
Indian J Pure Appl Math (2026) 57:597–627
https://doi.org/10.1007/s13226-024-00543-1

ORIGINAL RESEARCH

Multi-step inertial algorithms for equilibrium, fixed
point, general systems of variational inequalities and split
feasibility problems

Haiying Li · Jiaoying He · Fenghui Wang

Received: 14 October 2023 / Accepted: 12 January 2024 / Published online: 27 January 2024
© The Indian National Science Academy 2024

Abstract In this paper, we present two novel multi-step inertial iterative methods to approximate a common
element that combines equilibrium problems with other problems in real Hilbert spaces. Firstly, by combining
equilibrium problems, fixed point problems and a general system of variational inequalities, we adopt a conjugate
gradient method to solve them. Secondly, by integrating equilibrium problems, fixed point problems and split
feasibility problems, we employ a S-iteration process to address them. Under appropriate assumptions and
mild conditions, we obtain strong convergence theorems of our proposed algorithms. Finally, some numerical
experiments are provided to test and verify the efficiency of the proposed algorithms.

Keywords Multi-step inertial effect · Equilibrium problem · Fixed point problem · Variational inequality · Split
feasibility problem
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1 Introduction

Throughout this article, H is a real Hilbert space and C is a nonempty closed convex subset of H , with inner
product 〈·, ·〉 and induced norm ‖ · ‖ on H . Let f : H × H → R be a bifuntion with f (x, x) = 0 for all x ∈ C .
The Equilibrium Problem (shortly, E P [2,23]) for the bifunction f on C is stated as follows:

find x∗ ∈ C such that f (x∗, y) ≥ 0, ∀y ∈ C. (1.1)

The set of solutions of E P (1.1) is denoted by E P( f ).
The E P is a general model in the sense that it unifies many important mathematical problems, such as

variational inequality problems, fixed point problems, complementarity problems, Nash equilibrium problems
(see, e.g., [2,3,8,10,15,22,23,33,35,45]). In addition, the E P has direct applications in many fields, such as
network problems, electricity markets. It is why the E P has been attracted the interest and considered by
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598 H. Li et al.

researchers in recent years. At present, strategies for solving the E P mainly include the proximal point methods
[12,21], the projection algorithms [9,37], the gap function methods [20,25] and extragradient methods [36,38].

An extremely significant research field in nonlinear analysis is fixed point theory. Recall that the Fixed Point
Problem (shortly, F P P) for a mapping T : H → H is said as follows:

find x∗ ∈ H such that T x∗ = x∗. (1.2)

The set of solutions of F P P (1.2) is denoted by F(T ).
There exist several methods for solving the F P P . One of the most popular methods is Mann’s method [19]

which was first presented in 1953. The form is as follows:

xn+1 = αn xn + (1 − αn)T xn, (1.3)

where {αn} ⊂ [0, 1]. Reich proved in 1979 [26] that if the sequence {αn} satisfies
∑∞

n=1 αn(1 − αn) = ∞ then
the sequence {xn} generated by (1.3) converges weakly to a fixed point of a nonexpansive mapping T . Moreover,
conjugate gradient methods [24] are popular acceleration methods of the steepest descent method. The conjugate
gradient direction of f at xn is that

dn+1 = −∇ f (xn)+ βndn, (1.4)

where {βn} ⊂ (0,+∞). In 2018, Dong et al. [11] introduced the following algorithm:
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

wn = xn + θn(xn − xn−1),

dn+1 = 1

λ
(Twn − wn)+ βndn,

yn = wn + λdn+1,

xn+1 = μγnwn + (1 − μγn)yn,

(1.5)

where λ,μ > 0, θn , βn and γn are real sequences. They proved the weak convergence of the algorithm (1.5) for
a nonexpansive mapping T under mild conditions.

We consider the following problem of finding (x∗, y∗) ∈ C × C satisfying
{ 〈μAy∗ + x∗ − y∗, x − x∗〉 ≥ 0,

〈νBx∗ + y∗ − x∗, x − y∗〉 ≥ 0, ∀x ∈ C
(1.6)

which is called a General System of Variational Inequalities, where A, B : C → H are two nonlinear mappings,
μ, ν > 0 are two fixed constants. The set of solutions of (1.6) is denoted by GV (A, B).

In [6], Ceng et al. introduced the following iterative algorithm for solving (1.6):
⎧
⎪⎨

⎪⎩

x0 ∈ C,

yn = PC (xn − νBxn),

xn+1 = αn x0 + βn xn + γnT PC (yn − μAxn),

(1.7)

where αn , βn and γn are real sequences, T is a nonexpansive mapping, PC is a metric projection. A strong
convergence theorem was obtained under some suitable conditions.

In addition, we focus on another mathematical problem: the Split Feasibility Problem (shortly, SF P). It was
introduced by Censor and Elfving in 1994 [7]. The SF P can be described as finding a point x∗ ∈ C such that

J x∗ ∈ Q, (1.8)

where J : H1 → H2 is a bounded linear operator, and C and Q are nonempty, closed and convex subsets of
Hilbert spaces H1 and H2, respectively. The solution set of the SF P (1.8) is denoted by �.

A C Q algorithm was first proposed by Byrne [4] to solve the SF P , which generates the sequence {xn}
through the following iteration:

xn+1 = PC (I − γ J ∗(I − PQ)J )xn,

where γ ∈ (0, 2
‖J‖2 ), J ∗ denotes the adjoint operator of J , I is the identity operator on H1 and PC and PQ are

metric projections onto C and Q. Generally, the calculation of projections is difficult when sets C and Q are
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Multi-step inertial algorithms... 599

general convex sets. To overcome this, Yang [40] introduced a relaxed C Q algorithm by two half-spaces Cn and
Qn , where

Cn = {x ∈ H1 : c(xn)+ 〈φn, x − xn〉 ≤ 0}, φn ∈ ∂c(xn)

Qn = {y ∈ H2 : q(J xn)+ 〈ψn, y − J xn〉 ≤ 0}, ψn ∈ ∂q(J xn),

where c and q are two convex and lower semicontinuous functions. Afterwards, relaxed C Q methods were
widely applied (see, e.g., [27,30]). In recent years, some authors introduced ball-relaxed C Q algorithms, where
Cn and Qn are replaced by Cn and Qn (see, e.g., [16,17,31]).

As for various iterative schemes, accelerating the convergence rate is the main purpose. It is the reason
why inertial-type approaches, based on the heavy ball methods, have attracted a large number of scholars to
investigate. Adding an extrapolation term αn(xn − xn−1) indicates that the proposed algorithm has an inertial
effect. The strategy of adding inertial technique is that the next iteration will be composed of the previous two
iterations. Recently, many authors have studied different inertial types to accelerate the convergence process,
such as double inertial extrapolation steps, alternated inertial terms and multi-step inertial terms (see, e.g.,
[1,13,27,28,30–32,34,41,44]). Among them, we follow the interest in multi-step inertial effects, which takes
the form of

wn = xn +
∑

i∈N

αi,n(xn−i − xn−i−1).

A large amount of numerical experiments have shown that this technique can improve the convergence speed
of proposed algorithms. Therefore, many authors apply it in various fields (see, e.g., [1,3,10,11,13,28,30–
34,41,44,45]).

In this study, we first pay close attention to searching for common solutions of monotone equilibrium
problems, fixed point problems of nonexpansive mappings and general systems of variational inequalities in real
Hilbert spaces. Yazdi et al. [43] proposed a hybrid viscosity approximation method in 2023. Their algorithm is
as follows:

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

un = sn xn + (1 − sn)yn,

f (vn, y)+ 1

rn
〈y − vn, vn − un〉 ≥ 0, ∀y ∈ C,

zn = PC (vn − νBvn),

yn = PC (zn − μAzn),

xn+1 = αnϕ(xn)+ (1 − αn)Tn yn,

(1.9)

where αn , rn and sn are real sequences, Tn is an infinite family of nonexpansive mappings. They proved a strong
convergence theorem under some appropriate conditions and assumptions.

Moreover, we also focus on finding common elements of monotone equilibrium problems, split feasibility
problems and fixed point problems of nonexpansive mappings. Recently, Li et al. [16] introduced a strategy with
alternated inertial and obtained a strong convergence theorem under some suitable conditions. This algorithm is
given as follows:

wn =
{

xn, i f n = even,

xn + θn(xn − xn−1), i f n = odd.
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

f (zn, y)+ 1

rn
〈y − zn, zn − wn〉 ≥ 0, ∀y ∈ C,

yn = (1 − αn)wn + αnzn,

xn+1 = βn x0 + βn PCn
(yn − γn J ∗(I − PQn

)J yn),

(1.10)

where αn , βn , θn and rn are real sequences, and

γn = ρn‖(I − PQn
)J yn‖2

2(‖J ∗(I − PQn
)J yn‖2)

,
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600 H. Li et al.

Motivated and inspired by the foregoing works, in this paper, we first propose a new multi-step inertial
algorithm for approximating a common element of a monotone equilibrium problem, a fixed point problem
of a quasinonexpansive mapping and a general system of variational inequalities in real Hilbert spaces via the
conjugate gradient method. Later, we establish a strong convergence theorem under some suitable conditions
on parameters. In addition, we blend a multi-step inertial term with a S-iteration process for finding a common
element of a monotone equilibrium problem, a fixed point problem of a quasinonexpansive mapping and a split
feasibility problem. A strong convergence result of the algorithm is obtained. In the end, numerical experimental
results show the performance of proposed algorithms by comparing them with the existing algorithms.

This paper is organized as follows. In Sect. 2, we present some fundamental definitions, lemmas and pre-
liminary results needed in the sequel. Two multi-step inertial algorithms and analyses are investigated in Sects.
3 and 4. Section 5 comprises numerical experiments to illustrate the numerical behavior of proposed algorithms
and compare them with relevant algorithms. In Sect. 6, we make a brief summary of this paper.

2 Preliminaries

Let H be a real Hilbert space and C be a nonempty closed convex subset of H . The strong (weak) convergence
of a sequence {xn} to x is denoted by xn → x (xn ⇀ x), respectively. We have the following facts:

(1) For any x, y ∈ H ,

‖x + y‖2 ≤ ‖x‖2 + 2〈y, x + y〉; (2.1)

(2) For any x, y, z ∈ H , a, b, c ∈ [0, 1] and a + b + c = 1,

‖ax + by + cz‖2 = a‖x‖2 + b‖y‖2 + c‖z‖2 − ab‖x − y‖2 − ac‖x − z‖2 − bc‖y − z‖2. (2.2)

Definition 2.1 [9] The metric projection from H onto C at x ∈ H is defined by

PC x = arg min
{‖x − y‖ : y ∈ C

}
.

Further, for x ∈ H , we have

〈x − PC x, y − PC x〉 ≤ 0, ∀y ∈ C. (2.3)

We suppose that the bifunction f : C × C −→ R satisfies the following assumptions:

(A1) f (x, x) = 0, ∀x ∈ C ;
(A2) f is monotone, that is, f (x, y)+ f (y, x) ≤ 0, ∀x, y ∈ C ;
(A3) For each x, y, z ∈ C , lim supt→0 f (t z + (1 − t)x, y) ≤ f (x, y);
(A4) For each x ∈ C , y �→ f (x, y) is convex and lower semicontinuous.

If a bifunction f : C × C → R satisfies assumptions (A1)-(A4) and r > 0, x ∈ C , there exists a unique z ∈ C
[43] such that

f (z, y)+ 1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C.

Definition 2.2 [39] A mapping T : H → H with F(T ) �= ∅.

(1) T is called nonexpansive if

‖T x − T y‖ ≤ ‖x − y‖, ∀x, y ∈ H ;
(2) T is called quasinonexpansive if

‖T x − y‖ ≤ ‖x − y‖, ∀x ∈ H, y ∈ F(T );
(3) T is called firmly nonexpansive if

‖T x − T y‖2 ≤ 〈T x − T y, x − y〉, ∀x, y ∈ H ;
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(3) I − T is called demiclosed at zero if {xn} ⊂ H ,

xn ⇀ x and ‖T xn − xn‖ → 0 ⇒ x ∈ F(T ).

It is known that the mapping PC is firmly nonexpansive and nonexpansive.

Definition 2.3 [43] A nonlinear operator A whose domain D(A) ⊆ H and the range R(A) ⊆ H is said to be
η-inverse strongly monotone (η-ism) if there exists η > 0 such that

〈Ax − Ay, x − y〉 ≥ η‖Ax − Ay‖2, ∀x, y ∈ D(A).

Definition 2.4 [39] A function g : H → (−∞,+∞) is proper.

(1) A vector u ∈ H is subgradient of g at a point x if

〈y − x, u〉 + g(x) ≤ g(y), ∀y ∈ H.

(2) The subdifferential of g is the set-valued operator ∂g : H → 2H .

∂g(x) = {u ∈ H : 〈y − x, u〉 + g(x) ≤ g(y), ∀y ∈ H}.
(3) g is called lower semicontinuous if xn → x implies

g(x) ≤ lim inf
n→∞ g(xn).

(4) g is called weakly lower semicontinuous if xn ⇀ x implies

g(x) ≤ lim inf
n→∞ g(xn).

Lemma 2.5 [14] Let T : H → H be a nonexpansive mapping. Let {xn} ⊂ H and x ∈ H. Suppose that xn ⇀ x
and T xn − xn → 0 as n → ∞. Then x ∈ F(T ).

Lemma 2.6 [16] Let g : H → (−∞,+∞] be an α-strongly convex function. Then, for all x, y ∈ H and α > 0,

g(x)+ 〈φ, y − x〉 + α

2
‖y − x‖2 ≤ g(y), ∀φ ∈ ∂g(x).

Lemma 2.7 [43] Let C ⊆ H, A : C → H be η-ism and μ ∈ (0, 2η). Then, I − μA is nonexpansive.

Lemma 2.8 [8] Assume that f : C × C −→ R satisfies assumptions (A1)-(A4). For any r > 0 and x ∈ H,
define a mapping T f

r : H → C as follows:

T f
r (x) =

{
z ∈ C : f (z, y)+ 1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C

}
.

Then, the following hold:

(i) T f
r is a single-valued mapping.

(ii) T f
r is firmly nonexpansive, that is, ‖T f

r x − T f
r y‖2 ≤ 〈T f

r x − T f
r y, x − y〉.

(iii) F(T f
r ) = E P( f ).

(iv) E P( f ) is closed and convex.

Lemma 2.9 [43] Assume that f : C × C −→ R satisfies assumptions (A1)-(A4). For any r, s > 0 and x ∈ H,
the mapping T f

r satisfies the following inequality:

‖T f
r x − T f

s y‖ ≤ ‖x − y‖ + |r − s

r
| · ‖T f

r x − x‖, ∀x, y ∈ C.

Lemma 2.10 [39] Let {an} be a sequence of nonnegative real numbers. Assume that

an+1 ≤ (1 − αn)an + αnbn + cn, ∀n ≥ 1,

where {αn} be a sequence of real numbers in (0,1), {bn} and {cn} be sequences of real numbers, such that

(i)
∑∞

n=1 αn = ∞.
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(ii) lim supn→∞ bn ≤ 0 or
∑∞

n=1 |αnbn| < ∞.
(iii)

∑∞
n=1 cn < ∞.

Then limn→∞ an = 0.

Lemma 2.11 [6] For given x∗, y∗ ∈ C, (x∗, y∗) is a solution of problem (1.6) if and only if x∗ is a fixed point
of the mapping G : C → C, which is defined by

G(x) = PC (I − μA)PC (I − νB)x, ∀x ∈ C,

where y∗ = PC (x∗ − νBx∗).

Lemma 2.12 [16] Let {an} be a sequence of nonnegative real numbers such that there exists a subsequence
{an j } of {an} such that an j < an j +1 for all j ∈ N. Then, there exists a nondecreasing sequence {mk} of N such
that mk → ∞ as k → ∞ and the following properties are satisfied by all number k ∈ N:

amk ≤ amk+1 and ak ≤ amk+1.

In fact, mk is the largest number n in the set {1, 2, 3, ..., k} such that an < an+1.

3 The first algorithm and convergence analysis

In this section, we propose a new multi-step inertial algorithm for finding a common solution of monotone
equilibrium problems, fixed point problems of quasinonexpansive mappings and general systems of variational
inequalities in real Hilbert spaces and provide convergence analysis.

Let C be a closed convex subset of H , f : C × C → R be a bifunction satisfying assumptions (A1)-(A4),
A, B : C → H be η1-ism, η2-ism, respectively. T : H → H is a quasinonexpansive mapping such that (I − T )
is demiclosed at zero and ϕ : H → H is a strict contraction function with coefficient δ ∈ (0, 1). We denote the
solution set by � := E P( f ) ∩ F(T ) ∩ F(G) �= ∅. We establish the convergence of the algorithm under the
following conditions on control parameters:

Condition 1

(C1)
∑∞

n=1 maxi∈N |αi,n| ∑i∈N ‖xn−i − xn−i−1‖ < ∞;
(C2) {γn} ⊂ (0, 1), limn→∞ γn = 0,

∑∞
n=1 γn = ∞, and

∑∞
n=1 |γn − γn−1| < ∞;

(C3) {βn} is a positive sequence satisfying βn + βn−1 = ◦(γn);
(C4) {rn} ⊂ (a,∞) for some a > 0,

∑∞
n=1 |rn − rn−1| < ∞;

(C5) {T zn − zn} is bounded.

Now, we are in a position to give the description of our algorithm.

Algorithm 3.1

Initialization. Let n ∈ N+, N := {0, 1, · · · , n − 1} and {αi,n}i∈N ⊂ (−1, 1)n . Choose μ ∈ (0, 2η1),

ν ∈ (0, 2η2), λ > 0, x0 ∈ H , xi−1 = x0, i ∈ N \ {0} and d0 = 1

λ
(T x0 − x0).

Iterative Step. Given the iterates xn−i and xn−i−1 for each n > 1.
Step 1. Compute

wn = xn +
∑

i∈N

αi,n(xn−i − xn−i−1).

Step 2. Find un ∈ C such that

f (un, y)+ 1

rn
〈y − un, un − wn〉 ≥ 0, ∀y ∈ C.

Step 3. Compute

yn = PC (I − νB)un
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and

zn = PC (I − μA)yn .

Step 4. Compute

vn = zn + λdn+1,

where dn+1 = 1
λ
(T zn − zn)+ βndn .

Step 5. Compute

xn+1 = γnϕ(xn)+ (1 − γn)vn .

Set n := n + 1 and return to Step 1.

Lemma 3.1 Assume that conditions (C1)-(C5) hold. Let {xn}, {zn} and {dn} be sequences generated by Algorithm
3.1. Then, for each p ∈ �, the following results hold:

(a) the sequences {dn} and {xn} are bounded.
(b) ‖xn+1 − xn‖ → 0, as n → ∞.
(c) ‖T zn − zn‖ → 0, as n → ∞.

Proof (a) First, {dn} is a bounded sequence by induction. This is true trivially for n = 0. Let M0 =
max{‖d0‖, 2

λ
supn≥1 ‖T zn − zn‖}. According to the condition (C5), we know that M0 < ∞. Assume that

‖dn‖ ≤ M0 is true for some n. We will show that it continues to hold for n + 1. From (C3), we get

‖dn+1‖ = ‖1

λ
(T zn − zn)+ βndn‖

≤ 1

λ
‖T zn − zn‖ + βn‖dn‖

≤ 1

λ
· λ

2
M0 + 1

2
M0

= M0.

It implies that ‖dn‖ ≤ M0 for all n ≥ 0, that is, {dn} is bounded.
Next, we show that {xn} is bounded. Indeed, from Lemma 2.8, we know that un = T f

rnwn .

‖un − p‖ = ‖T f
rnwn − p‖ ≤ ‖wn − p‖. (3.1)

From the definition of wn , we have

‖wn − p‖ = ‖xn +
∑

i∈N

αi,n(xn−i − xn−i−1)− p‖

≤ ‖xn − p‖ +
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖. (3.2)

Combining (3.1) and (3.2), we obtain

‖un − p‖ ≤ ‖xn − p‖ +
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖. (3.3)

Using the triangle inequality, we get

‖xn+1 − p‖ = ‖γnϕ(xn)+ (1 − γn)vn − p‖
≤ γn‖ϕ(xn)− p‖ + (1 − γn)‖vn − p‖
≤ γnδ‖xn − p‖ + γn‖ϕ(p)− p‖ + (1 − γn)‖vn − p‖. (3.4)
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According to the definition of vn , we have

‖vn − p‖ = ‖zn + λdn+1 − p‖
= ‖zn + λ(

1

λ
(T zn − zn)+ βndn)− p‖

≤ ‖T zn − p‖ + λβn‖dn‖
≤ ‖zn − p‖ + λβn M0. (3.5)

From Lemma 2.7,

‖zn − p‖ = ‖PC (I − μA)yn − p‖
= ‖PC (I − μA)PC (I − νB)un − p‖
≤ ‖un − p‖. (3.6)

In addition, from the condition (C3), there exists M1 > 0 such that

βn

γn
≤ M1, ∀n ≥ n0. (3.7)

Substituting (3.3), (3.5), (3.6), (3.7) into (3.4), we obtain

‖xn+1 − p‖ ≤ γnδ‖xn − p‖ + γn‖ϕ(p)− p‖ + (1 − γn)‖vn − p‖
≤ γnδ‖xn − p‖ + γn‖ϕ(p)− p‖ + (1 − γn)(‖zn − p‖ + λβn M0)

≤ γnδ‖xn − p‖ + γn‖ϕ(p)− p‖ + (1 − γn)(‖un − p‖ + λβn M0)

≤ γnδ‖xn − p‖ + γn‖ϕ(p)− p‖ + (1 − γn)(‖xn − p‖
+

∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖ + λβn M0)

≤ γnδ‖xn − p‖ + γn‖ϕ(p)− p‖ + (1 − γn)‖xn − p‖
+

∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖ + λβn M0

≤ [1 − γn(1 − δ)]‖xn − p‖ + γn(1 − δ)
[‖ϕ(p)− p‖

1 − δ
+ λβn M0

γn(1 − δ)

]

+
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖

≤ [1 − γn(1 − δ)]‖xn − p‖ + γn(1 − δ)
[‖ϕ(p)− p‖

1 − δ
+ λM0 M1

1 − δ

]

+
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖

≤ max
{
‖xn − p‖, ‖ϕ(p)− p‖ + λM0 M1

1 − δ

}
+

∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖

≤ max
{
‖xn−1 − p‖, ‖ϕ(p)− p‖ + λM0 M1

1 − δ

}
+

∑

i∈N

|αi,n−1| · ‖xn−i−1 − xn−i−2‖

+
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖

≤ · · ·
≤ max

{
‖xn0 − p‖, ‖ϕ(p)− p‖ + λM0 M1

1 − δ

}
+ M2,

where M2 := ∑
i∈N |αi,n| · ‖xn−i − xn−i−1‖ + · · · + ∑

i∈N |αi,n0 | · ‖xn0−i − xn0−i−1‖ < ∞.
Thus, we infer that the sequence {xn} is bounded, so are {wn}, {un}, {yn}, {zn}, {vn} and {ϕ(xn)}.

(b) We show that ‖xn+1 − xn‖ → 0, as n → ∞.
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Indeed, from the definition of xn+1, we have

‖xn+1 − xn‖ = ‖γnϕ(xn)+ (1 − γn)vn − (γn−1ϕ(xn−1)+ (1 − γn−1)vn−1)‖
= ‖γn(ϕ(xn)− ϕ(xn−1))+ (1 − γn)(vn − vn−1)+ (γn − γn−1)ϕ(xn−1)

+ (γn−1 − γn)vn−1‖
≤ γnδ‖xn − xn−1‖ + (1 − γn)‖vn − vn−1‖ + |γn − γn−1|(‖ϕ(xn−1)‖ + ‖vn−1‖). (3.8)

Now the estimate

‖vn − vn−1‖ = ‖zn + λdn+1 − (zn−1 + λdn)‖
= ‖zn + T zn − zn + λβndn − (zn−1 + T zn−1 − zn−1 + λβn−1dn−1)‖
≤ ‖zn − zn−1‖ + ‖T zn − zn‖ + ‖T zn−1 − zn−1‖ + λ‖βndn − βn−1dn−1‖
≤ ‖zn − zn−1‖ + ‖T zn − zn‖ + ‖T zn−1 − zn−1‖ + λ(βn + βn−1)M0. (3.9)

From Lemma 2.7 and Lemma 2.9, we get

‖zn − zn−1‖ = ‖PC (I − μA)PC (I − νB)un − PC (I − μA)PC (I − νB)un−1‖
≤ ‖un − un−1‖
= ‖T f

rnwn − T f
rn−1wn−1‖

≤ ‖wn − wn−1‖ +
∣
∣
∣
rn − rn−1

rn

∣
∣
∣‖T f

rnwn − wn‖. (3.10)

From the definition of wn , we have

‖wn − wn−1‖ = ‖xn +
∑

i∈N

αi,n(xn−i − xn−i−1)− (xn−1 +
∑

i∈N

αi,n−1(xn−i−1 − xn−i−2))‖

≤ ‖xn − xn−1‖ +
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖ +
∑

i∈N

|αi,n−1| · ‖xn−i−1 − xn−i−2‖. (3.11)

Substituting (3.11) into (3.10),

‖zn − zn−1‖ ≤ ‖xn − xn−1‖ +
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖ +
∑

i∈N

|αi,n−1| · ‖xn−i−1 − xn−i−2‖

+
∣
∣
∣
rn − rn−1

rn

∣
∣
∣‖T f

rnwn − wn‖

≤ ‖xn − xn−1‖ +
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖ +
∑

i∈N

|αi,n−1| · ‖xn−i−1 − xn−i−2‖

+ |rn − rn−1| M3

a
, (3.12)

where M3 := supn≥1{‖T f
rnwn − wn‖} > 0. Moreover,

‖T zn − zn‖ + ‖T zn−1 − zn−1‖ ≤ λ

2
M0 + λ

2
M0 = λM0. (3.13)

Putting (3.9), (3.12), (3.13) into (3.8), we obtain

‖xn+1 − xn‖ ≤ γnδ‖xn − xn−1‖ + (1 − γn)‖vn − vn−1‖ + |γn − γn−1|(‖ϕ(xn−1)‖ + ‖vn−1‖)
≤ γnδ‖xn − xn−1‖ + (1 − γn)(‖zn − zn−1‖ + ‖T zn − zn‖ + ‖T zn−1 − zn−1‖

+ λ(βn + βn−1)M0)+ |γn − γn−1|(‖ϕ(xn−1)‖ + ‖vn−1‖)
≤ γnδ‖xn − xn−1‖ + (1 − γn)(‖xn − xn−1‖ +

∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖

+
∑

i∈N

|αi,n−1| · ‖xn−i−1 − xn−i−2‖ + |rn − rn−1| M3

a
+ λM0 + λ(βn + βn−1)M0)
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+ |γn − γn−1|(‖ϕ(xn−1)‖ + ‖vn−1‖)
≤ [1 − γn(1 − δ)]‖xn − xn−1‖ +

∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖

+
∑

i∈N

|αi,n−1| · ‖xn−i−1 − xn−i−2‖ + |rn − rn−1| M3

a
+ λM0 + λ(βn + βn−1)M0

+ |γn − γn−1|(‖ϕ(xn−1)‖ + ‖vn−1‖)
≤ [1 − γn(1 − δ)]‖xn − xn−1‖ + γn(1 − δ)

[ (βn + βn−1)λM0

γn(1 − δ)
+ βnλM0

γn(1 − δ)βn

]

+
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖ +
∑

i∈N

|αi,n−1| · ‖xn−i−1 − xn−i−2‖ + |rn − rn−1| M3

a

+ |γn − γn−1|(‖ϕ(xn−1)‖ + ‖vn−1‖). (3.14)

According to the conditions (C1)-(C4), we apply Lemma 2.10 to (3.14) to obtain that limn→∞ ‖xn+1 − xn‖ = 0.

(c) We show that ‖T zn − zn‖ → 0, as n → ∞. Indeed, since p ∈ �, we know that p = PC (PC (p − νBp)−
μAPC (p − νBp)) = PC (I −μA)PC (I − νB)p. From Lemma 2.11, we have q = PC (I − νB)p. Observe
that

‖yn − q‖2 = ‖PC (I − νB)un − q‖2

≤ ‖PC (I − νB)un − PC (I − νB)p‖2

≤ ‖(I − νB)un − (I − νB)p‖2

= ‖un − p‖2 − 2ν〈un − p, Bun − Bp〉 + ν2‖Bun − Bp‖2

≤ ‖un − p‖2 − 2νη2‖Bun − Bp‖2 + ν2‖Bun − Bp‖2

= ‖un − p‖2 − ν(2η2 − ν)‖Bun − Bp‖2. (3.15)

Similarly,

‖zn − p‖2 ≤ ‖yn − q‖2 − μ(2η1 − μ)‖Ayn − Aq‖2. (3.16)

Combining (3.15) and (3.16),

‖zn − p‖2 ≤ ‖un − p‖2 − μ(2η1 − μ)‖Ayn − Aq‖2 − ν(2η2 − ν)‖Bun − Bp‖2. (3.17)

Because μ ∈ (0, 2η1), ν ∈ (0, 2η2), we get

‖zn − p‖2 ≤ ‖un − p‖2. (3.18)

From (2.2),

‖xn+1 − p‖2 = ‖γnϕ(xn)+ (1 − γn)vn − p‖2

= ‖γn(ϕ(xn)− p)+ (1 − γn)(vn − p)‖2

≤ γn‖ϕ(xn)− p‖2 + (1 − γn)‖vn − p‖2. (3.19)

By (3.5),

‖vn − p‖2 ≤ (‖zn − p‖ + λβn M0)
2

= ‖zn − p‖2 + 2λβn M0‖zn − p‖ + (λβn M0)
2

= ‖zn − p‖2 + βn(2λβn M0‖zn − p‖ + βn(λM0)
2)

≤ ‖zn − p‖2 + βn M4, (3.20)

where M4 := supn≥1{2λβn M0‖zn − p‖ + βn(λM0)
2} > 0.
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In addition, by definition of wn ,

‖wn − p‖2 = ‖xn +
∑

i∈N

αi,n(xn−i − xn−i−1)− p‖2

= ‖xn − p‖2 + ‖
∑

i∈N

αi,n(xn−i − xn−i−1)‖2 + 2
∑

i∈N

αi,n〈xn − p, xn−i − xn−i−1〉

≤ ‖xn − p‖2 +
∑

i∈N

|αi,n|
∑

i∈N

|αi,n|‖xn−i − xn−i−1‖2 + 2
∑

i∈N

|αi,n|‖xn − p‖‖xn−i − xn−i−1‖

≤ ‖xn − p‖2 +
∑

i∈N

|αi,n|‖xn−i − xn−i−1‖(
∑

i∈N

|αi,n|‖xn−i − xn−i−1‖ + 2‖xn − p‖)

≤ ‖xn − p‖2 +
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖M5, (3.21)

where M5 := supn≥1{
∑

i∈N |αi,n| · ‖xn−i − xn−i−1‖ + 2‖xn − p‖} < ∞. Combining (3.1), (3.17) and (3.21),
we get

‖zn − p‖2 ≤ ‖un − p‖2 − μ(2η1 − μ)‖Ayn − Aq‖2 − ν(2η2 − ν)‖Bun − Bp‖2

≤ ‖wn − p‖2 − μ(2η1 − μ)‖Ayn − Aq‖2 − ν(2η2 − ν)‖Bun − Bp‖2

≤ ‖xn − p‖2 +
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖M5 − μ(2η1 − μ)‖Ayn − Aq‖2

− ν(2η2 − ν)‖Bun − Bp‖2. (3.22)

Putting (3.20), (3.22) into (3.19), we obtain

‖xn+1 − p‖2 ≤ γn‖ϕ(xn)− p‖2 + (1 − γn)‖vn − p‖2

≤ γn‖ϕ(xn)− p‖2 + (1 − γn)(‖zn − p‖2 + βn M4)

≤ γn‖ϕ(xn)− p‖2 + (1 − γn)(‖xn − p‖2 +
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖M5

− μ(2η1 − μ)‖Ayn − Aq‖2 − ν(2η2 − ν)‖Bun − Bp‖2 + βn M4)

≤ γn‖ϕ(xn)− p‖2 + ‖xn − p‖2 +
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖M5

− μ(2η1 − μ)‖Ayn − Aq‖2 − ν(2η2 − ν)‖Bun − Bp‖2 + βn M4,

that is,

μ(2η1 − μ)‖Ayn − Aq‖2 + ν(2η2 − ν)‖Bun − Bp‖2

≤ ‖xn − p‖2 − ‖xn+1 − p‖2 +
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖M5 + βn M4

≤ (‖xn − p‖ + ‖xn+1 − p‖)‖xn+1 − xn‖ +
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖M5 + βn M4. (3.23)

From μ ∈ (0, 2η1), ν ∈ (0, 2η2), conditions (C1), (C3) and limn→∞ ‖xn+1 − xn‖ = 0, we can see

lim
n→∞ ‖Ayn − Aq‖ = 0 and lim

n→∞ ‖Bun − Bp‖ = 0. (3.24)

Furthermore,

‖zn − p‖2 = ‖PC (I − μA)yn − p‖2

= ‖PC (I − μA)yn − PC (I − μA)q‖2

≤ 〈(I − μA)yn − (I − μA)q, zn − p〉
= 1

2
(‖(I − μA)yn − (I − μA)q‖2 + ‖zn − p‖2
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− ‖yn − zn + p − q − μ(Ayn − Aq)‖2),

which implies

‖zn − p‖2 ≤ ‖(I − μA)yn − (I − μA)q‖2 − ‖yn − zn + p − q − μ(Ayn − Aq)‖2

≤ ‖yn − p‖2 − ‖yn − zn + p − q − μ(Ayn − Aq)‖2

≤ ‖yn − p‖2 − (‖yn − zn + p − q‖2 + μ2‖Ayn − Aq‖2

− 2μ〈yn − zn + p − q, Ayn − Aq〉
≤ ‖yn − p‖2 − ‖yn − zn + p − q‖2 + 2μ‖yn − zn + p − q‖ · ‖Ayn − Aq‖. (3.25)

In the same way,

‖yn − q‖2 ≤ 1

2
(‖(I − νB)un − (I − νB)p‖2 + ‖yn − p‖2

− ‖un − yn + q − p − ν(Bun − Bp)‖2),

that is,

‖yn − q‖2 ≤ ‖(I − νB)un − (I − νB)p‖2 − ‖un − yn + q − p − ν(Bun − Bp)‖2

≤ ‖un − p‖2 − (‖un − yn + q − p‖2 + ν2‖Bun − Bp‖2

− 2ν〈un − yn + q − p, Bun − Bp〉)
≤ ‖un − p‖2 − ‖un − yn + q − p‖2 + 2ν‖un − yn + q − p‖ · ‖Bun − Bp‖. (3.26)

Substituting (3.1), (3.21) into (3.26), we obtain

‖yn − q‖2 ≤ ‖un − p‖2 − ‖un − yn + q − p‖2 + 2ν‖un − yn + q − p‖ · ‖Bun − Bp‖
≤ ‖wn − p‖2 − ‖un − yn + q − p‖2 + 2ν‖un − yn + q − p‖ · ‖Bun − Bp‖
≤ ‖xn − p‖2 +

∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖M5 − ‖un − yn + q − p‖2

+ 2ν‖un − yn + q − p‖ · ‖Bun − Bp‖. (3.27)

Combining (3.25) and (3.27),

‖zn − p‖2

≤ ‖xn − p‖2 − ‖un − yn + q − p‖2 − ‖yn − zn + p − q‖2 +
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖M5

+ 2ν‖un − yn + q − p‖ · ‖Bun − Bp‖ + 2μ‖yn − zn + p − q‖ · ‖Ayn − Aq‖. (3.28)

It follows from (2.2) and (3.20) that

‖xn+1 − p‖2 = ‖γnϕ(xn)+ (1 − γn)vn − p‖2

≤ γn‖ϕ(xn)− p‖2 + (1 − γn)‖vn − p)‖2

≤ γn‖ϕ(xn)− ϕ(p)‖2 + γn‖ϕ(p)− p‖2 + 2γn〈ϕ(xn)− ϕ(p), ϕ(p)− p〉
+ (1 − γn)‖vn − p‖2

≤ γnδ
2‖xn − p‖2 + γn‖ϕ(p)− p‖2 + 2γnδ‖xn − p‖ · ‖ϕ(p)− p‖

+ (1 − γn)(‖zn − p‖2 + βn M4)

≤ γnδ‖xn − p‖2 + γn(‖ϕ(p)− p‖2 + M6)+ (1 − γn)(‖zn − p‖2 + βn M4), (3.29)

where M6 := supn≥1{2δ‖xn − p‖ · ‖ϕ(p)− p‖} > 0.
Substituting (3.28) into (3.29), we have

‖xn+1 − p‖2 ≤ γnδ‖xn − p‖2 + γn(‖ϕ(p)− p‖2 + M6)+ (1 − γn)(‖zn − p‖2 + βn M4)
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≤ γnδ‖xn − p‖2 + γn(‖ϕ(p)− p‖2 + M6)+ (1 − γn)
(
‖xn − p‖2

− ‖un − yn + q − p‖2 − ‖yn − zn + p − q‖2 +
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖M5

+ 2ν‖un − yn + q − p‖ · ‖Bun − Bp‖ + 2μ‖yn − zn + p − q‖ · ‖Ayn − Aq‖ + βn M4

)

≤ [1 − γn(1 − δ)]‖xn − p‖2 + γn(‖ϕ(p)− p‖2 + M6)− (1 − γn)‖un − yn + q − p‖2

− (1 − γn)‖yn − zn + p − q‖2 +
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖M5

+ 2ν‖un − yn + q − p‖ · ‖Bun − Bp‖ + 2μ‖yn − zn + p − q‖ · ‖Ayn − Aq‖ + βn M4

≤ ‖xn − p‖2 + γn(‖ϕ(p)− p‖2 + M6)− (1 − γn)‖un − yn + q − p‖2

− (1 − γn)‖yn − zn + p − q‖2 +
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖M5

+ 2ν‖un − yn + q − p‖ · ‖Bun − Bp‖ + 2μ‖yn − zn + p − q‖ · ‖Ayn − Aq‖ + βn M4,

which impiles

(1 − γn)‖un − yn + q − p‖2 + (1 − γn)‖yn − zn + p − q‖2

≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + γn(‖ϕ(p)− p‖2 + M6)+
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖M5

+ 2ν‖un − yn + q − p‖ · ‖Bun − Bp‖ + 2μ‖yn − zn + p − q‖ · ‖Ayn − Aq‖ + βn M4

≤ (‖xn − p‖ + ‖xn+1 − p‖)‖xn+1 − xn‖ + γn(‖ϕ(p)− p‖2 + M6)+
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖M5

+ 2ν‖un − yn + q − p‖ · ‖Bun − Bp‖ + 2μ‖yn − zn + p − q‖ · ‖Ayn − Aq‖ + βn M4. (3.30)

From (3.24), conditions (C1), (C2), (C3) and limn→∞ ‖xn+1 − xn‖ = 0, we can see

lim
n→∞ ‖un − yn + q − p‖ = 0 and lim

n→∞ ‖yn − zn + p − q‖ = 0. (3.31)

We obtain from (4.26) that

‖un − zn‖ ≤ ‖un − yn + q − p‖ + ‖yn − zn + p − q‖ → 0, as n → ∞. (3.32)

Using Lemma 2.8 (ii), we have

‖un − p‖2 = ‖T f
rnwn − p‖2

≤ 〈wn − p, un − p〉
= 1

2
(‖wn − p‖2 + ‖un − p‖2 − ‖un − wn‖2).

Hence, we obtain

‖un − p‖2 ≤ ‖wn − p‖2 − ‖un − wn‖2. (3.33)

Combining (3.18), (3.20), (3.21) and (3.33), we obtain

‖xn+1 − p‖2 = ‖γnϕ(xn)+ (1 − γn)vn − p‖2

≤ γn‖ϕ(xn)− p‖2 + (1 − γn)‖vn − p‖2

≤ γn‖ϕ(xn)− p‖2 + (1 − γn)(‖zn − p‖2 + βn M4)

≤ γn‖ϕ(xn)− p‖2 + (1 − γn)(‖un − p‖2 + βn M4)

≤ γn‖ϕ(xn)− p‖2 + (1 − γn)(‖wn − p‖2 − ‖un − wn‖2 + βn M4)

≤ γn‖ϕ(xn)− p‖2 + ‖wn − p‖2 − (1 − γn)‖un − wn‖2 + βn M4
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≤ γn‖ϕ(xn)− p‖2 + ‖xn − p‖2 − (1 − γn)‖un − wn‖2

+ βn M4 +
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖M5.

Therefore, we have

(1 − γn)‖un − wn‖2 ≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + γn‖ϕ(xn)− p‖2

+ βn M4 +
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖M5

≤ (‖xn − p‖ + ‖xn+1 − p‖)‖xn+1 − xn‖ + γn‖ϕ(xn)− p‖2

+ βn M4 +
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖M5. (3.34)

Using conditions (C1), (C2), (C3) and limn→∞ ‖xn+1 − xn‖ = 0, we can see

‖un − wn‖ → 0, as n → ∞. (3.35)

Moreover,

‖wn − xn‖ = ‖xn +
∑

i∈N

αi,n(xn−i − xn−i−1)− xn‖

≤
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖ → 0, as n → ∞. (3.36)

From (3.32) and (3.35), we obtain

‖zn − wn‖ ≤ ‖zn − un‖ + ‖un − wn‖ → 0, as n → ∞. (3.37)

From (3.36) and (3.37), we have

‖zn − xn‖ ≤ ‖zn − wn‖ + ‖wn − xn‖ → 0, as n → ∞. (3.38)

By the definition of xn+1, we have

‖xn+1 − vn‖ = ‖γnϕ(xn)+ (1 − γn)vn − vn‖
= γn‖ϕ(xn)− vn‖ → 0, as n → ∞. (3.39)

From Lemma 3.1 (b) and (3.39), we obtain

‖xn+1 − zn‖ ≤ ‖xn+1 − xn‖ + ‖xn − zn‖ → 0, as n → ∞. (3.40)

Combining (3.39) and (3.40), we have

‖vn − zn‖ ≤ ‖vn − xn+1‖ + ‖xn+1 − zn‖ → 0, as n → ∞. (3.41)

Note that

vn − zn = zn + λdn+1 − zn = T zn − zn + λβndn,

that is,

T zn − zn = vn − zn − λβndn .

Therefore,

‖T zn − zn‖ ≤ ‖vn − zn‖ + λβn‖dn‖
≤ ‖vn − zn‖ + λβn M0 → 0, as n → ∞. (3.42)

��
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Theorem 3.2 Assume that conditions (C1)-(C5) hold. The sequence {xn} generated by Algorithm 3.1 converges
to p ∈ � in norm, where p = P�(ϕ(p)) is a unique solution of the variational inequality

〈ϕ(p)− p, y − p〉 ≤ 0, ∀y ∈ �.
Proof Since P�ϕ is a contraction on � and the Banach Contraction Principle, there exists a unique element
p ∈ � such that p = P�(ϕ(p)). Applying (2.1),

‖xn+1 − p‖2 = ‖γnϕ(xn)+ (1 − γn)vn − p‖2

≤ (1 − γn)
2‖vn − p‖2 + 2γn〈ϕ(xn)− p, xn+1 − p〉

≤ (1 − γn)
2‖vn − p‖2 + 2γnδ‖xn − p‖ · ‖xn+1 − p‖ + 2γn〈ϕ(p)− p, xn+1 − p〉

≤ (1 − γn)
2‖vn − p‖2 + γnδ‖xn − p‖2 + γnδ‖xn+1 − p‖2 + 2γn〈ϕ(p)− p, xn+1 − p〉.

(3.43)

Putting (3.1), (3.18), (3.20), (3.21) into (3.43), we obtain

‖xn+1 − p‖2 ≤ (1 − γn)
2(‖zn − p‖2 + βn M4)+ γnδ‖xn − p‖2 + γnδ‖xn+1 − p‖2

+ 2γn〈ϕ(p)− p, xn+1 − p〉
≤ (1 − γn)

2(‖un − p‖2 + βn M4)+ γnδ‖xn − p‖2 + γnδ‖xn+1 − p‖2

+ 2γn〈ϕ(p)− p, xn+1 − p〉
≤ (1 − γn)

2(‖wn − p‖2 + βn M4)+ γnδ‖xn − p‖2 + γnδ‖xn+1 − p‖2

+ 2γn〈ϕ(p)− p, xn+1 − p〉
≤ (1 − γn)

2(‖xn − p‖2 +
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖M5 + βn M4)

+ γnδ‖xn − p‖2 + γnδ‖xn+1 − p‖2 + 2γn〈ϕ(p)− p, xn+1 − p〉
≤ (1sps2γn + γnδ + γ 2

n )‖xn − p‖2 +
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖M5 + βn M4

+ γnδ‖xn+1 − p‖2 + 2γn〈ϕ(p)− p, xn+1 − p〉.
Therefore,

‖xn+1 − p‖2 ≤ 1sps2γn + γnδ + γ 2
n

1 − γnδ
‖xn − p‖2 + 1

1 − γnδ

[ ∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖M5

+ βn M4 + 2γn〈ϕ(p)− p, xn+1 − p〉
]

≤
[
1 − 2γn(1 − δ)

1 − γnδ

]
‖xn − p‖2 + 2γn(1 − δ)

1 − γnδ

[γn‖xn − p‖2

2(1 − δ)
+ 〈ϕ(p)− p, xn+1 − p〉

1 − δ

]

+
∑

i∈N |αi,n| · ‖xn−i − xn−i−1‖M5 + βn M4

1 − γnδ
. (3.44)

According to Lemma 3.1 (a), we have that {xn} is bounded. Therefore, there exists a subsequence {xn j } of {xn},
which converges weakly to some x̃ ∈ H , such that

lim sup
n→∞

〈ϕ(p)− p, xn − p〉 = lim
j→∞〈ϕ(p)− p, xn j − p〉 = 〈ϕ(p)− p, x̃ − p〉. (3.45)

We show x̃ ∈ �. Indeed, from (3.38) and Lemma 3.1 (c), we have zn j ⇀ x̃ and lim
j→∞ ‖T zn j − zn j ‖ = 0. It

follows from the demiclosedness of (I − T ) that x̃ ∈ F(T ). In addition, since un = T f
rnwn , we obtain

f (un, y)+ 1

rn
〈y − un, un − wn〉 ≥ 0, ∀y ∈ C.
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From the monotonicity of f , we get

1

rn
〈y − un, un − wn〉 ≥ f (y, un), ∀y ∈ C.

Replacing n by n j ,

1

rn j

〈y − un j , un j − wn j 〉 ≥ f (y, un j ), ∀y ∈ C.

From (3.35) and (3.36), we have wn j ⇀ x̃ and un j ⇀ x̃ . It follows from (A4) and (C4) that f (y, x̃) ≤ 0 for all
y ∈ C . Let yt = t y + (1 − t)x̃ , ∀t ∈ (0, 1] and y ∈ C . This implies that yt ∈ C and f (yt , x̃) ≤ 0. By applying
assumptions (A1) and (A2), we get

0 = f (yt , yt ) ≤ t f (yt , y)+ (1 − t) f (yt , x̃) ≤ t f (yt , y).

Letting t → 0, we obtain f (x̃, y) ≥ 0 for all y ∈ C . This implies x̃ ∈ E P( f ).
On the other hand, from (3.32),

‖zn − un‖ = ‖PC (I − μA)PC (I − νB)un − un‖ = ‖Gun − un‖ → 0, as n → ∞. (3.46)

Applying Lemma 2.5 that x̃ ∈ F(G). Consequently, x̃ ∈ �. From (2.3) and (3.45), we obtain

〈ϕ(p)− p, x̃ − p〉 ≤ 0.

According to Lemma 3.1 (b), we have

lim sup
n→∞

〈ϕ(p)− p, xn+1 − p〉
≤ lim sup

n→∞
〈ϕ(p)− p, xn+1 − xn〉 + lim sup

n→∞
〈ϕ(p)− p, xn − p〉

= 〈ϕ(p)− p, x̃ − p〉
≤ 0. (3.47)

Applying Lemma 2.10 to (4.3) and using (3.47) together with conditions (C1), (C2) and (C4), we deduce that
limn→∞ ‖xn − p‖ = 0 as desired. ��
Remark 3.3 If the inertial parameters {αi,n} ⊂ [0, 1], the condition (C1) can be written as

∞∑

n=1

max
i∈N

αi,n

∑

i∈N

‖xn−i − xn−i−1‖ < ∞. (3.48)

The condition (3.48) can be enforced by a simple online updating rule, that is, for each i ∈ N and αi ∈ [0, 1],

αi,n = min{αi , ci,n},

where ci,n and max{ci,n} ∑
i∈N ‖xn−i − xn−i−1‖ is summable. In this case, we can choose

ci,n = ci

n1+ε ∑
i∈N ‖xn−i − xn−i−1‖ , ci > 0, ε > 0.
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4 The second algorithm and convergence analysis

In this section, we combine a multi-step inertial term with the S-iteration process for finding a common element
of monotone equilibrium problems, split feasibility problems and fixed point problems of quasinonexpansive
mappings in real Hilbert spaces and provide convergence analysis.

Suppose that ϕ : H1 → H1 is a strict contraction function with constant δ ∈ (0, 1), J : H1 → H2 is a
bounded linear operator and S : H1 → H1 is a quasinonexpansive mapping such that (I − S) is demiclosed at
zero. Let C and Q be nonempty, closed and convex sets of real Hilbert spaces H1 and H2, respectively, which
are defined as follows:

C = {x ∈ H1 : c(x) ≤ 0}, Q = {y ∈ H2 : q(y) ≤ 0},
where c : H1 → R is an α-strongly convex function and q : H2 → R is a β-strongly convex function. It is easy
to check that c and q are lower semicontinuous. We assume that ∂c and ∂q are bounded operators. We introduce
two specific half spaces

Cn = {x ∈ H1 : c(tn)+ 〈φn, x − tn〉 + α

2
‖x − tn‖2 ≤ 0},

Qn = {y ∈ H2 : q(J tn)+ 〈ψn, y − J tn〉 + β

2
‖y − J tn‖2 ≤ 0},

where φn ∈ ∂c(tn) andψn ∈ ∂q(J tn). Moreover, using Lemma 2.6, we know C ⊂ Cn ⊂ Cn and Q ⊂ Qn ⊂ Qn .
Conditions on the control parameters are as follows:

Condition 2

(C1)
∑∞

n=1 maxi∈N |αi,n| ∑i∈N ‖xn−i − xn−i−1‖ < ∞;
(C6) {γn} ⊂ (0, 1), limn→∞ γn = 0,

∑∞
n=1 γn = ∞;

(C7) {βn} ⊂ (a, b), where a, b ∈ (0, 1);
(C8) {ζn}, {ξn} ⊂ (0, 1) and γn + ζn + ξn = 1;
(C9) {εn} ⊂ (0, 1),

∑∞
n=1 εn < ∞;

(C10) {ρn} ⊂ (c, d), where c, d ∈ (0, 2).

Algorithm 4.1

Initialization. Let n ∈ N+, N := {0, 1, · · · , n − 1} and {αi,n}i∈N ⊂ (−1, 1)n . Choose θ > 0, x0 ∈ H ,
xi−1 = x0, i ∈ N \ {0}.

Iterative Step. Given the iterates xn−i and xn−i−1 for each n > 1.
Step 1. Compute

wn = xn +
∑

i∈N

αi,n(xn−i − xn−i−1).

Step 2. Find un ∈ C such that

f (un, y)+ 1

rn
〈y − un, un − wn〉 ≥ 0, ∀y ∈ C.

Step 3. Compute

tn = (1 − θn)wn + θnun,

where 0 < θn < θn and

θn =

⎧
⎪⎪⎨

⎪⎪⎩

min

{
θ

2
,

εn

‖un − xn‖
}

, i f un �= xn,

θ

2
, otherwise.

(4.1)
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Step 4. Compute

vn = tn − τn[(I − PCn
)tn + J ∗(I − PQn

)J tn],
where

τn =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ρn‖(I − PCn
)tn‖2 + ρn‖(I − PQn

)J tn‖2

‖(I − PCn
)tn + J ∗(I − PQn

)J tn‖2 ,

i f ‖(I − PCn
)tn + J ∗(I − PQn

)J tn‖ �= 0,

0, otherwise .

Step 5. Compute

zn = βn Svn + (1 − βn)tn .

Step 6. Compute

xn+1 = γnϕ(xn)+ ζn Svn + ξn Szn .

Set n := n + 1 and return to Step 1.

Lemma 4.1 Let {tn} and {vn} be sequences generated by Algorithm 4.1. Then, for each p ∈ E P( f )∩�∩ F(S),
the following inequality holds:

‖vn − p‖2 ≤ ‖tn − p‖2 − ρn(2 − ρn)
(‖(I − PCn

)tn‖2 + ‖(I − PQn
)J tn‖2)2

‖(I − PCn
)tn + J ∗(I − PQn

)J tn‖2 .

Proof Let p ∈ E P( f )∩ � ∩ F(S), p ∈ E P( f ) ⇒ p = T f
rn p, p = PC p = PCn

p and J p = PQ J p = PQn
J p.

From the definition of vn , we have

‖vn − p‖2 = ‖tn − τn[(I − PCn
)tn + J ∗(I − PQn

)J tn] − p‖2

= ‖tn − p‖2 + τ 2
n ‖(I − PCn

)tn + J ∗(I − PQn
)J tn‖2

− 2τn〈(I − PCn
)tn + J ∗(I − PQn

)J tn, tn − p〉. (4.2)

Since PCn
is a firmly nonexpansive mapping, we deduced that I − PCn

is firmly nonexpansive. Similarly, I − PQn
is also firmly nonexpansive. Hence, we get

〈(I − PCn
)tn + J ∗(I − PQn

)J tn, tn − p〉
= 〈(I − PCn

)tn − (I − PCn
)p, tn − p〉 + 〈J ∗(I − PQn

)J tn − J ∗(I − PQn
)J p, tn − p〉

= (I − PCn
)tn − (I − PCn

)p, tn − p〉 + 〈(I − PQn
)J tn − (I − PQn

)J p, J tn − J p〉
≥ ‖(I − PCn

)tn‖2 + ‖(I − PQn
)J tn‖2. (4.3)

From (4.2), (4.3) and the definition of τn , we obtain

‖vn − p‖2 ≤ ‖tn − p‖2 + τ 2
n ‖(I − PCn

)tn + J ∗(I − PQn
)J tn‖2

− 2τn(‖(I − PCn
)tn‖2 + ‖(I − PQn

)J tn‖2)

≤ ‖tn − p‖2

+ ρ2
n

(‖(I − PCn
)tn‖2 + ‖(I − PQn

)J tn‖2)2

‖(I − PCn
)tn + J ∗(I − PQn

)J tn‖4 ‖(I − PCn
)tn + J ∗(I − PQn

)J tn‖2

− 2ρn

‖(I − PCn
)tn‖2 + ‖(I − PQn

)J tn‖2

‖(I − PCn
)tn + J ∗(I − PQn

)J tn‖2 (‖(I − PCn
)tn‖2 + ‖(I − PQn

)J tn‖2)
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≤ ‖tn − p‖2 − ρn(2 − ρn)
(‖(I − PCn

)tn‖2 + ‖(I − PQn
)J tn‖2)2

‖(I − PCn
)tn + J ∗(I − PQn

)J tn‖2 .

This completes the proof of the lemma. ��
Lemma 4.2 Assume that (C1), (C6)-(C10) hold. Let {xn}, {wn}, {un}, {vn} and {zn} be sequences generated by
Algorithm 4.1. Then, for each p ∈ E P( f ) ∩ � ∩ F(S),

(a) the sequence {xn} is bounded.
(b) the following inequality holds:

‖xn+1 − p‖2 ≤ ‖xn − p‖2 +
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖M5 + γn‖ϕ(xn)− p‖2

− βnξn(1 − βn)‖Svn − tn‖2 − ζnξn‖Svn − Szn‖2

− ρnβnξn(2 − ρn)
(‖(I − PCn

)tn‖2 + ‖(I − PQn
)J tn‖2)2

‖(I − PCn
)tn + J ∗(I − PQn

)J tn‖2 .

Proof (a) First, we show that the sequence {xn} is bounded. Indeed, From Lemma 4.1 and the condition of ρn ,
we get

‖vn − p‖ ≤ ‖tn − p‖. (4.4)

From the definition of vn and (4.4),

‖zn − p‖ = ‖βn Svn + (1 − βn)tn − p‖
≤ βn‖Svn − p‖ + (1 − βn)‖tn − p‖
≤ βn‖vn − p‖ + (1 − βn)‖tn − p‖
≤ βn‖tn − p‖ + (1 − βn)‖tn − p‖
= ‖tn − p‖. (4.5)

Also, from (3.1),

‖tn − p‖ = ‖(1 − θn)wn + θnun − p‖
≤ (1 − θn)‖wn − p‖ + θn‖un − p‖
≤ ‖wn − p‖. (4.6)

From (3.2), (4.5) and (4.6), we have

‖xn+1 − p‖ = ‖γnϕ(xn)+ ζn Svn + ξn Szn − p‖
≤ γn‖ϕ(xn)− p‖ + ζn‖Svn − p‖ + ξn‖Szn − p‖
≤ γnδ‖xn − p‖ + γn‖ϕ(p)− p‖ + ζn‖vn − p‖ + ξn‖zn − p‖
≤ γnδ‖xn − p‖ + γn‖ϕ(p)− p‖ + (1 − γn)‖wn − p‖
≤ γnδ‖xn − p‖ + γn‖ϕ(p)− p‖ + (1 − γn)‖xn − p‖ +

∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖

≤ [1 − γn(1 − δ)]‖xn − p‖ + γn(1 − δ)
‖ϕ(p)− p‖

1 − δ
+

∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖

≤ max
{
‖xn − p‖, ‖ϕ(p)− p‖

1 − δ

}
+

∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖

≤ · · ·
≤ max

{
‖xn0 − p‖, ‖ϕ(p)− p‖

1 − δ

}
+ M2.

Thus, we infer that the sequence {xn} is bounded, so are {wn}, {yn}, {un}, {vn}, {zn} and {ϕ(xn)}.
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(b) From (2.2), we obtain

‖xn+1 − p‖2 = ‖γnϕ(xn)+ ζn Svn + ξn Szn − p‖2

≤ γn‖ϕ(xn)− p‖2 + ζn‖Svn − p‖2 + ξn‖Szn − p‖2 − ζnξn‖Svn − Szn‖2

≤ γn‖ϕ(xn)− p‖2 + ζn‖vn − p‖2 + ξn‖zn − p‖2 − ζnξn‖Svn − Szn‖2. (4.7)

From Lemma 4.1 and the definition of zn , we obtain

‖zn − p‖2 = ‖βn Svn + (1 − βn)tn − p‖2

= βn‖Svn − p‖2 + (1 − βn)‖tn − p‖2 − βn(1 − βn)‖Svn − tn‖2

≤ βn‖vn − p‖2 + (1 − βn)‖tn − p‖2 − βn(1 − βn)‖Svn − tn‖2

≤ βn

[
‖tn − p‖2 − ρn(2 − ρn)

(‖(I − PCn
)tn‖2 + ‖(I − PQn

)J tn‖2)2

‖(I − PCn
)tn + J ∗(I − PQn

)J tn‖2

]

+ (1 − βn)‖tn − p‖2 − βn(1 − βn)‖Svn − tn‖2

≤ ‖tn − p‖2 − ρnβn(2 − ρn)
(‖(I − PCn

)tn‖2 + ‖(I − PQn
)J tn‖2)2

‖(I − PCn
)tn + J ∗(I − PQn

)J tn‖2

− βn(1 − βn)‖Svn − tn‖2. (4.8)

Putting (3.21), (4.4), (4.6), (4.8) into (4.7), we get

‖xn+1 − p‖2 ≤ γn‖ϕ(xn)− p‖2 + ζn‖vn − p‖2 + ξn‖zn − p‖2 − ζnξn‖Svn − Szn‖2

≤ γn‖ϕ(xn)− p‖2 + ζn‖tn − p‖2 + ξn

[
‖tn − p‖2

− ρnβn(2 − ρn)
(‖(I − PCn

)tn‖2 + ‖(I − PQn
)J tn‖2)2

‖(I − PCn
)tn + J ∗(I − PQn

)J tn‖2 − βn(1 − βn)‖Svn − tn‖2
]

− ζnξn‖Svn − Szn‖2

≤ ‖wn − p‖2 + γn‖ϕ(xn)− p‖2 − βnξn(1 − βn)‖Svn − tn‖2 − ζnξn‖Svn − Szn‖2

− ρnβnξn(2 − ρn)
(‖(I − PCn

)tn‖2 + ‖(I − PQn
)J tn‖2)2

‖(I − PCn
)tn + J ∗(I − PQn

)J tn‖2

≤ ‖xn − p‖2 +
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖M5 + γn‖ϕ(xn)− p‖2

− βnξn(1 − βn)‖Svn − tn‖2 − ζnξn‖Svn − Szn‖2

− ρnβnξn(2 − ρn)
(‖(I − PCn

)tn‖2 + ‖(I − PQn
)J tn‖2)2

‖(I − PCn
)tn + J ∗(I − PQn

)J tn‖2 .

��
Theorem 4.3 Assume that conditions (C1), (C6)-(C10) hold. In addition, the solution set E P( f ) ∩ � ∩ F(S)
is nonempty. Then, the sequence {xn} generated by Algorithm 4.1 converges strongly to an element p =
PE P( f )∩�∩F(S)(ϕ(p)), where p is a unique solution of the variational inequality

〈ϕ(p)− p, y − p〉 ≤ 0, ∀y ∈ E P( f ) ∩ � ∩ F(S).

Proof Combining (2.1), (3.21), (4.4), (4.5) and (4.6), we obtain

‖xn+1 − p‖2 = ‖γnϕ(xn)+ ζn Svn + ξn Szn − p‖2

≤ ‖ζn(Svn − p)+ ξn(Szn − p)‖2 + 2γn〈ϕ(xn)− p, xn+1 − p〉
= ζ 2

n ‖Svn − p‖2 + ξ2
n ‖Szn − p‖2 + 2ζnξn〈Svn − p, Szn − p〉

+ 2γn〈ϕ(xn)− ϕ(p), xn+1 − p〉 + 2γn〈ϕ(p)− p, xn+1 − p〉
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≤ ζ 2
n ‖Svn − p‖2 + ξ2

n ‖Szn − p‖2 + 2ζnξn‖Svn − p‖ · ‖Szn − p‖
+ 2γnδ‖xn − p‖ · ‖xn+1 − p‖ + 2γn〈ϕ(p)− p, xn+1 − p〉

≤ ζ 2
n ‖Svn − p‖2 + ξ2

n ‖Szn − p‖2 + ζnξn‖Svn − p‖2 + ζnξn‖Szn − p‖2

+ γnδ‖xn − p‖2 + γnδ‖xn+1 − p‖2 + 2γn〈ϕ(p)− p, xn+1 − p〉
= ζn(ζn + ξn)‖Svn − p‖2 + ξn(ζn + ξn)‖Szn − p‖2 + γnδ(‖xn − p‖2 + ‖xn+1 − p‖2)

+ 2γn〈ϕ(p)− p, xn+1 − p〉
≤ ζn(1 − γn)‖vn − p‖2 + ξn(1 − γn)‖zn − p‖2 + γnδ(‖xn − p‖2 + ‖xn+1 − p‖2)

+ 2γn〈ϕ(p)− p, xn+1 − p〉
≤ (1 − γn)

2‖wn − p‖2 + γnδ(‖xn − p‖2 + ‖xn+1 − p‖2)+ 2γn〈ϕ(p)− p, xn+1 − p〉
≤ (1 − γn)

2‖xn − p‖2 +
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖M5 + γnδ‖xn+1 − p‖2

+ 2γn〈ϕ(p)− p, xn+1 − p〉,
which implies

‖xn+1 − p‖2 ≤ 1sps2γn + γnδ + γ 2
n

1 − γnδ
‖xn − p‖2 + 1

1 − γnδ

[ ∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖M5

+ 2γn〈ϕ(p)− p, xn+1 − p〉
]

≤
[
1 − 2γn(1 − δ)

1 − γnδ

]
‖xn − p‖2 + 2γn(1 − δ)

1 − γnδ

[γn‖xn − p‖2

2(1 − δ)

+ 〈ϕ(p)− p, xn+1 − p〉
1 − δ

]
+

∑
i∈N |αi,n| · ‖xn−i − xn−i−1‖M5

1 − γnδ
. (4.9)

The sequence {‖xn − p‖} converges by considering two possible cases.
Case I Assume that there exists n1 ∈ N such that {xn} is nonincreasing for all n ≥ n1. It implies that lim

n→∞ ‖xn − p‖
exists. According to Lemma 4.2 (b), we get,

βnξn(1 − βn)‖Svn − tn‖2 + ζnξn‖Svn − Szn‖2

+ ρnβnξn(2 − ρn)
(‖(I − PCn

)tn‖2 + ‖(I − PQn
)J tn‖2)2

‖(I − PCn
)tn + J ∗(I − PQn

)J tn‖2

≤ ‖xn − p‖2 − ‖xn+1 − p‖2 +
∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖M5 + γn‖ϕ(xn)− p‖2.

Using Condition 2, we obtain

‖Svn − tn‖ → 0, as n → ∞. (4.10)

‖Svn − Szn‖ → 0, as n → ∞. (4.11)

And

(‖(I − PCn
)tn‖2 + ‖(I − PQn

)J tn‖2)2

‖(I − PCn
)tn + J ∗(I − PQn

)J tn‖2 → 0, as n → ∞. (4.12)

In addition,

(‖(I − PCn
)tn‖2 + ‖(I − PQn

)J tn‖2)2

‖(I − PCn
)tn + J ∗(I − PQn

)J tn‖2 ≥ (‖(I − PCn
)tn‖2 + ‖(I − PQn

)J tn‖2)2

2(‖(I − PCn
)tn‖2 + ‖J ∗(I − PQn

)J tn‖2)

≥ (‖(I − PCn
)tn‖2 + ‖(I − PQn

)J tn‖2)2

2(‖(I − PCn
)tn‖2 + ‖J‖2‖(I − PQn

)J tn‖2)
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≥ (‖(I − PCn
)tn‖2 + ‖(I − PQn

)J tn‖2)2

2 max{1, ‖J‖2}(‖(I − PCn
)tn‖2 + ‖(I − PQn

)J tn‖2)

≥ ‖(I − PCn
)tn‖2 + ‖(I − PQn

)J tn‖2

2 max{1, ‖J‖2} .

Taking the limit n → ∞ on both sides, we get

‖(I − PCn
)tn‖ → 0, and ‖(I − PQn

)J tn‖ → 0. (4.13)

Using (4.10) and (4.11),

‖zn − Szn‖ = ‖βn Svn + (1 − βn)tn − Szn‖
≤ βn‖Svn − Szn‖ + (1 − βn)‖tn − Szn‖
≤ βn‖Svn − Szn‖ + (1 − βn)‖tn − Svn‖ + (1 − βn)‖Svn − Szn‖
≤ ‖Svn − Szn‖ + ‖tn − Svn‖ → 0, as n → ∞. (4.14)

Utilizing (4.10) again,

‖zn − Svn‖ = ‖βn Svn + (1 − βn)tn − Svn‖
≤ (1 − βn)‖tn − Svn‖ → 0, as n → ∞. (4.15)

‖zn − tn‖ ≤ ‖zn − Svn‖ + ‖Svn − tn‖ → 0, as n → ∞. (4.16)

Using (4.13), we have

‖vn − tn‖ = ‖tn − τn[(I − PCn
)tn + J ∗(I − PQn

)J tn] − tn‖
≤ τn‖(I − PCn

)tn‖ + τn‖J‖ · ‖(I − PQn
)J tn‖ → 0, as n → ∞. (4.17)

From (4.1), we get θn‖un − xn‖ ≤ εn . Combining
∑∞

n=1 εn < ∞,

θn‖un − xn‖ → 0, as n → ∞. (4.18)

Using (3.36) and (4.18), we have

‖tn − wn‖ = ‖(1 − θn)wn + θnun − wn‖
≤ θn‖un − wn‖
≤ θn‖un − xn‖ + θn‖xn − wn‖ → 0, as n → ∞. (4.19)

Therefore,

‖tn − xn‖ ≤ ‖tn − wn‖ + ‖wn − xn‖ → 0, as n → ∞. (4.20)

In addition,

‖wn − un‖ = ‖xn +
∑

i∈N

αi,n(xn−i − xn−i−1)− un‖

≤ 1

θn
θn‖un − xn‖ +

∑

i∈N

|αi,n| · ‖xn−i − xn−i−1‖ → 0, as n → ∞. (4.21)

Combining (4.10) and (4.20),

‖Svn − xn‖ ≤ ‖Svn − tn‖ + ‖tn − xn‖ → 0, as n → ∞. (4.22)

Combining (4.11) and (4.22),

‖Szn − xn‖ ≤ ‖Szn − Svn‖ + ‖Svn − xn‖ → 0, as n → ∞. (4.23)
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Therefore, we obtain

‖xn+1 − xn‖ = ‖γnϕ(xn)+ ζn Svn + ξn Szn − xn‖
≤ γn‖ϕ(xn)− xn‖ + ζn‖Svn − xn‖ + ξn‖Szn − xn‖ → 0, as n → ∞. (4.24)

From Lemma 4.2, we know that the sequence {xn} is bounded. Thus, there exists a subsequence {xni } of {xn}
such that xni ⇀ x̃ as i → ∞ and

lim sup
n→∞

〈ϕ(p)− p, xn − p〉 = lim
i→∞〈ϕ(p)− p, xni − p〉 = 〈ϕ(p)− p, x̃ − p〉. (4.25)

Next, we show that x̃ ∈ E P( f )∩�∩ F(S). Indeed, from (3.36), (4.16), (4.17) and (4.20), we havewni ⇀ x̃ ,
tni ⇀ x̃ , vni ⇀ x̃ and zni ⇀ x̃ as i → ∞. And by (4.14), limn→∞ ‖zn − Szn‖ = 0. From the demiclosedness
of (I − S), we get x̃ ∈ F(S).

From Algorithm 4.1, we know un = T f
rnwn . Similarly arguments as the proof of Theorem 3.2, we conclude

that x̃ ∈ E P( f ).
Furthermore, PCni

tni ∈ Cni , by the definition of Cni ,

c(tni )+ 〈φni , PCni
tni − tni 〉 + α

2
‖PCni

tni − tni ‖2 ≤ 0,

where φni ∈ ∂c(tni ). According to (4.13) the boundedness of φni , we have

c(tni ) ≤ 〈φni , tni − PCni
tni 〉 − α

2
‖PCni

tni − tni ‖2

≤ ‖φni ‖ · ‖(I − PCni
)tni ‖ − α

2
‖(I − PCni

)tni ‖2

≤ M7‖(I − PCni
)tni ‖ − α

2
‖(I − PCni

)tni ‖2 → 0, as n → ∞,

where ‖φni ‖ ≤ M7 > 0.
By the fact that tni ⇀ x̃ and c is weakly lower semi-continuous,

c(x̃) ≤ lim inf
i→∞ c(tni ) ≤ 0.

This implies x̃ ∈ C . Since J is a bounded linear operator, then J tni ⇀ J x̃ . Similarly, from PQni
J tni ∈ Qni

and

(4.13), we also obtain

q(J x̃) ≤ lim inf
i→∞ q(J tni ) ≤ 0.

It implies J x̃ ∈ Q. Therefore, x̃ ∈ E P( f ) ∩ � ∩ F(S). In addition, according to (2.3) and (4.25), we have

lim sup
n→∞

〈ϕ(p)− p, xn − p〉 = lim
i→∞〈ϕ(p)− p, xni − p〉 = 〈ϕ(p)− p, x̃ − p〉 ≤ 0. (4.26)

By the use of (4.24),

lim sup
n→∞

〈ϕ(p)− p, xn+1 − p〉
≤ lim sup

n→∞
〈ϕ(p)− p, xn+1 − xn〉 + lim sup

n→∞
〈ϕ(p)− p, xn − p〉

≤ 0. (4.27)

Combining (4.9), (4.27) and Condition 2, we conclude from Lemma 2.10 that lim
n→∞ ‖xn − p‖ = 0.

Case II There exists a subsequence {‖xn j − p‖} of {‖xn − p‖} such that ‖xn j − p‖ < ‖xn j +1 − p‖ for ∀ j ∈ N.
From Lemma 2.12, there exists a nondecreasing sequence mk ⊂ N such that mk → ∞, as k → ∞ and the
following inequalities hold for all k ∈ N:

‖xmk − p‖ ≤ ‖xmk+1 − p‖ and ‖xk − p‖ ≤ ‖xmk+1 − p‖. (4.28)
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According to Lemma 4.2 (b), we get,

βmk ξmk (1 − βmk )‖Svmk − tmk ‖2 + ζmk ξmk ‖Svmk − Szmk ‖2

+ ρmkβmk ξmk (2 − ρmk )
(‖(I − PCmk

)tmk ‖2 + ‖(I − PQmk
)J tmk ‖2)2

‖(I − PCmk
)tmk + J ∗(I − PQmk

)J tmk ‖2

≤ ‖xmk − p‖2 − ‖xmk+1 − p‖2 +
∑

i∈N

|αi,mk | · ‖xmk−i − xmk−i−1‖M5 + γmk ‖ϕ(xmk )− p‖2

≤
∑

i∈N

|αi,mk | · ‖xmk−i − xmk−i−1‖M5 + γmk ‖ϕ(xmk )− p‖2.

Taking the limit, we obtain

‖Svmk − tmk ‖ → 0, as k → ∞.

‖Svmk − Szmk ‖ → 0, as k → ∞.

And

(‖(I − PCmk
)tmk ‖2 + ‖(I − PQmk

)J tmk ‖2)2

‖(I − PCmk
)tmk + J ∗(I − PQmk

)J tmk ‖2 → 0, as k → ∞.

By the similar arguments as in Case I, it is easy to see that

lim sup
k→∞

〈ϕ(p)− p, xmk+1 − p〉 ≤ 0. (4.29)

Combining (4.9) and (4.28)

‖xk − x∗‖ ≤ ‖xmk+1 − p‖2 ≤
[
1 − 2γmk (1 − δ)

1 − γmk δ

]
‖xmk − p‖2 + 2γmk (1 − δ)

1 − γmk δ

[γmk ‖xmk − p‖2

2(1 − δ)

+ 〈ϕ(p)− p, xmk+1 − p〉
1 − δ

]
+

∑
i∈N |αi,mk | · ‖xmk−i − xmk−i−1‖M5

1 − γmk δ

≤
[
1 − 2γmk (1 − δ)

1 − γmk δ

]
‖xmk+1 − p‖2 + 2γmk (1 − δ)

1 − γmk δ

[γmk ‖xmk − p‖2

2(1 − δ)

+ 〈ϕ(p)− p, xmk+1 − p〉
1 − δ

]
+

∑
i∈N |αi,mk | · ‖xmk−i − xmk−i−1‖M5

1 − γmk δ

≤ γmk ‖xmk − p‖2

2(1 − δ)
+ 〈ϕ(p)− p, xmk+1 − p〉

1 − δ

+ 1 − γmk δ

2γmk (1 − δ)

∑
i∈N |αi,mk | · ‖xmk−i − xmk−i−1‖M5

1 − γmk δ
.

So it follows from (4.29) and Condition 2 that lim
k→∞ ‖xk − x∗‖ = 0. This finishes the proof. ��

Remark 4.4 (a) If α = β = 0, then Cn and Qn are converted to half spaces Cn and Qn .
(b) If α > 0, β > 0, it is easy to observe that Cn is a nonempty closed ball, which has radius 1

α

√‖φn‖2 − 2αc(tn)

centred at tn − 1
α
φn and Qn is a nonempty closed ball, which has radius 1

β

√‖ψn‖2 − 2βq(J tn) centred at

J tn − 1
β
ψn .
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Fig. 1 Algorithm 3.1 with different inertial steps

5 Numerical experiments

In this section, we give two numerical examples to show the numerical results of the proposed algorithms. We
demonstrate the advantages of the proposed algorithms by comparing them with previous iterative schemes in
the literature. All the programs are implemented in MATLAB 2021a on Intel(R) Core(TM) i5-5200U CPU @
2.20GHz, RAM 8.00 GB.

Example 5.1 [43] Let H = l2 be a real Hilbert space where x = (x1, x2, x3, . . .) is a real sequence. Let
C := {x : ‖x‖ ≤ 10}. Define

f (x, y) = −4‖x‖2 + 3〈x, y〉 + ‖y‖2.

By proving, the bifunction f satisfies assumptions (A1)-(A4). It is easy to check that the mapping

T f
rn (x) = x

5rn + 1
.

Test 1. First, we perform an experiment to show the numerical behavior of different inertial steps for Algorithm
3.1. Suppose T x = x , Ax = x/6 is 3-ism and Bx = x/3 is 2-ism. Therefore, � := E P( f ) ∩ F(T ) ∩ F(G) =
{0} �= ∅. The initial x0 = x1 = x2 = x3 = (1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 0, 0, 0, . . .).

The data parameters are as follows:

• μ = 2, ν = 1, λ = 1/2, δ = 1/10, α0,n = 1/(10n + 10), α1,n = −5/(2n + 10)2, βn = 1/(n + 20)2,
rn = n/(4n − 1) and γn = 1/(10n + 10).

The maximum number of iterations 50 is used as a stopping criterion. Figure 1 shows the numerical illustration
Dn = ‖xn − 0‖, where Dn is used to measure the computational error of algorithms at n-th step.

Test 2. This test compares our Algorithm 3.1 with the Algorithm 3.1 proposed by Yazdi et al. [43] and the
Algorithm 4.4 suggested by Cai et al. [5]. The data of the algorithms are as follows:

• For Alg 3.1 with 1-step inertial effect, we take μ = 2, ν = 1, λ = 1, δ = 1/10, α0,n = 3/(2.4n + 10),
βn = 1/(n + 1)2, rn = n/(4n − 1) and γn = 1/(10n + 10).
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Fig. 2 Comparison of different algorithms

• For Alg 3.1 with 2-step inertial effect, we take μ = 2, ν = 1, λ = 1, δ = 1/10, α0,n = 3/(2.4n + 10),
α1,n = −5/(2.5n + 10)2, βn = 1/(n + 1)2, rn = n/(4n − 1) and γn = 1/(10n + 10).

• For the Alg 3.1 proposed by Yazdi et al., we setμ = 2, ν = 1, tn = 1/(n +1), κ = 1/10, αn = 1/(10n +10)
and rn = n/(4n − 1).

• For the Alg 4.4 suggested by Cai et al., we set μ = 2, ν = 1, sn = 1/(n + 1), κ = 1/10, ρ = 1/2,
αn = 1/(10n + 10), βn = 1/(n + 2) and rn = n/(4n − 1).

Suppose Tn x = T x = 1/2x , Ax = x/6 and Bx = x/3. Choose the same initial values x0, x1, x2, x3 as Test
1. The maximum number of iterations 50 is also used as a stopping criterion. Figure 2 shows the the numerical
behavior Dn = ‖xn − 0‖ of different algorithms.

Example 5.2 [18,42] Consider the LASSO problem:

min
x∈RN

1

2
‖Ax − y‖2

2,

s.t. ‖x‖1 ≤ t, (5.1)

where A ∈ R
M×N (M < N ), y ∈ R

M and t > 0 is a given constant. The system matrix A is generated from
a normal distribution with mean zero and unit variance. The true sparse signal x† ∈ R

N is generated from a
uniform distribution in [-2,2] with random K position nonzero while the rest is kept zero. The sample data is
y = Ax†. The observation y is generated by white Gaussian noise with signal-to-noise ratio SNR=40. The
process is started with t = K and initial points are picked randomly.

The solution of minimization problem (5.1) is equivalent to the �0-norm solution of the underdetermined
linear system with a certain matrix A. Let C = {x ∈ R

N : ‖x‖1 ≤ t} and Q = {y}. Then the minimization
problem (5.1) can be seen as the problem SF P and, since the projection onto the closed convex C does not have a
closed form solution, we utilize the subgradient projections [27,29,34]. Define a convex function c(x) = ‖x‖1−t
and denote the level set Cn by:

Cn = {x : c(xn)+ 〈φn, x − xn〉 ≤ 0〉},
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Table 1 Numerical results for solving the LASSO problem

Iter. CPU
(M, N , K ) Alg 4.1 Li et al. Alg 3.2 Alakoya et al. Alg 5.6 Alg 4.1 Li et al. Alg 3.2 Alakoya et al. Alg 5.6

(120,512,10) 66 344 164 0.078 0.182 0.063
(360, 1536,30) 89 374 214 0.877 2.834 0.955
(720,3072,60) 102 395 249 4.983 10.612 5.084
(1200,5120,100) 104 410 272 15.768 21.191 15.102

Fig. 3 Compare MSE of algorithms under different M, N, K

where φn ∈ ∂c(xn). The subdifferential ∂c at xn is

∂c(xn) =

⎧
⎪⎨

⎪⎩

1, xn > 0,

[−1, 1], xn = 0,

− 1, xn < 0.

And the orthogonal projection on Cn can be calculated by

PCn (x) =
⎧
⎨

⎩

x, i f c(xn)+ 〈φn, x − xn〉 ≤ 0,

x − c(xn)+ 〈φn, x − xn〉
‖φn‖2 φn, otherwise.

The bifunction f (x, y) is still used as given in Example 5.1,

f (x, y) = −4‖x‖2 + 3〈x, y〉 + ‖y‖2.
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Fig. 4 From top to bottom: original signal, observed signal, restored signal by algorithms with M=120, N=512, K=10

Some numerical results are given by using our Algorithm 4.1 with multi-step inertial, Li et al. Algorithm 3.2
[16] and Alakoya et al. Algorithm 5.6 [1]. The data of the algorithms are as follows:

• For Alg 4.1, we take θ = 1/2, δ = 1/2, εn = 1/(n + 10), βn = 1/(2n), ζn = 1/(2n), ρn = n/(1.5n + 3),
γn = 1/(n + 100)4 and S = I .

• For the Alg 3.2 proposed by Li et al., we set α = 1, θ = 1/2, rn = n/(4n − 1), ρn = n/(n + 3),
βn = 1/(n + 50), ηn = 1/(n + 10) and εn = 1/(n + 10).

• For the Alg 5.6 suggested by Alakoya et al., we set κ = 1/2, ν = 1, δn = 1/10, σn = n/(n + 2),
ρn = n/(n +3), μn = 1/(10n +100), βn = n/(n +5), αn = 1/(n +100), rn = n/(4n −1) and S = T = I .

In our experiments, we consider four cases as follows:
Case 1: M = 120, N = 512 and K = 10;

Case 2: M = 360, N = 1536 and K = 30;
Case 3: M = 720, N = 3072 and K = 60;
Case 4: M = 1200, N = 5120 and K = 100.

The stopping criterion is defined by the following Mean Squared Error (MSE):

MSE = ‖xn − x†‖2

N
< 10−4.

Table 1 and Figure 3 illustrate the number of iterations that the algorithms satisfy MSE in different dimensions.
Figure 4 and 5 show the illustrations of the original signal and the recovered signal in case M = 120, N =

512, K = 10 and M = 1200, N = 5120, K = 100.

Remark 5.3 From Example 5.1 and Example 5.2, we have the following remarks.
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Fig. 5 From top to bottom: original signal, observed signal, restored signal by algorithms with M=1200, N=5120, K=100

(i) In Test 1, it can be observed from Figure 1 that the 2-step inertial algorithm converges faster than the 1-step
inertial algorithm which in turn is faster than the 0-step inertial algorithm. It also indicates that the multi-
step inertial method is meaningful. From Figure 2 in Test 2, our algorithms with inertial effects are rate of
convergence faster than existing algorithms [5,43]. In addition, it can be intuitively seen from the Figure 2
that the iteration error Dn is minimal compared to the other two algorithms.

(ii) Based on Example 5.2, it can be observed that Algorithm 4.1 with multi-step inertial has competitive power
as compared to other inertial-type algorithms. Comparing Algorithm 4.1 with other known algorithms in the
literature [1,16], it can be observed from Table 1 and Figures 3 that under MSE< 10−4, Algorithm 4.1 has
significant advantages in terms of iteration times. In addition, it can be seen in Figure 4 and 5 that we plot
more accurate signal recovery images than other algorithms [1,16].

6 Conclusions

In this paper, we propose two novel multi-step inertial iterative methods to approximate a common element
that combines a monotone equilibrium problem with other problems in real Hilbert spaces. Firstly, we adopt
the conjugate gradient method to solve by combining equilibrium problems, fixed point problems and a general
system of variational inequalities. Secondly, we employ the S-iteration process to by integrating equilibrium
problems, fixed point problems and split feasibility problems. Two strong convergence theorems are established
under appropriate assumptions and mild conditions. We present some numerical experiments to illustrate its
performance and compared with some known ones in the literature. We found that our proposed algorithms have
advantages through preliminary numerical results.

Funding This work was supported by the National Natural Science Foundation of China(Nos.11771126; 11971216).
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