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Abstract Let Mk(p) denote the number of all integers 1 ≤ a ≤ p − 1 such that a + ak and a − ak are
cubic residues modulo p. We obtain some identities or asymptotic formulae for M2(p) and M3(p) by using the
properties of Gauss sums and third-order Dirichlet character. Through these results, the distributive properties
of cubic residues have been fully characterized.
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1 Introduction

In 2002, Z. H. Sun [5] considered an interesting question of whether there exist three consecutive integers which
are all quadratic residues of modulo an odd prime p. He obtained that for any n ∈ Z with n �≡ 0,±1 mod p,
then

(
n − 1

p

)
=

(
n

p

)
=

(
n + 1

p

)
⇔ n ≡ (x2 + 1)2

4x3 − 4x
mod p, for some x ∈ Z.

Later, Z. W. Sun proposed the following conjectures in a speech, which are

1. For any prime p ≥ 101, there is at least one integer a, such that a, a + a and a − a are quadratic residues
modulo p.

2. For any prime p ≥ 18, there is at least one quadratic non-residue a modulo p, such that a + a and a − a are
quadratic residues modulo p.

Let N (p, 1) denote the number of all integers 1 ≤ a ≤ p − 1 such that a, a + a and a − a are quadratic
residues modulo p. Let N (p,−1) denote the number of all integers 1 ≤ a ≤ p − 1 such that a is a quadratic
non-residue modulo p, a + a and a − a are quadratic residues modulo p. T. T. Wang and X. X. Lv [8] got some
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identities or asymptotic formulae for N (p, 1) and N (p,−1). Very recently, the above results have been improved
by X. G. Liu and Y. Y. Meng [4]. In addition, it can be seen from the conclusions that the above conjecture is
highly likely to be correct.

Furthermore, let Nk(p) denote the number of all integers 1 ≤ a ≤ p − 1 such that a + a and a − a are
k-th residues modulo p. Some scholars obtained several identities or asymptotic formulae for N3(p), N4(p) and
N6(p), which can be found in [3], [6], [7] and [10].

Inspired by the above articles, we consider the following issues. Is there an integer a with 1 ≤ a ≤ p − 1
such that a + ak and a − ak are both the cubic residues of modulo p? For example, when p = 31, 12 + 122 and
12 − 122, 13 + 132 and 13 − 132, 18 + 182 and 18 − 182, 19 + 192 and 19 − 192 are the cubic residues modulo
31. Besides, 14 + 143 and 14 − 143, 17 + 173 and 17 − 173 are also the cubic residues modulo 31.

Now let Mk(p) denote the number of all integers 1 ≤ a ≤ p − 1 such that a + ak and a − ak are both
cubic residues modulo p. It seems that the characterization of Mk(p) had never been addressed in any previous
literature. By using the properties of Gauss sums and third-order Dirichlet character, we will get some identities
or asymptotic formulae for M2(p) and M3(p). Especially, note that if p ≡ 2 mod 3, for any integer a with
(a, p) = 1, a is a cubic residue of modulo p. So this situation is trivial. Thus, we will only discuss the case of
p ≡ 1 mod 3 below.

Theorem 1.1 Let p be an odd prime with p ≡ 1 mod 3. Then we have

M2(p) =

⎧⎪⎨
⎪⎩

1

9
(p + 4d − 11) , if 2 is a cubic residue modulop,

1

9
(p − 5) + E1(p), if 2 is a cubic non-residue modulop,

where d is uniquely determined by 4p = d2 + 27b2, d, b are integers with b > 0 and d ≡ 1 mod 3. Besides,
|E1(p)| ≤ 2

3
√

p.

Theorem 1.2 Let p be an odd prime with p ≡ 7 mod 12. Then we have

M3(p) =

⎧⎪⎨
⎪⎩

1

9
(p + d − 17) , if 2 is a cubic residue modulop,

1

9
(p − 11) + E2(p), if 2 is a cubic non-residue modulop,

where |E2(p)| ≤ 2
9
√

p.

Theorem 1.3 Let p be an odd prime with p ≡ 1 mod 12. Then we have

M3(p) =

⎧⎪⎨
⎪⎩

1

9
(p − 23) + E3(p), if 2 is a cubic residue modulop,

1

9
(p − 11) + E4(p), if 2 is a cubic non-residue modulop,

where |E3(p)| ≤ 2
√

p, |E4(p)| ≤ 2
√

p.

From Theorem 1.1, we immediately have

Corollary 1.4 Let p ≥ 97 be an odd prime with p ≡ 1 mod 3. Then there exists an integer a with 1 ≤ a ≤ p−1
such that a + a2 and a − a2 are the cubic residues of modulo p.

Corollary 1.5 Let p ≥ 373 be an odd prime with p ≡ 1 mod 3. Then there exists an integer b with 1 ≤ b ≤ p−1
such that b + b3 and b − b3 are the cubic residues of modulo p.

Corollary 1.6 Let p be an odd prime with p ≡ 1 mod 3. If 2 is a cubic residue modulo p, then

p + 4d − 11 ≡ 0 mod 9.

Example 1.7 Let p = 31. We can know 2 is a cubic residue modulo 31 from 43 ≡ 2 mod 31. In addition, we
can obtain d = 4 from 4 × 31 = 42 + 27 × 22 and 4 ≡ 1 mod 3. Thus,

31 + 4 × 4 − 11 = 36 ≡ 0 mod 9.
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Let p = 43. We can know 2 is a cubic residue modulo 43 from 203 ≡ 2 mod 43. In addition, we can obtain
d = −8 from 4 × 43 = (−8)2 + 27 × 22 and −8 ≡ 1 mod 3. Thus,

43 − 4 × 8 − 11 = 0 ≡ 0 mod 9.

Let p = 109. We can know 2 is a cubic residue modulo 109 from 573 ≡ 2 mod 109. In addition, we can
obtain d = −2 from 4 × 109 = (−2)2 + 27 × 42 and −2 ≡ 1 mod 3. Thus,

109 − 4 × 2 − 11 = 90 ≡ 0 mod 9.

Let p = 223. We can know 2 is a cubic residue modulo 223 from 683 ≡ 2 mod 223. In addition, we can
obtain d = 28 from 4 × 223 = 282 + 27 × 22 and 28 ≡ 1 mod 3. Thus,

223 + 4 × 28 − 11 = 324 ≡ 0 mod 9.

From Theorem 1.2, we immediately have

Corollary 1.8 Let p be an odd prime with p ≡ 7 mod 12. If 2 is a cubic residue modulo p, then

p + d − 17 ≡ 0 mod 9.

Example 1.9 Let p = 31. We can know 2 is a cubic residue modulo 31 from 43 ≡ 2 mod 31. In addition, we
can obtain d = 4 from 4 × 31 = 42 + 27 × 22 and 4 ≡ 1 mod 3. Thus,

31 + 4 − 17 = 18 ≡ 0 mod 9.

Let p = 223. We can know 2 is a cubic residue modulo 223 from 683 ≡ 2 mod 223. In addition, we can
obtain d = 28 from 4 × 223 = 282 + 27 × 22 and 28 ≡ 1 mod 3. Thus,

223 + 28 − 17 = 234 ≡ 0 mod 9.

Let p = 283. We can know 2 is a cubic residue modulo 283 from 1203 ≡ 2 mod 283. In addition, we can
obtain d = −32 from 4 × 283 = (−32)2 + 27 × 22 and −32 ≡ 1 mod 3. Thus,

283 − 32 − 17 = 234 ≡ 0 mod 9.

Let p = 307. We can know 2 is a cubic residue modulo 307 from 523 ≡ 2 mod 307. In addition, we can
obtain d = 16 from 4 × 307 = 162 + 27 × 62 and 16 ≡ 1 mod 3. Thus,

307 + 16 − 17 = 306 ≡ 0 mod 9.

2 Some lemmas

In the following, we will use the properties of Gauss sums, which can be found in reference [1]. Here, we only
introduce the classical Gauss sums τ(χ), which is defined as

τ(χ) =
q∑

a=1

χ(a)e

(
a

q

)
.

Especially, if χ is any primitive Dirichlet character mod q, then we have

|τ(χ)| = √
q.

To prove our Theorems, we need the several following Lemmas.

Lemma 2.1 Let p be an odd prime with p ≡ 1 mod 3. Then for any third-order Dirichlet character λ mod p,
we have the identity

τ 3(λ) + τ 3(λ) = dp,

where d is the same as the definition in Theorem 1.1.
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Proof See Theorem 1 in [11]. 	

Lemma 2.2 Let p be an odd prime with p ≡ 1 mod 3. Then for any third-order Dirichlet character λ mod p,
we have the identities

p−1∑
a=1

λ(a − a2) +
p−1∑
a=1

λ(a − a2) = d, (1)

p−1∑
a=1

λ(a + a2) +
p−1∑
a=1

λ(a + a2) = d. (2)

Proof Note that λ(−1) = 1 and λ2 = λ. From the properties of the reduced residue system mod p and Gauss
sums, we can obtain

p−1∑
a=1

λ(a − a2)

=
p−1∑
a=1

λ(a)λ(a − 1)

= 1

τ(λ)

p−1∑
a=1

λ(a)λ(a − 1)

p−1∑
b=1

λ(b(a − 1))e

(
b(a − 1)

p

)

= 1

τ(λ)

p−1∑
b=1

λ(b)e

(−b

p

) p−1∑
a=1

λ(a)e

(
ab

p

)

= τ(λ)

τ(λ)

p−1∑
b=1

λ
2
(b)e

(−b

p

)

= τ 2(λ)

τ (λ)
= τ 3(λ)

p
. (3)

Similarly, we have

p−1∑
a=1

λ(a − a2) = τ 3(λ)

p
. (4)

Combining (3), (4) and Lemma 2.1, we can obtain

p−1∑
a=1

λ(a − a2) +
p−1∑
a=1

λ(a − a2)

= τ 3(λ)

p
+ τ 3(λ)

p

= d,

which proves that formula (1) holds. Using the same method, we can prove the formula (2).
This proves Lemma 2.2. 	


Lemma 2.3 Let p be an odd prime with p ≡ 1 mod 3. Then for any third-order Dirichlet character λ mod p,
we have the identity

p−1∑
a=1

λ(a + a2)λ(a − a2) +
p−1∑
a=1

λ(a + a2)λ(a − a2)

= d + 1

p
· (λ(2)τ 3(λ) + λ(2)τ 3(λ)).
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Proof For any integer a with (a, p) = 1. Since λ is a third-order Dirichlet character mod p, we have λ3(a) = 1.
Thus we have

p−1∑
a=1

λ(a − a2)λ(a + a2) =
p−1∑
a=1

λ(a2 − a4) =
p−1∑
a=1

λ(a − a),

p−1∑
a=1

λ(a − a2)λ(a + a2) =
p−1∑
a=1

λ(a2 − a4) =
p−1∑
a=1

λ(a − a).

Applying Lemma 2.3 in [3], we can obtain

p−1∑
a=1

λ(a + a2)λ(a − a2) +
p−1∑
a=1

λ(a + a2)λ(a − a2)

=
p−1∑
a=1

λ(a − a) +
p−1∑
a=1

λ(a − a)

= d + 1

p
· (λ(2)τ 3(λ) + λ(2)τ 3(λ)).

This proves Lemma 2.3. 	

Lemma 2.4 Let p be an odd prime with p ≡ 1 mod 3. Then for any third-order Dirichlet character λ mod p,
we have the identity

p−1∑
a=1

λ(a + a2)λ(a − a2) =
p−1∑
a=1

λ(a + a2)λ(a − a2) = −2.

Proof Using the same method as proving Lemma 2.2, we have

p−1∑
a=1

λ(a + a2)λ(a − a2)

=
p−1∑
a=1

λ(a + 1)λ(a − 1)

=
p−1∑
a=0

λ(a + 1)λ(a − 1) − 1

=
p−1∑
a=1

λ(a + 2)λ(a) − 1

= 1

τ(λ)

p−1∑
a=1

λ(a + 2)λ(a)

p−1∑
b=1

λ(b(a + 2))e

(
b(a + 2)

p

)
− 1

= 1

τ(λ)

p−1∑
b=1

λ(b)e

(
2b

p

) p−1∑
a=1

λ(a)e

(
ab

p

)
− 1

= τ(λ)

τ(λ)

p−1∑
b=1

λ(b)λ(b)e

(
2b

p

)
− 1

= τ(λ)

τ(λ)

p−1∑
b=1

e

(
2b

p

)
− 1 = −2.
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Similarly, we also have

p−1∑
a=1

λ(a + a2)λ(a − a2) = −2.

This proves Lemma 2.4. 	

Lemma 2.5 Let p be an odd prime with p ≡ 1 mod 3. Then for any third-order Dirichlet character λ mod p,
we have the identities

p−1∑
a=1

λ(a + a3) +
p−1∑
a=1

λ(a + a3) = −2 + χ2(−1)
λ(2)τ 3(λ) + λ(2)τ 3(λ)

p
, (5)

p−1∑
a=1

λ(a − a3) +
p−1∑
a=1

λ(a − a3) = −2 + λ(2)τ 3(λ) + λ(2)τ 3(λ)

p
. (6)

Proof Note that λ = λ
2
. From the properties of Gauss sums and Legendre’s symbol, we can obtain

p−1∑
a=1

λ(a + a3)

=
p−1∑
a=1

λ(a)λ(a2 + 1)

= 1

τ(λ)

p−1∑
a=1

λ(a)λ(a2 + 1)

p−1∑
b=1

λ
(

b(a2 + 1)
)

e

(
b(a2 + 1)

p

)

= 1

τ(λ)

p−1∑
b=1

λ(b)e

(
b

p

) p−1∑
a=1

λ(a)e

(
ba2

p

)

= 1

τ(λ)

p−1∑
b=1

λ(b)e

(
b

p

) p−1∑
a=1

(1 + χ2(a)) λ(a)e

(
ba

p

)

= 1

τ(λ)

p−1∑
b=1

λ(b)e

(
b

p

) p−1∑
a=1

λ(a)e

(
ba

p

)
+ 1

τ(λ)

p−1∑
b=1

λ(b)e

(
b

p

) p−1∑
a=1

χ2λ(a)e

(
ba

p

)

= −1 + τ(χ2λ)τ(χ2)

τ (λ)
. (7)

Using Lemma 2.2 in [2], we can obtain

τ(χ2λ) = τ 2(λ)

χ2(−1)λ(2)τ (χ2)
. (8)

Combining (7) and (8), we can get

p−1∑
a=1

λ(a + a3) = −1 + χ2(−1)
λ(2)τ 3(λ)

p
. (9)

Similarly, we have

p−1∑
a=1

λ(a + a3) = −1 + χ2(−1)
λ(2)τ 3(λ)

p
. (10)

Combining (9) and (10), we can get (5). Using the same method of proving (5), we can prove (6).
This proves Lemma 2.5. 	
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Lemma 2.6 Let p be an odd prime with p ≡ 1 mod 3. Then for any third-order Dirichlet character λ mod p,
we have the identity

p−1∑
a=1

λ(a + a3)λ(a − a3) +
p−1∑
a=1

λ(a + a3)λ(a − a3)

=
{−4, if p ≡ 7 mod 12,

−4 + A1(p), if p ≡ 1 mod 12,

where |A1(p)| ≤ 6
√

p.

Proof Using the same method as proving Lemma 2.4, we have

p−1∑
a=1

λ(a + a3)λ(a − a3)

=
p−1∑
a=1

λ(a2 + 1)λ(a2 − 1)

=
p−1∑
a=1

(1 + χ2(a))λ(a + 1)λ(a − 1)

= −2 +
p−1∑
a=1

χ2(a)λ(a + 1)λ(a − 1).

Similarly, we have

p−1∑
a=1

λ(a + a3)λ(a − a3) = −2 +
p−1∑
a=1

χ2(a)λ(a + 1)λ(a − 1).

Thus,

p−1∑
a=1

λ(a + a3)λ(a − a3) +
p−1∑
a=1

λ(a + a3)λ(a − a3)

= −4 +
p−1∑
a=1

χ2(a)λ(a + 1)λ(a − 1) +
p−1∑
a=1

χ2(a)λ(a + 1)λ(a − 1). (11)

If p ≡ 7 mod 12, using χ2(−1) = −1 and λ(−1) = 1, we can obtain

p−1∑
a=1

χ2(a)λ(a + 1)λ(a − 1) =
p−1∑
a=1

χ2(a)λ(a + 1)λ2(a − 1)

=
p−1∑
a=1

χ2(a)λ(a2 − 1)λ(a − 1) = −
p−1∑
a=1

χ2(a)λ(a2 − 1)λ(a + 1)

= −
p−1∑
a=1

χ2(a)λ2(a + 1)λ(a − 1) = −
p−1∑
a=1

χ2(a)λ(a + 1)λ(a − 1).

So we have

p−1∑
a=1

χ2(a)λ(a + 1)λ(a − 1) +
p−1∑
a=1

χ2(a)λ(a + 1)λ(a − 1) = 0. (12)
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Thus, combining (11) and (12), we can get

p−1∑
a=1

λ(a + a3)λ(a − a3) +
p−1∑
a=1

λ(a + a3)λ(a − a3) = −4,

where p ≡ 7 mod 12.
If p ≡ 1 mod 12, from the deep estimation by Weil [9], we have

∣∣∣∣∣∣
p−1∑
a=1

χ2(a)λ(a + 1)λ(a − 1)

∣∣∣∣∣∣ ≤ 3
√

p,

∣∣∣∣∣∣
p−1∑
a=1

χ2(a)λ(a + 1)λ(a − 1)

∣∣∣∣∣∣ ≤ 3
√

p. (13)

Thus, combining (11) and (13), we can get

p−1∑
a=1

λ(a + a3)λ(a − a3) = −4 + A1(p),

where

A1(p) =
p−1∑
a=1

χ2(a)λ(a + 1)λ(a − 1) +
p−1∑
a=1

χ2(a)λ(a + 1)λ(a − 1).

This proves Lemma 2.6. 	

Lemma 2.7 Let p be an odd prime with p ≡ 1 mod 3. Then for any third-order Dirichlet character λ mod p,
we have the identity

p−1∑
a=1

λ(a + a3)λ(a − a3) +
p−1∑
a=1

λ(a + a3)λ(a − a3)

=

⎧⎪⎪⎨
⎪⎪⎩

−2 + λ(2)τ 3(λ) + λ(2)τ 3(λ)

p
, if p ≡ 7 mod 12,

−2 + λ(2)τ 3(λ) + λ(2)τ 3(λ)

p
+ A2(p), if p ≡ 1 mod 12,

where |A2(p)| ≤ 6
√

p.

Proof Using the same methods as proving Lemma 2.5, the properties of Gauss sums and Legendre’s symbol,
we can obtain

p−1∑
a=1

λ(a + a3)λ(a − a3)

=
p−1∑
a=1

λ(a2)λ(a4 − 1)

=
p−1∑
a=1

(1 + χ2(a)) λ(a)λ(a2 − 1)

=
p−1∑
a=1

λ(a)λ(a2 − 1) +
p−1∑
a=1

χ2(a)λ(a)λ(a2 − 1)

= −1 + λ(2)τ 3(λ)

p
+

p−1∑
a=1

χ2(a)λ(a)λ(a2 − 1).
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Similarly, we have

p−1∑
a=1

λ(a + a3)λ(a − a3) = −1 + λ(2)τ 3(λ)

p
+

p−1∑
a=1

χ2(a)λ(a)λ(a2 − 1).

Thus,

p−1∑
a=1

λ(a + a3)λ(a − a3) +
p−1∑
a=1

λ(a + a3)λ(a − a3)

= −2 + λ(2)τ 3(λ) + λ(2)τ 3(λ)

p
+

p−1∑
a=1

χ2(a)λ(a)λ(a2 − 1) +
p−1∑
a=1

χ2(a)λ(a)λ(a2 − 1). (14)

If p ≡ 7 mod 12, then χ2(−1) = −1. Using the properties of the reduced residue system mod p, then we
can get

p−1∑
a=1

χ2(a)λ(a)λ(a2 − 1) =
p−1∑
a=1

χ2(−a)λ(−a)λ((−a)2 − 1) = −
p−1∑
a=1

χ2(a)λ(a)λ(a2 − 1),

which implies that when p ≡ 7 mod 12,

p−1∑
a=1

χ2(a)λ(a)λ(a2 − 1) =
p−1∑
a=1

χ2(a)λ(a)λ(a2 − 1) = 0. (15)

Thus, combining (14) and (15), we can get when p ≡ 7 mod 12,

p−1∑
a=1

λ(a + a3)λ(a − a3) +
p−1∑
a=1

λ(a + a3)λ(a − a3) = −2 + λ(2)τ 3(λ) + λ(2)τ 3(λ)

p
.

If p ≡ 1 mod 12, from the deep estimation by Weil [9] we have

∣∣∣∣∣∣
p−1∑
a=1

χ2(a)λ(a)λ(a2 − 1)

∣∣∣∣∣∣ ≤ 3
√

p,

∣∣∣∣∣∣
p−1∑
a=1

χ2(a)λ(a)λ(a2 − 1)

∣∣∣∣∣∣ ≤ 3
√

p. (16)

Thus, combining (14) and (16), we can get when p ≡ 1 mod 12,

p−1∑
a=1

λ(a + a3)λ(a − a3) +
p−1∑
a=1

λ(a + a3)λ(a − a3)

= −2 + λ(2)τ 3(λ) + λ(2)τ 3(λ)

p
+ A2(p), (17)

where

A2(p) =
p−1∑
a=1

χ2(a)λ(a)λ(a2 − 1) +
p−1∑
a=1

χ2(a)λ(a)λ(a2 − 1).

This proves Lemma 2.7. 	
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3 Proofs of the theorems

In this section, we shall prove our Theorems. From the properties of Dirichlet character, if λ is a third-order
Dirichlet character mod p, for any integer a with (a, p) = 1, we have

1 + λ(a) + λ(a) =
{

3, if a is a cubic residue modulop,

0, if a is a cubic non-residue modulop.

Firstly, we prove Theorem 1.1. Combining Lemmas 2.1–2.4, we obtain

M2(p) = 1

9

p−1∑
a=1

(a+a2,p)=1
(a−a2,p)=1

(
1 + λ(a + a2) + λ(a + a2)

) (
1 + λ(a − a2) + λ(a − a2)

)

= 1

9

p−1∑
a=1

(
1 + λ(a + a2) + λ(a + a2)

) (
1 + λ(a − a2) + λ(a − a2)

)

− 2

9

(
1 + λ(2) + λ(2)

)

= p − 1

9
+ 1

9

p−1∑
a=1

(
λ(a − a2) + λ(a − a2)

)
+ 1

9

p−1∑
a=1

(
λ(a + a2) + λ(a + a2)

)

+ 1

9

p−1∑
a=1

(
λ(a + a2)λ(a − a2) + λ(a + a2)λ(a − a2)

)

+ 1

9

p−1∑
a=1

(
λ(a + a2)λ(a − a2) + λ(a + a2)λ(a − a2)

)
− 2

9

(
1 + λ(2) + λ(2)

)

= 1

9

(
p + 3d − 7 − 2λ(2) − 2λ(2)

) + 1

9p

(
λ(2)τ 3(λ) + λ(2)τ 3(λ)

)
. (18)

If 2 is a cubic residue modulo p, then λ(2) = 1. Combining (18) and Lemma 2.1, we have

M2(p) = p + 4d − 11

9
.

If 2 is a cubic non-residue modulo p, then 1 + λ(2) + λ(2) = 0. Combining (18) and Lemma 2.1, we have

M2(p) = p − 5

9
+ E1(p),

where

E1(p) =
(
2 − λ(2)

)
τ 3(λ) + (2 − λ(2)) τ 3(λ)

9p
.

Utilizing |τ(λ)| = √
p, we have |E1(p)|≤ 2

3
√

p.

This completes the proof of Theorem 1.1.
Then we prove Theorems 1.2 and 1.3. When p ≡ 7 mod 12, combining Lemmas 2.5–2.7, we can obtain

M3(p) = 1

9

p−1∑
a=1

(a+a3,p)=1
(a−a3,p)=1

(
1 + λ(a + a3) + λ(a + a3)

) (
1 + λ(a − a3) + λ(a − a3)

)

= 1

9

p−1∑
a=1

(
1 + λ(a + a3) + λ(a + a3)

) (
1 + λ(a − a3) + λ(a − a3)

)
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− 2

9

(
1 + λ(2) + λ(2)

)

= p − 1

9
+ 1

9

p−1∑
a=1

(
λ(a − a3) + λ(a − a3)

)
+ 1

9

p−1∑
a=1

(
λ(a + a3) + λ(a + a3)

)

+ 1

9

p−1∑
a=1

(
λ(a + a3)λ(a − a3) + λ(a + a3)λ(a − a3)

)

+ 1

9

p−1∑
a=1

(
λ(a + a3)λ(a − a3) + λ(a + a3)λ(a − a3)

)
− 2

9

(
1 + λ(2) + λ(2)

)

= 1

9

(
p − 13 − 2λ(2) − 2λ(2)

) + 1

9p

(
λ(2)τ 3(λ) + λ(2)τ 3(λ)

)
. (19)

If 2 is a cubic residue modulo p, then λ(2) = 1. Combining (19) and Lemma 2.1, we have

M3(p) = p + d − 17

9
.

If 2 is a cubic non-residue modulo p, then 1 + λ(2) + λ(2) = 0. Combining (19) and Lemma 2.1, we have

M3(p) = p − 11

9
+ E2(p),

where

|E2(p)| =
∣∣∣∣ 1

9p

(
λ(2)τ 3(λ) + λ(2)τ 3(λ)

)∣∣∣∣ ≤ 2

9
√

p.

When p ≡ 1 mod 12. Since χ2(−1) = 1, there must exist an integer r with 1 < r < p − 1 such that
r2 ≡ −1 mod p. Besides, λ(r) = λ(−r) = 1. Combining Lemmas 2.5–2.7, we can obtain

M3(p) = 1

9

p−1∑
a=1

(a+a3,p)=1
(a−a3,p)=1

(
1 + λ(a + a3) + λ(a + a3)

) (
1 + λ(a − a3) + λ(a − a3)

)

= 1

9

p−1∑
a=1

(
1 + λ(a + a3) + λ(a + a3)

) (
1 + λ(a − a3) + λ(a − a3)

)

− 4

9

(
1 + λ(2) + λ(2)

)

= p − 1

9
+ 1

9

p−1∑
a=1

(
λ(a − a3) + λ(a − a3)

)
+ 1

9

p−1∑
a=1

(
λ(a + a3) + λ(a + a3)

)

+ 1

9

p−1∑
a=1

(
λ(a + a3)λ(a − a3) + λ(a + a3)λ(a − a3)

)

+ 1

9

p−1∑
a=1

(
λ(a + a3)λ(a − a3) + λ(a + a3)λ(a − a3)

)
− 4

9

(
1 + λ(2) + λ(2)

)

= 1

9

(
p − 15 − 4λ(2) − 4λ(2)

) + 1

3p

(
λ(2)τ 3(λ) + λ(2)τ 3(λ)

)
+ A1(p) + A2(p)

9
. (20)

If 2 is a cubic residue modulo p, then λ(2) = 1. Combining (20) and Lemma 2.1, we have

M3(p) = p − 23

9
+ E3(p),
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where

|E3(p)| =
∣∣∣∣ 1

3p
(τ 3(λ) + τ 3(λ)) + A1(p) + A2(p)

9

∣∣∣∣ ≤ 2
√

p.

If 2 is a cubic non-residue modulo p, then 1 + λ(2) + λ(2) = 0. Combining (20) and Lemma 2.1, we have

M3(p) = p − 11

9
+ E4(p),

where

|E4(p)| =
∣∣∣∣ 1

3p

(
λ(2)τ 3(λ) + λ(2)τ 3(λ)

)
+ A1(p) + A2(p)

9

∣∣∣∣ ≤ 2
√

p.

This completes the proofs of Theorems 1.2 and 1.3.
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