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Abstract This paper investigates the collision of two weak shocks of the Riemann problem for a two-layer blood
flow model characterized by physiological parameter representative of arteries. The model considered vertical
averages across each layer derived from the Euler equations of gas dynamics, which described a quasi-linear
hyperbolic system of conservation laws. We explore the elementary waves, specifically the shock, rarefaction and
contact discontinuity, using the method of characteristics and derive the curves in one parameter form. Moreover,
the existence-uniqueness of the Riemann solution is proved locally, ensuring its compatibility with numerical
simulations, for arbitrary data. Furthermore, we determine a necessary and sufficient condition for shock waves
or rarefaction waves based on the initial data of the Riemann problem. At the end, the interaction of two weak
shocks from the same family is analyzed explicitly.

Keywords Blood flow model · Riemann problem · Existence and uniqueness · Weak shock · Wave interaction

1 Introduction

The blood flow model played a crucial role in the study of larger vessels such as arteries and veins. The fluid
transfer in flexible tubes that characterizes blood flow through arterial circulation may be theoretically modeled
using the conservation of mass and momentum. The Riemann problem studies in blood flow models gained
significant attention, from both a physical and mathematical perspective, as a result of their application in
various fields, including engineering, clinical practice, medical research and fluid dynamics, among others.
For more information, refer to [1–4]. This model greatly contributed to our understanding of cardiovascular
health, medical interventions and fluid dynamics analysis. The history of arterial wave mechanics was briefly
discussed in [5]. Euler [6] developed a model using a distensible tube to describe blood circulation in arteries
while setting out the one-dimensional equations of conservation of mass and momentum. Nevertheless, he
could have ascertained the waves nature, hindering the formulation of a definitive solution. Euler’s conservation
equations were rediscovered in their linearized form by Wilhelm [7] over a century later. Despite later creating
multidimensional blood flow models, the one-dimensional model was more straightforward and easier to use.
Various techniques were employed to establish a numerical solution for the one-dimensional blood flow model,
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including ADER finite volume scheme [8], the formulation of exactly balanced solvers [9] and a fully well-
balanced scheme [10]. Some researchers studied different mathematical models to explore the various aspects
of blood flow in stenotic arteries by representing blood as a single-layer model. Several studies in [11–13]
investigated blood flow between the two layers of a stenotic tube.

A two-layer blood flow model characterized by distinct velocities while maintaining constant densities within
each layer was considered by Zhang et al. [14] as

∂t A1 + ∂x (A1u1) = Min, (1.1a)

∂t (A1u1)+ ∂x (A1u2
1)+ A1

ρ1
∂x p1 = Uin Min, (1.1b)

∂t A2 + ∂x (A2u2) = −Min, (1.1c)

∂t (A2u2)+ ∂x (A2u2
2)+ A2

ρ2
∂x p2 = −Uin Min . (1.1d)

In this context, Ai , ui , ρi and pi (where i = 1, 2) corresponded to the characteristics of the i th layer of blood
flow within a vessel. Here, Ai denotes the cross-sectional area at a given location (x) and time (t), ui represents
the horizontally averaged speed and ρi the density of blood in the same layer. Additionally, Min indicates the
mass that is exchanged from the second layer to the first layer and Uin denotes the free interface velocity between
every layer, which is left to be specified. Lastly, the pressure pi in the i-th layer is related to the cross-sectional
area A(x, t) by the algebraic relation of the form [14]

pi (x, t) = k(x)

[(
Ai (x, t)

Ae(x)

)m

−
(

Ai (x, t)

Ae(x)

)n]
.

The elastic characteristics of the vessel are described by the constant coefficient k(x) [15,16]

k(x) =
√
πhe(x)E(x)

(1 − ν2)
√

Ae(x)

is derived from the relationship involving the Poisson ratio ν, the wall thickness of the vessel denoted as he(x),
Young’s modulus represented as E(x), along with the cross-sectional area in its equilibrium state denoted by
Ae(x). In the past, the parameters m ≥ 0 and n ≤ 0 were established through empirical observations or derived
from higher-order models [17]. This study explores the blood flow in arteries, where m = 1

2 and n = 0. The
original model (1.1) contains the viscous terms but it is a non-conservative form. Additionally, this system
exhibits conditional hyperbolicity and its eigenstructure avoids explicit determination. However, it should be
noted that the existing literature is very limited. In view of these difficulties, the researchers [14,18–20] made
some assumptions and manipulations that the two layers are homogeneous, with the consistent cross-sectional
area and free interface velocity

ρ1 = ρ2 = ρ, A1 = A2 = 1

2
A, ū = u1 + u2

2
and û = u2 − u1

2
(1.2)

to simplify the governing two-layer model into a conservative form. Here, ū and û are represented as the horizontal
blood flow velocities, with ū being denoted as the vertical average and û being indicated as the oriented standard
deviation. This distinction is a fundamental departure from the single-layer model, which incorporated just one
degree of freedom for velocity [14]. Moreover, this comparable relationship (1.2) was also assumed for the traffic
flow model [21] and shallow water model [22]. To obtain the conservative form, subtract the two mass equations
mentioned in (1.1),

∂x (Aû) = −2Min . (1.3)

Repeatedly, using (1.3), (1.1b) subtract from (1.1d), we get

∂t (Aû)+ ∂x (2Aūû) = ū∂x (Aû). (1.4)

By utilizing equations (1.1), the concise expression for the two-layer blood flow model as

∂t A + ∂x (Aū) = 0, (1.5a)
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∂t (Aū)+ ∂x

(
A(ū2 + û2)+ mk

ρ(m + 1)

Am+1

Am
e

)
= 0. (1.5b)

The third equation could be derived by using (1.4) into (1.5), we have

∂t û + ∂x (ûū) = 0. (1.6)

Equations (1.5) and (1.6) represent an equivalent conservative model to the two-layer blood flow model (1.1).
Since the simplified two layer model is in conservative form and strictly hyperbolic so it admits shock waves.

The investigation of the Riemann problem in the context of a two-layer blood flow model is fascinating,
with significant relevance from both mathematical and physical perspectives. The Riemann problem initiated by
Riemann [23] is a classical problem with the study of hyperbolic conservation laws. Lax [24] solved the Riemann
problem when initial data consisting of constant states Il and Ir are sufficiently close to one another. Smoller [25]
analyzed the collision of the one-dimensional elementary waves in gas dynamics of the Riemann problem. For
a good source of Riemann solutions, see [26–30]. The precise structure of the Riemann solution in a non-ideal
gas dynamics model and the collision of weak shocks were discussed by Ambika and Radha [31]. Pandey and
Sharma [32] investigated the collision of a characteristic shock with a weak discontinuity in a non-ideal gas.
Wave collisions of the Riemann problem for various physical models were discussed in [33–35].

In this study, our primary goal is to explore the collision of weak shocks of the Riemann solution for the
two-layer blood flow model in arteries, where velocities vary and the density remains constant within every
layer. The new model accounted for both the standard deviation of two-layer speeds as well as the average
blood flow rate. Here, we derive the one-parameter families of curves for shock waves, rarefaction waves, and
contact discontinuity regarding blood flow parameters. The existence and uniqueness of the Riemann solution
are proved, ensuring its compatibility with numerical simulations, for arbitrary initial data. An algorithm is
developed to assess whether the solution’s 1 or 3-component is a shock or a rarefaction wave regarding initial
data. Additionally, von Neumann’s [36] finding on the collision of weak shock waves from the same family is
examined. This discovery, in our opinion, contributes significantly to our understanding of the wave dynamics
in blood flow via two-layered arteries and advances mathematical biology theory as well as its many real-world
applications in science and engineering.

This paper is organized as follows: In Sect. 2, the Riemann problem of the one-dimensional two-layer blood
flow model is considered in a conservative form and explores its characteristics analysis. The Riemann problem’s
elementary waves are briefly discussed in Sect. 3. In Sect. 4, families of Riemann solutions dependent on a single
parameter are explored. The existence and uniqueness of the solution to the Riemann problem and possible
occurrences of shocks or simple waves in one and three-family waves are proved in Sect. 5. Section 6 analyzes
the collision of two weak shocks from the same family. A conclusion and future research regarding the entire
study are presented in Sect. 7.

2 Conservative formulation of the Riemann problem

One-dimensional homogeneous blood flow in arteries is governed by the two-layer blood flow model (1.5) and
(1.6) takes the conservative form

∂t V + ∂x F(V) = 0, t ∈ R
+, x ∈ R, (2.1)

where V and F represent vectors of conserve quantities and fluxes, respectively, V =
⎛
⎝ A

Aū
û

⎞
⎠ , F(V) =

⎛
⎝

Aū

A(ū2 + û2)+ mk
ρ(m+1)

Am+1

Am
e

ûū

⎞
⎠. The Riemann problem for the system (2.1) is characterized by the piecewise

constant initial data exhibiting a single discontinuity at the origin

I(x, 0) =
{

Il ≡ (Al , ūl , ûl)
T , x < 0,

Ir ≡ (Ar , ūr , ûr )
T , x > 0,

(2.2)

where Il and Ir two prescribed constant vectors with I = (A, ū, û)T is primitive variable or physical variable.
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Fig. 1 Elementary waves structure of the Riemann problem for two-layer blood flow model

2.1 Characteristic fields

To consider a smooth solution, the system (2.1) can be expressed in a non-conservative form, which is equivalent
to

∂tI + M(I)∂xI = 0, (2.3)

having the Jacobian matrix M(I) =
⎛
⎜⎝

ū A 0

û2 + mk
ρ

(
A
Ae

)m
Aū 2Aû

0 û ū

⎞
⎟⎠ . The eigenvalues of the Jacobian matrix

M(I) are λ1 = ū −w, λ2 = ū and λ3 = ū +w,w =
√

3û2 + mk
ρ

(
A
Ae

)m
> 0. Furthermore, the corresponding

right eigenvectors are given by �1 = (A,−w, û)T , �2 =
(

2Aû, 0,−û2 − mk
ρ

(
A
Ae

)m)T
, �3 = (A, w, û)T .

Because the 3×3 matrix M has three real and distinct eigenvalues, the system (2.1) is strictly hyperbolic.
Now, for j = 1, 3 and � ≡ (

∂
∂A ,

∂
∂ ū ,

∂
∂ û

)
, we explore

∇λ j .�( j) = ±
[
−2w + m(2 − m)k

2ρw

(
A

Ae

)m]

= ± 1

w

[
−2w2 + m(2 − m)k

2ρ

(
A

Ae

)m]

= ± 1

w

[
−6û2 − (1 + m)

mk

ρ

(
A

Ae

)m]

	= 0,

for any values of w =
√

3û2 + mk
ρ

(
A
Ae

)m
> 0, where ρ > 0, k > 0, Ae > 0 and m = 0.5 in arteries. Since the

quantity is non-zero, it can be concluded that both of the characteristic fields are genuinely nonlinear. Hence, the
wave associated with the first or third characteristic field can be either a shock or a rarefaction wave. Again, we
get ∇λ2.�2 = 0. So the second characteristic field is linearly degenerate. It is composed of contact discontinuity.

3 Elementary waves

Let Il , I− = (A−, ū−, û−)T , I+ = (A+, ū+, û+)T and Ir are constant states of the entire region divided by
three elementary waves as illustrated in Fig. 1.
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3.1 Discontinuous waves

The solution along discontinuities for system (2.1) fulfills the Rankine-Hugoniot (R-H) jump condition, where
the speed of the discontinuous wave is represented as s, leading to the subsequent expression:

− s[A] + [Aū] = 0,

− s[Aū] +
[

A(ū2 + û2)+ mk

ρ(m + 1)

Am+1

Am
e

]
= 0,

− s[û] + [ūû] = 0.

(3.1)

The expression [.] denotes the jump across the wave as [I] = I+ − I−. Continuing the computation of (3.1), it
becomes evident that this discontinuity can be categorized into two distinct kinds.

1. Contact discontinuity wave: The wave with a speed s2 satisfying the parallel characteristic condition and
R-H conditions (3.1). From (3.1), we get

J : s2 = ū, [ū] ≡
[

Aû2 + mk

ρ(m + 1)

Am+1

Am
e

]
= 0. (3.2)

So, along the contact discontinuity curve J , ū and Aû2 + mk
ρ(m+1)

Am+1

Am
e

(which is treated like P) stay the same.
When they are projected onto the (A, ū)-plane, they make a straight line that is parallel to the A-axis in the
space (A,ū,û).
The Euler equation pressure is comparable to P, but it also takes into consideration the shear effect, which
is reflected in P.

2. Shock waves (1-shock (S1) with speed s1 or 3-shock (S3) with speed s3 ):
By using R-H conditions (3.1) with Lax entropy conditions, we obtain 1 and 3-shock wave curves as

S1(A, Il) :

⎧⎪⎨
⎪⎩ū = ūl − wl

√((
Al
A

)
−1
)[(

1−
(

A
Al

)3
)

+ δ
m+1

(
1−
(

A
Al

)m+1
)]

3+δ ,

û = βl A,

(3.3)

and

S3(A, Ir ) :

⎧⎪⎨
⎪⎩ū = ūr + wr

√((
Ar
A

)
−1
)[(

1−
(

A
Ar

)3
)

+ δ′
m+1

(
1−
(

A
Ar

)m+1
)]

3+δ′ ,

û = βl A,

(3.4)

where δ = mk
ρû2

l

(
Al
Ae

)m
and δ′ = mk

ρû2
r

(
Ar
Ae

)m
. Also, we explore that Al < A, ūl > ū, ûl < û for S1 and

A > Ar , ū > ūr , û > ûr for S3.

3.2 Rarefaction waves

Consider that the one and three-characteristic fields display 1-rarefaction wave (R1) or 3-rarefaction wave (R3).
To identify all rarefaction wave solutions of the system (2.1), let A = A1(τ ), ū = U1(τ ), and û = U2(τ ),
where A, ū, and û are functions of τ , which themselves are dependent on the independent variables x and t .
Subsequently, the system (2.1) simplifies to

d A1

dτ

(
∂τ

∂t
+ U1

∂τ

∂x

)
+ A1

dU 1

dτ

∂τ

∂x
= 0,

dU 2

dτ

(
∂τ

∂t
+ U1

∂τ

∂x

)
+ U2

dU 1

dτ

∂τ

∂x
= 0,

dU 1

dτ

(
∂τ

∂t
+ U1

∂τ

∂x

)
+
[(

3U 2
2

A1

mk

ρ

Am−1
1

Am
e

)
d A1

dτ

]
∂τ

∂x
= 0. (3.5)
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If d A1
dτ is nonzero, the system can be expressed as follows

(
−A1

dU2

dτ

dU 1

dτ
+ U2

d A1

dτ

dU 1

dτ

)
∂τ

∂x
= 0, (3.6)

(
−A1

dU 1

dτ

dτ

dt
+ U1

dU 1

dτ
+
(

3U 2
2

A1

mk

ρ

Am−1
1

Am
e

)
dU 1

dτ

)
∂τ

∂x
= 0.

which leads to
dU2

dτ
= U2

A1

d A1

dτ
, (3.7)

(
dU2

dτ

)2

=
(

3U 2
2

A2
1

+ mk

ρ

Am−2
1

Am
e

)(
d A1

dτ

)2

,

or
dU1

dτ
= dU2

dτ
= 0. (3.8)

Without loss of generality, one can choose A1(τ ) = τ by solving the equations (3.7),
we get

ū = U1(A) = c1 ±
∫ √

3c2
1 + mk

ρ

Am−2

Am
e

d A,

û = U2(A) = Ac2,

It is observed that U2(A)
A , ū + U1(A) (respectively, ū − U1(A)) are the invariant solutions, i.e., constant solutions

of the system (2.1) along the characteristics dx
dt = λ1 (respectively, λ3). In view of ūl = U1(Al) and ûl = U2(Al),

the R1 solution can be written as

R1(A, Il) :

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ū = ūl + 2wl
m

⎛
⎝
√√√√ 3

(
ûl
Al

)2
A2+ mk

ρ

(
A

Ae

)m

3û2
l + mk

ρ

(
Al
Ae

)m − 1

⎞
⎠ ,

û =
(

ûl
Al

)
A.

(3.9)

Similarly, it can be established for R3,

R3(A, Ir ) :

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ū = ūr − 2wr
m

⎛
⎝
√√√√ 3

(
ûr
Ar

)2
A2+ mk

ρ

(
A

Ae

)m

3û2
r + mk

ρ

(
Ar
Ae

)m − 1

⎞
⎠ ,

û =
(

ûr
Ar

)
A.

(3.10)

In the context of rarefaction waves, it’s observed that the characteristic speed increases as we move from left to
right. This implies that Al ≥ A, ūl ≤ ū, ûl ≥ û for R1 and A ≤ Ar , ū ≤ ūr , û ≤ ûr for R3.

4 One-parameter families of curves

To make the construction of the elementary waves of the Riemann problem (2.1) and (2.2) further explicit, bring

in a new variable, represented by z, defined as z = − log
(

A
Al

)
. Therefore, based on equations (3.3) and (3.9)

for shock and rarefaction wave in one-family, respectively, we obtain A
Al

= e−z . Now, we can conclude that S1

have z < 0 and R1 have z ≥ 0. In a similar manner in three-family, we define z as z = log
(

Ar
A

)
. Therefore,

by utilizing equations (3.4) and (3.10) for shock and rarefaction wave in three-family, respectively, we find that
Ar
A = ez . So, we can infer that z is z < 0 for S3 and z ≥ 0 for R3. In the case of the two-family, we define
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A
Al

= e−z , where z ranges over the entire real number line: −∞ < z < ∞. Hence, we can consolidate our
expressions for the one-parameter families of curves for z in the real number set (z ∈ R) like this.

For one-family:

A

Al
= Φ1(z) ≡ e−z,

û

ûl
= e−z,

ū − ūl

wl
=

ψ1(z) ≡

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−
√
(ez−1)[(1−e−3z)+ δ

m+1 (1−e−(m+1)z)]
3+δ , z < 0,

2
m

(√
3e−2z+ δ

m+1 e−mz

3+δ − 1

)
, z ≥ 0,

(4.1)

For two-family:

A

Al
= e−z,

ū

ūl
= 1,

û

ûl
= e2z + δ

m + 1
[e2z − e(1−m)z],

(4.2)

For three-family:

Ar

A
= Φ3(z) ≡ ez,

ûr

û
= ez,

ū − ūr

wr
=

ψ3(z) ≡

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

√
(ez−1)[(1−e−3z)+ δ′

m+1 (1−e−(m+1)z)]
3+δ′ , z < 0,

− 2
m

(√
3e−2z+ δ′

m+1 e−mz

3+δ′ − 1

)
, z ≥ 0.

(4.3)

5 Solution strategy

The one-parameter families (4.1)-(4.3) are helpful to represent in general notation, therefore, we define I =
(u1, u2, u3)

T ≡ (A, ū, û)T . We introduce the transformations T q
z , where q = 1, 2, 3. The q-shock wave or

q-rarefaction wave for q = 1, 3 is connected between its left and right states by these transformations. While for
the contact discontinuity, it is linked through T 2

z . Hence we have

T 1
z I = (Φ1(z)u1, u2 + wlψ1(z),Φ1(z)u3)

T , (5.1)

T 2
z I =

(
e−z, u2, e2z + δ

m + 1
[e2z − e(1−m)z]u3

)T

, (5.2)

T 3
z I = (Φ3(z)u1, u2 − wrψ3(z),Φ3(z)u3)

T . (5.3)

Next, we establish the existence and uniqueness theorem regarding the solution of the Riemann problem.
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Fig. 2 a Cross section-A profile for one-family wave; b velocity-û profile for two-family wave; c velocity-ū profile for one-family
waves d velocity-ū profile for three-family waves

Theorem 5.1 The Riemann problem solution for the present two-layer blood flow model (2.1) in arteries, given
arbitrary initial data (2.2), exists and is unique in the class of solutions consisting of shocks, rarefaction waves
and contact discontinues separated by constant states.

Proof The proof follows based on the ideas of Smoller [25] for the application of gas dynamics. We identify
real values z1, z2 and z3 uniquely such that we can solve the Riemann problem (2.1) and (2.2) by

Ir = T (3)z3
T (2)z2

T (1)z1
Il , (5.4)

i.e., ⎛
⎝ Ar

ūr
ûr

⎞
⎠ =

⎛
⎜⎝

Φ1(z1)e−z2Φ3(z3)Al
ūl + wlψ1(z1, Al , ûl)− wrψ3(z3, Ar , ûr )

Φ1(z1)Φ3(z3)
(

e2z2 + δ
m+1 [e2z2 − e(1−m)z2 ]

)
ûl

⎞
⎟⎠ , (5.5)

which follows that

Φ1(z1)e
−z2Φ3(z3) = c1, (5.6)

wlψ1(z1, Al , ûl)− wrψ3(z3, Ar , ûr ) = c2, (5.7)

Φ1(z1)Φ3(z3)

(
e2z2 + δ

m + 1
[e2z2 − e(1−m)z2 ]

)
= c3, (5.8)

where c1 = Ar
Al
, c2 = ūr − ūl and c3 = ûr

ûl
. From (5.6), we obtain

z3 − z1 − z2 = log c1. (5.9)

Using (5.9) in (5.8) yields

e3z2

(
1 + δ

m + 1

(
1 − e−(m+1)z2

))
= c3

c1
, (5.10)

where δ = mk
ρû2

l

(
Al
Ae

)m
.

Let us define f (z2) = (1 + A)e3z2 − Ae(2−m)z2 − B, where A = mk
(m+1)ρû2

l

(
Al
Ae

)m
> 0 for m > 0 and

B = Al ûr
Ar ûl

> 0 and hence, f ′(z2) = 3(1 + A)e3z2 − (2 − m)Ae(2−m)z2 . For 0 < m < 2, we have f (z2)

is increasing (i.e., f ′(z2) > 0) if z2 > 1
m+1 log

(
(2−m)A
3(1+A)

)
while f (z2) is decreasing (i.e., f ′(z2) < 0) if
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z2 <
1

m+1 log
(
(2−m)A
3(1+A)

)
. Since 0 < m < 2, f (z2) diverges to ∞ as z2 → ∞ whilst converges to −B whenever

z2 → −∞. Therefore, f (z2) has a unique solution in
(

1
m+1 log

(
(2−m)A
3(1+A)

)
,∞

)
for 0 < m < 2.

In particular, for m = 0, f (z2) = e3z2 − B and so, f ′(z2) = 3e3z2 > 0 for all z2. Hence, it is obvious that
f (z2) has a unique root in (−∞,∞) for m = 0.

Therefore, f (z2) has a unique solution for 0 ≤ m < 2, which includes the blood flow in arteries (i.e., m = 1
2 ),

say
z2 = a, (5.11)

which depends on the constant initial data (2.2). Now, substituting z2 in (5.9), which yields

z3 = z1 + a + log c1. (5.12)

Again, substitute z3 in (5.7), which yields

wlψ1(z1, Al , ûl)− wrψ3(z1 + a + log c1, Ar , ûr ) = c2. (5.13)

Let
g(z1) = wlψ1(z1, Al , ûl)− wrψ3(z1 + a + log c1, Ar , ûr )− c2. (5.14)

It is analyzed that g′(z1) > 0 for any values of a. Hence, g(z1) is a strictly increasing function of z1. Moreover,
g(z1) diverges to ∞ as z1 → ∞ and diverges to − ∞ as z1 → −∞. Hence, there exists a unique solution for
g(z1). So, we calculate uniquely z1, z2 and z3 from (5.14), (5.11) and (5.12), respectively. As a consequence,
we obtain a unique solution to the Riemann problem for every pair of initial conditions, denoted as Il and Ir . We
present a corollary indicating the occurrence of shocks or rarefaction waves in one-family and three-family.

Corollary 5.1 Consider the solution of the Riemann problem obtained in the above theorem. Then the following
statements hold:

1. ūr − ūl < −wrψ3(z1 + a + log c1) iff 1-component of the solution is a shock wave and is a rarefaction wave
otherwise.

2. ūr − ūl < −wlψ1(z3 − a − log c1) iff 3-component of the solution is a shock wave and is a rarefaction wave
otherwise.

Proof 1. Let us consider the equation from (5.14) that

M(ζ ) = wlψ1(ζ )− wrψ3(ζ + a + log c1).

Then observe that
M(0) = wlψ1(0)− wrψ3(a + log c1) ≡ −wrψ3(a + log c1).

Again
M′(ζ ) = wlψ

′
1(ζ )− wrψ

′
3(ζ + a + log c1) > 0, ζ ∈ R.

Since 1-family of the solution represent a S1 iff z < 0. Hence, for S1 wave, M(z) < M(0), i.e.,

ūr − ūl < −wrψ3(z + a + log c1).

Alternatively, if the subsequent
ūr − ūl < −wrψ3(z + a + log c1),

holds it can be rewritten as M(z) < M(0). Thus, z < 0 as M is a strictly increasing function, i.e., one-family
represents a shock wave. Hence, one-family represents a shock wave iff

ūr − ūl < −wrψ3(z + a + log c1),

Otherwise, it is a R1.
2. The three-family proof is similar.
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x

t

x1 x2

I II III

Il Im Ir

Il Ir

Interaction time

Fig. 3 A collision between two weak S3 results in a R1 wave

6 Collision of weak shock waves

We now establish the initial function with two jump discontinuities, located at x1 and x2, as follows

I(x, 0) =

⎧⎪⎨
⎪⎩

Il , i f x ≤ x1,

Im, i f x1 < x < x2,

Ir , i f x ≥ x2.

(6.1)

by appropriately selecting Im and Ir in relation to Il and any arbitrary x1, x2 ∈ R, we can establish two local
Riemann problems with the provided initial data (6.1). An elementary wave from the 1-Riemann problem can
interact with an elementary wave from the 2-Riemann problem, giving rise to a new Riemann problem at the
moment of collision. In this context, we examine the collision of two weak S3 (or alternatively, S1) (see, Fig. 3).

Theorem 6.2 The collision of two weak 3-shocks (respectively, 1-shocks) leads to 1-rarefaction wave (respec-
tively, 3-rarefaction wave).

Proof We consider that Il = (Al , ūl , ûl)
T is connected to Im = (Am, ūm, ûm)

T through S3 in the 1-Riemann
problem, and Im = (Am, ūm, ûm)

T is connected to Ir = (Ar , ūr , ûr )
T via S3 in the 2-Riemann problem. Thus,

the Lax entropy conditions for S3 in the 1-Riemann problem and 2-Riemann problem are as follows, respectively:

λ2(Il) < ṡ3 < λ3(Il), λ3(Im) < ṡ3, (6.2)

and
λ2(Im) < s̈3 < λ3(Im), λ3(Ir ) < s̈3. (6.3)

Here, ṡ3 and s̈3 represent the speeds of S3 in 1-Riemann problem and 2-Riemann problem, respectively. From
(6.2) and (6.3), we have s̈3 < ṡ3. Hence, an interaction will occur, and during this interaction, we will be required
to solve Riemann problem (2.1) and (2.2), as illustrated in Fig. 3. Using parameters ξ and η, region-I is linked to
region-I I via S3 wave in the 1-Riemann problem, while region-I I is connected to region-I I I through S3 wave
in the 2-Riemann problem. Thus, we get

Im = T (3)ξ Il , ξ < 0, Ir = T (3)η Cm, η < 0.

Hence, the curves (4.3) are as follows

Am = Ale
ξ , ūm = ūl − wmψ3(ξ), ûm = ûl e

ξ , (6.4)
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and
Ar = Ameη, ūm = ūr + wrψ3(η), ûr = ûmeη. (6.5)

Now, we can eliminate ūm from (6.4) and (6.5), which yields

ūl − ūr = wr

(
wm

wr
ψ3(ξ)+ ψ3(η)

)
. (6.6)

Contrarily, let’s consider that the interaction of two S3 results S1, which means that ūr − ūl < −wrψ3(y1 + a +
log I1) (by using the corollary 5.1), it follows from (6.6) that

0 <

⎛
⎜⎜⎝

√
3e−2ηû2

r + mk
ρ

(
Ar
Ae

)m
e−mη

√
3û2

r + mk
ρ

(
Ar
Ae

)m

⎞
⎟⎟⎠ψ3(ξ)+ ψ3(η)− ψ3(a + ξ + η). (6.7)

Let us assume

H(ξ, η) =

⎛
⎜⎜⎝

√
3e−2ηû2

r + mk
ρ

(
Ar
Ae

)m
e−mη

√
3û2

r + mk
ρ

(
Ar
Ae

)m

⎞
⎟⎟⎠ψ3(ξ)+ ψ3(η)− ψ3(a + ξ + η).

Expanding Taylor’s series of H around the origin which yields

0 <

⎛
⎜⎝ξ + η − 1

2

⎛
⎜⎝6û2

rρ +
(

Ar
Ae

)m
m2k

3û2
rρ +

(
Ar
Ae

)m
mk

⎞
⎟⎠ ξη

+1

8

⎛
⎜⎝36û4

rρ
2 + 6û2

rρ
(

Ar
Ae

)m
(4 − 2m + m2)mk +

(
Ar
Ae

)2m
m3k2

(
3û2

rρ +
(

Ar
Ae

)m
mk
)2

⎞
⎟⎠ ξη2

⎞
⎟⎠ψ ′

3(0)

− (ξ + η)ψ ′
3(a)+ 1

2

⎛
⎜⎝ξ2 + η2 − 1

2

⎛
⎜⎝6û2

rρ +
(

Ar
Ae

)m
m2k

3û2
rρ +

(
Ar
Ae

)m
mk

⎞
⎟⎠ ξ2η

⎞
⎟⎠ψ ′′

3 (0)− 1

2
(ξ2 + η2 + 2ξη)ψ ′′

3 (a)

+ 1

6
(ξ3 + η3)ψ ′′′

3 (0)− 1

6
(ξ3 + η3 + 3ξ2η + 3ξη2)ψ ′′′

3 (a)+ O(ξ pηq).

(6.8)
Now, substituting the values of ρ = 1060, m = 0.5, k = 1000, Ae = 3.5, Ar = 0.2, ûr = 30 [20] in (6.8), we
explore

0 < −1.033ξη + 1.062ξ2η + 0.545ξη2 + O(ξ pηq). (6.9)

where p + q ≥ 4. Since ξ, η < 0 imply that the right-hand side of inequality (6.9) is negative. Also, it is
observed from the Fig. 4. This is leading to a contradiction. Therefore, the collision between two weak S3 results
R1. Likewise, it can be establish that the collision of two weak S1 yields R3.

7 Conclusions

We have considered the Riemann problem of a two-layer blood flow model characterized by physiological
parameters representative of arteries, where m = 1

2 and n = 0, with different velocities while keeping density
constant. The elementary waves, namely contact discontinuity, rarefaction and shock waves are evaluated by
the Rankine-Hugoniot jumps, Lax entropy conditions and their properties. The Riemann solution is explicitly
formulated using families of curves parameterized by a single parameter, illustrated in Fig. 2. We have established
the existence and uniqueness of the Riemann solution for arbitrary initial data locally. These results are well-suited
for compatibility with numerical simulations. An algorithm is developed based on the initial data to determine
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Fig. 4 Graphical representation of the right-hand side of (6.9) for ξ, η < 0

whether the 1 or 3 components of the solution correspond to a shock or a rarefaction wave. We have discussed
the collision of two weak shocks from the same family and it is formed R1. Our work contributes to advances
in mathematical biology theory and its many real-world applications in science and engineering by providing
substantial insight into the wave dynamics in blood flow via two-layered arteries.

In the future, the wave interaction between classical elementary waves and delta shock waves of this model
will be considered. Also, we will present upwind numerical methods based on the developed exact Riemann
solver.
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