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Abstract
In this paper, we discuss the generalization of Sheffer polynomial, of type zero and an extension of multiple Appell
polynomial sets.
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1 Introduction

Let ¢, (x) be a simple set of polynomials and let ¢, (x) belong to the operator
e}
J(x,D) =Y "Tj (x) D",
k=0

with Ty (x) of degree < k. If the maximum degree of the coefficients 7} (x) is m then the set ¢, (x) is of Sheffer
A-type m. If the degree of Ty (x) is unbounded as k — oo, we say that ¢, (x) is of Sheffer A-type oo [3, 13].

1.1 Polynomials of Sheffer A-type zero:

Let ¢, (x) be a Sheffer A-type zero polynomials and ¢, (x) belongs to the operator
o0
J (D) = chDk“,
k=0

where ¢y is constant, co #= 0 and J¢, = ¢pp—1.
Furthermore, since ci is independent of x for every k, a function J (¢) exists with the formal power-series
expansion [5, 7, 15]

o0

T =Y att. o #0.
k=0
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Let H (¢) be the formal inverse of J (¢); that is,
JH@)=HU @) =t

Al-Salam and Verma [1] discussed generalized Sheffer polynomials. Alidad [2] studied Sheffer polynomials A-
type zero in two variables. Bretti et al.[4] discussed generalized Appell polynomials. Galiffa [8] obtained Sheffer
B-type 1 orthogonal polynomial sequences. Khan et al.[10] obtained the properties of Hermite based Sheffer
polynomials. Khan and Raza [9] discussed the 2-iterated Appell polynomials and related numbers. Rapeli and
Shukla [14] obtained the « type polynomial sets.

Appell polynomial sets { p, (x)} are special case of Sheffer polynomials sets satisfying the following condition

Pa(*) = pu-i1(x) n>l.
Examples of Appell polynomial besides the trivial case {x"}}? ,, include the Bernoulli polynomials, Euler poly-

nomials, and Hermite polynomials. In particular, the Hermite polynomials form a unique sequence of Appell
polynomials that are also orthogonal with respect to a positive measure.[6, 11, 12]

2 Generalization of Sequence of Appell polynomial sets

A polynomial sets {py, n,(x)};2 are said to be generalized multiple Appell polynomial sets, if there exists a
generating function of the form

r n1 nz
h
> Ai(t1, ) exp(xe (t + 1)) = Z Z Pry.ny (¥) ,nz, @.1)
i=1 n1=0n,=0
where €1, €2, - - - , €, are r roots of unity and A is a formal power series defined by
0o 00 {14
. — (i) 1 "2
At =Y > al) e 2.2)
n1=0n2=0

where not all ao 0 are zero.

Theorem 1 Let {py, n,(x)},2 be a sequence of class of Appell polynomial sets. Then there exists a sequence

(@)
{an) ny ;’?,nzzo such that

Pnyny(X) = Z Z Z( >< ) r(zll) kl,nz—kz(eix)kl+k2’

i=1 k1=0ky=0

where €1, €3, - - - , € are r roots of unity and not all {a(()’z)} are zero.

Proof Let {py, n,(x)};2, be a sequence of class of Appell polynomial sets. From equation (2.1), we have

ny na

n'e
ni'ny!’

ZA (11, 1) exp(xe; () + 12)) = Z Z Pryny (X) =

i=1 n1=0n,=0
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Further simplification yields,
r
> Ai(t1, ) exp(xe (t + 1))
i=1
r 0o 00 ny ny 00 k
Nt (x€i)
_ o it i k
DMPIPIWI) ol ey
i=1 | n1=0n2=0 k=0
ka+ k1+
SE T[S P e
%nt.ny ! ! !
i=1 n1=0k;=0 | ny=0 kp= 2 kit
r oo 00 ni na
23033135 3{ 1) [ FRURRCEIE Foos
Ay —ky,ny—kp \€i nilny!’
i=1n;=0ny=0 =0k = el
On comparing the coefficients of both the sides, we get
o o
ki +k
=330 3 (1) (1)t
i=1 n;=0ny=0
where not all {a(()%} are zero. O

Theorem 2 Let {py, n,(x)}2, be a sequence of class of Appell polynomial sets and there exists a sequence

(@)
{an)na}py np—o Such that

Pny. nz(x) - Z Z Z ( >< ) r(lll) kl,nz—kz(eix)kl—HQ,

i=1 k1=0ky=

where €1, €2, - - - , € are r roots of unity and not all {a(%} are zero. Then

Py, (X) = 11 Ppy—1,00(X) + 12 Pny ny—1(X)

forn; > 0,ny > 0.

Proof Let

DPnynp(X) = Z Z Z ( )( ) r(tll) kl,nz—kZ(eix)kl-HQ

i=1k;=0ky=

Since,

(k1 + ko) ni\ [ny ny— 1\ [/ny n ny\ [ny—1 o > 1
=n n 5 - L.
VA Nk =1\ N by —1) 072
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On differentiating equation (2.3) with respect to x, we get

Py () Z Z Z < )( ) r(lll) kit €112 (1 + k) (0)fr !

i=1 kl 0k2—0

_r (@) k1 +k ny— 1Y\ (n2 np\(n2—1 ki+ky—1
352 SR G GG

i=1 k1=0ky=0

1
SES = ny— 1 (l) . ki+ky
=my > Z Ay 1)k ny—ky (€1%)

i=1 k=0 ky— ki

r ny ny—l1
2 =1\ @ ki+h
D3I (kl)( )<> i

i=1k1=0 ko=

=11 Pn 1,1, (X) + 12Dy np—1(X).

This completes the proof. ]

Theorem 3 Let {py, n,(X)}2y be a generalized polynomial sets and {py, n,(x)} satisfies

DPnynn (X +y) = Z Z Z ( )( )pnl—kl,nz—kz(x)(éiy)kl+k2,

i=1 k1=0ky=0

forny >0, ny > 0. Then {py, ., (x)},2 is a sequence of generalized Appell polynomial sets.

Proof Let
ny np
PN =33 ( () -t
i=1k;=0kr=
Therefore,
o ”1 n2
S Y b+
n1=0n,=0 -2
r o0 o0 ni nyp ny ny
ni nyp 't
=303 XD 30 I i () IASEREIEIEL .
i=1 n1=0n2=0 | kj=0kr—0 \'1/ \'2 1:n2:
r 0o 00 00 00 tn1+k1tn2+k2
= Z Z Z Z Pny, "2(x)(€’y)kl+k2k 1k 'n2 PRk
i=1 n1=0 n2=0 k1 =0 kp=0 e
- ti“’gz ki +k f{q’gz
1+k2
2 2 pant 11 3 St
i=1 | n1=0n,=0 =0kr=
This gives
-
D Ailt, ) exp((x + )€t + 1))
i=1
This completes the proof. ]
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