (P20 = 1017 720) 401 24)
< AP0, ] P wl])
+ APy % 1 1P 101P Xgulol <A DIl 11<A)
1y 017l 4 P D w o= D10 o1 2a)
+ 1y # 0 121017 X1z 4D (P72 4 1017w X410/ <4)
= Nji+ N7 +N; + Ny

Moreover,

INAL < [y #0172 (ul” = o) D1l Xl 1)= 4)
+ 1Ty # 1 PP Dl 21— 101P720) | Xl +o]= )

S (G - 72 Q™+ =Dl Dl 4 (0 171D 1?2 4 1012l X141

Take two admissible pairs (¢g;, r;) € I and ¢ > 0 such that

N—2 N4+2(y—2p). 1 1 24N+2(y —2p) N—p

, } < — < min{~, , }.
2N 2N i 2 2N N

max{
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This is possible because

—2<y—2p=<0 gives 2p <2+ N.

Let us pick
P 1 1.
1 N_‘;E""lﬁ’l
— Y=2p
1 T+E+E'

Applying Strichartz estimates, one writes

S e~ Ny +N§>||Lq§(L
t

w 2N
I ”L%(Lm'z)mj“ (L2

o+ Ix|™? N2 + N3+ NDI

/
r2,2

o+ IxI™? N2 + N3+ NDI

N
L2(LNT2%

< ||N1+N2|| / N, -
~ A A L2 L2(LNF2%)
Moreover,

Nl +N’2 , < A2(p_1) J, x[] - —-p w ’
N4 AIIL?(U}Z)N Iy 011771 I])X{\u|+|v\5A}IIL?Z(Lr3_2)

-2 —
+ APy 0] - | pIvle{\u|+|v|§A}])IwIX{|u|+|v\5A}IIL;é(Lw)- (3.13)
Using Lemma 2.4, one has
1Ty = 0 - 1P lw D) xug+vi<ayllme S prlwllll/(%j%),z

S llw] 1/(%+%)’2
S lwllry 2. (3.14)

Here,

>

1 _y=p 1 _y=2p _ 1.
1 N+r3_ N +1\1/ rn’
v _ 1L _ 1 _y=p -y
N <r_ N <N -

w

r1
By the above assumptions, one gets 2 < r, < % Moreover, with a similar way, using Lemma 2.4, one
has

Iy s 0 TP P DIl X uf+vi<apll a2 S Ny L 17wl s
< _
~ ”w”l/(%+%),2
S llwllry 2 (3.15)

Thus, by (3.13), (3.14) and (3.15), one gets

NG AN ) & A0 4 477

[ Mwll .
L;IZ (L3 L;IZ (Lr1,2)

With triangular inequality, one has
- A 3 4
el PN+ NG+ NDI s

S Py 0172l ol D D el ol a2 o

+ X1y % 11 Pl PD(ulP ™% + |v|”‘2)|w|x“u|+|v|>m||L22T~N,2

12y L 172l 1ol D bz a DIl Dt oizall s s

+ 1Py # U P11 X o= ay D (ul P~ + Ivlp_z)WIX{\ungA}IILzzTNN,z

=)+ U+ I+ V).
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Now, one writes by Lemma 2.4, since p = pf and2 — N < p < 2,

D) S Iy * - 172D Al 4 101772 Xguloray | vl g

S ”|x|_p|v|p”1/(2+KI*/J_(P*2)2<]1\>’*25))’2(||MX{|M\+|U|>A}”Nzivz oo T 10X+ 4) 172 2N .

P
< p
S ”v”Nz_lvzx’z(||uX{|u|+|v|>A}||%’oo + IIUX{\u|+|v|>A}II%,oo) IIWII IS

Moreover, similarly
(D) = Wx1™ Gy + 1 1Pl 4 P D w Dl X o= ay - 2x

LN
1 1
Sy w0177 ulP™ 4 ol P7 D w(Dlul ™ X{|u|+\v|>A}||LH]2V7N_2K)_2

— —1 —1 -1
Sy #1172l + P DD oy lexgui=anl” o
N—y> LN=-2s"

- —1
< (lull 2 vl 2 P=Hw]| » u P
S Ul 2n o+ vl 2n )P lwll 2w sl X{|u|+|v|>A}IILNz_N2

Moreover, similarly
LD = 77y s 0172l ol D gz a Dl 2
Sy 1Pl I D b= a D"y

SNy 1117 ulP~ + |~ 1>|w|xuu.+\v|>A}])|| e 2||u||” w

pfl pP—
S Uuxur+o>mll 28 o + T0X(ual+= a1 20 o) IIWII%,ZIIMII 21\/2 S

With the same way
V) < X2y * 1 172101 Xtz ay ) (ulP =2 + '”'”‘2)’””“1—%2
S ||v><{.u\+|v|>A}||’%,m||w||%,2(uun” . 2+||v||” w )

Regrouping the above calculus, one gets

Jwll

L2(LN AL (L2
SN NE+ NI o, + I PNA + NG+ N
S Hx )P NV, A)”sz(ml) [Hx] ™7 A A)”LTZ(L%,Z)

S @A D w] g IO+ AD AT+ V)

(L%

< (AP AP D w]
L[Z(Lrl,Z)

» _
v u v w
+ | IIL co g 52 (II X{|u\+|v|>A}IlL?O(LN2+v25m)+|| X{|u\+|v|>A}I|L?o(LN2+VZSm)) Il IIL?(L%,z)
u 2N =+ ||v 2N ) w 2N u A
{ bty T a) Il s ekt (LN%@O)
+ (i || +1 || )" Jut?”!
u A 2N v A 2N w
X{lu|+|v]>A} LN ) X{lu|+|v|>A} Lo (LN L2(LN 22 (LNNZ: )
14 p—2 p—2
sl ol g (072 o 0172 o).
LP(LN=25"%) L; (L LO(LN-257) L®(LN-25"7)

By dominated convergence Theorem, via Sobolev injections and a continuity argument and arguing as in [7,
(4.2.13) page 87], one writes

u 2 + |lv 2
l X{|u|+\v|>A}||L’w(LN+/2S,OO) I X{|u|+\v|>A}||L’w(LN+12S,OO)
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< Jlu + |Jv
S X{\u|+|v\>A}||L?O(L%) I X{Iu\+|v|>A}“Ltoo(L%)

—~0, as A— . (3.16)

Thus, by Sobolev injections, for A >> 1, there is 0 < €(A) << 1, such that

< (A2(p—1) r—2 ,
”w”LtZ(L%’z)OL?'(L’I*Z) S (A +A )”w"LP(m,z) +e(A)||wI|Lt2(L%,2).
So, for some C > 0,
A2(=D 4 Ap—2
lwllgransy = =gy 102 s
A2(=1D . pAp—2 i,_ﬁ
q
< C—1 A 2 ||UJ||L;11(Lr1,2). (3.17)
Since % = % + % one has
2 N(l 1 )
a2 n
I y—2p 1
=N(= - =
(2 + N ré)
N 1
=——-2p+y—-N1-—)
2 rn
N N
=—=—-2p+y+—.
2 )
Thus,

11
—20+y = NG =)
r

q1
2
q2
1
=-20+y—-2(1-—)
q;
2
=-20+y—-2+—.
a3

Since 2p > y, one has > 0. Now, we fix A >> 1 and then we take 0 < ¢t << 1 such

1
q1

=

11
C%&f‘)wzt‘fé " < 1. So, by (3.17), the uniqueness follows for small time and so for all time with a

classical time translation.
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