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Abstract
In this paper, we discuss the generalization of Sheffer polynomial, of type zero and an extension of multiple Appell
polynomial sets.
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1 Introduction

Let φn (x) be a simple set of polynomials and let φn (x) belong to the operator

J (x, D) =
∞∑

k=0

Tk (x) Dk+1,

with Tk (x) of degree ≤ k. If the maximum degree of the coefficients Tk (x) is m then the set φn (x) is of Sheffer
A-type m. If the degree of Tk (x) is unbounded as k → ∞, we say that φn (x) is of Sheffer A-type ∞ [3, 13].

1.1 Polynomials of Sheffer A-type zero:

Let φn (x) be a Sheffer A-type zero polynomials and φn (x) belongs to the operator

J (D) =
∞∑

k=0

ck Dk+1,

where ck is constant, c0 �= 0 and Jφn = φn−1.
Furthermore, since ck is independent of x for every k, a function J (t) exists with the formal power-series

expansion [5, 7, 15]

J (t) =
∞∑

k=0

cktk+1, c0 �= 0.
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Let H (t) be the formal inverse of J (t); that is,

J (H (t)) = H (J (t)) = t .

Al-Salam and Verma [1] discussed generalized Sheffer polynomials. Alidad [2] studied Sheffer polynomials A-
type zero in two variables. Bretti et al.[4] discussed generalized Appell polynomials. Galiffa [8] obtained Sheffer
B-type 1 orthogonal polynomial sequences. Khan et al.[10] obtained the properties of Hermite based Sheffer
polynomials. Khan and Raza [9] discussed the 2-iterated Appell polynomials and related numbers. Rapeli and
Shukla [14] obtained the α type polynomial sets.

Appell polynomial sets {pn(x)} are special case of Sheffer polynomials sets satisfying the following condition

p′
n(x) = pn−1(x) n � 1.

Examples of Appell polynomial besides the trivial case {xn}∞n=0, include the Bernoulli polynomials, Euler poly-
nomials, and Hermite polynomials. In particular, the Hermite polynomials form a unique sequence of Appell
polynomials that are also orthogonal with respect to a positive measure.[6, 11, 12]

2 Generalization of Sequence of Appell polynomial sets

A polynomial sets {pn1,n2(x)}∞n=0 are said to be generalized multiple Appell polynomial sets, if there exists a
generating function of the form

r∑

i=1

Ai (t1, t2) exp(xεi (t1 + t2)) =
∞∑

n1=0

∞∑

n2=0

pn1,n2(x)
tn1
1 tn2

2

n1!n2! , (2.1)

where ε1, ε2, · · · , εr are r roots of unity and A is a formal power series defined by

Ai (t1, t2) =
∞∑

n1=0

∞∑

n2=0

a(i)
n1,n2

tn1
1 tn2

2

n1!n2! , (2.2)

where not all a(s)
0,0 are zero.

Theorem 1 Let {pn1,n2(x)}∞n=0 be a sequence of class of Appell polynomial sets. Then there exists a sequence

{a(i)
n1,n2}∞n1,n2=0 such that

pn1,n2(x) =
r∑

i=1

n1∑

k1=0

n2∑

k2=0

(
n1

k1

)(
n2

k2

)
a(i)

n1−k1,n2−k2
(εi x)k1+k2,

where ε1, ε2, · · · , εr are r roots of unity and not all {a(i)
0,0} are zero.

Proof Let {pn1,n2(x)}∞n=0 be a sequence of class of Appell polynomial sets. From equation (2.1), we have

r∑

i=1

Ai (t1, t2) exp(xεi (t1 + t2)) =
∞∑

n1=0

∞∑

n2=0

pn1,n2(x)
tn1
1 tn2

2

n1!n2! .
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Further simplification yields,

r∑

i=1

Ai (t1, t2) exp(xεi (t1 + t2))

=
r∑

i=1

⎧
⎨

⎩

∞∑

n1=0

∞∑

n2=0

a(i)
n1,n2

tn1
1 tn2

2

n1!n2!

⎫
⎬

⎭

{ ∞∑

k=0

(xεi )
k

k! (t1 + t2)
k

}

=
r∑

i=1

∞∑

n1=0

∞∑

k1=0

⎧
⎨

⎩

∞∑

n2=0

∞∑

k2=0

a(i)
n1,n2

(xεi )
k2

k2!
tk2+n2
2

n2!

⎫
⎬

⎭
(xεi )

k1

k1!
tk1+n1
1

n1!

=
r∑

i=1

∞∑

n1=0

∞∑

n2=0

⎧
⎨

⎩

n2∑

k2=0

n1∑

k1=0

(
n1

k1

)(
n2

k2

)
a(i)

n1−k1,n2−k2
(εi x)k1+k2

⎫
⎬

⎭
tn1
1 tn2

2

n1!n2! .

On comparing the coefficients of both the sides, we get

pn1,n2(x) =
r∑

i=1

∞∑

n1=0

∞∑

n2=0

(
n1

k1

)(
n2

k2

)
a(i)

n1,n2
(εi x)k1+k2,

where not all {a(i)
0,0} are zero. ��

Theorem 2 Let {pn1,n2(x)}∞n=0 be a sequence of class of Appell polynomial sets and there exists a sequence

{a(i)
n1,n2}∞n1,n2=0 such that

pn1,n2(x) =
r∑

i=1

n1∑

k1=0

n2∑

k2=0

(
n1

k1

)(
n2

k2

)
a(i)

n1−k1,n2−k2
(εi x)k1+k2, (2.3)

where ε1, ε2, · · · , εr are r roots of unity and not all {a(i)
0,0} are zero. Then

p
′
n1,n2

(x) = n1 pn1−1,n2(x) + n2 pn1,n2−1(x)

for n1 ≥ 0, n2 ≥ 0.

Proof Let

pn1,n2(x) =
r∑

i=1

n1∑

k1=0

n2∑

k2=0

(
n1

k1

)(
n2

k2

)
a(i)

n1−k1,n2−k2
(εi x)k1+k2 (2.4)

Since,

(k1 + k2)

(
n1

k1

)(
n2

k2

)
= n1

(
n1 − 1

k1 − 1

)(
n2

k2

)
+ n2

(
n1

k1

)(
n2 − 1

k2 − 1

)
k1, k2 ≥ 1.
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On differentiating equation (2.3) with respect to x , we get

p
′
n1,n2

(x) =
r∑

i=1

n1∑

k1=0

n2∑

k2=0

(
n1

k1

)(
n2

k2

)
a(i)

n1−k1,n2−k2
(εi )

k1+k2(k1 + k2)(x)k1+k2−1

=
r∑

i=1

n1∑

k1=0

n2∑

k2=0

a(i)
n1−k1,n2−k2

(εi )
k1+k2

{
n1

(
n1 − 1

k1 − 1

)(
n2

k2

)
+ n2

(
n1

k1

)(
n2 − 1

k2 − 1

)}
(x)k1+k2−1

= n1

r∑

i=1

n1−1∑

k1=0

n2∑

k2=0

(
n1 − 1

k1

)(
n2

k2

)
a(i)
(n1−1)−k1,n2−k2

(εi x)k1+k2

+ n2

r∑

i=1

n1∑

k1=0

n2−1∑

k2=0

(
n1

k1

)(
n2 − 1

k2

)
a(i)

n1−k1,(n2−1)−k2
(εi x)k1+k2

= n1 pn1−1,n2(x) + n2 pn1,n2−1(x).

This completes the proof. ��
Theorem 3 Let {pn1,n2(x)}∞n=0 be a generalized polynomial sets and {pn1,n2(x)} satisfies

pn1,n2(x + y) =
r∑

i=1

n1∑

k1=0

n2∑

k2=0

(
n1

k1

)(
n2

k2

)
pn1−k1,n2−k2(x)(εi y)k1+k2,

for n1 ≥ 0, n2 ≥ 0. Then {pn1,n2(x)}∞n=0 is a sequence of generalized Appell polynomial sets.

Proof Let

pn1,n2(x + y) =
r∑

i=1

n1∑

k1=0

n2∑

k2=0

(
n1

k1

)(
n2

k2

)
pn1−k1,n2−k2(x)(εi y)k1+k2 .

Therefore,

∞∑

n1=0

∞∑

n2=0

pn1,n2(x + y)
tn1
1 tn2

2

n1!n2!

=
r∑

i=1

∞∑

n1=0

∞∑

n2=0

⎧
⎨

⎩

n1∑

k1=0

n2∑

k2=0

(
n1

k1

)(
n2

k2

)
pn1−k1,n2−k2(x)(εi y)k1+k2

⎫
⎬

⎭
tn1
1 tn2

2

n1!n2! ,

=
r∑

i=1

∞∑

n1=0

∞∑

n2=0

∞∑

k1=0

∞∑

k2=0

pn1,n2(x)(εi y)k1+k2
tn1+k1
1 tn2+k2

2

k1!k2!n1!n2! ,

=
r∑

i=1

⎧
⎨

⎩

∞∑

n1=0

∞∑

n2=0

pn1,n2(x)
tn1
1 tn2

2

n1!n2!

⎫
⎬

⎭

⎧
⎨

⎩

∞∑

k1=0

∞∑

k2=0

(εi y)k1+k2
tk1
1 tk2

2

k1!k2! ,
⎫
⎬

⎭

This gives
r∑

i=1

Ai (t1, t2) exp((x + y)εi (t1 + t2)).

This completes the proof. ��
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