Indian J Pure Appl Math (2026) 57:597-627
https://doi.org/10.1007/s13226-024-00543-1

ORIGINAL RESEARCH

Multi-step inertial algorithms for equilibrium, fixed
point, general systems of variational inequalities and split
feasibility problems

Haiying Li - Jiaoying He - Fenghui Wang

Received: 14 October 2023 / Accepted: 12 January 2024 / Published online: 27 January 2024
© The Indian National Science Academy 2024

Abstract In this paper, we present two novel multi-step inertial iterative methods to approximate a common
element that combines equilibrium problems with other problems in real Hilbert spaces. Firstly, by combining
equilibrium problems, fixed point problems and a general system of variational inequalities, we adopt a conjugate
gradient method to solve them. Secondly, by integrating equilibrium problems, fixed point problems and split
feasibility problems, we employ a S-iteration process to address them. Under appropriate assumptions and
mild conditions, we obtain strong convergence theorems of our proposed algorithms. Finally, some numerical
experiments are provided to test and verify the efficiency of the proposed algorithms.
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feasibility problem
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1 Introduction

Throughout this article, H is a real Hilbert space and C is a nonempty closed convex subset of H, with inner
product (-, -) and induced norm || - || on H. Let f : H x H — R be a bifuntion with f(x,x) =0forallx € C.
The Equilibrium Problem (shortly, E P [2,23]) for the bifunction f on C is stated as follows:

find x* € C such that f(x*,y) >0, Vy e C. (1.1)

The set of solutions of EP (1.1) is denoted by E P (f).

The E P is a general model in the sense that it unifies many important mathematical problems, such as
variational inequality problems, fixed point problems, complementarity problems, Nash equilibrium problems
(see, e.g., [2,3,8,10,15,22,23,33,35,45]). In addition, the E P has direct applications in many fields, such as
network problems, electricity markets. It is why the E P has been attracted the interest and considered by
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598 H.Lietal.

researchers in recent years. At present, strategies for solving the E P mainly include the proximal point methods
[12,21], the projection algorithms [9,37], the gap function methods [20,25] and extragradient methods [36,38].

An extremely significant research field in nonlinear analysis is fixed point theory. Recall that the Fixed Point
Problem (shortly, F' P P) for a mapping T : H — H is said as follows:

find x* € H such that Tx* = x*. (1.2)

The set of solutions of F'P P (1.2) is denoted by F(T).
There exist several methods for solving the F P P. One of the most popular methods is Mann’s method [19]
which was first presented in 1953. The form is as follows:

Xpp1 = Xy + (1 — )T xy, (1.3)

ee]

where {a,} C [0, 1]. Reich proved in 1979 [26] that if the sequence {«,} satisfies anl oy (1 — a,) = oo then
the sequence {x,} generated by (1.3) converges weakly to a fixed point of a nonexpansive mapping 7. Moreover,
conjugate gradient methods [24] are popular acceleration methods of the steepest descent method. The conjugate
gradient direction of f at x, is that

dn+1 = _Vf(xn) + ﬁndnv (1.4)
where {8,} C (0, 400). In 2018, Dong et al. [11] introduced the following algorithm:
Wy = Xp + 0, (X — Xp—1),

1
dpy1 = X(Twn — wy) + Budy, (1.5)

Yn = Wy + Ady+1,
Xnt1 = WynWn + (1 — w¥n) yn,
where A, u > 0, 6,, B, and y,, are real sequences. They proved the weak convergence of the algorithm (1.5) for

a nonexpansive mapping 7 under mild conditions.
We consider the following problem of finding (x*, y*) € C x C satisfying

A* *_ *’ _ *>0’
{(uerx yix —x") = (1.6)

(VBx* +y* —x*,x—y") >0, VxeC
which is called a General System of Variational Inequalities, where A, B : C — H are two nonlinear mappings,

u, v > 0 are two fixed constants. The set of solutions of (1.6) is denoted by GV (A, B).
In [6], Ceng et al. introduced the following iterative algorithm for solving (1.6):

X0 € C,
Yn = Pc(xy —vBxy), (1.7)
Xnt1 = X0 + Buxn + VT Pc(yn — nAxy),
where oy, B, and y, are real sequences, T is a nonexpansive mapping, Pc is a metric projection. A strong
convergence theorem was obtained under some suitable conditions.

In addition, we focus on another mathematical problem: the Split Feasibility Problem (shortly, S F P). It was
introduced by Censor and Elfving in 1994 [7]. The SF P can be described as finding a point x* € C such that

Jx* e Q, (1.8)

where J : H] — H> is a bounded linear operator, and C and Q are nonempty, closed and convex subsets of
Hilbert spaces H; and H», respectively. The solution set of the SF P (1.8) is denoted by T'.

A CQ algorithm was first proposed by Byrne [4] to solve the SF P, which generates the sequence {x,}
through the following iteration:

X1 = Pc(I — yJ*(I — Po)J)xn,

where y € (0, ﬁ), J* denotes the adjoint operator of J, I is the identity operator on H; and Pc and Py are
metric projections onto C and Q. Generally, the calculation of projections is difficult when sets C and Q are
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general convex sets. To overcome this, Yang [40] introduced a relaxed C Q algorithm by two half-spaces C,, and
0, where

Cpn={x € Hy:clxp)+{pn,x —x4) <0}, ¢ € 9c(xy)
On={ye€eHry:q(Uxp) + (Y, y — Jxn) <0}, ¥, € 3q(Jxy),

where ¢ and ¢ are two convex and lower semicontinuous functions. Afterwards, relaxed C Q methods were
widely applied (see, e.g., [27,30]). In recent years, some authors introduced ball-relaxed C Q algorithms, where
C, and Q, are replaced by C, and En (see, e.g., [16,17,31]).

As for various iterative schemes, accelerating the convergence rate is the main purpose. It is the reason
why inertial-type approaches, based on the heavy ball methods, have attracted a large number of scholars to
investigate. Adding an extrapolation term «, (x,, — x,—1) indicates that the proposed algorithm has an inertial
effect. The strategy of adding inertial technique is that the next iteration will be composed of the previous two
iterations. Recently, many authors have studied different inertial types to accelerate the convergence process,
such as double inertial extrapolation steps, alternated inertial terms and multi-step inertial terms (see, e.g.,
[1,13,27,28,30-32,34,41,44]). Among them, we follow the interest in multi-step inertial effects, which takes
the form of

wy = X + E ai,n(xnfi — Xp—i—1).
ieN

A large amount of numerical experiments have shown that this technique can improve the convergence speed
of proposed algorithms. Therefore, many authors apply it in various fields (see, e.g., [1,3,10,11,13,28,30-
34,41,44,45]).

In this study, we first pay close attention to searching for common solutions of monotone equilibrium
problems, fixed point problems of nonexpansive mappings and general systems of variational inequalities in real
Hilbert spaces. Yazdi et al. [43] proposed a hybrid viscosity approximation method in 2023. Their algorithm is
as follows:

up = SpXp + (1 —8,) yn,

1

f(Unv)’)"i‘ r_(y_Un,Un —u”> 207 Vy € C"7
n

2w = Pc(vy — vBuy), (1.9)

Yu = Pc(zyp — nAzy),
Xpt1 = p@(xy) + (1 — ) Thyn,

where «,,, r, and s, are real sequences, T}, is an infinite family of nonexpansive mappings. They proved a strong
convergence theorem under some appropriate conditions and assumptions.

Moreover, we also focus on finding common elements of monotone equilibrium problems, split feasibility
problems and fixed point problems of nonexpansive mappings. Recently, Li et al. [16] introduced a strategy with
alternated inertial and obtained a strong convergence theorem under some suitable conditions. This algorithm is
given as follows:

Xn, if n=even,
" Xn + 0, (X — xn—1), if n=odd.
1
S @nsy) + r—(y —ZnsZn —Wwp) 20, Vy eC,

n

yo = —ap)wy, + o,2,, (1.10)

Xn1 = BnXo + ,Bnan()’n — v - PEH)JY}'L),

where «;,, B,, 0, and r, are real sequences, and

el = Pg )yl
23105 = Pg ) yal?)’

Vn

@ Springer



600 H.Lietal.

Motivated and inspired by the foregoing works, in this paper, we first propose a new multi-step inertial
algorithm for approximating a common element of a monotone equilibrium problem, a fixed point problem
of a quasinonexpansive mapping and a general system of variational inequalities in real Hilbert spaces via the
conjugate gradient method. Later, we establish a strong convergence theorem under some suitable conditions
on parameters. In addition, we blend a multi-step inertial term with a S-iteration process for finding a common
element of a monotone equilibrium problem, a fixed point problem of a quasinonexpansive mapping and a split
feasibility problem. A strong convergence result of the algorithm is obtained. In the end, numerical experimental
results show the performance of proposed algorithms by comparing them with the existing algorithms.

This paper is organized as follows. In Sect. 2, we present some fundamental definitions, lemmas and pre-
liminary results needed in the sequel. Two multi-step inertial algorithms and analyses are investigated in Sects.
3 and 4. Section 5 comprises numerical experiments to illustrate the numerical behavior of proposed algorithms
and compare them with relevant algorithms. In Sect. 6, we make a brief summary of this paper.

2 Preliminaries

Let H be a real Hilbert space and C be a nonempty closed convex subset of H. The strong (weak) convergence
of a sequence {x,} to x is denoted by x, — x (x, — x), respectively. We have the following facts:

(1) Forany x,y € H,
x4+ y11> < %17 4+ 2(y, x + y); 2.1
(2) Forany x,y,z€ H,a,b,c€[0,1]anda+b+c =1,
lax + by + ezl = allx|* + bllyI* + cllzll* — abllx — yI* —acllx —z|* = belly —zII*.  (2.2)
Definition 2.1 [9] The metric projection from H onto C at x € H is defined by
Pcx = argmin {||lx — y|| : y € C}.
Further, for x € H, we have
(x — Pcx,y— Pcx) <0, VyeC. 2.3)
We suppose that the bifunction f : C x C — R satisfies the following assumptions:

(Al) f(x,x)=0, Vx e C;

(A2) f is monotone, thatis, f(x,y) + f(y,x) <0, Vx,y e C;

(A3) Foreachx,y,z € C,limsup,_,o f(tz+ (1 —1t)x,y) < f(x,y);
(A4) Foreachx € C,y — f(x,y) is convex and lower semicontinuous.

If a bifunction f : C x C — R satisfies assumptions (A1)-(A4) and » > 0, x € C, there exists a unique z € C
[43] such that

f(Z,y)—i-%(y—z,z—x) >0, VyeC.
Definition 2.2 [39] A mapping T : H — H with F(T) # 0.
(1) T is called nonexpansive if
ITx =Tyl <llx—yl, Vx,yeH;
(2) T is called quasinonexpansive if
ITx =yl < llx=yll., YxeH,yeF(T);
(3) T is called firmly nonexpansive if

ITx —Ty|* < (Tx — Ty, x —y), ¥x,y€H;
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(3) I — T is called demiclosed at zero if {x,} C H,
X, = x and ||Tx, —x,|| > 0= x € F(T).
It is known that the mapping Pc is firmly nonexpansive and nonexpansive.

Definition 2.3 [43] A nonlinear operator A whose domain D(A) € H and the range R(A) C H is said to be
n-inverse strongly monotone (n-ism) if there exists n > 0 such that

(Ax — Ay, x —y) = n|[Ax — Ay|>, Vx.y € D(A).
Definition 2.4 [39] A function g : H — (—00, 4-00) is proper.
(1) A vector u € H is subgradient of g at a point x if
(y—x,u)+gk) <g(y), VyeH.
(2) The subdifferential of g is the set-valued operator dg : H — 2.
0g(x) ={u e H:(y—x,u)+gx) =gy, VyeH}
(3) g is called lower semicontinuous if x, — x implies
g(x) < liminf g(x,).
n—00
(4) g is called weakly lower semicontinuous if x, — x implies
g(x) < liminf g(x,).
n—00

Lemma 2.5 [/4] Let T : H — H be a nonexpansive mapping. Let {x,} C H and x € H. Suppose that x, — x
and Tx, — x, = Qasn — oo. Then x € F(T).

Lemma 2.6 [/6] Letg : H — (—00, +00] be an a-strongly convex function. Then, forall x,y € H anda > 0,
o
g + (@, y —x) + Jlly = xI” < g(v), Ve € 9g(0).

Lemma 2.7 [43] Let C C H, A: C — H be n-ism and u € (0,2n). Then, I — [t A is nonexpansive.
Lemma 2.8 [8] Assume that f : C x C —> R satisfies assumptions (Al)-(A4). For anyr > 0 and x € H,
define a mapping T,f : H — C asfollows:

1
Trf(x)={ZGCIf(Z,y)-I‘;(y—Z,Z—x)20, VyeC}.

Then, the following hold:

(i) Trf is a single-valued mapping.

(ii) T,f is firmly nonexpansive, that is, ||T,fx — T,fy||2 < (T,fx — T,fy, X —y).

(iii) F(T) = EP(f).
(iv) EP(f) is closed and convex.

Lemma 2.9 [43] Assume that f : C x C —> R satisfies assumptions (Al)-(A4). Foranyr,s > Q0and x € H,
the mapping Tr‘f satisfies the following inequality:

T/ x =1/ y| < |x — T i - v c
1T x =T yll < llx =yl + | P [- 1T x — x|, Vx,yeC.

Lemma 2.10 [39] Let {a,} be a sequence of nonnegative real numbers. Assume that
ant1 = (1 —ay)ay + anby + cp, Vn > 1,

where {a,} be a sequence of real numbers in (0,1), {b,} and {c,,} be sequences of real numbers, such that
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(ii) limogupn_)oobn <0o0rY 02 lanby| < oo.
(iii) Y 2| Cn < 00.

Then lim,,_. 5 a, = 0.

Lemma 2.11 /6] For given x*, y* € C, (x*, y*) is a solution of problem (1.6) if and only if x* is a fixed point
of the mapping G : C — C, which is defined by

G(x)=Pc(I —nuA)Pc(I —vB)x, VxeC,
where y* = Pc(x™ — vBx™).

Lemma 2.12 []16] Let {a,} be a sequence of nonnegative real numbers such that there exists a subsequence
{an;} of {an} such that an; < an;+1 for all j € N. Then, there exists a nondecreasing sequence {my} of N such
that my — o0 as k — oo and the following properties are satisfied by all number k € N:

Amy < A1 and  ag < Q4.

In fact, my is the largest number n in the set {1, 2,3, ..., k} such that a,, < an+1.

3 The first algorithm and convergence analysis

In this section, we propose a new multi-step inertial algorithm for finding a common solution of monotone
equilibrium problems, fixed point problems of quasinonexpansive mappings and general systems of variational
inequalities in real Hilbert spaces and provide convergence analysis.

Let C be a closed convex subset of H, f : C x C — R be a bifunction satisfying assumptions (A1)-(A4),
A, B : C — H be np-ism, ny-ism, respectively. 7 : H — H is a quasinonexpansive mapping such that (1 — T')
is demiclosed at zero and ¢ : H — H is a strict contraction function with coefficient § € (0, 1). We denote the
solution set by Q := EP(f) N F(T) N F(G) # . We establish the convergence of the algorithm under the
following conditions on control parameters:

Condition 1

(C1) o2 maxjen [otinl Y jeny 1Xn—i — Xn—i—1ll < 00;

(C2) {yu} C (0, D), lim, 0 ¥ =0, Zzil Yn = 00, and Zzil [V — Vn—1] < 00;
(C3) {B,}is a positive sequence satisfying B, + B,—1 = o(¥»);

(C4) {ra} C (a,00) forsomea > 0, > 02 | |ry — rp—i| < 00;

(C5) {Tz, — z,} is bounded.

Now, we are in a position to give the description of our algorithm.

Algorithm 3.1

Initialization. Let n € Ny, N = {0,1,--- ,n — 1} and {oj n}ien C (=1, 1)". Choose u € (0,2n1),
1
ve0,2m),r>0,xg€ H,xi—1 =x0,1 € N\ {0}and dp = X(Txo — X0).

Iterative Step. Given the iterates x,_; and x,,—;_1 foreachn > 1.
Step 1. Compute

wy = X, + E ai,n(xn—i — Xp—i—1).
ieN

Step 2. Find u,, € C such that

1
f(“ns}’)+7<y_“naun —wy) >0, VyeC.

n

Step 3. Compute

yn = Pc(I —vB)u,
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and
zn = Pc(I — nA)y,.
Step 4. Compute
Uy = 2y + Adyya,

where dy, | = %(Tzn — 2n) + Bndn.
Step 5. Compute

Xnp1 = Yn@(Xn) + (1 — yu)vy.

Setn := n + 1 and return to Step 1.

Lemma 3.1 Assume that conditions (C1)-(C5) hold. Let {x,,}, {z,} and {d,,} be sequences generated by Algorithm
3.1. Then, for each p € 2, the following results hold:

(a) the sequences {d,} and {x,} are bounded.
(b) llxp+1 — xnll = 0, as n — oo.
(¢) \Tzp — znll = 0, as n — oo.

Proof (a) First, {d,} is a bounded sequence by induction. This is true trivially for n = 0. Let My =
max{||dol|, % sup,>1 T2y — zall}. According to the condition (C5), we know that My < oco. Assume that
ldull < My is true for some n. We will show that it continues to hold for n 4 1. From (C3), we get

1
ldns1ll = ”X(Tzn — Zn) + Pndnll

1
X”Tzn — Zull + Bulldyll

<

<1 A +1M
=32 0 ) 0
= M.

It implies that ||d, || < My for all n > 0, that is, {d,,} is bounded. .
Next, we show that {x,} is bounded. Indeed, from Lemma 2.8, we know that u, = T,‘I wy,.

lun — pll = 1T w, — pll < llwa — pl. 3.1)

From the definition of w,,, we have

lwn = pll = %0 + Y ctin (i — xu—i—1) = pl|

ieN
<l = pll+ D letinl - xn—i = Xn—i1 - (3.2)
ieN
Combining (3.1) and (3.2), we obtain
ltn = pll < ln = pll+ Y Ietinl - 1xn—i = Xn—i1l. (3.3)
ieN

Using the triangle inequality, we get

1xp41 — Pl = Ve (n) + (1 — v, — pll
< Vullo(xn) — pll + (1 = yu)llve — pll
< Vubllxn — pll + vulle(p) — pll + A = y)llve — pll. 3.4
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According to the definition of v,, we have
lve — pll = llzn + Adp+1 — pll
1
= ||z + )L(X(Tzn = Zn) + Budn) — pll
< |ITzp — pll + ABulldxll
< llzn = pll + 2B Mo.
From Lemma 2.7,
lzn — Pl = I1Pc(I — pA)yn — pl
=|Pc(I = pA)Pc(I —vB)u, — pll
< llun — pll.
In addition, from the condition (C3), there exists M| > 0 such that

ﬁfMl, Vn > ng.
Vn

Substituting (3.3), (3.5), (3.6), (3.7) into (3.4), we obtain

X041 =PIl < ¥adllxu — Pl + ¥ullo(p) — pll + (1 = y)llva — pll
< VaSllxn — pll + valle(p) — pll + (1 = yu)(lzn — pll + 2B2 Mo)
< VaSllxn — pll + valle(p) — pll + (1 — yu)(lun — pll + 2B Mo)
< ¥ullxn — Pl + vulle(p) — pll + (1 = yu)(lxn — pll
+ ) ltinl - %n—i = Xn—i—1ll + Ay Mo)
ieN
< Yubllxn — pll + vullo(p) — pll + (1 = y)llxn — pll

+ ) linl - n—i = Xnim1ll + ABu Mo
ieN

= 1= 7 = &)1l = pll+7a(1 = 8)]

lle(p) — pll ABn My ]
1-34 V(1 —9)

+ ) loinl - nmi — Xnicl

ieN
= 1= 7 = &)1l = pll+ 7 (1 = 9)]

+ ) linl - nmi = Xnil

llo(p) — pll AMoMl]
1-6 1-6

ieN
le(p) — pll + AMoM,
< max {15, = pll — J 2 bl i = i
ieN
lo(p) — pll + AMoM;
< max {llxn—l - pl, T—3 } + Z leti n—1] - lXn—i—1 — Xp—i—2||
ieN
+ ) ltinl - %ni = Xnil
ieN
llo(p) — pll + AMoM;
< max {15 — Il = |+ 2,
where M» = ZieN letinl - 1Xp—i — Xp—i=1ll + -+ ZieN |O‘i,n0| : ||xn0—i — Xpg—i—1 | < oo.

Thus, we infer that the sequence {x,} is bounded, so are {wy}, {u,}, {yn}, {zn}, {vn} and {@(x,)}.

(b) We show that ||x,+1 — x,|| = 0,asn — oo.
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Indeed, from the definition of x,1, we have

lxn+1 — xull = Ivn@(xn) + (1 = v)vn — Vn—19xn—1) + (1 — Yu—Dvp—1) |l
= [[¥u(@(xn) — @(xn—1)) + (1 — ) (Wp — Vu—1) + (¥ — Yu—1)9(xn-1)
+ WVn—1 — V) vp—1ll
< Yubllxn — xp—1ll + (L = v lve — va—1ll + V0 — Va—11Ul@ =Dl + llva—11)- (3.8)
Now the estimate
lvn — va—1ll = llzn + Adpy1 — (za—1 + Ady) ||
= lzn +Tzp — 2 + ABudy — Zn—1 +T2y—1 — Zn—1 + ABu—1du—1)|l

<llzn = zZn—1ll + 1Tz — zull + 1 Tzp—1 — Zu—1ll + Al Budyp — Bun—1dn—-1ll
<llzn = zn—1ll + 1Tz — 2l + 1T 201 — Zn—1ll + A(Bu + Bu—1) Mo. (3.9

From Lemma 2.7 and Lemma 2.9, we get

lzn — zu—1ll = I1Pcd — wA)YPc(I —vB)uy — Pc(I — pA)Pc(I —vB)u,—1||

< llun — un—1l

= 1T wy = T wai ]

< lwp — wy—1ll +

'n — Fn—1
P w, = wall. (3.10)

I'n
From the definition of w,,, we have

lwn = watll = 1260 + D tinGoni = Xn—im1) = Gt + Y @in—1Gnim1 = Xn—i-2))ll

ieN ieN
< w = Xt ll A+ Y letinl - i = xnmimall + Y etintl - Iamit = xai2ll. B.11)
ieN ieN
Substituting (3.11) into (3.10),
lzn = za1ll < 0 = Xuall + D letinl - 1xn—i = Xnicall 4+ Y letinil - 1xn—io1 = Xp—i 2|
ieN ieN

+ Trfwn — wy||

'n — TI'n—1 )”
I'n

< v = Xt ll Y Lol = i = Xnmimall + Y etint| - i1 — Xu—i2|
ieN ieN

M3
+ = ru—1l—, (3.12)
a
where M3 := supnzl{HTrfwn — wy]|} > 0. Moreover,
A A
1Tzp — zall + 1 Tzp—1 — Zn—1ll < EMO + =My = AMy. (3.13)

2
Putting (3.9), (3.12), (3.13) into (3.8), we obtain

11 = Xall < ¥a8lxn — X1l + (1= v)llvw = vatll + 17a = Va1l (@G| + Va1l
< Vubllxy — xp—1ll + (A = v)Ulzn — 21l + 1Tz — zall + 1T 20—1 — Zu—1l
+2(Bn + Bi-1)Mo) + 17n = Va1 1(l0 DIl + lva-11)
< Vb llxn = X1l + (1= y) (%0 = Xno1 |+ Y letinl - [Xn—i = Xn—ii |

ieN

M3
+ D1t Wit = il = rut| == + AMo + A(Bn + Ba1)Mo)
ieN
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+ 1% = Va1l U@ Cen DIl + llva—11)
<[ = (1= &)l — a1l + Y etinl - i = Xni1
ieN
M3
+ Yl xn—ict = Xnicall 4 1ra — Fao1|—= + AMo + A(By + Ba—1)Mo
ieN a
+ 170 = Va1 lUl@ DIl + vn11)

==y =lxn = Xn—1ll + ya(1 — 5)[

(Bn + Br—1)AM BurMy :|

yn(1 —6) Yn(1 —8)By
M3
+ Z tin] Wi = it Il 3 et nimt = Sniall = 7t ] ==
ieN ieN
+ 170 = Va1l U DIl + Va1 (3.14)

According to the conditions (C1)-(C4), we apply Lemma 2.10 to (3.14) to obtain that limy,— oo [|Xn+1 — Xn || = 0.

(c) We show that ||Tz, — z,4|| = 0, as n — oo. Indeed, since p € 2, we know that p = Pc(Pc(p — vBp) —
WAPc(p —vBp)) = Pc(I — nA)Pc(I — vB)p. From Lemma 2.11, we have ¢ = Pc(I — vB)p. Observe
that

lyn — gqlI* = IIPc(I — vB)u, — gl
< IPc(I = vB)u, — Pc(I —vB)pl?
< (I = vB)u, — (I —vB)p|?
= lun — plI* = 2v{uy — p, Buy — Bp) + v?||Bu, — Bp|*
< llun — plI* = 2vn2l| Buy — Bp||* + v?|| Bu, — Bp|?

= llun — pII* = v@n2 — v)|| Bu, — Bp|*. (3.15)
Similarly,
zn =PI < llyw — qII* — 11 — Wl Ay, — Aq|*. (3.16)
Combining (3.15) and (3.16),
lza =PI < llun — pII* = @201 — W Ayn — Agll* — v(2n2 — v) || Bu, — Bpl|*. (3.17)

Because u € (0,2n1), v € (0, 2n2), we get

lzn = pI* < llun — plI*. (3.18)
From (2.2),
1Xnt1 = I = lya@Gn) + (1= y)va — plI®
= lya(@n) = p) + (1 = y) (va — I
< yulloCGea) = pI* + (1 = y)llvw — plI*. (3.19)
By (3.5).

lon = pI* < (lzn — Il + 2BuMo)*
= llzn — pPI* + 228 Mollzn — pll + (ABnMo)*
= llza = PII* + Ba@ABuMollzn — pIl + Bn(AM0)?)
< llzn — PI* + BuMa, (3.20)

where My := sup,,~ {248, Mollza — pll + B2 (AMo)*} > 0.
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In addition, by definition of wy,,,

lwn = pI* = 1w + Y inConi = xu—i1) — plI?

ieN
2 2
= |xp — plI” + | Zai,n(xn—i — Xp—i—1)|l +22ai,n (Xn — Py Xpn—i — Xn—i—1)
ieN ieN
2 2
< lxa = pIP+ D letinl D letinlllxn—i = xn—ica I +2 Y leinllxn — plllla—i — xo—i—1l
ieN ieN ieN
2
<l = pIP+ D letinllxn—i = xumict 1O i lllXn—i — Xa—io1ll + 2lx0 — plI)
ieN ieN
2
< lxw = pIP+ ) ltinl - %n—i = Xnim1[|Ms, (3.21)
ieN

where M5 := Suan]{ZieN |tinl - 1 Xn—i — Xn—i—1ll + 2|lx, — pll} < oo. Combining (3.1), (3.17) and (3.21),
we get
Iza = PII* < lun — pII* = @1 — W Ayn — Aq > — v(2n2 — v)[| Bu, — Bp||?
< llwy — plI* — n@n1 — Wl Ay, — Aqll* = v2n2 — v)|| Bu, — Bp|?
< lxn = pIZ 4D ltinl - i = xa—i1IMs — w1 — | Ayn — Aq|?
ieN
— v(2n2 — v)||Bu, — Bp||*. (3.22)
Putting (3.20), (3.22) into (3.19), we obtain
Ixn41 = PI* < valloGen) = pI* + (1 = ya)llvw — pII?
< VulloGn) — plI* + (1 = y)(llzn — pII* + B My)

< allo@a) = pI* + (1= y) e — pI + Y etinl - X0 = Xn—i—1] M5
ieN
— u@n1 — Wl Ayn — Aqll* = v(2n2 — V)| Buy — Bp||* + BuMs)

< ValloCen) = pI” + 1% = pIP + D letinl - n—i = Xp—io1 | M5
ieN
— 11 = Wl Ayn = Aql* = v(2n2 — V)| Buy — Bp|* + B, Ma,

that is,

w21 — WAy, — Agll* + v(2n2 — v) || Bu, — Bp|?

2 2
< lxn = pIP = st = pIP+ Y lctinl - x0—i = Xn—i 1| M5 + BuMa
ieN

< (10 = pll+ 1xn1 = PIDIxnsr — Xall + Y letinl - 1%n—i — Xn—i—1 | Ms + Bu M. (3.23)
ieN

From € (0, 2n1), v € (0, 2n2), conditions (C1), (C3) and lim,  ||X;+1 — X, || = 0, we can see
lim ||[Ay, — Ag|| =0 and lim ||Bu, — Bp|| =0. (3.24)
n—oo n—0o00

Furthermore,

lzn — plI* = 1Pc(I — Ay, — plI*
= |Pc(I — jA)y, — Pc(I — pA)q|?
<{(U — pnAy, — U —nA)q, z, — p)

1
= U0 = pdyy, = (I = nAGI* + lzn — plI?
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—vn —zn + P — g — 1L(Ay, — AQ)|IP),
which implies

lzn = PI* < 1 = A)yw — (I = nA)q 1> = lyn — 20 + P — ¢ — 1(Ayn — AQ)|I?
<|lyn = pI? = llyn — 20 + P — q — 1(Ay, — AQ)|I?
< lyn = PI* = (lyn — 20 + p — ql* + 12| Ayy — Aq|?
— 20y —2n + P —q, Ayp — Aq)
lyn = PI* = e = 20+ P — gl + 21llyn — 20 + P — gl - | Ayn — Aq]l. (3.25)

IA

In the same way,

lyn — qll* < %(n(l —vB)uy — (I —vB)p|* + llyn — pII?
— llun = yu +q — p — v(Bun — Bp) |1,
that is,
lyn — gl < 1T = vB)uy — (I —=vB)p|* = llun — yu +q — p — v(Bu, — Bp)|*
< llun = pI* = (lun = yu + q — pI* + v*|| Bu, — Bp|*
—2v(uy, — yn +q — p, Buy — Bp))
< llun — plI* = ltn — ya +q — pI* +2vllun — yo +q — pll - | Buy — Bpll. (3.26)
Substituting (3.1), (3.21) into (3.26), we obtain
lyn = qI* < llun — pII* = llun — yu +q — plI* +2vllun — yo + ¢ — pl - | Buy — Bp]|
< lwn = pI* = llun — ya +q — pII* +2llun — yo + ¢ — pll - || Bun — Bpl||
<l = pI*+ D letinl - 1%n—i = Xui1|Ms = un — yu +q — pl®

ieN
+2vllun — o +q — pl - || Bun — Bpll. (3.27)
Combining (3.25) and (3.27),
lzn — pII?
<lxw = pI> = ltw =y +q = pI* = Iy — 20+ P —ql* + D ltinl - 1xn—i — xu—i 11| M5
ieN
+20llun = yu +q = pll - |Bun — Bpll + 2llyn — 20 + p — gl - |1 Aya — Aqll. (3.28)

It follows from (2.2) and (3.20) that

IxXn41 = 21 = lyaeGn) + (1= y)va — plI
< VulloGn) = plI> + (1 = y)llva — I
< valloGen) — @(PI* + vallo(p) — pII* + 2y (0 (n) — @(p), 0(p) — p)
+ (1= ya)llva — pII?
< b 1% — PI* + vallo(p) — PI* + 27u8llxa — pll - le(p) — Pl
+ (L= y)llzn — PI* + BuMs)
< ubllxn — pPI* + va(lo(p) — PI* + Me) + (1 — y)(Izn — PII* + BuMa), (3.29)

where Me := sup,~{268|x, — pll - llo(p) — plI} > 0.
Substituting (3.28) into (3.29), we have

%01 — P < ¥u8lxn — pI* + va(lo(p) — pI* 4+ Mg) + (1 — y)(llzn — pI> + B Ma)
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= 7a8lln = PI? + ya(lo(p) = pIP + Mo) + (1 = ) (Il — pI?

—lltn = yn+q = PI> = Iy — 20+ — >+ D ltinl - [X0i — Xu—i—1Ms
ieN

+2vlluy — yn +q — pll - |Buy — Bpll +21llyn — 2o +p —qll - 1Ay, — Aql| +,3nM4>
<1 = yu(1 = )xn — pI* + va(ll@(p) — plI* + Mo) — (1 — y)lltn — yu +q — pII*

— (U= y)llyn =2+ p =gl + Y ltinl - IXn—i — Xnim11|Ms
ieEN
+2vlluy — yn +q — pll - |Buy — Bpll +2ullyn — 2 +p — qll - 1Ay — Aq|l + B M4
< %0 =PI + vulle(p) — pII* + Me) — (1 — y)llun — yu +q — pI?

— (I =y)lyn —zn+ 2= qI>+ D ltinl - I1Xni — xa—i—1Ms
ieN
+2vlluy — yn +q — pll - | Buy — Bpll +2ullyn — z2n + p — qll - |1Ayy — Agll + B M3,
which impiles
A= y)ltn = yn+q—pIP + A= y)lvw — 20+ p —qll?

< xn = pIP = st = pIP + va(llo(p) — pI> + M) + Y etinl - 1X¥n—i — Xn—i1]Ms
ieN
+ 2vllup — yn +q — pll - |1Bup — Bpll + 2pllyn — 20 + p — qll - |Ayn — Aqll + BnMa

< (bt = Pl + 16041 = PDIxar1 = Xall + va(llo(p) — PI* + Me) + D letionl - I1Xn—i — Xu—i—1Ms
ieN
+2vllup —yn +q — pll - l|1Bup — Bpll + 2ullyn — 2o + P — qll - |Ayn — Aqll + BuM4. (3.30)
From (3.24), conditions (C1), (C2), (C3) and lim;, o [|Xn+1 — Xz || = 0, we can see
lim [luy —yn+¢q—pll=0and lim |y, =z, +p—ql =0. (3.31)
n—0o0 n—00
We obtain from (4.26) that

lun — znll < Nltn —yn+q —pll+1llyn —2n+p—qll > 0, as n — oo. (3.32)
Using Lemma 2.8 (ii), we have
it — plI* = 1T wa — pII?
< (wp — p,un — p)
= 3w = I + Ly = pI> = ltn — I,
Hence, we obtain

iy — Pl < llwy — plI* = llun — wyll*. (3.33)
Combining (3.18), (3.20), (3.21) and (3.33), we obtain

IxXn+1 = PI* = 1yae i) + (1 = y)vw — plI?
< ulloGn) — plI* + (1 = y)llva — plI
< vulloGea) = pI* + (1 = y)(lzn — PI* + BuMa)
< ulloGn) = plI* + (1 = y)(lun — plI* + BuMs)
< WulloGn) = plI* + (1 = y)Uwn — pI* = llun — wall* + BaMa)
< WulloGn) = pI* + llwa — pI* = (1 = yu)llun — wall* + BuMs
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< VallpGn) =PI + llxn — pII> = (1 — ) ltn — wy |

+ BaMa+ Y ltinl - 1Xn—i — Xn—i1[|Ms.
ieN

Therefore, we have
(1= y)llun — wall® < %0 — plI* = X1 — PI? + vallo(xa) — pli?
+ BaMa+ D ltinl - 1Xn—i — Xn—i—1]|Ms

ieN
< (ln = pll+ a1 = pD a1 = xall + vallp(n) = plII?
+ BuMa+ Y [inl - X0 = Xn—i1[| M. (3.34)
ieN

Using conditions (C1), (C2), (C3) and lim,,—  [|Xn+1 — X, || = 0, we can see
lup, — wy|| — 0, as n — oo. (3.35)

Moreover,

lwn = xull = 160 + Y etionGoni = Xn—i-1) — X

ieN
<Y 1tinl - xn—i = Xn—i1ll > 0, as n — oo (3.36)
ieN
From (3.32) and (3.35), we obtain
lzn — wall < llzn — unll + llup — wanll - 0, as n — oo. (3.37)
From (3.36) and (3.37), we have
lzn — xull < 2w — wall + lwy — x4l = 0, as n — oo. (3.38)

By the definition of x;1, we have

lxXn+1 — vall = V@ (xn) + (1 — ¥ vy — vnl

= Vullo(xp) —vull = 0, as n — oo. (3.39)

From Lemma 3.1 (b) and (3.39), we obtain

X041 = 2nll < lXn41 — Xnll + lxp — zall = 0, as n — oo. (3.40)
Combining (3.39) and (3.40), we have

lvn = znll < llvp — X1l + IX041 — 20l = 0, as n — oo. (3.41)
Note that

Up —2Zn = Zn +Adpt1 — 20 = T2 — 20 + ABrdy,
that is,
T2y — 2n = U — Zn — APndh.

Therefore,

1Tzn — zall < llvn — zall + ABulldy |l
< vy — zull + ABxMoy — 0, as n — oo. (3.42)
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Theorem 3.2 Assume that conditions (C1)-(C5) hold. The sequence {x,} generated by Algorithm 3.1 converges
to p € Q in norm, where p = Pq(@(p)) is a unique solution of the variational inequality

(p(p) —p,y—p) <0, VyeQ.

Proof Since Pqg is a contraction on 2 and the Banach Contraction Principle, there exists a unique element
p € Q such that p = Pq(¢(p)). Applying (2.1),

Ixn41 = PI* = 1va@Gen) + (1 = ya)va — pII*
< (1= y)*lvn — PI* + 2¥ul@(tn) — P Xns1 — P)
< (1= y)*lvn = PI* + 2vu8llxn — Pl - [1Xns1 — Pl + 2V (@(P) — P, Xng1 — D)
< (L= y)?llvn — pI? + vablixa — pI* + vudllxns1 — pI* + 2vu(9(P) — . Xns1 — ).
(3.43)
Putting (3.1), (3.18), (3.20), (3.21) into (3.43), we obtain

a1 = PI* < (1= y)2lzn — PI* + BaMa) + yudllxa — pI* + vaSllxasr — plI*
+ 2¥u{@(p) — P, Xut+1 — p)
< (1= y)2lun — pI* + BaMa) + yudllxy — pI* + vuSllxasr — pII*
+ 2yu(0(p) — Ps Xnt1 — P)
< (1= y)(lwn — pI* + BaMs) + bl — pII* + yudllxns1 — plI?
+ 2yu{@(p) — P, Xu+1 — P)
< (=) (Uxn = pIP + D letionl - i = xu—i—1 M5 + By Ma)
ieN
+ Yudllxn =PI + Yudlxntt — pI* 4+ 2va(@(p) — p. Xns1 — P)
< (Isps2yn + yud + ¥ ln = pI* + D 1tinl - xn—i = xn—i—1 | Ms + B Ms
ieN
+ VudllXns1 — PIIP + 2¥n(@(P) — P, Xns1 — P).

Therefore,

Lsps2yn + yud + v 1
[ Tk, — pll® + [Z \etinl < 10— — Xn—i—1 Ms
1 —yué 1 —yué et

+ BuMy + 2yn(0(p) — D5 Xnt1 — p)]
2y,(1 =8 2y, (1 =6 — p|? —p, -
= [1 _ 2yl )]len o+ Va( )[anlxn plI” , (@(P) = p, Xnt1 p>]
1 — 9,8 1 —y,8 2(1 =9) 1—34
ZieN |ai,n| Nxn—i = xp—i—1I1Ms5 + B, My
+ )
1 — 6

(3.44)

According to Lemma 3.1 (a), we have that {x,} is bounded. Therefore, there exists a subsequence {x,;} of {x,},
which converges weakly to some x € H, such that

lim sup(¢(p) — p, xp — p) = lim (@(p) — p, xn; — p) = {¢(p) — p, X — p). (3.45)
n— 00 l—)OO
We show x € €. Indeed, from (3.38) and Lemma 3.1 (c), we have z,; — x and lim [|Tz,; — z,,[| = 0. It

follows from the demiclosedness of (I — T') that x € F(T). In addition, since u, = Trf w,, we obtain

1
fun, y) + r—(y —Up, Uy —wy,) >0, VyeC.

n
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From the monotonicity of f, we get

1
—(y —up, up —wyp) = f(y,u), Yy eC.

n
Replacing n by n,

1
—(y—unj, Mnj _wnj> = f(%un,-)a Vy eC.

rnj

From (3.35) and (3.36), we have w,; — X and u,; — x. It follows from (A4) and (C4) that f(y, x) < 0 for all
yeC.Lety, =ty + (1 —1)%,Vt € (0, 1]and y € C. This implies that y, € C and f(y;, ¥) < 0. By applying
assumptions (A1) and (A2), we get

O0=fOny) <tfe, ) +A =0 f(y, X) <tf (e, y).

Letting t — 0, we obtain f(x, y) > 0forall y € C. This implies X € EP(f).
On the other hand, from (3.32),

lzn —unll = 1Pc(I — pA)YPc(I —vB)up — un| = |Gup — upl — 0, as n — oo. (3.46)
Applying Lemma 2.5 that X € F(G). Consequently, X € €. From (2.3) and (3.45), we obtain
(p(p) = p. X = p) 0.
According to Lemma 3.1 (b), we have

lim sup{¢(p) — p, Xp41 — p)

n— oo
< limsup(p(p) — p, Xu+1 — Xn) + lim sup{p(p) — p, x, — p)
n—oo n—o0
= (¢(p) — p, X —p)
<0. (3.47)

Applying Lemma 2.10 to (4.3) and using (3.47) together with conditions (C1), (C2) and (C4), we deduce that
lim,—  ||x;, — pll = 0 as desired. O

Remark 3.3 If the inertial parameters {«; ,} C [0, 1], the condition (C1) can be written as
o
ZTIHEE}\); Qi n Z lxn—i — xp—i—1ll < oo. (3.48)
n=1 ieN
The condition (3.48) can be enforced by a simple online updating rule, that is, foreachi € N and o; € [0, 1],
@i, = min{e;, ¢ n},
where ¢; , and max{c; ,} ZieN [[Xn—i — Xn—i—1|l is summable. In this case, we can choose

Ci

= , ¢i>0,e>0.
nlte ZieN lxn—i — xn—i—1ll

Ci.n
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4 The second algorithm and convergence analysis

In this section, we combine a multi-step inertial term with the S-iteration process for finding a common element
of monotone equilibrium problems, split feasibility problems and fixed point problems of quasinonexpansive
mappings in real Hilbert spaces and provide convergence analysis.

Suppose that ¢ : Hi — Hj is a strict contraction function with constant 6 € (0,1), J : Hl — Hr isa
bounded linear operator and S : H; — Hj is a quasinonexpansive mapping such that (I — ) is demiclosed at
zero. Let C and Q be nonempty, closed and convex sets of real Hilbert spaces H; and Ha, respectively, which
are defined as follows:

C={xeH :c(x) =0}, Q={yeHr:q(y) =0}

where ¢ : H — R is an a-strongly convex function and ¢ : H, — R is a 8-strongly convex function. It is easy
to check that ¢ and ¢ are lower semicontinuous. We assume that dc and dg are bounded operators. We introduce
two specific half spaces

i o

Co = {x € Hi = cltn) + (. x —ta) + S llx = tal? < 0},

— B

Oy ={y € Ha: q(Uta) + (Y, y = Jta) + S Iy — Jt.|? < 0},

where ¢, € dc(t,) and ¥, € dg(Jt,). Moreover, using Lemma 2.6, we know C € C,, C C,and Q C Q,, C Q,.
Conditions on the control parameters are as follows:
Condition 2

(C) Y02y maxien [l Xjen 1Xn—i = Xn—i—1] < o0;
(C6) {yn} C (0, 1), limy o0 Y = 0, Y52 ¥ = 00;
(C7) {Bu} C (a, b), where a, b € (0, 1);
(C8) (e}, & Cc O, Dandy, + & + &, =15
(C9) {en} C (0,1), 372 &n < 00;

(C10) {p,} C (c,d), where ¢, d € (0, 2).

Algorithm 4.1

Initialization. Letn € N;, N := {0, 1,--- ,n — 1} and {&; »}ien C (—1,1)". Choose 6 > 0, xg € H,
Xi—1 = Xxo0,1 € N\ {0}

Iterative Step. Given the iterates x,_; and x,—;_ foreachn > 1.

Step 1. Compute

wy = Xy + Zai,n(xnfi — Xp—i—1).
ieN
Step 2. Find u,, € C such that
1
f(unay)+r_<y_unaun —wy) >0, VyeC.
n

Step 3. Compute

th = (1 = Op)wy + Ouup,

where 0 < 6, < 8, and

0 &n .
ny—, —————¢, if u, #x,,
27 flup — xn |l

0, = 4.1)

mi
0
> otherwise.
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Step 4. Compute

Un = tn = Tl(I = P )t + J*(I = Pg ) J 1],
where
oul(I = P tull> + pull(I = Pg )11
I(I = Pg )ty + J*(I — Pg )JtylI*
if It = Pg)tn + J*(I = Pg )il #0,

0, otherwise .

h =

Step 5. Compute

Zn = BuSvy + (1 = B)ty.
Step 6. Compute

Xn1 = Vn@(Xn) + 8nSvy + £,.525.

Setn := n + 1 and return to Step 1.

Lemma 4.1 Let {t,} and {v,} be sequences generated by Algorithm 4.1. Then, for each p € EP(f)NT N F(S),
the following inequality holds:

(U = Pe)tll> + I = Pg ) 1all*)?
I = P )ty + J*(I = Pg )t |12

e — pI* < lltn — PI* = 0u(2 — pn)

Proof Letp e EP(f)NTNF(S),p e EP(f) = p= Tr{p,p = Pcp=Pg p and Jp = PpJp = P@ Jp.
From the definition of v,,, we have

lve = pII* = lltn — Tl = Pg 1w + J*(I = PG )J1,] = plI?
= llta = pI> + 72 (I = Pg)tu + J*(I = Pg )t
—27,(( — Pf,,)t” + J*I — Pan)Jtn, th — D). 4.2)

Since Pg isafirmly non.expansive mapping, we deduced that / — P is firmly nonexpansive. Similarly, 7 — PQ,
is also firmly nonexpansive. Hence, we get

((I = Pg )ty + J*(I = Pg )i, tn = p)

= (U = Pg)tn — (I = Pg )p.tn — p) + (J*(I = Py )Jtn = J*(I = Pg )Jp. 1y — p)

=U—=Pe)tn—U =P )p.tn — p) +{U = Pg )Jtn — (I = Pg )Jp, Jty — Jp)
> (I = Pe)tll® + (1 = Pg )Tt (4.3)
From (4.2), (4.3) and the definition of t,,, we obtain
lva = PI? < llta = pI” + NI = Pg)tw + T = Pg )T 1)
—25,(I( = P )tall* + (1 = Py )1 |17)
< lltn — pII?

LU = Pa)tll” + 1T = Pg )1 [1)?
PN = Pe i + 75T — P )Tl
I = Pe)tall* + 1 = Pg ) ta)?
TN = Petn + I — Py )1

I = Pg)tw + T = Pg )Tt

(I = P )tall* + I = PG )T 1a]1%)
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(U = Pe)tall® + 1 = Py )T 1 [1)?
I(I = Pg)tw + J*(I — Pg ) tyI?

< llta — pI* = Pu (2 — pn)

This completes the proof of the lemma. O

Lemma 4.2 Assume that (Cl1), (C6)-(C10) hold. Let {xy}, {w,}, {un}, {vn} and {z,} be sequences generated by
Algorithm 4.1. Then, for each p € EP(f)NT N F(S),

(a) the sequence {x,} is bounded.
(b) the following inequality holds:

Ixn1 =PI < I = PIP+ ) letinl - 1Xn—i — Xn—i-1 M5 + yallo(xa) — plI®
ieN
— Bukn(1 = B 1Svn — tall* — Cu&n | Svn — Szull?
(U = Pe )l + 11U = Pg ) 1all*)?
I = P )tw + J*(I — Py )T ta]]?

— PnBnén (2 — pn)

Proof (a) First, we show that the sequence {x,} is bounded. Indeed, From Lemma 4.1 and the condition of p,,
we get

lve — pll < lltn — Pl (4.4)
From the definition of v,, and (4.4),

zn = pll = 1BaSvn + (1 = B)tw — pll
< BullSvn — pll + (1 = B)lltn — Pl
< Bullva = pll 4+ A = Bo)lltn — Pl
< Bulltn = pll + (A = Bo)lltn — pll
= ltn = pll- 4.5

Also, from (3.1),
1w — pll = (1 = O)wy + Oy — pli

< =0)llwn, — pll + Oullun — pli
< [lwn — pll. (4.6)

From (3.2), (4.5) and (4.6), we have
Ixn+1 — pll = Yo (xn) + &Sy + .Sz — pll
< Vullon) — pll + &ullSvp — pll + &nllSzn — Pl

< Vubllxn — pll + Vullo(p) — pll + Sullve — pll + &ullza — Pl
< Vubllxu — pll + vallo(p) — pll + (0 — y) lwn, — pli

< Vubllxa = pll+ vallo(p) = pl 4+ (1 = y)llxn — pl+ D letinl - i = xu—i1ll

ieN
le(p) — pl
= (1= = Ol = pll + (1 =) ===+ D letinl * i = Xa—ic1|
ieN
< max [, — pll EPLZ PN S s — i
- 1-6 ‘ ’
ieN
S .
le(p) — pl
< max {1, = pll, T} + M.

Thus, we infer that the sequence {x,} is bounded, so are {w,}, {yv,}, {un}, {va}, {zn} and {@(x,)}.
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(b) From (2.2), we obtain

%041 = PII* = 1Y@ (xn) + & Svn + £2Sz0 — pII?
< Vallo(xn) = pI* + &l Svw — Pl + EallSzn — PI* = EnknllSvn — Szall?
< Vallon) = pI* + Cullvw — pII* + Enllzn — PI* = EubnllSva — Szall*. 4.7)

From Lemma 4.1 and the definition of z,,, we obtain

lzn — PI* = 1BuSva + (1 = B)ta — pII*
= BullSvn — pI* + (1 = B)lltn — pII> = Bu(1 — B)[ISv — tull
< Bullvw = pI* + (1 = B)lltn — pII> = Bu(1 — B)[ISv — tal®
(U = Pe)tll* + 11U = Pg )1 1)
I = Pg)iw + J*(I — Pg ) J 1|2 ]
+ (1= B)lita — PIF = Ba(1 = B)lISva — ta?
(U = Pl + 11U = Pg ) 1all?)?
I = Pgtw + T — Pg )12
— Bu(1 = B IISvn — tall. (4.8)
Putting (3.21), (4.4), (4.6), (4.8) into (4.7), we get

= Bl — PI? = 022 = p)

< lItw — pI* = PufBn(2 — pn)

IxXn41 = PI* < valloGn) =PI + Cullvw — PIP + Enllzn — PI* — aullSvn — Szall®

< ullpGn) = pIP + Gallts = pIP + & lln — pI?

(I = Pl + 11U = Pg ) J1all*)?
I = P )tw + J*(I — Py ) J 1]l
— CnknllSvn — Szal®

< lwn = PI* + valloGn) = pI* = Bukn(l = B)ISvn — tall* = CunllSvn — Szall®

(I = Pe)tall® + 1 = Pg )1 [1%)?

I = Pg)iw + J*U — Py ) J 1,12
< bt = pIP+ D ltinl - 1%n—i = Xn—i11Ms + yallo(xa) — pI?
ieN
— Buén(1 = BIISUn — tall* = Cunll S — Szl
(I = Pe )l + 11U = Pg ) J1al1*)?
I(I = P )ty + J*(I — Pg )ty

— PuBn (2 — pn) — Bn(1 = Bl Svp _tn||2]

— PnBrn (2 — pn)

— PnBuén (2 — pn)

O

Theorem 4.3 Assume that conditions (Cl1), (C6)-(C10) hold. In addition, the solution set EP(f) N T" N F(S)
is nonempty. Then, the sequence {x,} generated by Algorithm 4.1 converges strongly to an element p =
Pep(fynrnrs)(@(p)), where p is a unique solution of the variational inequality

(p(p) —p.y—p) =0, VyecEP(f)NTNF(S).
Proof Combining (2.1), (3.21), (4.4), (4.5) and (4.6), we obtain
Ixn+1 = PI* = Y29 i) + EuSvn + &5z, — plI*
< 1¢u(Svn — P) + Ex(Szn — P + 27 (@(Xn) — P, Xnt1 — P)

= ¢211Svy — pI> + E21Szn — Pl + 2805 (Svn — P, Sz0 — p)
+ 2¥n (@0 (xn) — @(P), Xnt1 — P) + 2¥ul@(p) — P, Xnt1 — P)
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< 5 lSva — pI* + &2 11820 — pI* + 2800l Svn — pll - 1S20 — pl
+ 2v08lxn — pll - lxn+1 — Pl + 2vule(p) — P, Xnt1 — P)
< &7 1Svn — plI> + E21Szn — PIP + unllSvn — PII* + CaallSzn — pII
+ ¥u8llxn = pI* + vadllxars — plI* + 2va(@(p) = p. Xnt1 — p)
= a (G + E) ISV — PI* + &0 (Cn + EDSzn — PIZ + va8lxa — pII* + l1Xn41 — PI®)
+ 2vu(@(p) — Ps Xn+1 — P)
< &l = y)llvn = pI* + & = v llzn — I + vu8(lxa — PII* + X041 — PI®)
+ 2vu(@(p) — Ps Xn+1 — P)
< (=) lwn = pI* + vud(lxn — pI* + [%0s1 — I + 290 (@(P) — P, Xut1 — P)
< (L= lxn = pIP 4+ D ltinl - X0 = Xu—i—1 | Ms + YuSllxas1 — plI?
ieN
+ 2vu{@(p) — Ps Xut+1 — D),
which implies

15ps2yn + Yud + 72 o — plP 4 — !
1 — 8 " 1 — 48

2
Xn41 = pI" <

[ D" tetil - i = i1 1M

ieN

+2yu{@(p) — P, Xnt1 — p)]

2yn(1 =8 2yu(1 -8 _ 2
<[1- 20y e 0=l
L —yd 1 — 8 2(1 —6)
- p, — . . . = M
L %) = P Xus p)]+ Yien |inl - IXn—i = Xn—i—1 1M wo)
1-3 l_yng

The sequence {||x, — p||} converges by considering two possible cases.
Case I Assume that there exists n; € N such that {x,,} is nonincreasing foralln > ny.Itimplies that lim |x, — pl||
n—oQ

exists. According to Lemma 4.2 (b), we get,

Butn(1 = BIISUn — 11> + CabnllSvn — Szall?
(U = Pe)tall® + 1T = Pg )T 1 [1)?
I = Pgtw + T — Pg )12

+ onBnén (2 — pn)

< lxn = pI* = Ixngr = pIP 4 D ltinl - xn—i — xn—io1 | Ms + yallpGen) — plI>.

ieN
Using Condition 2, we obtain
[|Sv, — ;]| = 0, as n — oo. (4.10)
[|Sv, — Szx]l = 0, as n — oo. 4.11)

And

— I'c )in — 15 n
(U = Pe)tall® + 11 = Pg )T 1[1)?
I(I = Pg)tn + J*(I = Pg ) J 1|

— 0, as n — oo. (4.12)

In addition,
U = Pl + I = Pg)Jwl®)® (U = Pell” + 117 = Pg ) J1al™)?
I = Pe )t + J5(I = Pg )Jtl> = 201U = Pe)ill? + 1751 — Pg ) J1a]1?)
__d - Petull* + 11 = Pg ) ta]1)?
= 231U = Pe )il + I 121U = Pg )Tt ]1?)
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618 H.Lietal.

. (U = Pe)tall® + 11 = Py )T 1 [1)?
~ 2max{L, [JIP}(I(I = Pe)tall® + (I = Pg )T 1a]1?)
I = Pe )l + 11U = P ) I tall?

2max{1, || J||?}

Taking the limit n — oo on both sides, we get
(I — P )il = 0, and [[(I — Pg )Jt,]l — 0. (4.13)
Using (4.10) and (4.11),

lzn = Sznll = 1BnSvn + (1 — Bp)tn — Szall
< BullSvn — Szull + (1 = Bo)lltn — Szall
< BullSvp — Szull + (1 = Bu)lltn — Svnll + (1 — Bp)[Svy — Szall
< ISv, — Szull + Ity — Sv,]| = 0, as n — oo. (4.14)

Utilizing (4.10) again,

lzn — Svall = 1BuSvn + (1 — Bu)tn — Svall
<=8ty — Sv,||] = 0, as n — oo. (4.15)
lzn — tall < llzn — Svall + ISvn — tull = 0, as n — oo. (4.16)

Using (4.13), we have
lon = tall = lltn = Tal(I = Pg )tn + J*(I = Pg )J1n] — 1l
= ulld = Pe)tll + wllJI - I = Pg )Jta|l — 0, as n — oo. (4.17)
From (4.1), we get 0, ||u,, — x,,|| < &,. Combining Z;ﬁl &p < 00,
Onlluy — x4l = 0, as n— oo. (4.18)
Using (3.36) and (4.18), we have

ltn — wall = 11 — On)wy + Opuy — wyl|
< Opllun — wy||

< O llun — xn|l + Gullxn — wyll > 0, as n — oo. 4.19)
Therefore,
Ity — xnll < Ity — wpll + llwy, — x5l = 0, as n — oo. (4.20)

In addition,

lwn = e ll = 11 + Y tin (ki = Xn—i—1) — tn]|

ieN
1
< Onllitn = xall 4 ) levinl - 10 = xnimtl = 0, as n — oo. (4.21)
" ieN
Combining (4.10) and (4.20),
1Svn — xull < ISV — tull + It — xnll — 0, as n — oo. (4.22)

Combining (4.11) and (4.22),

1Sz — xull < IS2n — Svull + ISvy — x4l — 0, as n — oo.
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Therefore, we obtain

1xna1 = Xnll = 1Yne(xn) + £ Svn + ExSzn — Xnl|
< Vullo(xn) — xnll + CallSvy — Xull + EnllSzn — xnll = 0, as n — oo. (4.24)

From Lemma 4.2, we know that the sequence {x,} is bounded. Thus, there exists a subsequence {x,,} of {x,}
such that x,, — X as i — oo and

lim sup(p(p) — p, Xy — p) = il_i)ngokp(p) — P, Xy, — p) = {@(p) — p, X — p). (4.25)

n— 00

Next, we show that X € EP(f)NI'NF(S). Indeed, from (3.36), (4.16), (4.17) and (4.20), we have w,,, — X,
ty, = X, vy, — X and z,;, — X asi — 00. And by (4.14), lim,,, « ||z, — Sz, || = 0. From the demiclosedness
of (I —§), we getx € F(S).

From Algorithm 4.1, we know u,, = Tr{ wy. Similarly arguments as the proof of Theorem 3.2, we conclude
thatx € EP(f).

Furthermore, Pz t,, € Cy,, by the definition of Cy,,

n

(04
cltn) + (Gni> P, tn = 1)) + 5 1P, tny =t I <0,

nj

where ¢, € dc(t,;). According to (4.13) the boundedness of ¢,,, we have

o
2
C(tn[) S <¢ni’ tn[ - Pé"i tn;) - E”PE”I tn; - tni ”

o
< o - 1T = P, Dt | = ST = P, i1

[07
< M7\ — ani)tn[ Il — Ell(l - an,.)t"tllz — 0, as n — oo,

where ||, | < M7 > 0.
By the fact that #,, — X and c is weakly lower semi-continuous,

¢(¥) < liminf c(t,,) < 0.
1—> 00

This implies x € C. Since J is a bounded linear operator, then J#,, — JX. Similarly, from Pg Jty € Eni and
(4.13), we also obtain ‘

q(Jx) = liminf g(J,,) < 0.
1—> 00

It implies Jx € Q. Therefore, x € EP(f) NT N F(S). In addition, according to (2.3) and (4.25), we have

lim sup{p(p) — p, x» — p) = lim (p(p) — p, xn, — p) = (p(p) — p, X — p) < 0. (4.26)
n—0oo 11— 00
By the use of (4.24),
lim sup{¢(p) — p, Xn4+1 — p)
n—oo
< limsup(@(p) — p, Xp+1 — Xp) + limsup(p(p) — p, x, — p)
n—o0o n— o0

<o (4.27)

Combining (4.9), (4.27) and Condition 2, we conclude from Lemma 2.10 that lim |x, — p|| = 0.
n—oo

Case II There exists a subsequence {||x,; — pll} of {[lx, — pll} such that [|x,; — pll < [[xs,+1 — pll forVj € N.
From Lemma 2.12, there exists a nondecreasing sequence mj; C N such that m; — o0, as k — oo and the
following inequalities hold for all k € N:

1Xme =PI < 1Xm+1 — Il and  [lxx — pll < [[xm41 = pII- (4.28)
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According to Lemma 4.2 (b), we get,
Boni & (1 = Bu) S0 — tng 12+ Cong&me | Svmy, — Sz, |1
U = P, w12 + 1 = Pg )T tm|1%)?
+ g B &mi 2 — omy) '
my Pmy Smy mp (I — [%mk)l‘mk + J*(I — P@mk)jtmk”2

2 2
”xmk-i-l —-pll©+ E |ai,mk| . ”xmk—i - xmk—i—IHMS + Vi ”(p(xmk) = pll
ieN

2
< lxme — pPII* —
2
<Y 1img | i = Xmg—i 115 + Vi 19 (vm,) — P
ieN
Taking the limit, we obtain

1Svm, =t ll = 0, as k — oo.
|Svm, — Szm, | = 0, as k — oo.

And
U = P, Dtm P+ 1 = Pg )Tt |1%)?

— 0, as k — oo.
1 = Pe, m + T*( = Pg, )T im, I

By the similar arguments as in Case I, it is easy to see that

lim sup(g(p) — p, X1 — p) <O, (4.29)
k— 00
Combining (4.9) and (4.28)
2y (1 =) 29 (1 = 8) [ Yoy 1 xm;, — pII>
I = x40 < It = pI? = [ 1= =2 Ny, — p? 4 =2 e
1 — v I — ym 0 2(1 = 6)
{(p(p) — p, Xmyg+1 — D) ZieN |05i,mk| : ”xmk—i - xmk—i—lllMS
+ ] +
1-346 1 — ym,$
2Ym, (1 —6) 2 (1= 8) [ Ve X — PII?
< |1 = T i — I T | T
U= Y8 L= ymd L 2(1-9)
(p(p) — P, Xmy+1 — P) Doien 1| W Xmg—i — Ximg—i—1 | M
+ +
1-6 1 — Y8
Youg Il = PP (9(P) = P, X1 = p)
- 2(1 —9) 1-36
1 - mG5 ZieN |05i‘mk| : ||xmk7i — Xmyp—i—1 ”MS
2mG(1 - 8) 1 - mG5 .
So it follows from (4.29) and Condition 2 that klirn llxx — x*|| = 0. This finishes the proof. O
—> 00
Remark 4.4 (a) If a = p = 0, then C,, and Q,, are converted to half spaces C,, and Q.
linll? — 2ac(ty)

(b) fa >0,8>0, 1t is easy to observe that C,, is a nonempty closed ball, which has radlus o
centred at ¢, — ¢,, and Q,, is a nonempty closed ball, which has radius B \/ 1l — Z,Bq(J t,) centred at

Jtn - %Wn
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100 A T T T T T T T T T
) 0-step inertial effect | |

B —+— 1-step inertial effect
1010 F N —A— 2-step inertial effect | -

10-20 L
g
A 10°%0F
10-40 -

10-50 L

10-60 1 1 1 1 1 1 1 1 1

0] 5 10 15 20 25 30 35 40 45 50
Number of Iterations

Fig. 1 Algorithm 3.1 with different inertial steps

5 Numerical experiments

In this section, we give two numerical examples to show the numerical results of the proposed algorithms. We
demonstrate the advantages of the proposed algorithms by comparing them with previous iterative schemes in
the literature. All the programs are implemented in MATLAB 2021a on Intel(R) Core(TM) i5-5200U CPU @
2.20GHz, RAM 8.00 GB.

Example 5.1 [43] Let H = I2 be a real Hilbert space where x = (x1,x2,x3,...) is a real sequence. Let
C :={x : ||x|| < 10}. Define

F,y) = =4l + 3(x, y) + lIyll%.

By proving, the bifunction f satisfies assumptions (A1)-(A4). It is easy to check that the mapping

X

Srp+1°

T () =

Test 1. First, we perform an experiment to show the numerical behavior of different inertial steps for Algorithm
3.1. Suppose Tx = x, Ax = x/6is 3-ism and Bx = x/3 is 2-ism. Therefore, 2 := EP(f) N F(T) N F(G) =
{0} # @. The initial xo = x; =x2o =x3=(1,1,1,1,1,1,1,1,1,1,0,0,0, ...).

The data parameters are as follows:

enu=2v=1xr=1/2,8 =1/10, 00, = 1/(10n + 10), ay, = —5/2n + 10)2, B, = 1/(n + 20)?,
rp=n/(@n —1)and y, = 1/(10n + 10).

The maximum number of iterations 50 is used as a stopping criterion. Figure 1 shows the numerical illustration
D, = ||x, — 0|, where D, is used to measure the computational error of algorithms at n-th step.

Test 2. This test compares our Algorithm 3.1 with the Algorithm 3.1 proposed by Yazdi et al. [43] and the
Algorithm 4.4 suggested by Cai et al. [5]. The data of the algorithms are as follows:

e For Alg 3.1 with I-step inertial effect, we take p = 2, v =1, A = 1,6 = 1/10, @p, = 3/(2.4n + 10),
Bn=1/(n+ 1)2, rp,=n/@n — 1) and y, = 1/(10n + 10).
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1010 T T T T T T T T T
1-step inertial effect | -
0 —A— 2-step inertial effect
107 g, —O&— Yazdietal. Alg 3.1 |
—+—Caietal. Alg 4.4
-10 L
10
10-20 L
=
A
10-30 L
10‘40 —
10'50 —
10-60 1 1 1 1 1 1 1 1 1

0 5 10 15 20 25 30 35 40 45 50
Number of Iterations

Fig. 2 Comparison of different algorithms

e For Alg 3.1 with 2-step inertial effect, we take u = 2, v = 1, A = 1,6 = 1/10, ap, = 3/(2.4n + 10),
ar, = —5/(2.5n + 10)2, B, = 1/(n+ D2, r, = n/(4n — 1) and y, = 1/(10n + 10).

e Forthe Alg 3.1 proposed by Yazdietal.,wesetu =2,v= 1,1, =1/(n+1),x = 1/10,a, = 1/(10n+10)
andr, =n/(@n —1).

e For the Alg 4.4 suggested by Caietal., wesetu =2, v =1,s, = 1/m+ 1),k = 1/10, p = 1/2,
a, =1/(10n +10), 8, = 1/(n+2)and r,, = n/(4n — 1).

Suppose T,x = Tx = 1/2x, Ax = x/6 and Bx = x/3. Choose the same initial values xq, x1, x2, x3 as Test
1. The maximum number of iterations 50 is also used as a stopping criterion. Figure 2 shows the the numerical
behavior D,, = ||x, — 0] of different algorithms.

Example 5.2 [18,42] Consider the LASSO problem:
in =l Ax — yI2
min —||Ax — ,
xeRN 2 Y2
st x| <1, (5.1

where A € RM*N (M < N), y e RM and t > 0 is a given constant. The system matrix A is generated from
a normal distribution with mean zero and unit variance. The true sparse signal x” € R¥ is generated from a
uniform distribution in [-2,2] with random K position nonzero while the rest is kept zero. The sample data is
y = Ax'. The observation y is generated by white Gaussian noise with signal-to-noise ratio SNR=40. The
process is started with + = K and initial points are picked randomly.

The solution of minimization problem (5.1) is equivalent to the £p-norm solution of the underdetermined
linear system with a certain matrix A. Let C = {x € RY : |x|; <t} and Q = {y}. Then the minimization
problem (5.1) can be seen as the problem S F P and, since the projection onto the closed convex C does not have a
closed form solution, we utilize the subgradient projections [27,29,34]. Define a convex function c(x) = ||x||; —¢
and denote the level set C,, by:

Cp={x:cxp) +{Pn, x —x,) <0)},
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Table 1 Numerical results for solving the LASSO problem

Iter. CPU
(M, N, K) Alg4.l Lietal Alg3.2 Alakoyaetal. Alg5.6 Alg4.l Lietal. Alg3.2 Alakoyaetal. Alg5.6
(120,512,10) 66 344 164 0.078 0.182 0.063
(360, 1536,30) 89 374 214 0.877 2.834 0.955
(720,3072,60) 102 395 249 4.983 10.612 5.084
(1200,5120,100) 104 410 272 15.768 21.191 15.102
100¢ " 10° " "
—A— Alg 4.1 L —A— Alg 4.1
—+—Lietal. Alg 3.2 —+—Lietal Alg3.2
Alakoya et al. Alg 5.6 1 4 Alakoya et al. Alg 5.6

MSE
MSE

108 . - : ' : - 10 . - . ! . ! !
0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350 400
Number of Iterations Number of Iterations
(a) M=120, N=512, K=10 (b) M=360, N=1536, K=30
10° T T T T T T T 100 T T
L —A— Alg 4.1 | —A— Alg 4.1
4 —+—Lietal. Alg 3.2 | —+—Lietal Alg 3.2
Alakoya et al. Alg 5.6 1 Alakoya et al. Alg 5.6
107"
E g: 102k &
= = \
107
108 : - ! ! ' : : 10 : 2 . : : : .
0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400 450
Number of Iterations Number of Iterations
(c) M=720, N=3072, K=60 (d) M=1200, N=5120, K=100
Fig. 3 Compare MSE of algorithms under different M, N, K
where ¢, € dc(x,). The subdifferential dc at x,, is
1, X, >0,
ac(xl’l) = [_17 1]7 Xn = Oy
-1, x, < 0.
And the orthogonal projection on C,, can be calculated by
X, if c(xp) + {p. x —x,) <0,
Pcn (x) = c(xn) + <¢n9 X — xn) .
— THE bn, otherwise.
n

The bifunction f (x, y) is still used as given in Example 5.1,

F,y) = —4lx 1+ 3(x, y) + Iyll%.
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| Original signal
\

\ \ \ \ \ \ \ \ \ \
4
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K measured values with noise
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\ \ \ \ \ \ \ \ \ \
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| Recovered signal by Li et al. Alg 3.2
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| Recovered signal by Alakoya et al. Alg 5.6
\ \ \ \ \ \ \ \ \ \

Al

\ \ \ \ \ \ \ \ \ \
A
50 100 150 20 250 300 350 400 450 50

Fig. 4 From top to bottom: original signal, observed signal, restored signal by algorithms with M=120, N=512, K=10

Some numerical results are given by using our Algorithm 4.1 with multi-step inertial, Li et al. Algorithm 3.2
[16] and Alakoya et al. Algorithm 5.6 [1]. The data of the algorithms are as follows:

e For Alg4.1,wetake0 = 1/2,6 =1/2,¢, = 1/(n+ 10), B8, = 1/(2n), &, = 1/2n), p, = n/(1.5n 4 3),
Yo =1/(n+100)* and S = I.

e For the Alg 3.2 proposed by Liet al, weseta = 1,0 = 1/2,r, = n/(4n — 1), p, = n/(n + 3),
Bn=1/(n+50),n,=1/(n+10) and &, = 1/(n + 10).

e For the Alg 5.6 suggested by Alakoya et al.,, we set « = 1/2, v = 1, §, = 1/10, 0, = n/(n + 2),
pn=n/(n+3),u, =1/(10n+100), 8, =n/(n+5),a, = 1/(n+100),r, =n/(@n—1)and S =T = I.

In our experiments, we consider four cases as follows:
Case1: M =120, N =512 and K = 10;
Case 2: M = 360, N = 1536 and K = 30;
Case 3: M =720, N = 3072 and K = 60;
Case4: M = 1200, N = 5120 and K = 100.
The stopping criterion is defined by the following Mean Squared Error (MSE):

llx, — xT|12

MSE = <1074

Table 1 and Figure 3 illustrate the number of iterations that the algorithms satistfy MSE in different dimensions.
Figure 4 and 5 show the illustrations of the original signal and the recovered signal in case M = 120, N =
512, K = 10and M = 1200, N = 5120, K = 100.

Remark 5.3 From Example 5.1 and Example 5.2, we have the following remarks.
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Fig. 5 From top to bottom: original signal, observed signal, restored signal by algorithms with M=1200, N=5120, K=100
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(i)

In Test 1, it can be observed from Figure 1 that the 2-step inertial algorithm converges faster than the 1-step
inertial algorithm which in turn is faster than the O-step inertial algorithm. It also indicates that the multi-
step inertial method is meaningful. From Figure 2 in Test 2, our algorithms with inertial effects are rate of
convergence faster than existing algorithms [5,43]. In addition, it can be intuitively seen from the Figure 2
that the iteration error D,, is minimal compared to the other two algorithms.

Based on Example 5.2, it can be observed that Algorithm 4.1 with multi-step inertial has competitive power
as compared to other inertial-type algorithms. Comparing Algorithm 4.1 with other known algorithms in the
literature [1, 16], it can be observed from Table 1 and Figures 3 that under MSE< 10_4, Algorithm 4.1 has
significant advantages in terms of iteration times. In addition, it can be seen in Figure 4 and 5 that we plot
more accurate signal recovery images than other algorithms [1,16].

6 Conclusions

In this paper, we propose two novel multi-step inertial iterative methods to approximate a common element
that combines a monotone equilibrium problem with other problems in real Hilbert spaces. Firstly, we adopt
the conjugate gradient method to solve by combining equilibrium problems, fixed point problems and a general
system of variational inequalities. Secondly, we employ the S-iteration process to by integrating equilibrium
problems, fixed point problems and split feasibility problems. Two strong convergence theorems are established
under appropriate assumptions and mild conditions. We present some numerical experiments to illustrate its
performance and compared with some known ones in the literature. We found that our proposed algorithms have
advantages through preliminary numerical results.

Funding This work was supported by the National Natural Science Foundation of China(Nos.11771126; 11971216).
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