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Abstract We study the following critical Schrodinger-Possion system with steep potential well

—Au+ 1 +AV)u+ ¢u= fu)+ lul*u, inR>,

— A = u?, in R?,
where A > 0 is a positive parameter, V : R®> — R is a continuous function and f is a continuous subcritical
nonlinearity. Under some certain assumptions on V and f, for any A > A9 > 0, we prove the existence of a
ground state solution via variational methods. Moreover, the concentration behavior of the ground state solution

is also described as 1. — oo. Our results extends that in Jiang[11](J. Differ. Equ. 2011) and Zhao[21]({J. Differ.
Equ. 2013) to the critical growth case.
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1 Introduction and main results

In this article, we study the following Schrodinger-Possion system

—Au+ (1 +AV@))u + ¢u = fu) + lul*u, inR3,

(SP)
— Ap = u?, in R?,
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Ground state solutions... 643

where A > 0 is a positive parameter and V, f satisfy some suitable assumptions. As we all know, if A = 0,
system (S P) is a variant type of the following system

_ — w3
! Au+u+¢u= fu), inR>, 0

— Ap = u?, inR?,
which was first proposed by Benci and Fortunato [4] in 1998 on a bounded domain, and was related to the Hartree

equation. It was obtained when looking for the existence of standing waves for the nonlinear Schrédinger equation
interacting with an unknown electrostatic field

AW (x, t K2 -
ih% = —Z—A\I/ + V)W 4+ oW — £(|¥]), inR® xR,
m

— A =|WP, in R,

(1.2)

where i is the imaginary unit, 7 is the Planck constant, m is the mass of the field W, \7(x) is a given external
potential and f(exp(if)€) = exp(if) f (&) for 6, & € R is a nonlinear function which describes the interaction
among many particles.

In recent years, a great deal of work has been devoted to the study of standing waves, i.e.,

Y(x,t) = e_iE’u(x),

which leads to the stationary Schrodinger-Possion system (1.1) with % =1, V(x) = 1 — E. After Benci and
Fortunato [5,6] studied the model

—Au+u+¢u=uP?u, inR>,
—A¢:u2, inR3,

for p € (4, 6), D’ Aprile and Mugnai [7] proved the existence of radially symmetric solitary waves with p € [4, 6)
and obtained solutions as Mountain-Pass critical points for the associated energy functional. Inspired by [5-7],
Azzollini et al. [2] proved the existence of nontrivial solutions by supposing that the nonlinearity satisfies
Berestycki-Lions type assumptions. And in [1], Azzollini and Pomponio proved the existence of a ground state
solution of the following system

—Au+u+¢u=uPu+u, inR3,
— Ad = u?, in R3,

for p € (2, 6), they obtained the results by Nehari manifold and extended the results of [5,6] to the critical
growth. Whereafter, Yin et al. [ 18] proved the existence of ground state solutions of the system (1.1) by using the
method introduced in [10] to construct a special Palais-Smale sequence that combines with PohoZaev identity
where f is asymptotically 2-linear.

Considering the potential V (x), there are also some works about Schrodinger-Possion system

—Au+V@u+¢u= fu), inR>, 03

— A¢p =u?, in R>. '
Since V (x) might not be radial, one cannot work in the radial functions space directly. On the one hand, Wang
and Zhou [16] assumed that the potential V' satisfies the global condition

0 < inf V(x) < lim inf V(x) = Vg,
xeR3 |x|—00

which was introduced by Rabinowitz [14], they obtained the existence and non-existence of positive solutions
for the problem (1.3) with asymptotically nonlinearities. On the other hand, Jiang and Zhou [11] first applied
the steep potential well conditions to Schrédinger-Poisson system, and proved the existence of solutions when
the steep potential is (1 + AV (x)) and the nonlinearity is lu|?~2u with p € (2, 3) U [4, 6). Moreover, they also
studied the asymptotic behavior of solutions by combining domains approximation with priori estimates. Then,
Zhao et al. [21] considered a case allowing the potential V (x) change sign. Using variational setting of [8], they
obtained the existence and asymptotic behavior of nontrivial solutions when the steep potential is 1V (x) and the
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644 X. Mo et al.

nonlinearity is |u|”~2u with p € (3, 6). For the critical case, Yin and Wu [17] studied the following Schrodinger
equation

—Au+ A +AVeDu = fw)+ ul* 2u, nRY, N>3,1>0,

and established the existence and concentration of the ground state solution. Whereafter, in [19], they studied
the following Schrodinger-Poisson system

—Au+ (1 +AV)u + ¢u = plul”2u + |ul*u, inR3,

(1.4)
— A¢ =u?, inR?,

where p € (3,6) and A, u > 0, they obtained the existence and concentration of ground state solutions of system
(1.4).

Motivated by the above facts, we focus our attention on the existence and concentration of ground state
solutions of the critical Schrodinger-Poisson with steep potential and the more general subcritical nonlinearity
J ).

Now, we assume that V and f satisfy the following conditions:

(V1) V e C(R3,R), V(x) > 0forall x € R3, there exists Vo > 0 such that

meas({x € R : Vx) < W} < +oo;

(Va) the set 2 := intV=1(0) is non-empty;
(V3) V(x) is weakly differentiable such that VV (x) - x € L (R>) for some o € [%, oo],
2V(x)+VV(x)- x>0 a.e x € R3.
(f1) f € CR,R), lim L2 = 0 and 1im L2 =;
t—0 ! [t|—o0
im FO _ .
(f) lim 50 = oo

(f3) f()r =3F(t) >0,V € R.
There exist some functions satisfying (Vi) — (V3). Here, a function provided by

1 1
a(—— 2), x| = 2,
Vix) = 5 T4 x|
07 |x| 52’

where a > 5 is a positive constant.
Indeed, there are some functions which satisfy conditions ( f;) — (f3). For instance, a function is taken by

f(u) =blul”*u where2 < p <6 and b > 0.

Our main theorems read as follows:

Theorem 1.1 If (Vy) — (V3) and (f1) — (f3) hold, there exists Ly > 0 such that . > g, system (S P) admits at
least a ground state solution.

Theorem 1.2 Assume that u,, are the solutions obtained in Theorem 1.1 and Q2 is defined by (V>), then uy,, — i
in E, as A, — +00, where i € HO1 (R2) is a nontrivial solution of

—Au+u+du= f) +uu, inQ,
—A¢>=u2, on 0%2.

Remark 1.1 In [20], Zhang and Zou obtained a ground state solution by the penalization skills. In Theorem 1.1,
we do not use the penalization approach. Motivated by L. Jeanjean [10], we construct Nehari-PohoZaev-Palais-
Smale sequence to obtain the boundedness of sequence. Therefore, the new results will be established.
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Remark 1.2 Compared with [1,2,5,6], we consider the potential function 1 + AV (x) > 1 in our equation which
is more complicated than their equations and we get richer results. And when A is taken as the appropriate value,
the steep potential in this artical can obtain the potential V (x) which satisfies the global condition in [16]. So,
our potential condition is weaker than that of [16]. Then, we extend the results of [11,21] to the critical growth
case and extend the results of [17] to the Schrodinger-Poisson system. Furthermore, the subcritical nonlinearities
in [1,5,6,11,19,21] also satisfies the conditions (1) — (f3) which f satisfies in this artical.

This artical is organized as follows. In Section 2, we give some notations and important lemmas. In Section 3,
we present the proof of Theorem 1.1. In Section 4, we establish the behavior of ground state solutions and give
the proof of Theorem 1.2.

2 Preliminaries

Henceforth we use the following notations.
1
o llull := (fps(IVul® +u?) dx)?, foru € H'(R3).

1
lull praesy = (fgs [Vul* dx)2.
1
lulp = (fR3 lu|? dx)!’ L,V pell,4+00).
e S:—  inf M.
u€D2(RI\(0} (f3 [ul6 dx)3
(-, ) denotes action of dual.

0, (1) denotes a quantity which goes to zero as n — oo.
c,ci,C,Ci (i =0,1,2,...) denote various positive constants.

Firstly, we recall that by the Lax-Milgram theorem, for every u € H L(R3), there exists a unique ¢, €

DV2(R?) such that —A¢y, = u? with ¢ (x) = [ps l‘fﬁﬁ dy (see [4]). Moreover, ¢, > 0 when u # 0, and by
using Hardy-Littlewood-Sobolev inequality (see [12]), we have

2
/¢u(x)u dx_// @) dxdy < S725 *|ju|l*,
wle x—yl

— 2
where S = inf (g3 (V) ix)
weH'RH\O}  (f3 |ul® dx)3
Then, for any A > 0, we define

E= {u e DV2(RY) : / AV(x)u? dx < +oo} :
R3
Assume that (V3) holds, for every x € R3, we obtain
1 d 1
Vi(x) =/ d—t(tZV(tx)) dt:/ tRV(ax)+VV(tx)-tx) dt> 0.
0 0
Therefore, E is a Hilbert space with inner product as follows
(u, v); = / Vu-Vo+ (1 4+ AV(x)uv) dx,
R3

and the norm

1

lullr = </ (IVu|2+(1 +/\V(x))u2) clx)2
]R3

From V (x) > 0, for any A > 0, we get

/ u? dx < ful? < lull3. @.1)
R3
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646 X. Mo et al.

By (2.1), Holder and Sobolev inequalities, for any 2 < o < 6, we have

6—a a—2

e e e
/ u|® dxg(/ u2dx) (/ u6dx> < S5 ul?, as A >0 2.2)
R3 R3 R3

Thus, it implies that the embedding E < H'(R?) is continuous. The functional /; : E — R is defined by

1 1 1
L(u) = —/ <|Vu|2+(1+w(x))u2) dx+—/ G’ dx—/ Fu) dx——/ u® dx.
2 R3 4 R3 R3 6 R3
It simply obtains that I, is well defined C'-functional with derivative given by
(I (u), v) :/ (Vu-Vo+ (1 4+ 1V(x)uv) dx—i—/ Pyuv dx—/ fuv dx
R3 R3 R3
—/ u*uv dx, VvekE.
R3

Thus, u is a critical point of [ if and only if (u, ¢,) is a solution of (S P).

Lemma 2.1 Suppose that ( f1), (f3) and (V) hold, then
(i) there exists w € E\{0} such that I (w) < 0;
(ii) ¢;, := in{_ n%g)i] L,(y (@) >0, whereI' ={y € C([0, 1], E) : y(0) =0, I(y(1)) < 0}.
yel tel0,

Proof (i) For fixed u € E\{0}, by (f3), we have, as t — 00,
r 2 2 i 2 1 6
Litu) = = (|W| +(1+w(x))u) dx+ = | ¢ dx— | Feu dx—= [ ubdx
2 R3 4 R3 R3 6 R3

tz 2 2 1 2 1 6
<L (|Vu| + (1 +AV)u ) dx+— | ¢u®dx—— | ubdx
2 R3 4 R3 6 R3
— —00.
Thus, taking w = fu for ¢ large, we obtain I (w) < 0.
@i1) By (f1), for e = % > 0, there exists C% > 0 such that
1
| F(D)] < §|t|+C%|t|5, VieR. (2.3)

Together with (2.1) and (2.2), one derives

ne = 2 N axt M gt ax— b [ wpax 2 [ 8
(1) > Vul“+ (1 +AVx)u”) dx+ ¢ u” dx |ul“ dx u> dx
2 R3 4 R3 4 R3 6 R3

Ci

1 1
-/ (|vu|2+(1+W(x))u2) dx——/ ? dx— -2 [ u®dx
2 R3 4 R3 6 R3

1 2 C% 3 6
Z I3 = 287wl

According to the above inequality, there exists p > 0 such that I, («) > 0 for |ju|[, = p.
By

v

Vul? dx
S = inf fW'—'l’
ue DL2(R3\{0} (IR3 |u|6 dx)§

it is well known that S is achieved by the function

1

Ces

Ue(¥) = ———»
(e +Ix —y»)?

where C > 0 and ¢ > 0. We can easily obtain that fR3 IVU:|? dx = fR3 |U|® dx = S%, see [22].
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Ground state solutions... 647

Lemma 2.2 Under the conditions (V1), (V2) and (f1) — (f3), there exists v € E\{0} such that
I3
0 <c) <max [ (tv) < =852,
>0 3

where & > 0.

Proof The same demonstrations probed Lemma 3.5 in [9], we give a sketch of the proof for the readers conve-
nience.
Consider v, (x) = H&Jﬁ where ¢ € CgO(Q, [0, 1]) and

1, ifx € Br(y),

w“”:{a ifx ¢ Bar(y),

where Br(y) C Bar(y) C Q2. By the proof of Lemma 2.1, there exists 7, > 0 such that I, (t,v;) = maéc I (tvg).
>

From 10|, — 0 (V,) and (f3), we have
0=¢8/ Ve |? dx+t€/ (14 AV (x)v? dx+t§/ b, 02 dx—f fteve)ve dx — 12
R3 R3 R3 R3
:tS/ |Vv8|2 dx—i—tg/ vg dx—i—tS/ q)vgvsz dx—/ f(teve)ve dx—t€5 2.4
Q Q Q Q

§t5/ |va|2dx~|—tg/ v? dx~|—t§’/¢ugv€2dx—tf.
Q Q Q

Combining with (2.4), we have

tfg/ |Vv8|2dx+/ vfdx+t§f P, v2 dx. (2.5)
Q Q Q

From [22], we can also obtain

/ V|2 dx = S+ O(e2), (2.6)
Q
and
0(e7), pel23),
f lvel?dx = { O(e|nel), p=3, 2.7
Q

6—p
O(™), pe@o0),

67
where O (8%), 0] (8% |Ine|)and O (STP) are nonnegative functions. It follows from (2.5)-(2.7) and ng v, vg dx <
c|vg |iz that ., < C, where C is independent of ¢ > 0 small. We claim that there exists a constant C > 0 such

5
that 7, > C > 0 for & > 0 small. Otherwise, there exists a sequence &, — 0 as n — oo such that 7, — 0 as
n — o0. So, up to subsequence, one gets t;, v, — 01in E as n — oo. Thus,

0<c < ma&c I (tvg,) = I (t;,ve,) — 0.
1>

This is a contradiction. As in the proof of Lemma 2.2 in [17], by (f2), for any M > 0, there exists Tj; > 0 such
that r € [Ty, +00), we obtain

F(t) > Mt*.

Hence for ¢ small enough, it deduces

/| | F(ve)dx > CMez,

x—yl<e2
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648 X. Mo et al.
Together with the arbitrariness of M and (2.7), one has
/ 1 F(ve) dx
. lx—yl=e2
lim 400 2.8
e—0F Jo lvel? dx 2.8)
From ( f3), one has
/ | F(ve)dx > —c/ Jvel?dx > C/ |ve]” dx (2.9)
[x—y|=e2 lx— y|>87

Thus, by (V2), (2.6)—(2.9), t. < C, Holder inequality and the property of ¢,, we get

2 2 4
t 13 t
I, (t:ve) =§ /RS |Vv8|2dx+%/RS(lJmV(x))vgderffM py, V2 dx

6
t
—/ F(tgvs)dx—i/ vl dx
R3 6 R3
7 2 A 2 A 2
=7 Q|Vvs| dx—i—z Qvgdx—i—z Q¢v£v8dx
l6
—/ F(tgvg)dx—%/ 8 dx
Q Q
2 2 4 2
t t 3
§if |Vv€|2dx+i/ v2dx + 5 /wﬁdx
4S
/F(tevg)dx——/v dx
§max< /|Vv5| dx——/v dx) /vgdx
t>0
+4L</ |U€|S dx) _/F(tsvs)dx

+O(82)+CS o) — /

[x— y|<£7

95}
(S

IA

F(tavg)dx—i—C/ v, dx

A

W] = W =
%)
lw

which implies that ¢; < %S 3.
Denote the Nehari-PohoZaev functional J; : H!(R?) — R by

T =2 2 1 2 * _ 2 3 2
W(u) = [Vul“dx + u”dx + (V(x) = VV(x) -x)u“dx + ¢yu” dx
2 R3 2 R3 2 R3 4 R3

—/ Qfwu —3F(u))dx — E/ u® dx,
R3 2 R3

foru € H'(R3). Hence, we will establish the Nehari-PohoZaev-Palais-Smale sequence and obtain the

ness of the sequence as the following Lemma.

Lemma 2.3 [f (f1), (f3) and (V1) — (V3) hold, there exists a bounded sequence {u,} C E satisfying
I)L(un) —> C) > O;

I (up) — 0;
J(uy) — 0.

@ Springer
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Ground state solutions... 649

Proof Borrowing the idea of L. Jeanjean [10], we define the continuous map
h:Rx H®) > HI(R?), h(s,v)(x) =eXv(’(x—y)) fors eR, ve H' (R and x € R>.

We consider the following auxiliary functional
X 2

(1 FAV (— +y>)v dx
eS

3s 1 9s
e 24 L 25 _e 6
+ ¢pv-dx - F(e®v)dx v’ dx.
4 R3 63é R3 6 R3

3s s
Fu(s. ) = L(h(s. v) =%/ |Vv|2dx+%/
. ® (2.10)

It is easy to check that I} e CHR x HY(R3), R). Let y e Qandy € B,(y) C Q2 for some r > 0. Choose
v € C(?O(R3) such that suppv C B,-(0). Set us(x) = e>v(e*(x — y)), then suppug(x) C Br(y) fors > 0.
Together with (2.10), we have

B e3s ) & 5 e3s 5
Li(s,v) = I (h(s, v)) =—/ V| dx—i-—/ v dx—i——/ ¢yv°dx
2 Ja 2 Ja 4 Ja

1 2s er 6
—— [ F(“v)dx — — | v’dx - —00 as s — o0.
6‘3s Q 6 Q

So, there exists so € R such that I, (sg, v) < 0. Thus, we denote the family of paths is given by
P ={7ecqo R x H'®): 50 = 0.0, L) <0},

The minimax level of I; e

& = inf max L(7(1)). (.11
jer 1€00,1]

Accordingto I' = {h oy :y € f‘}, we have ¢, < ¢,. Distinctly, one attains that {0} x I' C I" and thus ) < cy.
So, ¢;. = c;. By the definition of the infimum, for every n € N, there exists y,, C I such that

1
max /. 1)) < —.
te[(),)i] A(vn (1)) < i + "

Let y, () = (0, y,,(¢)), one has y,(t) C r. Combining with ¢, = c;, we conclude
- 1
I(yn(1)) < —.
max. (@) <cn + "
By (2.11) and Theorem 2.8 in [15], there exists a sequence {(s;, vy)}nen in R X HY(R3) such that, as n — o0

ik(snv vp) —> Cy,
I (sp, vp) = 0in (R x H'(R?)) ™",

min 1 n) = 70 s ) = 0.

where the norm of (s, v) € R x H'(R?) is denoted by [|(s, v)| = (s + ||v||2)%. Let u, := h(sy,, v,), we have
I(u,) — ¢y, and, for every (7, w) € R x H'(R?),

(D.(5n, vn), (T, @)) = (I} (h(sn, Va)), hsn, @) + Jx(h(sn, v2))T = . (2.12)

Taking (tr, w) = (1,0), we have J,(u,) — 0 as n — oo. For every ¥ € H'(R3),set 7 = 0 and w, =
e X (e (x — y)), we imply that

(I (5, @), (0, @) = (I (s, va)), h (s, 0n)) = (I} (h(sp, va)), ¥) — 0, as n — oo.
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650 X. Mo et al.

Thereby, I){(u,,) — 0. By (f3) and (V3), we have

1
cx + on(llunllx =5.(un) = 3 I3 (n)

=1/ [Vu |2dx+lf uzdx+&/ V (x)u? dx
2 R3 " 2 R3 n 2 R3 n

1 2 1 6
+Z/Rz¢u"u"dx_/ﬂg3}:(u")dx_8/H§3u"dx

1 2 1 2 A 2
——/ [Vuy,| dx——f undx—E/R V(x)u;,, dx

/(VV(x) Ou? dx——/ Guu dr + = / 6 dx
2 f F )t dx — f Fuy) dx
3 R}‘ R3

1 2 A 2 1 6
== u, dx + — QV(x)+VV(x) x)u,dx + = u, dx
3 R3 6 R3 3 R3

2
+—f f(u,,)undx—Z/ F(uy,) dx
3 R3 R3
>l/ u® dx.
_3 R3 n

Therefore combining (2.1), (2.2) and (2.3), one gets
)2 = <11<un>,un>—/ ¢>unu,%dx+/ f(un>undx+/ S d
R3 R3 R3
< (I ), ) +/ f )it dx+/ 8 dx
R3 R3
1
< on(Dlnlls + 5 lualZ +3(Cy + Dier + 0D nlls)-

Hence, {u,} is bounded in E.

Lemma 2.4 [f (Vy), (Vo) and (f1) — (f3) hold. For some Ly > 0, A > Ao and 0 < ¢) < %S% let{u,} C E bea
bounded (P S)., sequence of I, uniformly in n and A, then there exists u 7 0 such that u, — u and I)/L (u) =0.

Proof By Lemma 2.2 and 2.3, there exists a bounded sequence {u,} C E, along a subsequence denoted as {u,,}.
And there exists u such that u,, — u in E, I, (u,) — c) < %S% and I} (u,) — 0.

Firstly, we need prove 1 )( (u) = 0. In fact, we only need to prove that (/ )( (up),v) =0forallv e C (R3). It
is easy to see that

/(Vu,,Vv+(1+AV(x))unv+¢ununv)dx—>/ (VuVv + (1 4+ 2V @) uv + deuv) de, (2.13)
R3 R3

/ (f () + 101y d — / (f @) + Jul v dx. (2.14)
R3 R3

Combining (2.13) and (2.14), we obtain that I, (u) = 0.
Secondly, we claim u # 0. If u,, — 0, one of two following cases holds:

(i) lim sup/ |u,,|2dx=0;
B, (2)

n—>0oo
zeR3

(i) lim sup/ lun|?dx > 0.
B (2)

n—oo
zeR3
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Ground state solutions... 651

If the case (i) holds, by Lemma 1.21 in [15], #,, — 0 in LY (R3) for all q € (2,6). So, we have fR3 Pu, u% dx <
clun|?, — 0. Thus
5

/ bu,u> dx — 0. (2.15)
]R3

Since u,, — 0in LZ)C(R3) with g € (2, 6), we derive

/ lu,|? dx — 0.
[x]<R

By (f1), for any ¢ > 0, there exists C, > 0 such that
|F(un)| < eQup + [un|®) + Celunl?, g € (2.6).

Thus, by the Lebesgue dominated convergence theorem, it derives

lim F(up)dx = 0. (2.16)
3

n—oo R

Similarly, lim [ps f(u,)u, dx = 0. Thus,
n— oo

1 2 1 2 1 6
L (uy) = Enurz”)L + Z 3 ¢un”n dx — 3 F(uy)dx — g'u”|6

(2.17)
= Juall2 = lunl§ 4 0u(1)
- 2 nlili) 6 nle n s
and
on(1) = (1 n). tn) = llun 3 + /R G 4y dx — /R F (it dx — i [§ o18)

= llunl} — lunlg-

Taking a subsequence denoted as {u,}, by (2.18), there exists [ > 0 such that
lim [u, |2 = lim |u,|S=1.
n—>0oo n—oo

If I = 0, one has ||u,||, — 0in E. Thus, I, (1#,,) — 0. This contradicts with the fact that I, (u,) — ¢, > 0.
Otherwise, the case of / > 0 holds. By I (1) — ¢, > 0, (2.17) and (2.18), one gets

3cp =1+ 0,(1). (2.19)
Together with the definition of S, we have

1

3
lunll? = f Vit dx = § (/ |un|6dx)
R R

Passing the limit in the above inequality, we obtain/ > S 3 asn — 00. Then, combining with (2.19), we conclude

c) > %S 2. It contradicts Lemma 2.2. Thereby, the case (ii) holds, there exists a positive constant & > 0 such
that

lim sup / |un|2dx =0 >0.
B (2)

n—oo ZER3
For R > 0, we define

Dg = {x e R\ Bg : V(x) > Vol

@ Springer



652 X. Mo et al.

and
Gr:={xe R3\BR :Vx) < W

Similar to the method of [3], as n — 00, one has

1
2 2
dx < 1+AV d
/DR =T /Rs( (o

<! Nl |13

— ||U

T4V T
C

1~|—)\V()7

=<

where ||u, ||% < C independent of n and A. Taking A > g—‘%, one gets

C C 0
f y dx < <— =< (2.20)
Dk 14+AVy = AV 4
uniformly in n. Combining Holder and Sobolev inequalities, one has
2 p=2
2 P P
/ undx=(/ |un|pdx) (/ ldx)
Gr Gpr GRr
(2.21)

2 p=2
< llunll; (meas(GR)) »

p—2
< C(meas(Gg)) 7 .

where p € (2, 6]. Because meas(Gr) — 0as R — 0 by (Vj), for any § > 0 and taking § < %, there exists R’
such that R > R’, and we obtain that
/ u,zl dx <
GR

uniformly in n. From u#,, — 0 in LY (R3?) with q € (2,6),(2.20) and (2.22), we have

loc

(2.22)

NS

’

6 = lim sup/ lun|>dx < lim i) dx
By (2)

n—oo n—0oo
z€R3 R3

= lim / |u,,|2dx+f |un)? dx
n—>0oo BR B;?

= lim </ uﬁdx+/ uﬁdx>
n—00 Dg Gr

=

NSRS

This is a contradiction. Hence, there exists u # 0 such that u,, — u in E and I, () = 0. The proof is completed.

3 The Proof of the main result

In this section, the nontrivial critical points of functional 7, on E are established by Nehari-PohoZaev-Palais-
Smale sequence. Moreover, we will obtain ground state solutions for (SP).
Now, we start to prove Theorem 1.1.
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Proof of Theorem 1.1. From Lemmas 2.1-2.3, there exists a bounded sequence {u,} C E such that I; (u,) —
c) < %S%, I/{(u,,) — 0 and J, (u4,) — 0. Taking a subsequence, still denoted by {u,} satisfying that #,, — u in

E, I, (u,) — ¢, < %S%, I)/L(un) — 0, Jy(u,) — 0and ||un||§ < C where C independent of n and A. Obviously,
there exists # # 0 such that /] (1) = 0 by Lemma 2.4. Combining /; (1) = 0 and PohoZaev identity Lemma 2.2
in [13], one gets

1 2 3 2 A 2
P, (u) ::5 - V| dx—i—z Rzu dx+5 R3(3V(x)+VV(x)~x)u dx

) 2 1 6
+ - ¢yu-dx —3 Fu)ydx — = u’ dx
4 R3 R3 2 R3
=0.

According to 2 x (I; (u), u) — Py (u), one deduces

() =3 R3|VM| dX+§ R3u dX+§ R3(V(x)—VV(x)~)c)u dx

230 it dr - f Qf () — 3F (u)) dx — 5/ U0 dx G.1
4 R3 R3 2 ]R3
0.

Combining J, (1) = 0, (V3) and (f3), one gets
1
L(u) =5 (u) — ng(u)

1 2 A 2 1 6
=— u-dx + — QRVx)+VVX)  -x)u“dx + = u’ dx
3 R3 6 R3 3 R3

+%f f(u)udx—2/ F(u)dx
3 R3 R3
>0.

Together with u # 0, one has I, (u) > 0. It follows from I, (1) — c;, J, (u,) — 0, Fatou’s Lemma, (V3), (f3)
and (3.1) that

. 1
¢) = lim (Ik(urz) - _Jk(un)>
n— 00 3

. 1 2 A 2 1 6
= lim (= u, dx + — QV(x)+VV(x)-x)u, dx + = u, dx
R3 6 R3 3

n—oo \ 3 R3

+ z / S wp)uy dx — 2/ F(up) dx)
3 R3 R3

1 2 A 2 1 6
>— u-dx + — QRVx)+VV(x) - -x)u“dx + = u° dx
3 R3 6 R3 3 R3

+z/ f(u)udx—Z/ F(u)dx
3 R3 R3

1
=0 (u) — gfx ()
=1, ().

80,0 < I(u) < ¢; < 187,
To find a least energy solution for problem (S P), we define

m = inf L(w). M = {u e E\(0}| I (u) = 0}.

By the argument of the above, M is not empty. To complete our proof, we claim m, can be achieved in M.
Suppose that u,, 7# 0 satisfying 0 < I (u,) — m; < ¢) < %S% and 1] (u,) = 0. Along a subsequence, still
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denoted as {u,}, there holds that 0 < I, (u,) — m; < %S% and I (u,) = 0 for all n. Thus, by (V3) and (f3),
we have

1
my +0,(1) =1, (u,) — gfx(un)

—1/ 24 +A/(2V()+VV() yu>d +1/ 6 dx
—3 R3un X 6 3 X X xun X 3 R3un

+%/ f(un)undx—zf Fu) dx
3 R3 ]R3

1 6
>— u, dx.
3 R3

Therefore, by (2.1), (2.2) and (2.3), one gets
”“n”% = <I)/L(“n)a Up) _/ ¢un“5 dx +/ S (up)u, dx +/ Mg dx
R3 R3 R3

= <I)((un),un)+/ f(un)undx+/ "‘de
R3 R3

1

son(l)nunnm—/ uﬁdx+cl/ u,";dx+/ 0 dx
2 R3 2 R3 R3
1

< 0 ltnlls + 5 e} +3(Cy + Do+ on(Dlul).

Hence, {u,} is bounded in E. Together with Lemma 2.4, there exists # # 0 such that u, — u in E. Thus, we
obtain 7 (u) = 0. By (f3), (3.1) and Fatou’s Lemma, we conclude

1
my +o0,(1) <L (u) — gfx(u)

1 2 A 2 1 6
=— u-dx + — QRVXx)+VVX) -x)u“dx + = u’ dx
3 R3 6 R3 3 R3

+%/ f(u)udx—Z/ F(u)dx
3 JRr3 R3

1 A 1
< lim inf —/ uﬁdx+—/ (2V(x)—|—VV(x)~x)u,21 dx+—/ us dx
3 R3 6 R3 R3

n—00 3

+z/ fup)u, dx — 2/ F(un)dx>
3 JRr3 R3

= lim_inf (Ik(u,,) — %h(w))

=mj,.

The proof is completed.

4 Concentration of ground state solutions

In this section, we will discuss the concentration behavior of ground state solutions for (S P) as A,, — 0o. Now,
we are in a position to prove Theorem 1.2.

Proof of Theorem 1.2. Due to the conclusion of Theorem 1.1, we have
1
L(in) = my, < 3 < 553 and 1] (u;) = 0.
Define u, := u,,, there exists a sequence {u,} such that I)/L,, (u,) =0 and

1
I, (up) =my, < 55%
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From the Theorem 1.1, by 2 x (I)/L(u,,), un) — Py(u,), we have Jy, (u,) = 0. As in the proof of Lemma 2.3, it
follows that

lunl?, < Cmy, < CS3. 4.1)

Hence, {u,} is bounded in E, i.e., along a subsequence, still denoted by {u,}, there exists u € E suchthatu, — u
in E. We claim that u,, — u # 0in E. Indeed, as A,, — oo, we have

1
2 2
dx < —— 1+ AV d
/R 2 dx s 3( (x))un X

C
<— >
14+

uniformly in n. From Holder and Sobolev inequalities, (2.2), (3.2) and meas(Gg) — 0, we obtain,

4.2)
0,

q=2 6—q

4 4
/lun|qu= f ul dx /|un|2dx
B;e BC B(,’

R R

392 6
32—q) KR
< 575 /|wn|2dx (/ |un|2dx+f |un|2dx>
B Dg Gp
3(g—2)

6—q
= C”un”)L :

¢
R

7

n—2
4 C(meas(GR))’p) -0,

< 14+ 1, Vo
where BICe ={xe R3, |x] > R}, p, q € (2, 6) and uniformly in n. According, as A, — oo,

/ [lun|? — Jul?| dxf/ |un|qu+/ lu|?dx — 0, as R — oo.
B, B B,

R R

R3) with ¢ € (2, 6), we derive

/ lu,|? dx — lu|? dx.
[x[<R [x|<R

Therefore, u,, — u in L4 (R3) in E as A, — o0. Set v, := u, — u. Since {u,} is bounded in E, we have

lunll2 = lull + llvall2, (4.3)
]S = ]S + Va1 + 0a (D). (4.4)

. . q
Since u, — uin L,

Similar to the proof of (2.15) and (2.16), we derive
24 2
/ u, U, dx —/ ¢yu”dx 4+ 0,(1),
R3 R3
f F(up) dx = f Fu) dx + o, (1). “5)
R3 R3

/f(un)undx=/ f@)udx 4+ o, (1).
R3 R3

According to I, (u,) — c;, I, (1) > 0, (2.15) and (4.3)-(4.5), we have

1 1 1
Li(uy) = Enunu% + Z/Rz bu, u dx — /H; F(uy) dx — E/RS Jua, | dx

1 2 2 1 2 1 6 6
= s (lully +llvall) + | puu”dx — [ F(u)dx — —(Julg + [valg) + 0n(1)
2 4 R3 R3 6 (46)

1 » L6
= Iy(u) + §||Un||,\ - 6|vn|6

1
2 6
=z Slvnlly = Zlvale.

N =
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Similarly, from I)/\ (u) = 0 and (4.3)-(4.5), we obtain

on(1) = (] (un), ) = ||un||§+/ ¢u,,uidx—/ F(un)itn dx — [un]8
R3 R3 4.7
= [lvall — Jval$.

Extracting a sequence denoted as {v,}, by (4.7), there exists /1 > O such that lim |v, ||§ = lim |v, |g =1[.If
n—oo n— oo
Iy = 0, it deduces that ||v, ||, — O, the proof is completed. Otherwise, /; > 0. From I, (#,) — ¢, > 0, (4.5)
and (4.7), one deduces
3c; =11 + 0, (1). 4.8)

Combining with the definition of S, we have

1

3
||vn||iz/ |an|2dxzs(f |vn|6dx)
]R3 R3

Passing the limit in the above inequality, we obtain /; > S% as n — o00. Then, together with (4.8), there holds

c) > %S % which contradicts Lemma 2.2. Thus, we obtain that u,, — u # 0 in E and then I/{ (u) = 0. Together
with (4.1), we obtain

An/ V(x)uﬁ dx < ||un||§ < CS%. 4.9)
R3 "
Combining (4.9) and Fatou’s Lemma, we have

0< / V (x)u® dx
]R3

< lim inf/ V(x)u,% dx
R3

n— 00

IA

N | 2
lim inf —|Ju, ||}
n—00 An

C
lim inf — — O.
n—o0 n

IA

So, fR3 V(x)u?dx = 0. Thus, by (V»), one deduces that u = 0 a.e, x € RI\Q and u € HOl (R2). Define the
functional / on HO1 (2) by

1 1 1
Io(u)z-/(|W|2+u2)dx+—/ ¢uu2dx—/ F(u)dx——/ u® dx.
2 Ja 4 Jq Q 6 Ja
Being u € H(}(Q),we obtain
/(Vu-Vv+uv)dx+/ ¢uvdx:/ f(u)vdx+/ lul*uv dx, v e HH(RQ)
Q Q Q Q

ie., Ij(u) =0.
The proof is completed.

@ Springer



Ground state solutions... 657

References

10.
11.
12.
13.
14.
. M. Willem, Minimax theorems, Progr. Nonlinear Differential Equations Appl. 24 (1996). Birkhéuser, Boston.
16.
17.
18.
19.
20.
21.

22.

. A. Azzollini, A. Pomponio, Ground state solutions for the nonlinear Schrodinger-Maxwell equations, J. Math. Anal. Appl. 345

(1) (2008) 90-108.

A. Azzollini, P. d’Avenia, A. Pomponio, On the Schrodinger-Maxwell equations under the effect of a general nonlinear term,
Ann. Inst. H. Poincaré Anal. Non linéaire 27 (2) (2010) 779-791.

T. Bartsch, Z. Wang, Existence and multiplicity results for superlinear elliptic problems on R3, Comm. Partial Differ. Equ. 20
(1995) 1725-1741.

V. Benci, D. Fortunato, An eigenvalue problem for the Schrodinger-Maxwell equations, Topol. Methods Nonlinear Anal. 11 (2)
(1998) 283-293.

V. Benci, D. Fortunato, The nonlinear Klein-Gordon equation coupled with the Maxwell equations, Nonlinear Anal. 47 (2001)
6065-6072.

V. Benci, D. Fortunato, Solitary waves of the nonlinear Klein-Gordon equation coupled with maxwell equations, Rev. Math.
Phys. 14 (4) (2002) 409-420.

T. D’ Aprile, D. Mugnai, Solitary waves for nonlinear Klein-Gordon-Maxwell and Schrodinger-Maxwell equations, Proc. Roy.
Soc. Edinburgh Sect. A 134 (2004) 893-906.

Y. Ding, J. Wei, Semiclassical states for nonlinear Schrodinger equations with sign-changing potentials, J. Funct. Anal. 251 (2)
(2007) 546-572.

Y. He, G. Li, Standing waves for a class of Schrodinger-Poisson equations in R? involving critical Sobolev exponents, Ann.
Acad. Sci. Fenn. Math. 40 (2) (2015) 729-766.

L. Jeanjean, Existence of solutions with prescribed norm for semilinear elliptic equations, Nonlinear Anal. 28 (10) (1997)
1633-1659.

Y. Jiang, H. Zhou, Schrodinger-Poisson system with steep potential well, J. Differ. Equ. 251 (3) (2011) 582-608.

E.H. Lieb, Sharp constants in the Hardy-Littlewood-Sobolev inequality and related inequalities, Ann. Math. 118 (1983) 349-374.
Z. Liu, S. Guo, On ground state solutions for the Schrodinger-Poisson equations with critical growth, J. Math. Anal. Appl. 412
(1) (2014) 435-448.

P.H. Rabinowitz, On a class of nonlinear Schréodinger equations, Z. Angew. Math. Phys. 43 (2) (1992) 270-291.

Z. Wang, H. Zhou, Positive solution for a nonlinear stationary Schrodinger-Poisson system in R3, Discrete Contin. Dyn. Syst.
18 (4) (2007) 809-816.

L. Yin, X. Wu, Existence and concentration of ground state solutions for critical Schrodinger equation with steep potential well,
Comput. Math. with Appl. 78 (2019) 3862-3871.

L. Yin, X. Wu, C. Tang, Ground state solutions for an asymptotically 2-linear Schrodinger-Poisson system, Appl. Math. Lett.
87 (2019) 7-12.

L. Yin, X. Wu, C. Tang, Existence and concentration of ground state solutions for critical Schrodinger-Poisson system with
steep potential well, Appl. Math. Comput. 374 (2020) 125035.

J. Zhang, W. Zou, Existence and concentrate behavior of Schrodinger equations with critical exponential growth in RY , Topol.
Methods Nonlinear Anal. 48 (2) (2016) 345-370.

L. Zhao, H. Liu, F. Zhao, Existence and concentration of solutions for the Schrodinger-Poisson equations with steep well
potential, J. Differ. Equ. 255 (1) (2013) 1-23.

X. Zhong, C. Tang, Ground state sign-changing solutions for a Schrodinger-Poisson system with a critical nonlinearity in R3,
Nonlinear Anal. Real World Appl. 39 (2018) 166-184.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under a publishing agreement
with the author(s) or other rightsholder(s); author self-archiving of the accepted manuscript version of this article is solely governed
by the terms of such publishing agreement and applicable law.

@ Springer




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2026-03-14T13:18:29+0530
	Preflight Ticket Signature




