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Abstract
Let q = pα for a prime p ≥ 3 and a positive integer α, let Z

∗
q be a reduced residue system modulo q, k be an

integer with k | φ(q). The purpose of this paper is to give an asymptotic property for Nk(n, q), the number of
representations of any element n ∈ Z

∗
q as sum of a primitive root and a k-th residue in Z

∗
q . In addition, we consider

the square mean value of the error term of N2(n, p) in this short note.

Keywords Primitive root · k-th residue · Finite ring · Asymptotic formula

1 Introduction

Let q = pα for a prime p ≥ 3 and a positive integer α. We know that there are φ(φ(q)) primitive roots in Z
∗
q ,

where Z
∗
q is the reduced residue system modulo q and φ(q) is the Euler function.

Let g be a primitive root modulo p. Andrew Odlyzko conjectured that one can take N to be as small as p1/2+ε ,
then every element a ∈ Z

∗
p has at least one representation of the form

a ≡ gx − gy (mod p), 1 ≤ x, y ≤ N .

Rudnick and Zaharescu [10] proved that one can take cp
3
4 ln p for some c > 0 by using standard methods of

characters sums. On this basis, Garaev, Cilleruelo and other scholars also gave some results (for details see [1, 4,
5, 10]).

Denote by Fq the finite field of order q, Golomb [6] conjectured that there exists a constant q0 ≥ 0 such that
every nonzero element ε ∈ Fq has at least one representation of the form ε = α + β for all q ≥ q0, where
α, β ∈ Fq are primitive roots (generators).

In 1991, Cohen and Mullen [2] established a generalization of Golomb’s conjectures by proving the existence
of q0 > 0 such that, whenever q > q0, there exist two primitive roots α, β ∈ Fq with ε = γα + δβ for arbitrary
nonzero elements γ, δ, ε ∈ Fq . For more general, Cohen and Zhang [3] investigated the problem: For given
divisors k, l of q − 1, whether there exists a pair of primitive roots α, β ∈ Fq such that

ε = γαk + δβl .
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Denote by Nk,l(q, ε, γ, δ) the number of solutions of this equation and they obtained the following asymptotic
formula

Nk,l(q, ε, γ, δ) = σ 2(q − 1)

{
q − 1 + θklW

(
q − 1

k

)
W

(
q − 1

l

)√
q

}
,

where σ(m) = φ(m)
m , |θ | ≤ 1 and W (m) = 2ω(m), ω(m) denotes the number of distinct prime factors of m.

On the other hand, Zhang [12] studied that for each element a ∈ Fq whether there exists a pair of primitive
roots g1, g2 ∈ Fq such that

a2 = g1g2,

and obtained that every square element of Fq can be represented as a product of two primitive elements:

Proposition 1 i) For any quadratic residue a in the finite field Fp, there exist two primitive roots g1, g2 ∈ Fp

such that

a = g1g2;
ii) For any quadratic non-residue a in the finite field Fp, there exist three primitive roots g1, g2, g3 ∈ Fp such that

a = g1g2g3.

These properties interpret the relationship between quadratic residues and primitive roots in Fp.
In this paper, we consider the representation of elements of Z

∗
q as sum (or other form) of some special elements

in Z
∗
q . And we give the following specific problem. For each element n ∈ Z

∗
q , whether there exists a primitive root

g and a k-th residue s in Z
∗
q such that

n = g + s. (1)

Let Nk(n, p) denote the number of solutions of (1), we have the following results

Theorem 1 Let p be a prime ≥ 3, let q = pα for a positive integer α and k|φ(q) for a positive integer k. Then for
any element n ∈ Z

∗
q , there holds

Nk(n, q) = φ(φ(q))φ(q)

kq
+ ξ

φ(φ(q))

φ(q)
2ω(φ(q))qp− 1

2 ,

where |ξ | ≤ 1.

This theorem tell us a fact in Z
∗
q : if q satisfies φ(φ(q))φ(q)

kq >
φ(φ(q))

φ(q)
2ω(φ(q))qp− 1

2 , then any element in Z
∗
q can

be represented as sum of a primitive root and a k-th residue, and the number of representations is:

φ(φ(q))φ(q)

kq
+ ξ

φ(φ(q))

φ(q)
2ω(φ(q))qp− 1

2 .

Taking k = 2, we have the following result for quadratic residues:

Corollary 1 Let q = pα for a prime p ≥ 3 and a positive integer α. For an arbitrary element n ∈ Z
∗
q , we have

N2(n, q) = φ(φ(q))φ(q)

2q
+ ξ

φ(φ(q))

φ(q)
2ω(φ(q))qp− 1

2 .
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At this point, note that

ω(n) ≤ c
ln n

ln ln n
,

where c = 1.38402..., then we have
2ω(n) ≤ 2c ln n

ln ln n < n
c ln 2
ln ln n .

It is obvious that if ee ≤ m ≤ n then
m

c ln 2
ln ln m ≤ n

c ln 2
ln ln n .

According to φ2(q)
q > 2q1+ c ln 2

ln ln q p− 1
2 , it follows that q > ee2α+e. Thus, if q > ee2α+e then there exists a primitive

root g and a k-th residue s such that n = g + s in Z
∗
q for any element n ∈ Z

∗
q . In addition, we can calculate the

existence of g and s one by one for q < ee2α+e by using computer.
If q = p is prime, then we have ee2+e < 2.46 × 104. We calculate this one by one for all odd primes

p < 2.46 × 104 by using computer and obtain that arbitrary nonzero elements of Fp can be represented as sum

of a primitive root and a quadratic residue in Fp for all odd primes except 3,7. If q = p2, then ee4+e > 5 × 1024.
It is difficult to calculate this for all odd primes p < 5 × 1024.

Similarly, we can know that whether arbitrary elements of Z
∗
q are represented as the sum of a primitive root and

a k-th residue in Z
∗
q for all q = pα and a given k|φ(q).

Combining Proposition 2, we also have

Corollary 2 Let p be an odd prime except 3,7. For any nonzero element ε ∈ Fp, there exist three primitive roots
g1, g2, g3 ∈ Fp such that

ε = g1 + g2g3.

Corollary 3 Let p be a prime > 7. For any nonzero element ε ∈ Fp, there exist four primitive roots g1, g2, g3, g4 ∈
Fp such that

ε = g1 + g2g3g4.

Let Ek(n, q) = Nk(n, q) − φ(φ(q))φ(q)
kq , we have

Theorem 2 Let p be a prime ≥ 3. Then we have

p∑
n=1

E2
2(n, p) = φ(p − 1)

4
(p − φ(p − 1)) + λ22ω(p−1) p

3
2 ,

where |λ| ≤ 1.

Remark The result of theorem 2 shows that the order of error term be close to the best in Theorem 1.

2 Proof of the theorems

To prove theorems, we need the following lemmas.

Lemma 1 Let p be an odd prime and let α be a positive integer, n be an integer with (n, p) = 1. Then

∑
d|φ(pα)

μ(d)

φ(d)

d∑
h=1

(h,d)=1

e

(
h ind n

d

)
=
{

φ(pα)
φ(φ(pα))

, if n is a primitive root modulo pα;
0, otherwise,

where ind n satisfies n ≡ gind n (mod p) for a fixed primitive root g modulo pα , μ(n) is the Möbius function.
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Proof It is easy to show that
d∑

h=1
(h,d)=1

e

(
h ind n

d

)

is a multiplicative function of d, μ(d) and φ(d) are also multiplicative. Via properties of multiplicative function,
we have

∑
d|φ(pα)

μ(d)

φ(d)

d∑
h=1

(h,d)=1

e

(
h ind n

d

)
=

∏
p1|φ(pα)

⎛
⎜⎜⎝1 + μ(p1)

φ(p1)

p1∑
h=1

(h,p1)=1

e

(
h ind n

p1

)⎞⎟⎟⎠ ,

where
∏

p1|φ(pα) denotes the product of all different prime factors of φ(pα).
If n is not a primitive root modulo pα , (ind n, φ(pα)) > 1. Then, there has a prime factor p1 of φ(pα) such

that p1|ind n, we have

1 + μ(p1)

φ(p1)

p1∑
h=1

(h,p1)=1

e

(
h ind n

p1

)
= 1 + μ(p1)

φ(p1)
φ(p1) = 0.

If n is a primitive root modulo pα , then (ind n, φ(pα)) = 1. Thus,

∏
p1|φ(pα)

⎛
⎜⎜⎝1 + μ(p1)

φ(p1)

p1∑
h=1

(h,p1)=1

e

(
h ind n

p1

)⎞⎟⎟⎠

=
∏

p1|φ(pα)

(
1 + μ(p1)

φ(p1)
μ(p1)

)
= φ(pα)

φ(φ(pα))
.

This proves Lemma 1. �	
Lemma 2 Let p be an odd prime, α be a positive integer and let χ1, χ2 be any Dirichlet characters modulo pα

with not all principal. Define Jacobi sums by

J (λ, χ1, χ2, pα) =
pα∑

x=1

χ1(x)χ2(λ − x).

Then for any λ ∈ Z
∗
pα , we have

|J (λ, χ1, χ2, pα)| ≤ pα− 1
2 .

Proof For any Dirichlet characters χ1, χ2 modulo pα such that at least one of them is primitive, according to
results in [7, 9, 11], we have

|J (λ, χ1, χ2, pα)| ≤ p
α
2 .

If χ1, χ2 both are not primitive, we know that if χ is not a primitive modulo pα then χ is a Dirichlet character
modulo pα−1, we can reduce to a lower modulus

J (λ, χ1, χ2, pα) = pJ (ξ, χ1, χ2, pα−1),
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where ξ ≡ λ (mod pα−1). From the properties of Dirichlet characters modulo pα , let χ1, χ2 be the nonprimitive
Dirichlet characters modulo pβ , 2 ≤ β ≤ α, then we have

|J (λ, χ1, χ2, pα)| = pα−1|J (η, χ1, χ2, p)| = pα− 1
2 , (2)

where η ≡ λ (mod p). This proves Lemma 2. �	
Now we use the lemmas to prove theorems.

Proof of Theorem 1 Let q = pα . Denote by G the set of primitive roots in Z
∗
q and let Rk be the set of k-th residues

in Z
∗
q , we know that k|φ(q). Note that the trigonometric identity

m∑
a=1

e
(au

m

)
=
{

m ifm|u;
0, ifm � u,

(3)

and

|G| = φ(φ(q)), |Rk | = φ(q)

k
.

From the definition of Nk(n, q), we have

Nk(n, q) =
q−1∑
a=1
a∈G

q−1∑
b=1

b∈Rk
a+b≡n( mod q)

1

=1

q

q∑
c=1

e

(−cn

q

) q−1∑
a=1
a∈G

e

(
ac

q

) q−1∑
b=1

b∈Rk

e

(
bc

q

)

=φ(φ(q))φ(q)

kq
+ 1

q

q−1∑
c=1

e

(−cn

q

) q−1∑
a=1
a∈G

e

(
ac

q

) q−1∑
b=1

b∈Rk

e

(
bc

q

)

=φ(φ(q))φ(q)

kq
+ Ek(n, q). (4)

According to Lemma 1, it follows that

Ek(n, q) =1

q

q−1∑
c=1

e

(−cn

q

) q−1∑
a=1
a∈G

e

(
ac

q

) q−1∑
b=1

b∈Rk

e

(
bc

q

)

= 1

kq

q−1∑
c=1

e

(−cn

q

) q−1∑
a=1
a∈G

e

(
ac

q

) q−1∑
b=1

(
1 + χk(b) + χ2

k (b) + · · · + χk−1
k (b)

)

× e

(
bc

q

)
(5)

= − φ(φ(q))

kqφ(q)

q−1∑
c=1

e

(−cn

q

) q−1∑
a=1

∑
d|φ(q)

μ(d)

φ(d)

d∑
h=1

(h,d)=1

e

(
h ind a

d

)
e

(
ac

q

)
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+ φ(φ(q))

kqφ(q)

q−1∑
c=1

e

(−cn

q

) q−1∑
a=1

∑
d|φ(q)

μ(d)

φ(d)

d∑
h=1

(h,d)=1

e

(
h ind a

d

)
e

(
ac

q

)

×
q−1∑
b=1

k−1∑
i=1

χ i
k(b)e

(
bc

q

)

≡M1 + M2, (6)

where χk denotes the k-th order Dirichlet character modulo q. In fact, the map which takes a with (a, q) = 1
to e

(h ind a
d

)
is a Dirichlet character modulo q with order d. We shall denote this by χh,d(a). Thus, from (6) we

have

|M1| =

∣∣∣∣∣∣∣∣
− 1

kq

q−1∑
c=1

e

(−cn

q

) ∑
d|φ(q)

μ(d)

φ(d)

d∑
h=1

(h,d)=1

q−1∑
a=1

χh,d(a)e

(
ac

q

)
∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣
φ(φ(q))

kqφ(q)

( q∑
c=1

e

(
c(a − n)

q

)
− 1

) ∑
d|φ(q)

μ(d)

φ(d)

d∑
h=1

(h,d)=1

q−1∑
a=1

χh,d(a)

∣∣∣∣∣∣∣∣

=φ(φ(q))

kφ(q)

∣∣∣∣∣∣∣∣
∑

d|φ(q)

μ(d)

φ(d)

d∑
h=1

(h,d)=1

χh,d(n)

∣∣∣∣∣∣∣∣
≤φ(φ(q))

kφ(q)

∑
d|φ(q)

|μ(d)|
φ(d)

d∑
h=1

(h,d)=1

1

≤φ(φ(q))

kφ(q)
2ω(φ(q)), (7)

and

M2 =φ(φ(q))

kqφ(q)

q−1∑
c=1

e

(−cn

q

) ∑
d|φ(q)

μ(d)

φ(d)

d∑
h=1

(h,d)=1

χh,d(a)e

(
ac

q

)

×
q−1∑
b=1

k−1∑
i=1

χ i
k(b)e

(
bc

q

)

=φ(φ(q))

kqφ(q)

∑
d|φ(q)

μ(d)

φ(d)

d∑
h=1

(h,d)=1

q−1∑
a=1

χh,d(a)

k−1∑
i=1

q−1∑
b=1

χ i
k(b)

×
( q∑

c=1

e

(
c(a + b − n)

q

)
− 1

)
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=φ(φ(q))

kφ(q)

∑
d|φ(q)

μ(d)

φ(d)

d∑
h=1

(h,d)=1

k−1∑
i=1

q−1∑
b=1

χh,d(n − b)χ i
k(b)

=φ(φ(q))

kφ(q)

∑
d|φ(q)

μ(d)

φ(d)

d∑
h=1

(h,d)=1

k−1∑
i=1

J (n, χh,d , χ i
k, q). (8)

The Jacobi sums J (n, χh,d , χ i
k, q) satisfies Lemma 2 for some h, d, i, k. Thus,

|M2| ≤ φ(φ(q))

kφ(q)

∑
d|φ(q)

|μ(d)|
φ(d)

d∑
h=1

(h,d)=1

k−1∑
i=1

|J (n, χh,d , χ i
k, q)|

≤ (k − 1)φ(φ(q))

kφ(q)
2ω(φ(q))qp− 1

2 . (9)

Combining (4), (6), (7) and (9) we obtain

Nk(n, q) = φ(φ(q))φ(q)

kq
+ ξ

φ(φ(q))

φ(q)
2ω(φ(q))qp− 1

2 ,

where |ξ | ≤ 1.
This completes the proof of Theorem 1. �	

Proof of Theorem 2 From (5) and (3), we have

p∑
n=1

E2
2(n, p) = 1

p2

p−1∑
c1=1

p−1∑
c2=1

⎛
⎜⎜⎜⎝

p−1∑
a1=1
a1∈G

e

(
a1c1

p

)
⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

p−1∑
a2=1
a2∈G

e

(
a2c2

p

)
⎞
⎟⎟⎟⎠

×

⎛
⎜⎜⎜⎝

p−1∑
b1=1

b1∈R2

e

(
b1c1

p

)
⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

p−1∑
b2=1

b2∈R2

e

(
b2c2

p

)
⎞
⎟⎟⎟⎠

p∑
n=1

e

(
n(−c1 − c2)

p

)

= 1

p

p−1∑
c=1

∣∣∣∣∣∣∣∣
p−1∑
a=1
a∈G

e

(
ac

p

)
∣∣∣∣∣∣∣∣

2

·

∣∣∣∣∣∣∣∣
p−1∑
b=1

b∈R2

e

(
bc

p

)
∣∣∣∣∣∣∣∣

2

= 1

4p

p−1∑
c=1

∣∣∣∣∣∣∣∣
p−1∑
a=1
a∈G

e

(
ac

p

)
∣∣∣∣∣∣∣∣

2

·
∣∣∣∣∣∣

p−1∑
b=1

(
1 +

(
b

p

))
e

(
bc

p

)∣∣∣∣∣∣
2

= 1

4p

p−1∑
c=1

∣∣∣∣∣∣∣∣
p−1∑
a=1
a∈G

e

(
ac

p

)
∣∣∣∣∣∣∣∣

2

·
∣∣∣∣
(

c

p

)
τ(χ2) − 1

∣∣∣∣
2
,

where τ(χ2) =
p∑

b=1

(
b

p

)
e

(
b

p

)
is the Gauss sum related to the Legendre symbol χ2 =

( ·
p

)
.
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Noting that |τ(χ2)|2 = p, then

p∑
n=1

E2(n, p) = 1

4p

p−1∑
c=1

∣∣∣∣∣∣∣∣
p−1∑
a=1
a∈G

e

(
ac

p

)
∣∣∣∣∣∣∣∣

2

·
(

p + 1 − 2

(
c

p

)
τ(χ2)

)

= p + 1

4p

p−1∑
c=1

∣∣∣∣∣∣∣∣
p−1∑
a=1
a∈G

e

(
ac

p

)
∣∣∣∣∣∣∣∣

2

− τ(χ2)

2p

p−1∑
c=1

(
c

p

)
∣∣∣∣∣∣∣∣

p−1∑
a=1
a∈G

e

(
ac

p

)
∣∣∣∣∣∣∣∣

2

= p + 1

4p
(pφ(p − 1) − φ2(p − 1)) − τ(χ2)

2p

p−1∑
c=1

(
c

p

)
∣∣∣∣∣∣∣∣

p−1∑
a=1
a∈G

e

(
ac

p

)
∣∣∣∣∣∣∣∣

2

. (10)

Now we estimate the second term in (10). Due to Lemma 1, we have

τ(χ2)

2p

p−1∑
c=1

(
c

p

)
∣∣∣∣∣∣∣∣

p−1∑
a=1
a∈G

e

(
ac

p

)
∣∣∣∣∣∣∣∣

2

= τ(χ2)

2p

p−1∑
c=1

(
c

p

)
∣∣∣∣∣∣∣∣

p−1∑
a=1

∑
d|p−1

μ(d)

φ(d)

d∑
h=1

(h,d)=1

e

(
h ind a

d

)
e

(
ac

p

)
∣∣∣∣∣∣∣∣

2

= τ(χ2)

2p

p−1∑
c=1

(
c

p

)
∣∣∣∣∣∣∣∣
∑

d|p−1

μ(d)

φ(d)

d∑
h=1

(h,d)=1

p−1∑
a=1

χh,d(a)e

(
ac

p

)
∣∣∣∣∣∣∣∣

2

= τ(χ2)

2p

p−1∑
c=1

(
c

p

)
∣∣∣∣∣∣∣∣
∑

d|p−1

μ(d)

φ(d)

d∑
h=1

(h,d)=1

χh,d(c)τ (χh,d)

∣∣∣∣∣∣∣∣

2

= τ(χ2)

2p

∑
d1|p−1

∑
d2|p−1

μ(d1)μ(d2)

φ(d1)φ(d2)

d1∑
h1=1

(h1,d1)=1

d2∑
h2=1

(h2,d2)=1

τ(χh1,d1
)τ (χh2,d2)

×
p−1∑
c=1

(
c

p

)
χh1,d1

(c)χh2,d2(c). (11)

Let χ ′
h1,h2,d1,d2

(c) =
(

c
p

)
χh1,d1

(c)χh2,d2(c). It is clear that χ ′
h1,h2,d1,d2

is a Dirichlet character modulo p. If

χ ′
h1,h2,d1,d2

is principal, then we have

p−1∑
c=1

χ ′
h1,h2,d1,d2

(c) = p − 1.
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Thus, we have the following estimate

∣∣∣∣∣∣∣∣
τ(χ2)

2p

p−1∑
c=1

(
c

p

)
∣∣∣∣∣∣∣∣

p−1∑
a=1
a∈G

e

(
ac

p

)
∣∣∣∣∣∣∣∣

2∣∣∣∣∣∣∣∣
≤ 22ω(p−1) p

3
2 , (12)

where we used the fact |τ(χ)| = √
p if χ is a non-principal character modulo p. Then, combining (10) and (12),

we have Theorem 2. �	
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