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Abstract Eight continued fractions of order sixty-four are derived from a general continued fraction identity of
Ramanujan. A general theta-function identity is proved for the eight continued fractions and partition-theoretic
results are obtained therefrom. Some vanishing coefficient arising for the continued fractions and their reciprocals
are also offered.
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1 Introduction

Throughout the paper, for any complex numbers § and g, define the g-product as

t—1 oo
Ggo=1.  Gq=[[0-38¢" for 1>1. Gq)e:=[[(1-38¢"): lgl<1. (LD
k=1 =0

For brevity, we will write

(813 )00 (825 4)00 (835 @)oo - - - (B3 @)oo = (81,62, 83, ..+, O3 @)oo -

Ramanujan’s general theta-function f(w, z) [2, p. 34] is defined as

o0
fw,z)= Y w!CFD2FEDR2 g <1, (1.2)

t=—00
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586 S. Rajkhowa, N. Saikia

Also, Jacobi’s triple product identity [2, p. 35, Entry 19] is given as
f(w, 2) = (=w; WD)oo (=2 W2 oo (WZ; WZ)oo = (=W, =2, WZ; WZ)oo- (1.3)

Three important special cases of f(w, z) [2, p. 36, Entry 22 (i)-(iii)] are given by

$@)=1q.9= Y q". (1.4)
t=—00
V(g) =fg.q7) =) q' "V, (1.5)
t=0
and
f(=q) =f(=q.—q*) = Y_ (=1)\q' D2 (1.6)
1=—00

Ramanujan [2, p. 24, Entry 12] in his notebook recorded the following general continued fraction identity:
Let a, b and g are complex numbers such that |ab| < 1 and |g| < 1, or for some integer m, a = b*"*!. Then

@4 N 0’q* 40 _ 1

1.7
R T G o TR (a —bq)(b — aq) a7
(a—bg*)(b - aq’)
(1 —ab)(g*>+ 1)+
(1—ab)(@*+ 1) +---
As special cases of (1.7), we derived the following eight continued fractions of order sixty-four:
Ei(q) = ¢'5 f(=q.—¢") _ R )]
fea™ =™ ey q'°(1— ¢ 1 —g' ’
(1= g16)(1 1 g%+ 40— —4*)
(=1 +¢%) + -
(1.8)
Ex(q) = g2 f(—¢*. —¢°) _ g0 -¢%
f(_q29’ _q35) a- q16) N qlﬁ(l _ q13)(1 _ q19) ’
(= 1)1 4 g2 4 40— ~¢")
(1 =gq'")1+g%) + -
(1.9)
Ex(q) = q''2 f(—q°. —q°°) _ q""?(1 - ¢%)
f(—q?7, —q%") (1 —q16) + g1 — g1 —¢?") ’
(1 _ qlﬁ)(l + 6]32) + q16(1 - 6143)(1 - 453)
(1 =gq')1+g%) + -
(1.10)
E4(q) — q9/2 f(_q79 _6157) _ 619/2(1 - C]7)
f(—q. —¢*) (1= q16) + q'°(1—¢%)(1 —¢») ’
(= 1)1 4 g2 4 400 —aH0 ~¢”)
(=g +¢%) +---
(1.11)
ES(CI) — q7/2 f(_6199 _6155) _ 617/2(1 - C]9)
f(—g>, —q*) (1 q16) 4+ q'°(1—¢"H(1 —¢») ’

q'°0 - ¢*H - ¢

1 — 16 1 32
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(1.12)
_ 5/2f(_qlls _453) _ 615/2(1 —6111)
Ec(q) = q T p—— o 70 — (1 — g7 ,
(L — 1)1 + %) + q'°( = ¢’ —¢%)
(1 =q'"9(1+4¢%) +-
(1.13)
_ 3/2f(—‘]13a —QSI) _ 613/2(1 —413)
E71(q) =q F—q®, —g%) — g% 1 70 — (1 — D) ;
(1= g1 4 g2+ 40— —¢%
(1 =q'"9)(1+4¢%) +--
(1.14)
_ 1/2f(—qlsv —5149) _ 41/2(1 - 415)
Eg(q) =q f—ql7, —g*) — g6+ 451 — )1 —4°h
(1= g1y 4 g2y 4 =00 =)
(1— q16)(1 +q64) 4+ ...
(1.15)

To obtain E1(q), E2(9), E3(q), E+(q), Es(q), Ee(q@), E7(q) and Es(q), we first replace ¢ by ¢'® in (1.7),
set{a = ¢"52,b = ¢'72), {a = ¢, b = ¢"9%), {a = ¢"V2, b = ¢®VV2)}, (a = ¢°*, b = ¢®?)}, {a =
g% b = g%}, {a =q¢* b =q""?), {a =q¢b=¢qg*?* and {a = ¢q'/*, b = ¢*'/?} and then simplify
using (1.3) and the results that {(¢°%: ¢*)oo = (4:¢Doe/(1 = P} {@7: 400 = (@71 40/ (1 — g},
@®:4" 00 = (@714 oo/ 1 ="} (@1 400 = (471 400/ (1 =D} (071 ™) o0 = (@71 400/ (1=
g A@”; 400 = @5 4o/ = gL ¢ = @560 /(1 = ¢} and {67 ¢oe =
(4" 400/ (1 = ')}, respectively.

The main objective of this paper is to establish some theta-function identities for the continued fractions
Ei1(g), E2(q), E3(q), Ea(q), E5(q), Es(q), E7(q) and Eg(q) and to give some applications. In Sect. 2, we
establish some theta-function identities for the continued fractions. In Sect. 3, we show that colour partition
identities can be obtained from the theta-function identities of continued fractions with suitable examples. We
also offer some vanishing coefficient results for the eight continued fractions and their reciprocals in Section 4.

2 Theta-function identities

Theorem 2.1 Form =1,2,3,4,5,6,7 and 8, we have

f( + ql6—(2m—l)’ iq16+(2m—1))¢(:|:q16)
A6-@n=—D)/2f( — g2m—1 —g32-Cm=D)y (432"

+ E,n(q) =
En(q) @ q

Proof We give the proof of the case m = 1 only and omit other cases as they follow similarly.
From (1.8), we obtain

1 f(—q31, _q33) _ q15/2f(_q, _q63)
T Vi@ = : 2.1
Ei(q) \/TCI) \/q15/2f(_q’ —q63)f(—q31, _q33) 2.1

From [2, p. 46, Entry 30 (ii) and (iii)], we note that
fw, 2) = f(w’z, wz’) + wiz/w, w’zY). (2.2)
Setting {w = —¢"/2, z = ¢'7/?} and {w = ¢'/?, z = —¢'"/?} in (2.2), we obtain

f(=q""%, ¢""% = {(—=¢’", —=¢*) — ¢"*f(—q, —¢*) (2.3)
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588 S. Rajkhowa, N. Saikia

and
Ha"? =" =f(=a’", =™ + 4" P*H(=q, —4*),
respectively. Again, from [2, p. 46, Entry 30 (i)], we note that

fw, wz)f(z, w?z) = f(w, )Y (w2).
Setting w = —¢ and z = —¢>! in (2.5), we obtain
f(—q. =4 (=", =) = f(—q. =’ v (@>).

Employing (2.3) and (2.6) in (2.1), we find that

1 —q15/2_ 41712
_JE@ = f(—q q')

VEI@ Va5 Pi=q, = (@)
Similarly, from (1.8) and applying (2.4), we obtain
1 f(q15/2’ _ql7/2)
VE@ Y e e

Combining (2.7) and (2.8), we obtain

e ]((_q15/27 q17/2)f(q15/2’ _C]17/2)
N = TR g~ @)

Ei(q)
Again, from [2, p. 46, Entry 30 (iv)], we note that

f(w, Df(—w, —z) = f(—w?, —z%)p(—w2).

Setting w = —g '/ and z = ¢'7/? in (2.10), we obtain

(=g, ¢ 1", —¢"?) = §(—¢", —¢"p(¢').

Employing (2.11) in (2.9), we obtain

L )= f(=¢", —4'"D¢ "%
Ei(9) q"%f(—q. —q*H Y (g?)
Squaring (2.7), we obtain
1 2(_15/2 172
b B = g )

Ei(q) qB25(=q, —*Hv (%)
From [2, p. 46, Entry 30 (v),(vi)], we note that

P(w, z) = f(w?, 29 (wz) + 2wi(z/w, w32) Y (w?z?).
Setting w = —¢'%/? and z = ¢'7/? in (2.14), we obtain
P(=q"2,4") = 14", 4" (—¢") —2¢"*1(—q, =4’ ¥ (¢™).
Employing (2.15) in (2.13), we obtain

f(g'3, ¢ (—q'%)
g2 (—q. —¢*H¥ (g%)

- 4 E —
£ +Ei(g)

Thus, proof of the theorem (that is, identities (2.12) and (2.16)) is complete for the case m = 1.
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Corollary 2.2 For (u,v) = {(1,8), (2,7), (3, 6), (4,5)}, we have

1 1 $*(q'%)
—E, — —E, =" 2.17
<Eu<q> “”) (Eu<q> (‘”) pLIvEIPEE) @17

Proof We give the proof of the case (#, v) = (1, 8) and omit other cases as the proofs are analogous. Setting

m = 8 in Theorem 2.1, we obtain

1 —q, — 31 16
— Eg(q) = — T4 a9 )

) (2.18)
Eg(q) q'?5(—=¢", —q'"v (g3
Multiplying (2.12) and (2.18), we obtain
1 1 $%(q"°)
— —E —  —E =1 - 2.19
<E1<q> “‘”) <E8(4) S(Q)> PLIEIpES) @19
O
Theorem 2.3 For a positive integer k andi = 1,2,3,4,5,6,7 and 8, we have
E¥(¢?), if k=0(mod4
E} @ E{(=q) = [ _ék(Z]Z)) lj; k= 2((m0d4))
kg™, )
Proof Takei = 1, then from (1.8), we obtain
*(—q.—q¢%)  (q.¢%
E¥ (@) Ef(—q) = (=112 15k x . (2.20)
s F=q® =™ " @™ ¢
Setting {w = ¢,z = ¢®} and {w = ¢3', z = ¢*} in (2.10), we find that
f(q. ¢)f(—q. —q%) = f(—q*. —¢"*)p(—q", 2.21)
and
f@". aHi(=q . =) = f(—¢*. —¢*)p (=", (2.22)
respectively. Employing (2.21) and (2.22) in (2.20), we obtain
k 2 126N 41k 64
(—q°, —q )" (—q"")
BN @) EX(—g) = (—1)15%12415%] = (=2 EL (7). (2.23)

fK(—q%2, —q®)p* (=g
Using fact that 15k /2 is even if k = 0 (mod4) and odd if k = 2 (mod 4) in (2.23), we complete the proof of the
casei = 1. The cases i = 2, 3,4, 5, 6,7 and 8 of the theorem follow similarly, so omitted. O

3 Partition theoretic results

In this section, we show that colour partition identities can be obtained from the theta-function identities estab-
lished in Theorem 2.1. As example, we deduce two partition-theoretic identities from the theta-function identities
of the continued fraction E;(g) using colour partition of integer. One can also obtain colour partition identities
from the other theta-function identities of Theorem 2.1. First, we will give the definition of colour partition of
integer and its generating functions.

A partition of a natural number n can be defined as finite sequence of positive integers (a1, o2, . .., o) such
that

k
E oj =n; oj = ajtl,
Jj=1
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590 S. Rajkhowa, N. Saikia

where o are called parts or summands of the partition.

A summand in a partition of 7 is said to have r different colours if each part of the partition is assumed to have r
distinct copies or colours. For any natural numbers n and r, let £ (n) count the total number of partitions of n with
each part having r different colours. For example, if each part of partition of 3 has 2 colours, say green (signified
by the suffix g) and black (signified by the suffix b), then the number of 2 colour partition of 3 is 10, namely
3¢, 3by 2g+1g, 241y, 2p+1g, 2p+1p, lgt+leg+lg, lg+lg4+1p, 1g+1p+1,, Ip+1p+1p.
The generating function of &, (n) is given by

s 1
(n)g" = , 3.1
g% (mg" = I 3.1)

For positive integers s, m and r, the generating function of the total number of partitions of n with parts congruent

to s modulo m and each part has r colours is given by
;. (3.2)
(@°:4™)%

For convenience, we write

t

@400 =@ 4" 4 oo, (3.3)
where r and ¢ are natural numbers with r < ¢.

Theorem 3.1 For any integer n > 15, let £1(n) := number of partitions of n into parts = £1, £15, £17 or
432 (mod 64) such that the parts = 1 and =+ 32 (mod 64) have 2 colours, £,(n) := number of partitions of
n into parts = £15, £17, 31 or 432 (mod 64) such that parts = +31 and £32 (mod 64) have 2 colours and
&3(n) := number of partitions of n into parts = 1, £16 and =+ 31 (mod 64) with 2 colours. Then

Ei(n) —Em—15) — &) = 0.
Proof Employing (1.3), (1.4), (1.5) and (1.8) in the theta-function identity (2.12) in Theorem 2.1, we obtain

@' 4% 15 @' F ) ("% 6300 (@ 325,

q - =0. (3.4)
g52(q1%; ¢4 @ ¢ 52" 42)00(q'% ¢10)2 (¢ ¢4
Changing the products in the third term of (3.4) to base ¢® and simplifying, we obtain
@'%: ¢ o0 SRE @559 @075 4" 00@? 6% _ 3.5)
(@' 9" (@4 (q'F, 471 ¢ (g0 gD
Dividing (3.5) by (g'® 155 17%531%; ¢64) (437, g2, we obtain
1 gh 1 —o
(g5 1T, g64) (g1 532, g64)2 (ISR 1T, 64y  (g315.32%; 464)2 (g1 1631, 464)2 :
(3.6)
Equation (3.6) is equivalent to
o o o
Yo Emg" =g Y &gt =Y En)g" =0, (3.7)
n=0 n=0 n=0

where we take £1(0) = &£ (0) = £3(0) = 1. Comparing the coefficients of ¢g" on both sides of (3.7), we complete
the proof. O

Example: By enumerating the relevant partitions of n = 15, one can verify that £ (15) = 17, £(0) = 1 and
&3(15) = 16 satisfy Theorem 3.1.
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Theorem 3.2 For any integer n > 15, let W) (n) := number of partitions of n into parts = £1, £16, 30 or
432 (mod 64) such that the parts = 1 and =+ 16 (mod 64) have 2 colours, Wh(n) := number of partitions
of n into parts = 16, £30, £31 or =+ 32 (mod 64) such that parts = 16 and £31 (mod 64) have 2 colours
and W5 (n) := number of partitions of n into parts = +1, +15, 17 and =+ 31 (mod 64) such that the parts
= +1 and £ 31 (mod 64) have 2 colours. Then

Wi(n) + Wh(n — 15) — W3 (n) = 0.

Proof Proceeding as in the proof of Theorem 3.1, identity (2.16) can be expressed as

1 ql5

+
(q30:|:,32:|:; q64)oo(q1i’16i; q64)c2>o (q30:|:,32:|:; q64)oo(q16:|:,31:|:; q64)%o

1
- (55 17%; g64) o (q'F31F; g2 =0. (3-8)
Noting the generating functions, we write (3.8) as
oo (0.¢] (0.¢]
> Wi + ¢ > Wamg" =Y Wimg" =0, (3.9)
n=0 n=0 n=0
where we take W, (0) = W»(0) = Ws(0) = 1. The required result follows easily from (3.9). O

Example: By enumerating the relevant partitions of n = 15, one can see that W (16) = 19, Wh(1) = 0 and
Wis(16) = 19 satisfy Theorem 3.2.

4 Vanishing coefficients

Recently, many authors have studied vanishing coefficients in the arithmetic progressions of several g-series
expansions. One can see [ 1], Hirschhorn [3] and references there in for details. In this section, we obtain vanishing
coefficient results arising from the g-product expansion of the continued fractions E; (¢)(i = 1,2,3,4,5,6,7,8)
and their reciprocals. From [2, p. 34, Entry 18(iv)], we note here that, for integers r > s > 0,

f(=q', —q™") = —q " {(—=q*, —¢' ™). (4.1)

Theorem 4.1 If

., _ 063 1 o0
Efg) =g 2B () = 2L ) Y g" and =Y &ad",
1

_ 431 _ .33 *
f(=¢"", —q%) = Eyq) =
then
(i) C3om+16 =0 and (ii) $3,,3 =0.

Proof Write

if O 'l —¢%)  f(=q,—4%)§ (¢ q¥) 42)

q" = = . .

~ (=’ =4 §(=¢* —¢¥)f(¢¥. ¢P)

From [2, p. 45, Entry 29], we note that, if a, b, ¢ and d are complex numbers satisfying ab = cd, then
f(a, b)f(c,d) = f(ac, bd)f(ad, bc) + af(b/c, aczd)f(b/d, acdz). 4.3)
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592 S. Rajkhowa, N. Saikia

Settinga = —q, b = —q%, ¢ = ¢*', d = ¢ in (4.3), we obtain
f(—q. =1 ¢7) = (=47, =¢*))§(=¢**. =¢°") — q§(=¢7*. =¢"*)§(=¢°. —=¢*%). @4
Setting w = ¢3! and z = ¢33 in (2.10), we obtain
f@*". ai(—q". —¢*) = f(—=¢%. —4*)p (—¢®"). 4.5)

Employing (4.5) and (4.11) in (4.2), we obtain

. §=q2 =" (=q*, - — q§ (4>, —¢°)}(—¢*°, —¢*®) i6
2 " = (=47, —4%)p (—¢%) : @0

Extracting the terms containing ¢ in (4.6) and replacing ¢ by ¢, we obtain

00 _ 16 _ _48\¢_ 17 _ 47 _ 16 _ _48\¢r_ 17 _ 47 31 33
Z{annzf( q°,=q)f(=q"",=q¢") _ f(=¢7, —¢)f(=q ", =¢")f(q" . q )‘ @)
n=0

f(=q>', —¢*)p(—q?) f(=q>', —¢*) 1@, ¢ b (—q*?)
Settinga = —¢'7, b = —¢*", c = ¢*' and d = ¢* in (4.3), we obtain
f(=q", —=¢"i@”", 47 = 1(=¢™, —=¢*H (=4, —¢"®) — ¢""1(=¢"°, =¢"H)f(=¢"*, —¢').  @8)
Applying (4.5) and (4.8) in (4.7), we obtain

i g = 140 =4 (0™, ~a™)i(=4™, —™) ~ 414", ~¢' D=4, ~¢'™)
= f(=¢2, —4%)p (—q*H)p (—¢*)

(4.9)
Again, extracting the terms containing ¢ in (4.9) and replacing ¢> by g, we obtain
i toq = 14— —a" i (q”. —4”)
= f(=q*. =43 (=q"9)p(—¢%)
_ f=4% =a*Hi(=a*, —¢*)f(=¢*, —¢*)f(g*!, ¢*) 4.10)

(=", =439 (=" (=¢*)f(q?", ¢*)
Settinga = —¢>,b = —¢*°, ¢ = ¢*' and d = ¢* in (4.3), we obtain
(4%, —)§(q". ¢7) = (=4 —=¢"H}(=q*. =¢"") — ¢71(=¢%, —q"*N)f(—¢°. —¢'*). (@.11)

Applying (4.5) and (4.11) in (4.10), we obtain

— . f(—q®, —q*Hi(—q**, —q*) 56 T2ve 58 70
;f“”q ‘f(—q@,—q66)¢<—q16)¢(—q32)¢(—q64>[f( ¢ maNCaT

—4%5(—4*, —¢"")§(—4°, —61122)]-

(4.12)

Extracting the terms containing ¢>" and replacing ¢ by ¢ in (4.12), we obtain
i torg = 14 DICa 2~ 0™ —4 (4. —¢™)
= $(—4%)¢(—q'9d (=¢*)f(=¢!, —¢33)
_ f=q". —a"™)f(=4"% —¢*)i(=4**. =¢*)i(=¢*. —4™)i(¢". ¢
P (—q*)d(—=q')(—¢*Hf(—¢!, —¢*H (. ¢) '
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Theta function identities and vanishing... 593

Setting a = —¢%°, b = —¢*>, ¢ = ¢*' and d = ¢ in (4.3), we obtain
(=%, —a*1@*", ¢) = §(=¢%, —¢®)§(—=¢%*, —¢%®) — ¢*°1(—¢*, —¢"*Mf(—¢*, —¢'®). (4.14)

Applying (4.5) and (4.14) in (4.13), we obtain

oo

3 toud” = f(=q*, —4")i(=¢"*. =¢*){(=¢*", —¢**)
" (4% =% (—g¥)p(—q ") (—g D) (—¢)

[f(—qﬁo, —4%®)§(—¢%, —¢*®)
n=0

—4®f(=q". —a"i(=a" —¢'™)] *.15)

Again, extracting the terms containing ¢ and replacing ¢2 by ¢ in (4.15), we obtain

i Cing" = f(—q% —q®f(=q°. —q")(—=¢"*. —¢"$}(—¢*°, —¢**) @.16)
T ) .
= ¢ (—qHp(—q®)p(—q')p(—¢*?)
The right hand side of (4.16) contains no term involving ¢>**!, so extracting terms containing ¢>"*!, we arrive
at (i),
To prove (ii), we note that
i =g F(=a® =) (g, ¢%)
Z &t = 3y 63 3) (@.17)
n=0 f(_‘], —-q ) f (—51, —-q ) f (q’ q )

Settinga = —¢3', b = —¢*3, ¢ = ¢, d = ¢ in (4.3), we obtain
1=¢™ =a™i(q. 4% = (=47, =¢”)i(=¢™*. =¢*) = ¢™§(=¢*. =¢")i(=¢7. =¢"). @.18)
Setting s = 30 and r = 158 in (4.1), we obtain
H(=¢"% =47 = =47 j(=¢*. —¢™). (4.19)
Employing (4.19) in (4.18), we obtain
i(=¢. =¢™)iq.4°) = (=47, =a")1(=¢™. ¢ + ¢i(=¢**. =¢")(=¢". =¢™).  (4.20)
Setting w = ¢ and z = ¢ in (2.10), we obtain
1. 4%)1(=q. —¢*) = §(=¢%. =4"*)$ (=¢**). (4.21)

Employing (4.20) and (4.21) in (4.17), we obtain

o F=a72 —q"5(=a% =) + qf(—q*%, —¢°0)F(—q>0, —¢%®) 1
2" = 4% —4 )¢ (—¢* ‘ (#:22
n=0 ’
Extracting the terms containing ¢*" ! in (4.22), dividing by ¢ and replacing ¢2 by ¢, we obtain
i D (G e e O (S 0] o e 0) UL i SN
R f(=q, —¢*)¢ (=g f(=q. —a%)f(q. ¢®)p(—q%)

Settinga = —¢, b = —¢*, ¢ = g and d = ¢ in (4.3), we obtain
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594 S. Rajkhowa, N. Saikia

Setting s = 14 and ¢t = 142 in (4.1), we obtain
f(=q'. g7 = —¢7"j(=¢". —¢'™). (4.25)
Employing (4.25) in (4.24), we obtain
f(=4". =a™)(q.4°) = (4", =¢")}(=4". =¢*") + 4i(=¢*. =¢™)j(=¢". —¢"™).  (4.26)

Applying (4.21) and (4.26) in (4.23), we obtain

e i(=q'%, —g*)[1(=4"%. =4"Di(=q", —4™) + qi(=4*, =g*)f(=g™, —¢"')]
D Gnd" = 2 126 32 64 -(4.27)
= f(=q% =4 )P (=q>*)p (=)
Extracting the terms containing ¢*" ! in (4.27), dividing by ¢ and replacing ¢2 by ¢, we obtain
i T (o) (G ) (G B
A f(=q. %) (—q )b (—¢ %)
_ §=4%. =g*Hi(=¢*. —¢™)i(=q". —¢*Ni(g. 4% 428)

f(—q, —q%)§(q, 4% (—q'©)p (—¢3?)
Settinga = —q’, b = —¢°’, c = g and d = ¢% in (4.3), we obtain
f(—q". —=¢°Df(q.4%) = (=% =" (=q"°, —=¢°®) — ¢"1(—=q*®, =¢"H)f(—q~°. —¢"**).  (4.29)
Setting s = 6 and t = 134 in (4.1), we obtain
f(—q"*, g% = = %f(—q° —¢'?). (4.30)
Employing (4.30) in (4.29), we obtain
f(—q". —¢°Df(q. %) = §(=¢®, =" (=q"°, —¢°®) + q§(=¢”°, —¢"Hf(—¢® —¢'*). 431
Applying (4.21) and (4.31) in (4.28), we obtain

. on f(—=q% —4*Hi(=g**, —¢™) 8 120\;_ 70 58
gf“"“q ‘f(—qz,—q12%(—q16)¢(—q32)¢<—q64>[f( I

+a1(=4%, ~g™i(~4", —¢')]. (432)

2n+1

Extracting the terms containing g in (4.32), dividing by ¢ and replacing ¢> by ¢, we obtain

ig/ q" = f(=q*. —¢"f(=¢"%, =a*))§(=¢**, —*i(=¢>, —¢°)
=i i(=4. —4%)d (=49 (—¢')p(—¢*)

_ f=q". —4")i(=4"%. —¢*)(=4*. —¢*)i(=¢’. —¢°Df(q. 4*)
f(—q, —q%)(q, ¢%)P(—g®) P (—q'0)p (—¢3?) '

Settinga = —¢>, b = —¢°', ¢ = g and d = ¢® in (4.3), we obtain

(4.33)

f(—q>, —¢°Hf(q, ¢%) = f(=q*, —¢"*H(=4¢*®, =¢°») — ¢*1(—¢®, =¢*®)f(—q 7%, —¢'*).
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Setting s = 2 and ¢ = 130 in (4.1), we obtain
H=4". —47%) = =4 7*j(=4% —¢"*"). (4.35)
Employing (4.35) in (4.34), we obtain
i(=¢*. =4°H1(q.4%) = §(=¢". ="*Hi(=4%. =4°) + 4f(=4*. =¢*)i(=¢*. =¢"**).  (436)

Applying (4.21) and (4.36) in (4.33), we obtain

et / n__ f(_‘]4’ _qlz)f(_qlzv _q20)f(_q28, _q36) 4 124 66 62
D T Y Y@ YY) [foa* —a" 1% 4™
+ai(=4%, ~4*™)f(=g% =¢'®)]
(4.37)
Extracting the terms containing ¢>"*! in (4.37), dividing by ¢ and replacing ¢ by ¢, we obtain
o §a —a0i(=4% —¢")i(=¢" —¢"Hi(—¢¥. —¢*
= . 4.38
2 Clonyisd —aD9(—qD (—4 )9 (—4) -

2n+1

The right hand side of (4.38) contains no term containing g , SO extracting terms containing ¢>**! from

(4.38), we complete the proof. O

In the following table, we present vanishing coefficients of the g-series expresssions connected with the continued
fractions E»(q), E3(q), Ea(q), E5(q), Es(q), E7(q), Es(q) and their reciprocals. Proofs are identical to the
proof of Theorem 4.1.

g-series/Continued fractions Vanishing coefficients
_ (—¢*. —q®)
E’{(q) =q ]3/2E2(q) = W = Z;‘,io Anq" A32n413 =0
. s
) =220 Md" Mony26 =0
5 59
EX(q) = 711/2E()_ f(=q°, —q”) _Zoo aa" o -0
3@g)=q 3g) = f(_q27’ _q37) - n=0 %nq 32n+6 =
l 7 ’
% =>20%q" 39417 =0
. _ f(—q", —q"")
Ej(q) ==q " Ea(q) = g, —q®) Ynzo Yaq" Y3427 =0
| ,
EI(q) - Z:i() yy;qn y3/2)1+4 =0
_ (—4°, —¢>)
E;(‘I) =q 7/2E5(q) = ]j(_;zgi_qqﬂ) = Z,o,O:o Bnq" B3on+r12 =0
: ,
@ Yonto Brd" Bini19 =0
11 53
E*(q) = 75/2E()*]((_q s —q )7200 5 a" s -0
6\q) =¢q 6lq) = 7)‘(7(121, *1143) = 2_n=099 32n+25 =
1
Eg(q) =L 83430 =0
13 51
EX . 73/2E _ f(iq -4 ) _ 0 n =0
7(q) =q 7(q) = P s Do €nd €312 =
| ,
% =>206d" ongs =0
_ f(—q°, —q*)
Eg(q) :=q "2Eg(q) = W =300 inq" M32m47 =0
| ,
om0 Hnd" MWapyps =0

Ej@)

@ Springer



596 S. Rajkhowa, N. Saikia

Acknowledgements The authors are grateful to the referee, who read our manuscript with great care and offered useful suggestions.
The first author acknowledges the financial support received from the Department of Science and Technology (DST), Government
of India through INSPIRE Fellowship [DST/INSPIRE Fellowship/2021 /IF210210].

Data availability Data sharing not applicable to this article as no datasets were generated or analysed during the current study.

Declarations

Conflict of interest The authors declare that they have no conflict of interests.

References

1. N. D. Baruah and M. Kaur: Some results on vanishing coefficients in infinite product expansions, Ramanujan J. 53 (2020),
551-568.

2. B. C. Berndt: Ramanujan’s Notebooks, Part 111, Springer-Verlag, New York, 1991.

3. M. D. Hirschhorn: Two remarkable g-series expansions. Ramanujan J. 49(2) (2018), 451-463.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under a publishing agreement
with the author(s) or other rightsholder(s); author self-archiving of the accepted manuscript version of this article is solely governed
by the terms of such publishing agreement and applicable law.

@ Springer




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2026-03-14T13:15:28+0530
	Preflight Ticket Signature




