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Abstract Finding solutions to partial differential equations (PDEs) has long been a challenging endeavor. Despite
various proposed methods, there isn’t a universal approach capable of solving all types of PDEs. Recently, deep
learning methods have emerged as a powerful tool for the solution of PDEs. Among them, the physics-informed
neural networks (PINNs) stand out, integrating fundamental physical laws into neural networks to enforce
equation dynamics using space-time data. This paper focuses on utilizing an enhanced version of the PINNs
algorithm to approximate solutions for the nonlinear KdV-Burgers equation, a well-known nonlinear PDE with
applications ranging from explaining wave propagation in elastic tubes filled with fluid to modeling waves in
shallow viscous fluids. Our experiments yield promising results, showcased in the numerical section, where we
systematically compare the performance of the PINNs method against our improved variant for each problem
instance.

Keywords Physics informed neural network · KdV-Burgers equation · Adaptive activation function · L-BFGS
algorithm · Chebfun package

1 Introduction

Over the past few years, the rapid expansion of computational and data resources has facilitated the effective
utilization of artificial neural networks (ANNs) across various domains. Specifically, within the realm of machine
learning, deep learning has led to groundbreaking advancements in diverse fields, such as speech recognition [1],
autonomous driving [2], language translation [3], genomics [4], garbage classification [5], image recognition [6],
and pattern recognition [7]. Deep learning approaches have demonstrated exceptional performance in solving
highly complex problems, especially when deriving an accurate mathematical description of the problem is
challenging [8,9]. However, these approaches heavily rely on a substantial amount of training data for success,
which can pose challenges in real-world scenarios where obtaining such data is difficult. Scientific researchers
are actively exploring methods to enhance the robustness of training models while operating with limited data,
recognizing the critical importance of this endeavor in advancing these technologies.

As per the universal approximation theorem, a neural network equipped with an ample number of neurons in
hidden layer holds the capability to approximate any continuous function. This signifies its prowess in addressing
nonlinear problems. PDEs serve as fundamental models for numerous nonlinear phenomena across scientific
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and engineering domains. These equations find application in diverse fields including hydrodynamics, chemical
kinetics, plasma waves, electromagnetic theory, heat, and mass transfer, among others. Consequently, finding
solutions for nonlinear physical phenomena often translates into solving the respective PDEs.

Presently, researchers have devised diverse methodologies aimed at determining both numerical and exact
solutions for nonlinear PDEs. For instance, I. Wasim, M. Abbas, and M. Amin [10] proposed a hybrid B-spline
collocation method for solving the generalized Burgers-Fisher and Burgers-Huxley equations. Another approach
by Ali et al. [11] involves an evolutionary numerical method specifically designed for resolving nonlinear singular
periodic boundary value problems. Additionally, Ali and Sadat [12, 13] explored various solutions for PDEs
through the application of Lie symmetry [12,13].

Despite the array of approaches available for solving PDEs, numerous concerns persist in this domain.
Computational requirements tend to escalate with the complexity of the problem, making it challenging to obtain
analytical solutions for PDEs. Additionally, many PDEs lack analytical solutions altogether, compounding the
difficulty of resolving them. Consequently, finding solutions for PDEs remains a computationally challenging
task. To address these challenges, neural networks serve as valuable nonlinear approximators for solving PDEs.
Over recent years, researchers have developed multiple deep learning-based approaches [14–24] tailored to solve
PDEs and achieved excellent results.

In 2019 [25], M. Raissi, P. Perdikaris, and G.E. Karniadakis introduced the Physics-Informed Neural Networks
(PINNs), a deep learning methodology aimed at solving both forward and inverse problems involving nonlinear
PDEs. PINNs directly integrate any physical law defined by nonlinear PDEs into a feed-forward neural network.
Key attributes of PINNs include being a mesh-free method, leveraging automatic differentiation, and utilizing
neural networks’ approximation theory. The mesh-free nature of PINNs allows it to address higher-dimensional
nonlinear problems effectively. PINNs were primarily introduced to solve two types of problems: data-driven
solutions and data-driven discovery of PDEs. Various studies have showcased the effectiveness of PINNs across
diverse domains such as stochastic differential equations, biomedical problems, fractional PDEs, integrable
systems, and fluid mechanics [26–29]. While PINNs have demonstrated remarkable success in resolving solutions
for PDEs, there remain some complex problems where PINNs haven’t delivered satisfactory results. Given the
significance of PDEs in disciplines like biology, physics, mathematics, and finance, there’s a critical need to
enhance the effectiveness of the PINNs methodology.

In 1969, C. H. Su and C. S. Gardner proposed a KDV-Burgers equation for a wide class of nonlinear Galilean-
invariant systems under weak nonlinearity and long-wavelength approximations [30]. This equation describes
various nonlinear phenomena such as the propagation of waves in elastic tubes filled with a viscous fluid [31],
propagation of undular bores in shallow water waves [32], and weakly nonlinear plasma waves with specific
dissipative effects [33]. In this paper, we study the KDV-Burgers equation, defined as Eq. (1):

�t + p��x − q�xx + r�xxx = 0, x ∈ [a, b], t ≥ 0 (1)

where p, q and r are positive parameters. It depicts long wavelength approximations in which the effects of the
nonlinear advection component ��x are offset by the dispersion term �xxx . In addition, this equation is used
to explain wave propagation through an elastic tube filled with fluid [31] and waves in shallow water in viscous
fluids [34].

When the parameter q = 0, Eq. (1) transitions into Equation (2), which is commonly referred to as the KDV
equation.

�t + p��x + r�xxx = 0 (2)

In 1895, Kortweg and De-Vries proposed a model which plays an important role in Solitons like waves with slight
and limited amplitudes in shallow water. This equation (2) arises in other fields like one-dimensional nonlinear
lattice [35], fluid mechanics [36], and others.

At the parameter r = 0, Eq. (1) transformed into Eq. (3) which is called the Burger equation:

�t + p��x − q�xx = 0 (3)

Burgers equation arises in various fields such as mathematical modeling of turbulent fluid, the theory of shock
waves, dispersion in porous media, gas dynamics, continuous stochastic processes, wave processes in thermo-
elastic medium, and so on. Burgers proposed this equation in 1948 to describe certain characteristics of the
turbulent fluid in a channel induced by the interaction of the opposing actions of convection and diffusion [37].

Recently, many researchers have paid a huge amount of time to obtain the solution of the KdV-Burgers
equation such as : In [33], the authors investigate the steady-state solution in the case when weak plasma shocks
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propagate perpendicular to the magnetic field. In [38], the authors investigate that the steady-state solution of this
equation is monotonic whenever diffusion overpowers dispersion, and further shocks become oscillatory when
dispersion controls diffusion. Some numerical methods have been presented to solve the KdV-Burgers equation
such as modified variational iteration algorithm-II [39], a reliable explicit method [40]. Some numerical methods
have been presented to solve the KdV equation such as finite volume scheme [41], decomposition method [42],
homotopy analysis method [43], and finite difference scheme [44]. Some numerical and analytical methods have
been presented to solve the Burgers problem which are available in the literature [45–47].

Considering the significance of the KdV-Burgers equation and the advantages offered by the PINNs method,
this study aims to approximate the solution of the KdV-Burgers equation using a modified version of PINNs,
namely MPINNs. In MPINNs, we implement the layer-wise adaptive activation function, enhancing the efficacy
of PINNs by incorporating a locally adaptive activation function [48]. This adaptive function demonstrates
superior learning capacities compared to the classic activation function, notably improving convergence rates
and solution accuracy, particularly in the early stages of training. Within the adaptive activation function, we
introduce a scalable hyper-parameter that enables optimization for optimal network performance by dynamically
altering the topology of the engaged loss function during the optimization process. An advantageous aspect of
this adaptive activation function lies in its ability to tune any number of hidden layers by employing an adaptive
hyperparameter alongside a scaling factor.

Additionally, the paper is structured as follows: Section 2 elaborates on the methodology, and Section 3
presents numerical simulation and discussion. Finally, Section 4, provides the conclusion of this study.

2 Methodology

To comprehend the functionality of a neural network, we examine a feed-forward ANN (refer to Fig.1) with a
depth of L . This network comprises an input layer, L − 1 hidden layers, where each hidden layer, denoted as the
l-th layer, contains Nl neurons, and concludes with an output layer. Each of the hidden layers of the ANN gets
an output Zl−1 ∈ R

Nl−1 from the previously hidden layer, where the sort of linear transformation given by Eq.
(4) :

Ll

(
Zl−1

)
= W l Zl−1 + bl (4)

is carried out. Where, W l ∈ R
Nl×Nl−1 and bl ∈ R

Nl are the weights and bias of the l-th layer, respectively.
Before passing the transformed vector as an input to the next following layer, the nonlinear activation function
σ(·) is applied to each component of it. Further, at the output layer, an identity activation function is applied.
Consequently, the final output expression of ANN is provided by Eq. (5) :

Oθ (Z) = (LL ◦ σ ◦ LL−1 ◦ . . . ◦ σ ◦ L1) (Z) (5)

where Z represent the input, θ = {
W l , bl

}L
l=1 are the trainable parameters of NN, ‘◦’ represent the composition

operator, O represent the output of NN.
Now, we discuss the adaptive activation function which was originally proposed by Jagtap et al. [48]. The

hyper-parameter α is introduced by the authors of [48] in the activation function, given by Eq. (6) :

σ
(
αLl

(
Zl−1

))
(6)

Mathematically, a hyper-parameter α, may vary the slope of the activation function, which is an important feature
of neural network training. The hyper-parameter α is optimized along with the weights and biases when finding
the minimum of loss function. When looking for global minima, the learning rate has a significant influence. If
we use a small learning rate it may slowly approach the global minima and also it may increase the computational
cost, while a large learning rate can surpass the global minima. For optimization problems, it is standard practice
to utilize a low learning rate, which results in slow variation or, more precisely, slow convergence toward the
optimized value. It makes intuitive sense to imagine a scale factor n ≥ 1 multiplied by α, which accelerates
convergence towards global minima. Consequently, the adaptive activation function’s final form is provided by
Eq. (7) :

σ
(

nαLl

(
Zl−1

))
(7)
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Fig. 1 Feed-forward neural network

We can use this strategy locally i.e. in the adaptive activation function the parameter α could be defined for each
hidden layer defined as Eq. (8):

σ
(

nαlLl

(
Zl−1

))
(8)

it is called the layer-wise adaptive activation function. It is crucial to understand that the previously defined loss
function’s structure is unaffected by the addition of the scalable hyperparameter. The final representation of the
adaptive activation function-based neural network is provided by Eq. (9) :

Oθ (Z) =
(
LL ◦ σ ◦ nαL−1LL−1 ◦ σ ◦ nαL−2LL−2 ◦ . . . ◦ σ ◦ nαlL1

)
(Z) (9)

Now, we briefly introduce PINNs and associated parameters. In PINNs, the physical information described
by the PDE is directly imposed on a neural network, while traditional neural network methods are completely
dependent on a data-driven methodology that ignores the physical principles that are present in the data. As a result,
in order to train neural networks and produce an accurate model, a lot of data is frequently needed. Especially,
the PINNs is built to take physical laws into account during training by adding regularization concerning PDEs
to the loss function. This strategy reduces the amount of data needed for training and accelerates it.
Recall the KDV-Burger’s equation, defined as Eq. (1):

�t + p��x − q�xx + r�xxx = 0, x ∈ [a, b], t ≥ 0

where � is a hidden solution of independent variables (x, t), p, q and r are positive parameters. According to
PINNs, we have to construct a physics-informed-neural-network for Eq (1) as follows:

f (x, t) := �t + p��x − q�xx + r�xxx (10)

and proceed by approximating �(x, t) by a deep neural network. Now, to optimize the parameters of neural
networks �(x, t) and f (x, t), we use mean squared error (MSE) loss defined as follows:

C(θ) = M SE� + M SE f (11)

where the MSE is calculated using the following formula:

M SE� = 1

N�

N�∑
i=1

∣∣∣� i − �
(

xi
�, t i

�

)∣∣∣
2

(12)
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Fig. 2 MPINNs diagram for the KdV-Burgers equation

M SE f = 1

N f

N f∑
j=1

∣∣∣ f
(

x j
f , t i

f

)∣∣∣
2

(13)

Here,
(
xi
�, t i

�,� i
)N�

i=1 represent training data correspond to initial and boundary conditions and
(

xi
f , t i

f

)N f

i=1
represent the collocation points for f (x, t). M SE� represents the loss corresponding to initial and boundary data,
and M SE f represents the loss corresponding to the structure imposed by Eq. (10) at a finite set of collocation
points. There are two parts to the training data, in the first part some points N� are selected by random method
from initial and boundary conditions, and in the second part, some points N f are selected by random method
from the time-space region of the domain of the given equation.

In addition, we use PINNs with layer-wise adaptive activation functions and named it MPINNs. Furthermore,
in Figure 2 we present the whole process of MPINNs more clearly.

3 Numerical Simulation and discussion

In the subsequent section, we employ the proposed MPINNs method to approximate solutions for three problems
associated with the KdV-Burgers equation. We solve all three problems on a larger domain i.e. let −6 ≤ x ≤ 6
and 0 ≤ t ≤ 2. Specifically, to generate the training data, we divided space [−6, 6] into 256 points and time
[0.0, 2.0] into 201 points with the help of Matlab and Chebfun package [49] with a spectral Fourier discretization
with 256 modes and a fourth-order explicit Runge time integrator with a time step of 10−4. Thus, for all problems
the exact solution �(x, t) is discretized into 51456 points. The neural network model is trained using training
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data that consists of the initial conditions, boundary conditions, and some random data in the space-time domain.
To demonstrate the advantages of our proposed method, we use the same network depth of neural network as
described in the PINNs method and the same training data. There are two parts to the training points, in the
first part some points N� = 100 are selected by random method from initial and boundary conditions, and in
the second part, some points N f = 10, 000 are selected by Latin hypercube sampling method [50] from the
time-space region of the domain of given equation. To validate the effectiveness of the MPINNs method, we
conduct comparisons between the predicted and exact solutions for each problem. Additionally, we analyze the
performance contrast between the proposed MPINNs method and the PINNs method in terms of L2−error and
convergence.

For constructing the neural network, we utilize TensorFlow, a deep learning library equipped with automatic
differentiation crucial for information flow within the neural network. Xavier initialization [51] is used to initialize
the parameters of the neural network. To generate training points, we adopt the Latin hypercube sampling strategy.
The adaptive activation function’s scalable parameters are typically initialized as αl

i = 0.1 and n = 10. To
optimize the loss function, we use a full batch gradient descent optimization method based on the quasi-Newton
method called the L-BFGS algorithm [52]. The compilation of code for these problems is executed on an Intel(R)
Core(TM) i3-8130U CPU @ 2.20GHz-2.21 GHz machine. We use Anaconda3 which is developed by Peter Wang
and Travis Oliphant for the Python 3.6 environment.
Example 1. Consider the Eq. (1) at the values of parameters p = 1, q = 0.1 and r = 0.1, given by Eq. (14):

�t + ��x − 0.1 �xx + 0.1 �xxx = 0 (14)

with initial condition given by Eq. (15), boundary conditions are given by Eq. (16) and (17) :

�(x, 0) = −6q2

25r

[
1 + tanh

(
qx

10r

)
+ 1

2
sech2

(
qx

10r

)]
(15)

�(a, t) = −6q2

25r

[
1 + tanh

(
q

10r

(
a + 6q2

25r
t

))
+ 1

2
sech2

(
q

10r

(
a + 6q2

25r
t

))]
(16)

�(b, t) = −6q2

25r

[
1 + tanh

(
q

10r

(
b + 6q2

25r
t

))
+ 1

2
sech2

(
q

10r

(
b + 6q2

25r
t

))]
(17)

and the exact solution of this equation is given by Eq. (18):

�(x, t) = −6q2

25r

[
1 + tanh

(
q

10r

(
x + 6q2

25r
t

))
+ 1

2
sech2

(
q

10r

(
x + 6q2

25r
t

))]
(18)

To approximate the solution of Eq. (14), we design a neural network with one input layer, 9 hidden layers each
with 20 neurons, and an output layer. In this neural network, we use the Tanh activation function as a layer-wise
adaptive activation function. Now, to impose the physical information of the given equation, we construct a
physics-informed neural network f (t, x), defined as follows:

f (x, t) = �t + u�x − 0.1 �xx + 0.1 �xxx (19)

To obtain the optimal parameters, we continuously optimize the parameters of �(x, t) and f (x, t) by minimizing
the mean square error loss given as:

C(θ) = M SE� + M SE f

M SE� represents the loss corresponding to initial and boundary data, and M SE f represents the loss corre-
sponding to the structure imposed by Eq. (14) at a finite set of collocation points.

Following the completion of the neural network model training, we examined the model’s effect. The pre-
dictions of the neural network model obtained through training are shown in Figure 3, and it can be seen that
the predictions obtained are quite refined. To assess the accuracy of this prediction, we pick several moments
to compare the prediction with the exact solution. Figure 3 depicts a comparison between the exact solution
and the prediction solution at t = 0.75, 1.25, and 1.50. Furthermore, the relative L2 error of this example was
determined to be 1.0973E − 04 in 51.23 seconds, confirming the efficiency of the proposed method. While by
the PINNs method in 42.364 seconds, the relative L2 error of this example was determined to be 5.02382E −03.
From Figure 4, we see that PINNs converges in 76 iterations, while MPINNs takes 51 iterations to converge.
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Fig. 3 Comparison between the predicted solution and the exact solution given by MPINNs

Fig. 4 Comparison of loss functions

Table 1 The relative L2-norm error between the predicted and exact solution at different combinations of hidden layers and neurons

Neurons 30 40 50

Layers
3 2.2124E-02 3.2352E-02 3.3256E-02
5 3.4773E-02 3.317E-02 1.4156E-02
7 3.1244E-02 3.4342E-03 4.2563E-03

Table 1 displays an analysis computing the L2-norm error between the exact and predicted solutions with
fixed training points N� = 100 and N f = 10, 000 while varying the number of hidden layers and neurons. The
findings indicate that as the number of neurons increases with a constant number of hidden layers, the relative
error decreases.

In Table 2, an analysis is presented showcasing the L2-norm error between exact and predicted solutions
using a consistent neural network architecture of 7 hidden layers with 20 neurons each, while altering the number
of training points (N� ) and collocation points (N f ). The results demonstrate that when the initial boundary data
(N� ) is moderate and a substantial number of collocation points (N f ) are employed, the MPINNs approach
yields accurate predictive solutions.
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Table 2 The relative L2-norm error between the predicted and exact solution with different training points N� and collocation points
N f

N f 500 1000 1500 2000

N�

25 3.9541E-03 1.3423E-03 3.1476E-03 1.2474E-03
35 2.3652E-03 3.2418E-03 4.2413E-03 4.2446E-03
40 4.4241E-03 4.5414E-03 3.4511E-03 2.5472E-03
50 3.4145E-03 5.4534E-03 3.5121E-03 4.2352E-03

Example 2. Consider the Eq. (1) at the values of parameters p = 1, q = 0.01 and r = 0, given by Eq. (20):

�t + ��x − q�xx = 0 (20)

with the initial condition given by Eq. (15)

�(x, 0) = {ε + μ + (μ − ε)eν}
(1 + eν)

(21)

where μ =
(

ε
q

)
(x − η) and ε, μ, η, q are the positive parameters. The exact solution of this equation is given

by Eq. (22):

�(x, t) = [ε + μ + (μ − ε) exp(ζ )]
{1 + exp(ζ )} (22)

where ζ =
(

ε
q

)
(x − μt − η).

To approximate the solution of Eq. (20), we used a neural network with one input layer, 9 hidden layers each
with 20 neurons, and an output layer, and Tanh activation function as a layer-wise adaptive activation function.
Now, to impose the physical information of the given equation, we construct a physics-informed neural network
f (t, x), defined as follows:

f (t, x) = �t + ��x − 0.01�xx (23)

The parameters of �(t, x) and f (t, x) will optimize using mean square error loss defined as:

C(θ) = M SE� + M SE f

M SE� represents the loss corresponding to initial and boundary data, and M SE f represents the loss corre-
sponding to the structure imposed by Eq. (20) at a finite set of collocation points.

Following the completion of the neural network model training, we examined the model’s effect. The pre-
dictions of the neural network model obtained through training are shown in Figure 5, and it can be seen that
the predictions obtained are quite refined. To assess the accuracy of this prediction, we pick several moments
to compare the prediction with the exact solution. Figure 5 depicts a comparison between the exact solution
and the prediction solution at t = 0.75, 1.25, and 1.50. Furthermore, the relative L2 error of this example was
determined to be 3.1457E − 03 in 37.4061 seconds, confirming the efficiency of the proposed method. While
by the PINN method, the relative L2 error of this example was determined to be 1.184151e − 02 in 46.2344
seconds. From Figure 6, we see that PINN converges in 214 iterations, while MPINN takes 117 iterations to
converge.

In Table 3, we present an analysis to calculate the L2-norm error value between the exact solution and the
predicted solution, when the training points are fixed i.e. N� = 100 and N f = 10, 000, and no of hidden layer
and no of neurons are different. From Table 3, we can observe that when no of hidden layers are fixed, and no
of neurons are increased then relative error is relatively decreased.

In Table 4, we present an analysis to calculate the L2-norm error value between the exact solution and the
predicted solution, when we use a fixed architecture of neural network i.e. 7 hidden layers with 20 neurons in each
hidden layer, and no of training points N� and N f are different. From Table 4, when the initial boundary data
N� is modest and there are reasonably big collocation points N f , the MPINN approach can discover accurate
prediction solutions.
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Fig. 5 Comparison between the predicted solution and the exact solution given by MPINN

Example 3 Consider the Eq. (1) at the values of parameters p = −6, q = 0, and r = 1, given by Eq. (24):

�t − 6��x + �xxx = 0 (24)

with the initial condition given by Eq. (25), boundary conditions are given by Eq. (26) and (27) :

�(x, 0) = −2 sech2(x) (25)

�(a, t) = −2 sech2(a − 4t) (26)

�(b, t) = −2 sech2(b − 4t) (27)

The exact solution of this equation is given by Eq. (28):

�(x, t) = −2 sech2(x − 4t) (28)

A neural network is used to approximate the solution of Eq. (24), consisting of one input layer, 9 hidden layers
each with 20 neurons, and an output layer, as well as Tanh activation function as a layer-wise adaptive activation
function. We construct a physics-informed neural network f (t, x) to impose the physical information of the
given equation, defined as follows:

f (t, x) = �t − 6��x + �xxx (29)

To get the optimal parameters of �(t, x) and f (t, x), we continuously optimize the parameters by minimizing
the mean square error loss defined as:

C(θ) = M SE� + M SE f

M SE� represents the loss corresponding to initial and boundary data, and M SE f represents the loss corre-
sponding to the structure imposed by Eq. (20) at a finite set of collocation points.
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Fig. 6 Comparison of loss functions

Table 3 The relative L2-norm error between the predicted and exact solution at different combinations of hidden layers and neurons

Neurons 30 40 50

Layers
3 5.5154E-02 4.4752E-02 7.5456E-02
5 1.4875E-02 1.4575E-02 3.5546E-02
7 7.4644E-02 6.8841E-03 2.4566E-03

Table 4 The relative L2-norm error between the predicted and exact solution with different training points N� and collocation points
N f

N f 500 1000 1500 2000

N�

25 1.5791E-03 2.4313E-03 5.2706E-03 4.2464E-03
35 4.7054E-03 2.2478E-03 1.4513E-03 3.8446E-03
40 3.5741E-03 2.0804E-03 2.3621E-03 5.4972E-03
50 4.6451E-03 2.7544E-03 4.5371E-03 2.9362E-03

Following the completion of the neural network model training, we examined the model’s effect. The pre-
dictions of the neural network model obtained through training are shown in Figure 7, and it can be seen that
the predictions obtained are quite refined. To assess the accuracy of this prediction, we pick several moments
to compare the prediction with the exact solution. Figure 7 depicts a comparison between the exact solution
and the prediction solution at t = 0.75, 1.25, and 1.50. Furthermore, the relative L2-error of this example was
determined to be 2.11864E − 04 in 313.0023 seconds, confirming the efficiency of the proposed method. While
by the PINNs method, the relative L2−error of this example was determined to be 6.253542E − 04 in 525.24
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Fig. 7 Comparison between the predicted solution and the exact solution given by MPINN

Table 5 The relative L2-norm error between the predicted and exact solution at different combinations of hidden layers and neurons

Neurons 30 40 50

Layers
3 1.1608E-03 2.3113E-03 4.4237E-03
5 2.0223E-03 1.2454E-03 4.5141E-04
7 4.5274E-03 1.0210E-04 2.0259E-04

seconds. From Figure 8, we see that PINN converges in 874 iterations, while MPINN takes 595 iterations to
converge.

In Table 5, we present an analysis to calculate the L2-norm error value between the exact solution and the
predicted solution, when the training points are fixed i.e. N� = 100 and N f = 10, 000, and no of hidden layer
and no of neurons are different. From Table 5, we can observe that when no of hidden layers are fixed, and no
of neurons are increased then relative error is relatively decreased.

In Table 6, we present an analysis to calculate the L2-norm error value between the exact solution and the
predicted solution, when we use a fixed architecture of neural network i.e. 7 hidden layers with 20 neurons in each
hidden layer, and no of training points N� and N f are different. From Table 6, when the initial boundary data
N� is modest and there are reasonably big collocation points N f , the MPINN approach can discover accurate
prediction solutions.

4 Conclusion

In this study, the MPINNs method is proposed to find out the approximate solution of the KdV-Burgers equation.
Our experiment shows encouraging results as we compare the results with the PINNs method. In our experiment,
the MPINNs method converges fastly in comparison with PINNs, and for each problem, we present an analysis
to calculate the L2-norm error value between the exact solution and the predicted solution, when the training
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Fig. 8 Comparison of loss functions

Table 6 The relative L2-norm error between the predicted and exact solution with different training points N� and collocation
points N f

N f 500 1000 1500 2000

N�

25 1.1768E-03 2.2313e-03 4.4477E-04 1.2471E-04
35 3.04263E-04 4.7184E-04 2.4321E-04 4.2201E-04
40 2.2174E-04 4.4451E-04 2.4192E-04 2.4171E-04
50 2.2654E-04 1.2743E-04 1.2417E-04 1.2416E-04

points are fixed and no of hidden layer and no of neurons are different, we conclude that in our method when
no of hidden layers are fixed, and no of neurons are increased then relative error is relatively decreased. Thus,
numerical results demonstrate the suggested method’s effectiveness, which is dependable and motivating.
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