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Abstract This research article introduces the concept of the clear graph associated with a ring R with identity,
denoted as Cr(R). This graph comprises vertices of the form {(x, ) : x is a unit regular element of R and u
is a unit of R} and two distinct vertices (x, #) and (y, v) are adjacent if and only if either xy = yx = 0 or
uv = vu = 1. This research article also focuses on a specific subgraph of Cr(R) denoted as Cr,(R), which
is formed by vertices {(x, u) : x is a nonzero unit regular element of R}. The significance of Cry(R) within
the context of Cr(R) is explored in the article. Taken Cr2(R) into consideration, we found connectedness,
regularity, planarity, and outer planarity. Moreover, we characterized the ring R for which Cr2(R) is unicyclic,
a tree and a split graph. Finally, we have found genus one of Cr,(R).
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1 Introduction

The investigation of graphs associated with algebraic structures is a rapidly growing field, with a focus on
classifying the graphs of algebraic structures and vice versa. Researchers are particularly interested in under-
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Clear graph of a ring 575

standing the relationship between the algebraic structure of a known object and the graph-theoretic properties
of a similar graph. When a combinatorial object is assigned to an algebraic structure, it often leads to intriguing
problems in both algebra and combinatorics. Currently, one of the most active areas of research in this field is
the study of graphs associated with commutative rings. Commutative rings are a fundamental algebraic structure
in mathematics and have many applications in diverse areas such as coding theory, cryptography, and algebraic
geometry.

We define a simple graph as G = (V, E), with V(G) representing the vertex set and E(G) representing the
edge set. The sizes of the vertex and edge sets are denoted as |V(G)| and | E(G)| respectively. A graph is deemed
connected when a path exists between any pair of vertices; otherwise, it is considered disconnected. w (G), x (G),
and diam(G) denote the clique number, vertex chromatic number, and diameter of graph G respectively. P, and
C,, signify paths and cycles containing n vertices. K, and K, , represent complete graphs and complete bipartite
graphs respectively. An induced subgraph H of graph G is one where if two distinct vertices x and y of H share
an edge in G, they must also share an edge in H.

The direct sum of two graphs G| and G», denoted as G| @ G,, encompasses all vertices from both G| and
G»>. An edge exists in G| & G, if and only if it exists in either G| or G, but not both. For further insights
into graph theory concepts and terms, consult [8]. Recalling some common terms and notations will help us to
understand how they are used in this research article. Z refers to the set of all integers, while Z,, represents the set
of integers taken modulo n. Anelemente; in Ry X Ry X - - - X R, isrepresented ase; = (0,0, ...,0,1,0,...,0)
for 1 <i < n. Anelement e in the ring R is idempotent if ¢> = e. In R, r is a unit element if an element s in R
satisfies sr = 1 and rs = 1. A unit regular element x in R fulfills x = xux, where u is a unit in R. This means
that x can be expressed as the product of an idempotent and a unit. The sets /d(R), U(R), and U, ., (R) refer
to idempotents, units, and unit regular elements of R respectively. Additionally, U (R) = ueUR) :u>=1}
and U (R) = U(R) \ U (R).

One of the remarkable and groundbreaking concepts was the exploration of zero divisor graph in rings.
Consider R, a commutative ring with unity 1 # {0}, Z(R) denotes the set of zero-divisors of R and Z*(R) =
Z(R) \ {0}. Beck [4] was the first to introduce the zero-divisor graph of R where he was interested about the
coloring. In his work, the elements of R were considered to be the vertices of graph and the edge exists between
two distinct vertices u and v if and only if uv = 0. The adjustment were made by Anderson and Livingston [1],
by considering the graph I'(R) with vertex set as the set of nonzero zero-divisors of R, and adjacency relation is
followed by two distinct vertices u and v if and only if uv = 0. Zero-divisor graphs of R have been studied by
several authors. More literature and contribution on zero-divisor graphs can be seen in [2,3,5-7]. The association
of aring to a graph in the study of zero-divisor graphs provides insight into the algebraic characteristics of rings,
particularly the structure of the set of zero-divisors. Akbari et al. in [14] introduce the idempotent graph, I (R),
with non trivial idempotents of R as vertices, and the edge is defined between two vertices x and y if and only
if xy = yx = 0. Habibi et al. [10] introduced the innovative notion of a clean graph denoted as CI(R) for a
given ring R. This unique graph involves vertex pairs (x, #), where x symbolizes an idempotent element, and u
represents a unit element within the ring R. The graph’s edges are formed exclusively between pairs of vertices,
(x,u) and (y, v), satisfying either the conditions xy = yx = 0 or uv = vu = 1. This intricate structure of
the clean graph, CI(R), can be deconstructed into two distinct subgraphs: C/;(R) and Cl>(R). The vertices
constituting Cl1(R) are specifically defined as (0, ) : u represents a unit element within R, and the vertices
comprising Cl>(R) are of the form (e, u), where e stands for a nonzero idempotent element of the ring R, and
u denotes a unit element from the same ring.

This article delves into the exploration of Cry(R), which is a subgraph of the larger graph Cr(R) and is
generated by the collection of vertices (x, u) : x corresponds to a nonzero unit regular element and u corresponds
to a unit element within R. Notably, Cr(R) plays a pivotal role within the context of Cr(R). The study encom-
passes the analysis of various graph-theoretic properties of Cr>(R), encompassing connectedness, regularity,
planarity, as well as outer planarity. Additionally, the article undertakes the task of characterizing the specific
characteristics of the ring R for which Cr2(R) takes the form of an unicyclic graph, a tree, or a split graph. The
investigation concludes by determining the genus one of the graph Cr2(R).

2 Preliminaries

Definition 2.1 In the context of ring theory, an element within a ring R is referred as clear if it can be expressed
as the sum of two components: a unit-regular element and a unit element. In simpler terms, an element a within
the ring R is labeled as clear if it can be written in the form a = r + u, where r represents a unit-regular element
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576 S. A. Mir et al.

and u is a unit element. Moreover, if r is both non-zero and not part of the set of units U (R), then the clear
element a is categorized as nontrivial. A ring R is defined as a clear ring when this notion of being clear applies
to all elements within the ring. It is important to note that the elements O and 1 are straightforward examples
of clear elements. Additional insights and specifics can be explored in the reference provided as [16]. In the
realm of rings, a significant subgroup is that of unit-regular rings, where every individual element qualifies as
a unit-regular element. This subgroup encompasses idempotent elements as well. Notably, any clean element,
which is conceptually related to clear elements, also falls under the category of clear elements. Consequently,
any clean ring is clear. Additionally, an element categorized as unit-regular is, by nature, also considered clear.
However, it is crucial to acknowledge that these relationships do not hold in reverse. As an example, the matrix

125

00
representative instance of a clear ring that lacks unit-regularity. For a deeper comprehension and additional
instances of unit regularity, further details can be referenced in the works [9] and [11].

:| € 7**? qualifies as a clear element while not being classified as clean. Similarly, the ring Z4 is a

Our motivation to introduce a new graph structure arises from the concept of employing clear elements as
primary vertices. This inspiration draws from the domains of clear rings, clean graphs, and idempotent graphs.
The subsequent definition encapsulates the core essence of what we are aiming to define and investigate.

Definition 2.2 Let R denotes a ring with an identity element. We define the clear graph of R as a graphical
structure characterized by vertices represented in the form of (x, u), where x signifies a unit-regular element, and
u stands for a unit element within R. The linkage between two distinct vertices (x, u) and (y, v) is established
through an edge if and only if the conditions xy = yx = 0 or uv = vu = 1 are met. We denote Clear graph of
R by Cr(R) and V (Cr(R)) represents vertex set of Cr(R). The notion (x, u) ~ (y, v) means (x, «) and (y, v)
are adjacent vertices, thatis xy = yx = 0 or uv = vu = 1. Since (0, u) is adjacent to any vertex, we should
omit this case. So, the vertex set may or should be as follows:

V(Cr(R)) = {(x, u) : x is nonzero unit regular and u is unit of R }.

Our aim is to introduce and study some basic properties of Clear graph denoted by Cr(R), some of its
subgraphs Cr(R) and Cra(R), where

V(Cri(R)) ={O,u) : u is unit of R}
and
V(Cray(R)) ={(e,u) : 0 #e € Ureg(R) and u € U(R)}

Evidently, Cr1(R) forms a complete subgraph within the structure of Cr(R). Consequently, the investigation
of fundamental attributes pertaining to Cr (R) primarily hinges on the properties of Cr»(R). First, we construct
some examples of Cra(R) which then motivate us to identify when the clear graph is isomorphic to some
well-known graphs.

Example 2.1

(1) Cra(Z3) = K2 ® Ko.

(2) Let R = Z3. Then Id(R) = {0,1},U(R) = {1,2} and U,,(R) = {0, 1,2}. Then, V(CL(R)) =
{((1,D),(1,2)}and V(Crp(R)) = {vi = (1, 1), v, = (1,2),v3 = (2, 1), v4 = (2, 2)}. So, Cl,(R) is a null
graph with two vertices and Cry(R) = Ko & K»7:

(3) LetR = Zs5.Then, V(CIh,(R)) = {(1, 1), (1, 2), (1,3), (1,4 }and V(Crr(R)){(1, 1), (1, 2), (1, 3), (1, 4),
o 41),4,2),4,3),4,4)}. So, CIh(R) is K3 [(1,2) is adjacent to (1, 3)].

However, Cra(R) = K4 © K44 @ K4, shown in Figure 2. where v; ; means the vertex (i, j).

(4) More generally, we have

Cry(Zy) = K;.

Cry(Z3) = K, @ K>.

Cra(Zs) = K4 ® K44 ® Ka.

Cra(Z7) = K6 @ 2K6,6 ® Ko.6-

Cra(Z11) = K10 ® 4K10,10 ® Kio.

Cry(Z13) = K1o @ 5K12,12 ® K.

Proposition 2.1 Cry(Z,) =K, 1 ® Ky 1,p-1® - ®Kp_1,p-1 BKp_1, where p > 3 is prime.

p=3
5 times
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UV &—————0 U3

Vg @&——eo Uy

Fig. 1 .
K, (left) and K44 (centre) and K (right)
V1,2 V1,3
V29 V2,3
V1,1 V2.1 V1,1 V2,1
V3,2 V3,3
V41 U311 V4,2 V4,3 V41 V31
Fig.2 .

Proof Since Z, is a field, there is no zero-divisor and clearly U(Z)) = Z, \ {0}. Now, we have two cases:

CaseL Ifu? =1(Ge,u=u"b,thenu? —1=@w— Du+ 1) = 0 (mod p), which implies that either u = 1
oru = p — 1. Observe that all vertices of the form (x, 1), where x € Z, \ {0}, forms a complete graph
Kp_1.
Case IL. Suppose that u> # 1. Note that the number of elements satisfying u> # 1 is clearly p — 3. If u is such
a unit element, then (x, #) and (y, u_l) are adjacent, where x,y € Z, \ {0}, not necessarily distinct.
Thus, these vertices form a bipartite graph K ,_1 ,_1.

Therefore, we conclude that Cr2(Z,) = Ky 1 @ Kp_1,p-1 D - @ Kp_1,p—1 ®Kp_1. ]

p=3 ..
5 times

If F denotes a finite field, as is commonly understood, then |F|p” for some prime p and positive integer n. So,
we can conclude the following result.

Corollary 2.1 Let F be a finite field. Then,
Cr(F) = Kpj—1 © Kipj—1,|F-1 @ - - - ® Kjp|—1,|7|-1 DK |F|—-1.

Fl-3 .
3 times

3 Connectedness of clear graph

This section starts with a study of the fundamental characteristics of Cr(R), such as connectedness, diameter
and regularity, which then inspires us to define subsequent sections. We start by stating the following remark:

Remark 3.1 Clearly Cr(R) = Cri(R) Vv Cra(R), where Cri(R) is a complete subgraph of Cr(R). As aresult,
studying Cr>(R) seems to be necessary before exploring the primary characteristics of Cr(R).

Lemma 3.1 Ifx ~ y in Cl[,(R), then x ~ y in Cra(R).

Proof Assume x = (e1, u1) and y = (e2, un) be two vertices of Cly(R) such that x ~ y, implies either ejer = 0
orujuy = 1, where e, e; are idempotent elements of R. Since every idempotent element is unit regular. Hence,
e1, ey are unit regular elements of R. Therefore, x ~ y in Cra(R). ]
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578 S. A. Mir et al.

Theorem 3.1 Let R be a ring with |U(R)| > 2, then Cra(R) is connected if and only if R has a non-trivial
idempotent.

Proof Suppose that R has a non-trivial idempotent and let x = (s, a) and y = (r, b) denotes two vertices of
Cra(R). It’s evident that if either s¥ = 0 or ab = 1, then d(x, y) = 1, else, following cases can be considered:
Case (1) If s = r, then the subsequent subcases occur:

(i) If s =r =1, the path (1, a) ~ (g, aH~@a- q, b~y ~ (1, b) exists, where ¢ 1s non-trivial idempotent
of R.
(i) If s, r # 1, the path (s, a) ~ (1 —s,b) ~ (r,b) leads to d(x, y) = 2.

Case (2) If s # r, then we have

(i) If s or r is equal to 1, assuming s = 1 for instance, the path (1,a) ~ (1 —r, a’l) ~ (r, b) is of length 2.
(i1) Ifs,r # 1, the path (s,a) ~ (1 — s, b=y ~ (r, b) also has a length of 2.

After analyzing various instances, we determine that Cr>(R) is connected with diam (Crz(R)) < 3.
Conversely, given Crp(R) is connected. Assume that ‘R lacks non trivial idempotent, then V(Cr2(R)) =
{(a,b);a,b € U(R)}. Now, we can encounter through the following cases:

Case (i) When 1 # a € U(R), such that a®> = 1, define S; = {(a, a;) : a € U(R)}. Then Cr2(R) has complete
subgraphs induced by each §;. However, S; and S; are disconnected fori # j, leading to a contradiction.

Case (ii) Suppose, there exists 1 # a € U(R) and b € U(R), such that ab = ba = 1. Consider, P; : {(1, 1) ~
(a,1) ~ (b, )} € Cra(R), P> : {(1,a) ~ (1,b) ~ (a,a) ~ (a,b) ~ (b,a) ~ (b,b)} € Cry(R) are
two paths in Cr(R), but there is no path between the vertices of P; and P, leading to a contradiction.
Thus, the proof is complete.

O
Lemma 3.2 Let R be a ring, then Cra(R) has a triangle if R has a non trivial idempotent.
Proof Suppose x is non trivial idempotent of R, the cycle in Cry(R) of the form (1,u) ~ (x,u™") ~ (1 —
X, u‘l) ~ (1, u) is a triangle. Hence, we are done. O

Theorem 3.2 Let R be a ring then the following holds:

(1). Ifu> =1 Y u € U(R), then Cry(R) is regular if and only if R has no non trivial idempotent.
(2). If forall 1 # u € U(R) there exists 1 % v € U(R) such that u # v, uv = 1, then Cry(R) is regular if
and only if R has no non trivial idempotent.

Proof

(1) We know that U(R) = U (R) |J U (R) where U(R) = {u € UR);u*> = 1} and U (R) = {u €
UR), uv=1, ve U(R)}. Assumeu € U ,(R) and R has no non trivial idempotent. Then, V(Cr(R)) =
{(e,u); e € Upg(R), u € U (R)}. Clearly, (e, u) ~ (f,u) forevery e, f € Ureg(R) and u € U (R),
and hence Crz(R) = {K|Ureg(R)| D K|Ureg(R)| D---D KIUreg(R)\}lUrL’g (R)|times. This 1mplles CVZ(R) isa
regular graph.

Conversely, given u?> = 1 YV u € U(R) and Cry(R) is regular. Suppose R has a non trivial idempotent then
for {(1, u), (e,u), (1 —e,v)} € V(Cry(R)), we have if (1 —e,u) ~ (1,u) then (1 — e, u) ~ (e, u) and
(1 —e,v) ~ (e,u) but (1 —e, v) = (1, u), shows that deg(1, u) < deg(e, u), a contradiction.

(2) Let 1 # u € U(R) there exists 1 # v € U(R) such that u # v, uv = 1, and 'R has no non trivial
idempotent, then V(Cra(R)) = {(e, u); e € Uyeg(R), u € U'(R)). Clearly, (e, u) ~ (f,v) for every
e, f € Ureg(R),u,v € U'(R), and hence Cra(R) = (KU, R [Ureg(R) D K(Uyeg (R 1Upeg(R) ® -+ B

KUy 0o (R)1|Ur g (R)|}Mtimes, which is a regular graph.

Conversely, for given regular graph Cra(R) with 1 # u € U (R) there exists 1 # v € U(R) such thatu # v,
uv = 1. Suppose R has a non trivial idempotent. Let {(u, v), (1, u), (e, u), (1 —e,u)} € V(Cr(R)). If
(u, v) ~ (1, u), then (u, v) ~ (e, u). Also, (1 —e, u) ~ (e, u) but (1 —e, u) »~ (1, u), this implies deg (1, u)
< deg(e, u), a contradiction. Thus, our supposition is wrong. Hence, the proof is complete.
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1,1) (3.1

Py

( ) (13) B3 L5 G5 A7) (1)
(7.1) (51 (73)  (53) (15 (55 (L7 (57)

Cry(Zs)
Fig. 3 .

(L1)
(6,1) (2,1) (1,2) (1,3) (1,5)
(5,1) (3,1) (2,2) (2,3) (2,5)
(3,2) (3.3) (3:5)

(4,1)
(1,6) (4,2) (4,3) (4,5)
(6,6) (2,6) (5,2) (5,3) (5,5)
(5,6) (3,6) (6,2) (6,3) (6,5)

(4,6)

Fig.4 .

Remark 3.2 1t is to be noted that in mixed case that is when both 1 # u, v € U(R), such that u=vr=1or
uv = vu = 1. Then Cra(R) is not regular shown in Example 3.2. Also, Example 3.1 is an example of regular
graph.

Example 3.1 Let R = Zg = {0,1,2,3,4,5,6,7}, then Id(Zg) = {0, 1} and U(Zg) = {1, 3, 5, 7} implies
Ureg(Zg) = {1,3,5,7}. Then V(Cra(Zg)) = {(1, 1), (1,3),(1,5),(1,7), (3, 1), (3,3),(3,5),(3,7), (5, 1),
(5,3),(5,95,05,7),(7,1),(7,3),(7,5), (7,7)}. Then Crp(Zg) is shown in Figure 3. which is a regular graph.

Example 3.2 Let R =77 =1{0,1,2,3,4,5,6,7}, then Id(Z7) = {0, 1} and U (Z7) = {1, 2, 3, 4, 5, 6} implies
Ureg(Z7) = {1,2,3,4,5,6}. Then V(Cr(Z7)) = {(1,1),(1,2),(1,3),(1,4),(1,5),(1,6), (2, 1), (2,2),
2,3),2,4,(2,5),2,6),(3,1),(3,2),3,3),3,4,3,5),3,6),4 1), 42),4,3), 44, 45), 4,606),
5,1),(5,2),(5,3),(5,4),(5,5), (5,6), (6, 1), (6,2), (6, 3), (6,4), (6,5), (6,6)}. Then Cry(Z7) is shown in
Figure 4. which is not a regular graph.

Remark 3.3 Inthe above theorem, the condition of non trivial idempotentness cannot be relaxed, because consider
the ring: Z¢ = {0, 1,2,3,4,5}, thus Id(Ze¢) = {0,1,3,4}, U(Ze¢) = {1,5}, and U,ee(Ze) = {1,2,3,4,5}.
Therefore, V(Cr(Ze)) = {(1, 1), (1,5), (2, 1), (2,5),(3,1),(3,5), 4, 1), 4,5), (5, 1), (5,5)}. Also, U(Ze)
satisfies u> = 1 and Zg has non trivial idempotents, but Cr,(Ze) is not regular as shown in Figure 5.

4 Planarity of clear graphs

Here, we examine the finite commutative ring with unity that satisfies the condition where Cr,(R) demonstrates
properties of being planar, unicyclic, a tree, an outer planar, or a split graph.
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580 S. A. Mir et al.

(3,5)
CT’Q (Z6>

Fig. 5 .

Theorem 4.1 [12] (Kuratowski’s Theorem) A graph G is planar if and only if it does not contains subdivision
of K5 or K3 3.

Theorem 4.2 Let R be a finite commutative ring with unity. Then Cry(R) is planar if and only if R is isomorphic

. . Zy|x,
to one of the following rings: 7y, 73, Za, Zéi[{;] , Zs, Z(i[}x)] (x%jchlz)’ (22;‘[;‘;), (xzf)[c’;’iylz) or Lo x 7.

Proof Assume Cry(R) is planar. Since R is finite, R = R| X Ry X -+ X R,, where R; is a local ring
for each i and n > 2. If n > 3, an examination reveals that the induced subgraph created by the collection
{(e1,u), (e2,u), (e3,u), (e1 +ez,u), (u,u)}, whereu =ey +ex+---+e, € U(R),is K51in Cr2(R), leading
to a contradiction by Theorem 4.1. Hence, n < 2.
Suppose n = 2. 1,e., R = R x Ry. If |R;| > 3 for atleast one 7, let us assume |R{| > 3. Then the subgraph
induced by the set {(e1, v), (e, v), (€2, V), (v, v), (f,v)}, where v = €] + €2, ¢ = (a,0), f = (a,1) and
1 #a € U(Ry), is K5 in Cr2(R), a contradiction by Theorem 4.1. Hence, |R;| = 2 for i = 1,2 implies
REZy x L.
Now, suppose n = 1 i.e., R is a local ring. If R is a field and |R| > 4, then |U(R)| > 3. Let 1, u, u™"' € U(R),
then the subgraph induced by the set {(1, u), (u, u), ™", u), @™, u™"), (1, u™"), @, u=")}is K33 in Cra(R),
a contradiction by Theorem 4.1. Hence, |R| < 3, this implies R = Z; or Z3.

Also, if R is a local ring which is not field and |R| > 9 then |U (R)| > 6. Then Cr,(R) contains K5 induced
by the set {(u1, 1), (uz, 1), (u3, 1), (uq, 1), (1, 1)}, where 1 # u; € U(R), a contradiction. Hence, |R| < 8,

. . ~ 7 Z 7 Z. Zo|x,
which Implies that R = Z, é[z);],Zg, égx;, <x3’j€[jj2>, (2;’[;3) or (x;)[j; ’yy]2>.

Conversely, if R = Z,, then Crp(R) = K is a planar graph. If R = Z3, Za, Lolx] then Crn(R) = K)® K>

(x?)
. ~ Zo[x] Z4[x] Z4[x] Zax,y] ~ 1
is a planar graph. If R = Zg, G0) 0 -y (2ndd) or ERTRTE then Cry(R) E Ks D K4 D K4 D Kyisa

planar graph. Finally, if R = Z, x Z;, then Cr2(R) = K3 is a planar graph. O
Theorem 4.3 Let R be a finite commutative ring with unity. Then Cry(R) is unicyclic ifand only if R = Zo X Z.

Proof Assume that Cr,(R) is a unicyclic graph. Since R is finite, R = R| X R X - - - X R,;, where R; is a local
ring for each i and n > 1. Suppose n > 3, then (ey, u) ~ (e2,u) ~ (e3,u) ~ (e1,u) and (ey, u) ~ (u,u) ~
(e2,u) ~ (e, u), whereu =ej; +ex+---+ e, € U(R), are two different cycles in Crr(R), a contradiction.
Hence, n < 2.

@ Springer



Clear graph of a ring 581

Suppose n = 2 and |R;| > 3 for atleast one i, we assume |R1| > 3, then (eq, v) ~ (e, v) ~ (ez,v) ~ (e1, V)
and (e1, v) ~ (f,v) ~ (v,v) ~ (e, v), where v = e] + e2,¢ = (a,0), f = (a,1) and 1 £ a € U(R,), are
two different cycles in Cr»(R), a contradiction. Hence, |R| = 2 for i = 1, 2. This shows that R = Z x Z,.
Now, suppose n = 1. If [R| > 5, then (1, 1) ~ (uy,1) ~ (up,1) ~ (I, 1) and (1, 1) ~ (uy, 1) ~ (u3, 1) ~
(1, 1), where 1 # u; € U(R), are two different cycles in Cr>(R), a contradiction. Hence, |R| < 4. If R = Z,,
then Cry(R) = K is not unicyclic. If R = 73, Z4, Zé[;;] ,then Cry(R) = Ky @ K> is not unicyclic. If R = Fy,
then Cr2(R) = K3 @ K3 3 is not unicyclic.

Conversely, if R = Z, x Zj, then Cr>(R) = K3 is a unicyclic graph. O

Theorem 4.4 Let R be a finite commutative ring with unity. Then Cry(R) is a tree if and only if R = Z,.

Proof Assume that Cry(R) is atree. Since R is finite, R = R X Ry X - - - X R, where R, is a local ring for each
iandn > 1.1fn > 2, then (ey, u) ~ (e2, u) ~ (u,u) ~ (ey,u), whereu = ey1+ex+---+e, € U(R),isacycle
in Cra(R), a contradiction. Hence, n = 1, which implies that R is a local ring. If |R| > 5, then |U(R)| > 4,
this implies |Uyee(R)| > 4. Let 1 # uy,uz € U(R), then (uy, 1) ~ (uz,1) ~ (1,1) ~ (u1, 1) is a cycle in
Cry(R), a contradiction. Hence, |R| < 4. If R = Zs3, Z4, Z{i[;;], then Crp(R) = Ky @ K> is disconnected, a
contradiction. If R = Fy4, then Cr2(R) = K3 @ K33 contains a cycle, a contradiction. Hence, R = Zo,.

Conversely, if R = Z;, then Crp(R) = K is a tree. O

Theorem 4.5 [13] A graph G is outerplanar if and only if it does not contain a subdivision of K4 or K2 3.

Theorem 4.6 Let R be a finite commutative ring with unity. Then Cra(R) is outerplanar if and only if R is

isomorphic to one of the following rings: 7, 73, Z4, Zé[;;] or 7o X Zn.

Proof Assume Cr>(R) is outerplanar. Since R is finite, R = R X Ry X - -+ X R, where R; is a local ring for
eachi and n > 1. Suppose n > 3, then the set {(e1, u), (e2, u), (e3, u), (u,u)},u =ej+ex+---+e, € U(R),
induces a subgraph which is isomorphic to K4, leading to a contradiction by Theorem 4.5. Hence, n < 2.
Supposen = 2and |R;| > 3 foratleastonei, then U(R;) > 2.Letustake |[R{| > 3. Then the subgraph generated
by the set {(e1, v), (€2, v), (e, V), (f,v)}, where v = e1 +e2,¢ = (a,0), f =(a,)and 1 #a € U(Ry),is K4
in Cra(R), a contradiction by Theorem 4.5. Hence, |R;| = 2 for i = 1, 2. This shows that R = Z» x Z».
Now, suppose n = 1 i.e., R is a local ring. If [R| > 5 then |[U(R)| > 4. Let | # uy,up,u3z € U(R), then
the subgraph induced by the set {(1, 1), (u1, 1), (u2, 1), (u3, 1)} is K4 in Cr2(R), leading to a contradiction by
Theorem 4.5. Hence, [R| < 4. If R is a field and |R| = 4, then Cr2(R) = K3 @ K33 contains K>3 as a
subgraph, a contradiction. Hence, R = Z,, Z3, Z4 or %.

Converse follows from Figures 6 and 7 and the proof is complete. O

((0,1),(1,1))

((1,1),(1,1)) ((1,0),(1,1))
C’I“Q(ZQ X Zg)

Fig. 6 .
(1,1) (3,1) (1,1) (2,1)
10—0 L (1?1)
(1,3) 33)  (1,2) (2,2) Cra(Ze)
Cry(Zy) Cry(Z3)
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Theorem 4.7 [12] Let G be a connected graph, then G is a split graph if and only if G contains no induced
subgraph isomorphic to 2K, Cy4 or Cs.

Theorem 4.8 Let R be a finite commutative ring with unity. Then Cry(R) is a split graph if and only if R =
ZQXZ2X"'XZZ.

Proof Assume that Cro(R) is a split graph. Since R is finite, R = R X R X --- X R, where R; is a local
ring for each i and n > 1. Suppose n > 3. If |R;| > 3, for atleast one i. Without loss of generality, we assume
|R1| > 3. Then the induced subgraph generated by the set {(e; + e3, u), (e1 + e, u), (e2, v), (e3, v)}, where
u=e +e+---+e,v=_(@a,1,1,...,1)and 1 #a € U(R1),is C4 in Crr(R), a contradiction by Theorem
4.7. Hence, |R;| < 2 for each i. This implies that R = Zy X Zo X - -+ X Z».

Suppose n = 2 and |R;| > 3 for atleast one i, say |R{| > 3. Then the induced subgraph generated by the
set {(e1, u), (ez, u), (e, u), (u,u)}, where u = ey + ez, e = (a, 1) and 1 # a € U(Ry),1is C4 in Cr2(R), a
contradiction by Theorem 4.7. Hence, |R;| =2 fori = 1, 2.

Finally, suppose n = 1 i.e., R is a local ring. If |R| > 3, then |[U(R)| > 2. Let 1 # a € U(R), then the
induced subgraph generated by the set {(1, 1), (a, 1), (1, @), (a, a’l)} is isomprphic to 2K, which is again a
contradiction by Theorem 4.7. Hence, R = Z;.

Conversely, if R = Zy x Za x - -+ X Z, then Cr2(R) is a complete graph and hence, a split graph. O

5 Genus of clear graphs

In this section, we will examine the characterization of finite commutative rings R for which Cr2(R) displays
a genus of one.

The term genus of a graph refers to the minimum integer value, denoted as y (G), that allows the graph to be
represented on a sphere with a certain number of handles or loops without any crossings. Put simply, it indicates
how many handles need to be added to a sphere so that the graph can be drawn on it without intersecting itself.
For instance, planar graphs have a genus of 0 as they can be accommodated on a sphere without crossings. In
the context of determining the genus for complete and complete bipartite graphs, we consider the subsequent
findings.

Lemma 5.1 [13] y(K,) = 22297 ifm > 3. In particular; y (Kyy) = 1 ifm = 5,6, 7.

Lemma 5.2 [13]y (Kym) = ["28DV ifn, m > 2. In particular; y (Ka.4) = y(Ky,m) = 1ifm = 3,4,5,6.
Also, y(Ks4) = y(Ke¢a) = y(Kn3) =2ifm=71,8,9,10.

Theorem 5.1 [15] The genus of a graph is the sum of the genera of its blocks.

Now, we can outline the distinctive features of finite commutative rings R in situations where Crz(R) displays
a genus of one.

Theorem 5.2 Let R be a finite commutative ring with unity. Then y (Cry(R)) = 1 if and only if R is one of the
following rings: ¥, Zs or Zo X Lo X 7.

Proof Assumethaty (Cry(R)) = 1. Since Ris finite, R = R x Ry X - - - X R, where R; is alocal ring for each
i and n > 1. Suppose n > 4. Then the subgraph induced by the set S = {(e1, u), (e2, u), (e3, u), (e, u), (e +
e, u), (er +e3,u), (e1 +eq,u), (ex +e3,u)},whereu =e; +ery+---+e, € UCR),is Kg in Crp(R). Thus,
by Lemma 5.1, y (Cr2(R)) > 1, a contradiction. Hence, n < 3.

Suppose n = 3. If |R;| > 3 for atleast one i, then |U(R;)| > 2. Let us assume |R1| > 3. Since u; =
(1,1,1) € U(R) implies u; = (1,1,1) € Uye(R). Also, ey = (1,0,0),e2 = (0,1,0),e3 = (0,0, 1), e4 =
(1,1,0),e5 = (0,1,1),e6 = (1,0,1), e7 = (1, 1, u) € Uy¢e(R). Then the subgraph in Cr>(R) induced by the
set S = {(e1, v), (e2,v), (e3,v), (e +e2,v), (e2 + e3,v), (e] +e3,v), (e,v), (v, v)}, where v = e + €2 + e3,
e=1(a,l,1)and 1 # a € U(Ry),1is Kg in Crp(R). Thus, by Lemma 5.1, y (Cr2(R)) > 1, a contradiction.
Hence, |R1| = 2. Similarly, we can show that |Ry| = |R3| = 2. Hence, R = Zo X Zo X Zs.

Suppose n = 2 and |R;| > 5 for atleast one i. Without loss of generality, we can assume that [R1| > 5. Then
the subgraph induced by the set {(e1, w), (e2, w), (f1, w), (f2, w), (f3, w), (fa, w), (fs, w), (fs, w)}, where
w=-e+e, fi = (a,1), fr = (a,1), f3 = (a3,1), fa = (@1,0), f5 = (a2,0), fo = (a3,0) and
1 #a; € U(Ry),i1s Kg in Cra(R). Thus, by Lemma 5.1, y (Cra(R)) > 1, a contradiction. Hence, |R;| < 4 for
i=1,2.
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Suppose |R;| > 3 for all i, then Crp (R) contains Kg generated by the set {(e1, w), (e2, w), (g1, w), (g2, w),
(g3, w), (g4, w), (g5, w), (w, w)}, where w = ey + €2, g1 = (b1, 1), g2 = (1, b2), g3 = (b1,0), g4 = (0, b2),
gs = (b1,bp) and 1 # b; € U(R;) fori = 1,2. Thus, by Lemma 5.1, y(Cra(R)) > 1, a contra-
diction. Moreover, if |Ri| = |R2| = 2 then by Theorem 4.2, y(Cry(R)) = 0, a contradiction. Thus
R may be Zy x Z3, Zo X Za, Zn X ZZ;[;;], o x Fa. R = 7y x T3, Zo X Ty or Ty X Zé[;;], then
by Theorem 5.1, a contradiction. Moreover, if R = Zj x F4, then the subgraph generated by the set
{(0, 1), (1, w)), (0, w), (1, w)), (0, w™h), (1, w)), (1, w), (1, w)), ((1, 1), (1, w)), ((0,1), (1, w1,
(0, w), (1, w™1), ((0, w™b), (1, w™h), ((1, 1), (1, w™"))} is ks 4, a contradiction.

Finally, suppose n = 1 i.e., R is a local ring. Suppose R is a field and |R| > 7. Then {1, u1, ul_l, uy, uz_l, u3} €
U (R) suchthat Cr> (R) has asubgraph induced by the set {(1, u1), (u1, u1), (u2, uy), (ul_l, ui), (uz, uy), (1, ul_l),
(uq, ufl), (ur, ufl), (ufl, uf])} which is isomorphic to K5 4, a contradiction by Lemma 5.2. If [R| = 2, 3 then
by Theorem 4.2, y (Cra(R)) = 0, a contradiction. Hence, R = F4 or Zs.

Now, suppose R is a local ring which is not a field. If |R| > 9 then [U(R)| > 6. Then Cry(R) has K54
induced by the set {(1, u1), (uy, uy), (uz, uy), (uf], uy), (usz, uy), (1, uf]), (uy, ufl), (uy, uf]), (ufl, ufl)},
a contradiction by Lemma 5.2. Hence, |R| < 8. If |R| = 4 or 8, then by Theorem 4.2, y(Cry(R)) = 0, a
contradiction.

Converse follows from Figure 8, 9, and 10. O

(1, w)

Fig. 8 Toroidal embedding of Cr,(F4)

(1,2) (1,3) (2,2) (3,3) (4,2) (4,3) (1,2)

(1,2) (1,3) (2,2) (3,3) (4,2) (4,3) (1,2)
Fig. 9 Toroidal embedding of Cry(Zs)
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((07071)7(17171)) ((07170)7(17171)) ((07171)7(17171)) ((05051)7(17171»

((1,0,0),(1,1,1)) ¢ 1), (1,1,1) » ((1,0,0), (1,1,1))

) (1,1,1))

((1,0,1),(1,1,1)) 4 » ((1,0,1),(1,1,1))

((0,0,1),(1,1,1))  ((0,1,0),(1,1,1))  ((0,1,1),(1,1,1))  ((0,0,1),(1,1,1))
Fig. 10 Toroidal embedding of Cry(Zay x Zo X Z3)
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