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Abstract

Let K = Q(+/d) a quadratic field and O its ring of integers. We study the solvability of the Diophantine equation
r—+s+t=rst =2in Og. We prove that except ford = —7, —1, 17, and 101 this system is not solvable in the
ring of integers of other quadratic fields.
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1 Introduction

In 1960, Cassels [4] proved that the system of equations
r+s4+t=rst=1, (1.1)

is not solvable in rationals r, s and 7. Later in 1982, Small [3] studied the solutions of (1.1) in the rings Z/mZ and
in the finite fields F;, where ¢ = p" with p a prime and n > 1. Further, in 1987, Mollin et al. [8] considered (1.1)
in the ring of integers of K = Q(\/c_i ) and proved that solutions exist if and only if d = —1, 2 or 5, where r, s and
t are units in Og. Bremner [1, 2] in a series of two papers determined all cubic and quartic fields whose ring of
integers contain a solution to (1.1). Later in 1999, Chakraborty et al. [6] also studied (1.1) in the ring of integers
of quadratic fields reproducing the findings of Mollin et al. [8] for the original system by adopting a different
technique.
Extending the study further, we consider the equation

r+s+1t=rst =2. (1.2)

The sum and product of numbers equal 1 has natural interest whereas sum and product equal other naturals is
a curious question. The method adopted here may not be suitable to consider a general n instead of 2 as for
each particular n the system give rise to a particular elliptic curve which may have different ‘torsion’ and ‘rank’
respectively. The next case, i.e. when the sum and product equals to 3 is discussed in the last section.
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To begin with we perform suitable change of variables and transform (1.2) to an elliptic curve with the Weierstrass
form

Exg7: Y2 = X3 4+ 135X 4297 (1.3)

and then study E»g97 in the ring of integers of K = Q(\/E).

Remark 1 We transform (1.2) into an elliptic curve (1.3) to show that one of the (r, s, 7) has to belong to Q (shown
in §3).

System (1.2) gives rise to the quadratic equation
2 2
x—Q2—-r)x+-=0,r#0,
r

with discriminant

r(r3 —4r? 4 4r — 8)
r .

A= (1.4)

In hindsight there are infinitely many choices for the quadratic fields contributed by each r of the above form
where the system could have solutions. The main result of this article is that the only possibilities are r = 1,2
and —8. Thus (1.2) is solvable only in K = Q(+/d) withd = —7, —1, 17 and 101. Also the solutions are explicitly
given. Throughout this article we denote ‘the point at infinity’ of an elliptic curve by O. Now we state the

main result of the paper.

Theorem 1.1 Let K = Q(+/d) be a quadratic field and Ok denote its ring of integers. Then the system
r4+s+t=rst=2

has no solution in Ok except ford = —7, —1, 17 and 101.

In §4 we discuss the rank of E97 in Q and in quadratic fields of our interest.

2 Preliminaries

In this section we mention some results which are needed for the proof of the Theorem 1.1. First we state a basic
result from algebraic number theory.

Theorem 2.1 Let K = Q(+/d) with d a square-free integer, then

|z ipa=1 (mod 4),
KT \zivdl ifd=2,3 (mod 4).

Now we recall the technique used by Laska in [7] to study the solutions of a family of elliptic curves defined over
@Q in the ring of S-integers of a quadratic field. We closely follow this technique to prove Theorem 1.1.

Let K = Q(v/d) and s’ be the conjugate of an element s € K over Q. Further R = Ox[S™'], where S is some
finite set of primes in Ok . Thus O C O[S~ c K.
Laska [7] considered the equation (for r € Z and r # 0)

| y2=x3—r,
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which defines the Weierstrass form of an elliptic curve (call it E,) over Q. For an elliptic curve E over QQ the “trace

map"
o:E(K)— EWQ)
is given by
oc(P)=PaP.
Here P’ is the conjugate of the element P € E(K) arising from the conjugation in K and & is the usual elliptic
curve addition. Laska considered the “trace map” for I', and calls it

or.r : Tr(R) = T (Q) U{O}.

If r, R are fixed we simply write o instead of o, g. The aim was to study o~ 1(P) for a given P € I',(Q) U {O}.
He divided this inverse-image set into two parts and called them ‘exceptional’ and ‘non-exceptional’ respectively.
These two sets consist of:

e anelement P = (s,t) € I',(R) with s # s’ is called an exceptional solution of I, in R, where (s’, t’) is the
conjugate of P = (s, 1).
e non-exceptional solutions of I', in R are contained in o~ 1(P) fora given P € I, (Q) U {O}.
If P = (s,1) € T',(R) is a non-exceptional solution then s = s’ and from the Weierstrass equation that implies

t = +¢'. Thus if P = O, then all candidates in o ~!(P) are non-exceptional. More precisely, one can show [7]
that,

o NO0) ={(z""p,z27%q0) : (p,q) € T3, (RNQ),
pez(RNQ), q € Z2(RNQ)} (2.1)

where for simplicity it is assumed that #~! € R.
If P # O, then the non-exceptional solutions P contained in o ~! (P) are exactly given by the conditions

Pel's(RNQ),P®P =P.
Thus the non-exceptional solutions of I, in R which are contained in o~ 1(P) are obtained by solving the equation
I3, respectively I'; in R N Q. Hence either P € I',(Q) or P& P = O.

Here we substitute I',- by E297 and R by Ok to study the solutions of (1.2) in Ok by pulling back the elements
of E297(Q) using the above mentioned technique of Laska [7].

3 Proof of Theorem 1.1

Proof Let us first transform the system (1.2) to the desired Weierstrass form Ey97. The system is
r+s+t=rst=2.

Putting the value of ¢, upon simplification, it becomes

2
s+r+—=2.
rs
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Now substituting » = —2/x and s = —y/x in the last equation gives
2 _ .3
Vo4+2y +2xy =x". (3.1)

Puttingx = x1-1/2and y = y2—1 — X1 — % in (3.1) rids it from the xy term
1
¥ = 4a] = 2xf + T+ 5. 3.2)

Further substituting x; = x + % and y; = y; rids (3.2) the x% term

20 44
2 3
=4 — —. 3.3
Now again putting y, = Y1/27 and xo = X1/9 give
Y =4X3 4 540X, + 1188. (3.4)

Finally substituting Y1 = 2Y and X| = X get us the required Weierstrass form

Ey7: Y? = X7 4 135X +297. (3.5)
Here with the help of SAGE [9] we can conclude that

E297(Q)sors = Z3 = {0, (3, £27)}

and the Q-rank of E,97 is zero (we give a mathematical proof of this fact in §4).
Thus O and (3, £27) are the only Q rational points of (3.5). It is not difficult to see that the inverse transformation

r=18/3—X) and s = (¥ —3X —18)/(33 — X))

allows us to pass from (3.5) to (1.2). Before proceeding to final leg of the proof of Theorem 1.1, we make a couple
of claims and give their proofs.

Claim 1: One of the (r, s, 1) satisfying (1.2) must belong to Q.

Proof of claim 1 Two cases need to be considered. )
Case I: P is non-exceptional. In this case either P € E297(Q) or P D P = O.If P € E»97(Q) then this implies
reQ.
LetP@®P = Oand P = (a +bvd, k+1+/d). As P is non-exceptional, b = 0 and k = 0. Thus P = (a, [/d)
and in this case too
r=18/3—a) € Q.

Case II: Now if P is exceptional then P + P = (3, +27). The curve (3.5) has exactly three elements over QQ
and the non-trivial elements are of order 3. Let’s call them O, € and 2. If P + P = Q, then clearly P + Q is
non-exceptional, since

P+Q+P+Q=P+P+22=32=0.

Now if P 4+ P = 2%, as before we can show that P 4 2 is also non-exceptional. As the claim is valid for
non-exceptional elements, it is true for P + €2 and P 4 2<2. Hence it is true for P itself. m|

) Springer Indian J Pure Appl Math (2026) 57:707-713
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Hence without loss of generality we assume that r € Q.
Claim 2 The only possibilities for r satisfying the system

r+s+t=rst=2

in Ok are &1, 2 and —8.

Proof of claim2 Asr € QQ and we are looking for solutions in O, this would imply that » € Z. Three possibilities
need to be considered:

e If r = £1. In this case solutions exist.

e If r is odd. In this case the denominator of (1.4) will be multiple of an odd number but in Ok denominator is
only 2 or 1 by Theorem 2.1. So in this case there do not exist any solution in O

e If r is even. In this case save for r = 2 and —8, the denominator of (1.4) will be multiple of 2 and in some
other cases denominator is 1 butd = 1 mod 4. Thus again by Theorem 2.1, in this case too we don’t (except
for r = 2, —8) get any solution in Ok

Thus except these values of r = £1, 2 and —8, this system of equations is not solvable in the ring of integers of
other quadratic fields.

O

We are now in a position to complete the proof of Theorem 1.1. We deal with all the four possibilities of r
separately.
When r = 1, from (3) we have s + ¢ = 1 and st = 2. Thus we get

1—/=7 14++/-7 14+/=7 1—-+/-7
(s,1) = ( , ) and ( , ).
2 2 2 2
When r = —1, we have s + ¢ = 3 and st = —2. In this case
3-V17 3+V17 3+/17 3—-17
(s,1) = ( ) ) and ( ) )

Similarly when r = 2 and —8, we get

10 + /101 10—\/101)
2 ' 2

10 — 4/101 10—|—«/101)
2 ’ 2 '

(S, t) = (l’ _l)(_l9 l)5 (

and (

To conclude

1—/=7 1+J—_7) a 1+/-7 1=-4/-7

1 )
( 2 2 2 2 )
(1 3—J17 3—|—\/17)( 1 34+ 4/17 3—«/17)
’ 2 7 2 ’ ’ 2 2

10+ 4101 10 — /101 10 — /101 10+ +/101

(_8v ) )(_89 5 )
2 2 2 2

(2,i,—i)and (2, —i,1).
are the only solutions of (3) in Ok. O
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4 Rank of Exg7

In this section we discuss the rank of E»97 over QQ and over Q(\/E) ford = —7,—1, 17 and 101.

Lemma 4.1 The rank of E297(Q) is zero.

Proof 1f possible let rank E297(Q) # 0. This would imply that (3.5) have rational solutions. Let (X, Y) = ()’E—;, i—;)
with (x1, x2) = (y1, y2) = 1, be one such solution. Now putting the values of X and Y in (3.5), we obtain

vix3 = x3y? + 135x1y3x3 +297y3x3. (4.1)

Let p be a prime such that y, = p*yy, where @ € Z,« > 1 and (p, y»2) = 1. Putting the value of y in (4.1),
gives that right hand side of (4.1) is divisible by p. Therefore p | y;x;. Which implies either p | y; or p | x3.
Suppose p | y; then since y» = p®y2», we get a contradiction to the fact that (y;, y2) = 1. Thus p | x, and we
write xp = pﬁng where 8 € Z, B > 1 and (p, x22) = 1. Now putting this y; and x; in (4.1), gives

PPyt = P2y + 13551 p* P yag, +297p* F yh s, 4.2)

Three cases can occur.
Case 1. Suppose 38 > 2«. In this case,

pP203 57 = 323+ 135k p2yd,xd + 297 p¥ 3,5, “.3)

Further from (4.3)
Pl ynx

and forces p | x1 as (p, y22) = 1, which is a contradiction to the fact that (x, xp) = 1.
Case II. Suppose 38 > 2«. In that case p | y1, which is also contradiction to the fact that (y;, y2) = 1.
Case III. This case is analogous to Case 1.
Hence (4.3) has no solution in Z and that in turn implies (3.5) has no solution in Q. Thus the rank of E297(Q)
defined by the equation (3.5) is zero. O

Lemma 4.2 The rank 0fE297(Q(«/3))f0rd = —7,17is 1 and for d = 101 it is 2.

Proof Let E/K be an elliptic curve and d € K* be such that L = K (v/d) is a quadratic extension. Let E;/K be
the twist of E/K, then by [5],

rank E(L) = rank E(K) + rank E;(K). 4.4)

We conclude using SAGE [9] that (already we have noted that rank E»97(Q) = 0) rank E_7.297(Q) = 1, rank

E_1297(Q) = 1, rank E17.297(Q) = 1 and rank E}01.297(Q) = 2.
Now using (4.4) we have,

rank (E(Q(v/=7)) = rank (E(Q(v/=1)) = rank (E(Q(/17)) = 1.

and rank (E(Q(~/101)) =2

) Springer Indian J Pure Appl Math (2026) 57:707-713
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5 Concluding remarks

We showed that the system
r+s+t=rst=2

has no solution in Ok except for d = —7, —1, 17 and 101 and the solutions are explicitly given.
It would be of interest to consider the next case, i.e,

r+s4+t=rst =3. 5.1
Suitable change of variables transform (5.1) to an elliptic curve with Weierstrass form
E3i2 @ y2 = x° + 3645x — 13122.

Torsion of E13122 over Q is isomorphic to Z3 and its rank is zero (using SAGE [9]).

We can conclude that except for d = —2, —1,7, 10 and 13, the system (5.1) has no solutions in the ring
of integers of K and the solutions can be explicitly given (following analogous argument). Analogously other
individual cases can be treated.

Acknowledgements A part of this manuscript was completed while the author was visiting Prof. Sanoli Gun at the Institute of
Mathematical Sciences (IMSc), Chennai. She is sincerely grateful to Prof. Sanoli for her generous support and encouragement.
It is also a pleasure to thank Prof. Michel Waldschmidt for his valuable comments and suggestions during her visit to IMSc.
The author further wishes to express her gratitude to Arkabrata Ghosh for the fruitful discussions related to this work.

References

1. A. Bremner, The equation xyz = x 4+ y + z = 1 in integers of a cubic field. Manuscripta Math., 65(4) (1989), 479-487.
2. A. Bremner, The equation xyz = x + y + z = 1 in integers of a quartic field. Acta Arith., 57(4) (1991), 375-385.

3. C. Small, On the equation xyz = x + y + z = 1, Amer. Math. Monthly, 89 (1982), 736—749.

4. J. W. S. Cassels, On a diophantine equation, Acta Arith., 6 (1960), 47-52.

5. J. H. Silverman, The Arithmetic of Elliptic Curves, Grad. Texts in Math., 106, Springer, 1986.

6. K. Chakraborty, M Kulkarni, Solutions of cubic equations in quardratic fields, Acta Arithmetica, 1999. https://doi.org/10.

4064/AA-89-1-37-43 Corpus ID: 59378550.

. M. Laska, Solving the equation x3 - y2 = r in number fields, J. Reine Angew. Math., 333 (1981), 73-85.

. R. A. Mollin, C. Small, K. Varadarajan and P. G. Walsh, On unit solutions of the equation xyz = x + y + z in the ring of
integers of a quadratic field, Acta Arith., 48 (1987), 341-345.

9. SAGE software, version 4.5.3, http://www.sagemath.org.

o0

Publisher’'s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional
affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under a publishing agreement
with the author(s) or other rightsholder(s); author self-archiving of the accepted manuscript version of this article is solely
governed by the terms of such publishing agreement and applicable law.

Authors and Affiliations

Richa Sharma'

B Richa Sharma
richasharma582 @ gmail.com

1 Department of Mathematics, Jamia Millia Islamia, 110025 New Delhi, India

Indian J Pure Appl Math (2026) 57:707-713 9\ Springer




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2026-06-15T13:21:31+0530
	Preflight Ticket Signature




