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1 Introduction

Convexifactors were introduced by Demyanov [3] in 1994. They can be regarded as generalized subdifferentials
for scalar valued functions. Unlike well known subdifferentials such as Clarke subdifferential and Michel-Penot
which are always convex and compact, convexifactors though always closed sets but are not necessarily convex or
compact. These relaxations allow their application to a large class of nonsmooth problems. Clarke subdifferential,
Michel-Penot and other well known subdifferentials for locally Lipschitz functions are convexifactors and they
often contain convex hull of a convexifactor [4, 8]. Using convexifactors, we obtain sharp optimality conditions
and duality results as in the form of a convexifactor we get a smaller set. Because of these, they are explored by
many researchers. Jeyakumar and Luc [8] studied relationships of convexifactors with subdifferentials, devel-
oped various calculus rules including mean value theorem and conditions of minimality of convexifactors. They
used quasimonotonicity of convexifactors to characterize quasiconvexity of a continuous function. Motivated
by them, Dutta and Chandra [4], gave characterization of quasiconvex and pseudoconvex functions in terms of
convexifactors. They deduced Karush-Kuhn-Tucker (KKT) type necessary optimality condition for an inequal-
ity constrained optimization problem and an optimality condition for a minimization problem involving a set
inclusion constraint. Convexifactors were further studied by Dutta and Chandra [5], Li and Zhang [14], Suneja
and Kohli [21–23], Kohli [10, 11], Jayswal et al. [7], Luu [15], Ardali et al. [2], Kabgani and Soleimani-damaneh
[9]. Kohli [12] established KKT type necessary strong stationarity condition under Guignard CQ (GCQ) and
also obtained sufficient optimality conditions using generalized asymptotic convexity in terms of convexifactors
for mathematical programs with equilibrium constraints. Recently, convexifactors have been explored by Khare
and Nath [13] and Rimpi and Lalitha [16].

Fractional programming problems, where the objective function is the ratio of functions are of great impor-
tance in the areas of engineering, economics, modelling, information theory and numerical analysis etc. For
study of fractional programming problems one can see [6, 17–20, 23, 24].
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In this paper, our aim is to compute convexifactors of product and quotient of functions. Generalized convexity
of these functions has also been investigated. Results obtained thus are then applied to develop optimality
conditions for fractional programming problem. Here, we have worked in finite dimensional spaces.

The paper is organized as follows. In Section 2, we give definitions of convexifactors. Convexifactors of some
functions have been computed in Section 3. Section 4 establishes generalized convexity of the above mentioned
functions. In Section 5, the results obtained are applied to fractional programming problem.

2 Convexifactors

We begin this section with the definitions of convexifactors given by Dutta and Chandra [4].

Definition 2.1 An extended real valued function h : IRn → IR ∪{±∞} with h(x) finite at x ∈ IRn is said to have

(i). an upper convexifactor (UCF) ∂uh(x) at x iff ∂uh(x) ⊆ IRn is a closed set and

(h̄)d (x, v) ≤ sup
x∗∈∂u h(x)

〈x∗, v〉, for all v ∈ IRn.

(ii). a lower convexifactor (LCF) ∂l h(x) at x iff ∂l h(x) ⊆ IRn is a closed set and

(h)+
d (x, v) ≥ inf

x∗∈∂l h(x)
〈x∗, v〉, for all v ∈ IRn.

(iii). a convexifactor (CF) ∂∗h(x) at x iff ∂∗h(x) is both (UCF) and (LCF) of h at x .

(iv). an upper semiregular convexifactor (USRCF) ∂ush(x) at x iff ∂ush(x) ⊆ IRn is a closed set and

(h)+
d (x, v) ≤ sup

x∗∈∂us h(x)
〈x∗, v〉, for all v ∈ IRn.

When equality holds in above, ∂ush(x) is called an upper regular convexifactor (URCF) of h at x .

(v). a lower semiregular convexifactor (LSRCF) ∂lsh(x) at x iff ∂lsh(x) ⊆ IRn is a closed set and

(h̄)−d (x, v) ≥ inf
x∗∈∂ls h(x)

〈x∗, v〉, for all v ∈ IRn.

When equality holds in above, ∂lsh(x) is called a lower regular convexifactor (LRCF) of h at x .

Here, (h)+
d (x, v) :� lim sup

t→0+

h(x+tv)−h(x)
t and (h)−d (x, v) :� lim inf

t→0+

h(x+tv)−h(x)
t are upper and lower Dini

derivatives of h at x in direction v respectively.
Both these Dini derivatives can be finite as well as infinite. If h is locally Lipschitz, both these are finite.
Throughout the paper, we denote by clA, convA and clconvA, for any set A ⊂ IRn, the closure, convex hull

and the closed convex hull of A respectively.

3 Convexifactors of some functions

In this section, we shall develop some calculus rules using convexifactors.

Theorem 3.1. Let f, g : IRn → IR be continuous functions. Then, the function f g : IRn → IR is defined by
( f g)(x) � f (x)g(x), for all x ∈ IRn . Let f (x) ≥ 0, g(x) ≥ 0, for all x ∈ IRn . Suppose that f and g admit
USRCFs ∂us f (x) and ∂us g(x) respectively at x . Then, cl( f (x)∂us g(x) + g(x)∂us f (x)) is an USRCF of f g at x .

Similarly, if f and g admit LSRCFs ∂ls f (x) and ∂ls g(x) respectively at x, then, cl( f (x)∂ls g(x) + g(x)∂ls f (x))
is a LSRCF of f g at x .

If in the above, we take any one of the USRCF of f or g to be bounded, then f (x)∂us g(x) + g(x)∂us f (x) is
an USRCF of f g at x . Same is true for LSRCFs also.
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716 B. Kohli

Proof Consider

( f g)+
d (x, v) � lim

t↓0
sup

( f g)(x + tv) − ( f g)(x)

t
.

≤ lim sup
t↓0

f (x + tv)[g(x + tv) − g(x)]

t
+ lim sup

t↓0

g(x)[ f (x + tv) − f (x)]

t

� f (x)(g)+
d (x, v) + g(x)( f )+

d (x, v).

≤ sup
x∗∈∂us g(x)

〈 f (x)x∗, v〉 + sup
x∗

1 ∈∂us f (x)
〈g(x)x∗

1 , v〉, because ∂us g(x) and ∂us f (x) are USRCFs of g

and f respectively at x and f (x) ≥ 0, g(x) ≥ 0.

� sup
z∗∈ f (x)∂us g(x)+g(x)∂us f (x)

〈
z∗, v

〉 � sup
z∗∈cl( f (x)∂us g(x)+g(x)∂us f (x))

〈
z∗, v

〉
.

That is,

( f g)+
d (x, v) ≤ sup

z∗∈cl( f (x)∂us g(x)+g(x)∂us f (x))

〈
z∗, v

〉
.

Thus,
cl( f (x)∂us g(x) + g(x)∂us f (x)) is an USRCF of f g at x .

Similarly, we can prove that cl( f (x)∂ls g(x) + g(x)∂ls f (x)) is a LSRCF of f g at x . �

Theorem 3.2 Let f, g : IRn → IR be functions and g be continuous on IRn . Then, the function f
g : IRn → IR

is defined by f
g (x) � f (x)

g(x) , where f (x) ≥ 0 and g(x) > 0, for all x ∈ IRn, in particular for x . Suppose that

f admits an USRCF ∂us f (x) and −−g admits an UCF ∂u(−g)(x) at x . Then, cl
(

g(x)∂us f (x)+ f (x)∂u (−g)(x)
[g(x)]2

)
is

an USRCF of f
g at x . Similarly, if f admits a LSRCF ∂ls f (x) and −g admits a LCF ∂l (−g)(x) at x, then, cl

(
g(x)∂ls f (x)+ f (x)∂l (−g)(x)

[g(x)]2

)
is a LSRCF of f

g at x . If in the above, we take any one of the USRCF, ∂us f (x) of f or

UCF, ∂u(−g)(x) of g at x to be bounded, then g(x)∂us f (x)+ f (x)∂u (−g)(x)
[g(x)]2 is an USRCF of f

g at x . Same is true for
LSRCFs also.

Proof Consider
(

f

g

)+

d
(x, v)

� lim sup
t↓0

(
f
g

)
(x + tv) −

(
f
g

)
(x)

t

≤ g(x)( f )+
d(x, v)

[g(x)]2 +
(− f (x))(g)+

d(x, v)

[g(x)]2 .

� g(x)( f )+
d (x, v)

[g(x)]2 +
f (x)(−g)−d (x, v)

[g(x)]2 , using (b), Theorem 2.8 [1]

≤ sup
z∗∈ g(x)∂us f (x)+ f (x)∂u (−g)(x)

[g(x)]2

〈
z∗, v

〉
as f admits an USRCF ∂us f (x) and -g admits an UCF ∂u(−g)(x) at x,

� sup
z∗∈cl

(
g(x)∂us f (x)+ f (x)∂u (−g)(x)

[g(x)]2

)
〈
z∗, v

〉
.

That is,
(

f

g

)+

d
(x, v) ≤ sup

z∗∈cl
(

g(x)∂us f (x)+ f (x)∂u (−g)(x)
[g(x)]2

)

〈
z∗, v

〉
.

Thus, cl
(

g(x)∂us f (x)+ f (x)∂u (−g)(x)
[g(x)]2

)
is an USRCF of f

g at x . Similarly, we can prove that cl
(

g(x)∂ls f (x)+ f (x)∂l (−g)(x)
[g(x)]2

)
is a LSRCF of f

g at x . �
Now we state Proposition 1(ii) from Hejazi and Nobakhtian [6] in the form of the following theorem.
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Some calculus rules, generalized convexity 717

Theorem 3.3. Let ∂us f (x) and ∂us g(x) be USRCFs of the functions f, g : IRn → IR at x . Then, cl(∂us f (x) +
∂us g(x)) is an USRCF of f + g at x .

Remark 3.1 If in the above, we take any one of the USRCFs ∂us f (x) or ∂us g(x) to be bounded, then, ∂us f (x) +
∂us g(x) is an USRCF of f + g at x .

4 Generalized convexity of functions

In this section, we shall establish generalized convexity of the class of nonnegative fractional functions and sum
of functions studied in the previous section.

We begin by defining ∂ls− pseudoconvex, ∂us− pseudoconvex and ∂u− quasiconvex functions in terms of
LSRCF, USRCF and UCFs respectively as defined by Suneja and Kohli [19] via convexifactors.

Definition 4.1 f is said to be ∂ls− pseudoconvex at x iff for all x ∈ IRn

f (x) < f (x) ⇒ 〈
ξ∗, x − x

〉
< 0 for all ξ∗ ∈ ∂us f (x).

Definition 4.2 f is said to be ∂us− pseudoconvex at x iff for all x ∈ IRn

f (x) < f (x) ⇒ 〈
ξ∗, x − x

〉
< 0 for all ξ∗ ∈ ∂us f (x).

Definition 4.3 f is said to be ∂u− quasiconvex at x iff for all x ∈ IRn

f (x) ≤ f (x) ⇒ 〈
ξ∗, x − x

〉 ≥ 0 for all ξ∗ ∈ ∂u f (x).

Similarly, we can define ∂u− pseudoconvex function.
Now we define ∂ls− convex and ∂l− convex functions.

Definition 4.4 f is said to be ∂ls− convex at x iff for all x ∈ IRn

f (x) − f (x) ≥ 〈
ξ∗, x − x

〉
for all ξ∗ ∈ ∂ls f (x).

Definition 4.5 f is said to be ∂l− convex at x iff for all x ∈ IRn

f (x) − f (x) ≥ 〈
ξ∗, x − x

〉
for all ξ∗ ∈ ∂l f (x).

Theorem 4.1 Let f admits a LSRCF ∂ls f (x) and −g admits a LCF ∂l (−g)(x) at x . Suppose that f and −g
are ∂ls− convex and ∂l− convex with respect to ∂ls f (x) and ∂l (−g)(x) respectively at x . Then, f

g is ∂ls−
pseudoconvex with respect to ∂ls

(
f
g

)
(x). Similarly, we can prove that f

g is ∂us− pseudoconvex with respect to

∂us
(

f
g

)
(x). Let ∂ls

(
f
g

)
(x) � cl

(
g(x)∂ls f (x)+ f (x)∂l (−g)(x)

[g(x)]2

)
and ∂us

(
f
g

)
(x) � cl

(
g(x)∂us f (x)+ f (x)∂u (−g)(x)

[g(x)]2

)
, where

f (x) ≥ 0 and g(x) > 0, for all x ∈ IRn, in particular for x .

Proof We have to show that f
g is ∂ls− pseudoconvex with respect to ∂ls

(
f
g

)
(x) � cl

(
g(x)∂ls f (x)+ f (x)∂l (−g)(x)

[g(x)]2

)

where f (x) ≥ 0, g(x) > 0.

Let us suppose that
(

f

g

)
(x) <

(
f

g

)
(x). (1)

To show that 〈ξ, x − x〉 < 0, for all ξ ∈ ∂ls

(
f
g

)
(x) � cl

(
g(x)∂ls f (x)+ f (x)∂l (−g)(x)

[g(x)]2

)

That is, there exist ξn ∈ g(x)∂ls f (x)+ f (x)∂l (−g)(x)
[g(x)]2 such that ξ � lim

n→∞ ξn � lim
n→∞

g(x)ξ1n+ f (x)ξ2n
[g(x)]2 for some

ξ1n ∈ ∂ls f (x),ξ2n ∈ ∂l (−g)(x).
As convexifactors are closed sets, lim

n→∞ ξ1n � ξ1 ∈ ∂ls f (x), lim
n→∞ ξ2n � ξ2 ∈ ∂l (−g)(x).

Therefore, ξ � g(x)ξ1+ f (x)ξ2
[g(x)]2
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718 B. Kohli

Since f and −g are ∂ls− convex and ∂l− convex respectively, we have

f (x) − f (x) ≥ 〈ξ1, x − x〉, for all ξ1 ∈ ∂ls f (x) (2)

and

−g(x) + g(x) ≥ 〈ξ2, x − x〉, for all ξ2 ∈ ∂l (−g)(x) (3)

As g(x) > 0 and f (x) ≥ 0, for all x ∈ IRn, in particular for x, we have from (2) and (3) respectively

f (x)g(x) − f (x)g(x) ≥ 〈g(x)ξ1, x − x〉, for all ξ1 ∈ ∂ls f (x) (4)

− f (x)g(x) + f (x)g(x) ≥ 〈 f (x)ξ2, x − x〉, for all ξ2 ∈ ∂l − g(x) (5)

Adding (4), (5) and using (1), we get
〈

g(x)ξ1 + f (x)ξ2

[g(x)]2 , x − x

〉
< 0, for all ξ1 ∈ ∂ls f (x), ξ2 ∈ ∂l (−g)(x),

⇒ 〈ξ, x − x〉 < 0, for all ξ ∈ ∂ls

(
f

g

)
(x) � cl

(
g(x)∂ls f (x) + f (x)∂l (−g)(x)

[g(x)]2

)
.

Hence proved.

Similarly, we can prove that f
g is ∂us− pseudoconvex with respect to ∂us

(
f
g

)
(x) � cl

(
g(x)∂us f (x)+ f (x)∂u (−g)(x)

[g(x)]2

)
. �

Theorem 4.2 Let f admits a LSRCF ∂ls f (x) and g admits a LSRCF ∂ls g(x) at x . Suppose that f and g are
∂ls− convex with respect to ∂ls f (x) and ∂ls g(x) respectively at x . Then, f + g is ∂ls− pseudoconvex with respect
to ∂ls( f + g)(x). Similarly, we can prove that f + g is ∂us− pseudoconvex with respect to ∂us( f + g)(x). Let
∂ls( f + g)(x) � cl(∂ls f (x) + ∂ls g(x)) and ∂us( f + g)(x) � cl(∂us f (x) + ∂us g(x)).

Proof To show that f + g is ∂ls− pseudoconvex with respect to ∂ls( f + g)(x).

Suppose that

( f + g)(x) < ( f + g)(x). (6)

To show that 〈ξ, x − x〉 < 0 for all ξ ∈ ∂ls( f + g)(x) � cl(∂ls f (x), +∂ls g(x)).
That is, there exists ξn ∈ ∂ls f (x)+∂ls(g)(x) such that ξ � lim

n→∞ ξn � lim
n→∞(ξ1n + ξ2n) for some ξ1n ∈ ∂ls f (x),

ξ2n ∈ ∂ls g(x).
As convexifactors are closed sets, lim

n→∞ ξ1n � ξ1 ∈ ∂ls f (x), lim
n→∞ξ2n � ξ2 ∈ ∂ls g(x).

Therefore, ξ � ξ1 + ξ2
Since f and g are ∂ls− convex, we have

f (x) − f (x) ≥ 〈ξ1, x − x〉, for all ξ1 ∈ ∂ls f (x) (7)

and

g(x) − g(x) ≥ 〈ξ2, x − x〉, for all ξ2 ∈ ∂ls g(x). (8)

Adding (7), (8) and using (6), we get
〈ξ1 + ξ2, x − x〉 < 0, for all ξ1 ∈ ∂ls f (x) and ξ2 ∈ ∂ls g(x).
That is, 〈ξ, x − x〉 < 0, for all ξ ∈ ∂ls( f + g)(x) � cl(∂ls f (x) + ∂ls g(x)).
Hence proved. �
Similarly, we can prove that f + g is ∂us− pseudoconvex with respect to ∂us( f + g)(x) � cl

(∂us f (x) + ∂us g(x)).

Remark 4.1. If f admits a LSRCF ∂ls f (x) and −g admits a LCF ∂l (−g)(x) at x . Then, by Theorem 3.2, cl(
g(x)∂ls f (x)+ f (x)∂l (−g)(x)

[g(x)]2

)
is a LSRCF of f

g at x . Similarly, we have for USRCFs also. Suppose that f admits a

LSRCF ∂ls f (x) and g admits a LSRCF ∂ls g(x) at x . Then, by Theorem 3.3, cl(∂ls f (x) + ∂ls g(x)) is a LSRCF
of f + g at x . Similarly, we have for USRCFs also.
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Some calculus rules, generalized convexity 719

5 Application to optimization problems

In this section, the results established in previous sections are applied to develop optimality conditions for
fractional programming problem (P) given as below:

(P) Minimize

(
f

g

)
(x)

subject to hi (x) ≤ 0 i � 1, 2, ..., m, x ∈ IRn

where f, g, hi : IRn → IR, i � 1, 2, ..., m.

Before proceeding further, we shall now give Slater-type weak constraint qualification [23] which will be
used for the development of our results.

Definition 5.1 The function h is said to satisfy the Slater-type weak constraint qualification at a feasible point x
if hI is ∂u− pseudoconvex at x, and there exists an x0 ∈ IRn, such that hI (x0) < 0 where I � {i ∈ {1, 2, ..., m} :
hi (x) � 0}.
Theorem 5.1 Let x be a local optimal solution to problem (P) and f (x) ≥ 0, g(x) > 0 for all x ∈ IRn .

Suppose that f admits a bounded USRCF ∂us f (x), −g and hi , i � 1, 2, ..., m admit bounded UCFs
∂u(−g)(x),∂uhi (x), i � 1, 2, ..., m respectively at x . Let f, g, hi , i � 1, 2, ..., m be continuous functions

on IRn and ∂us f,∂u(−g) and ∂uhi , i � 1, 2, ..., m be upper semicontinuous at x . Let ∂us
(

f
g

)
(x) � cl

(
g(x)∂us f (x)+ f (x)∂u (−g)(x)

[g(x)]2

)
� g(x)∂us f (x)+ f (x)∂u (−g)(x)

[g(x)]2 . Suppose that Slater-type weak constraint qualification

holds at x . Then, there exist scalars λ1 > 0, μi ≥ 0, i � 1, 2, ..., m with λ1 +
m∑

i�1
μi � 1 such that

(i) 0 ∈ λ1g(x̄)conv∂us f (x̄)+λ1 f (x̄)conv∂u (−g)(x̄)
[g(x̄)]2 +

m∑

i�1
μi conv∂uhi (x̄).

(ii) μi hi (x̄) � 0, i � 1, 2, ..., m.

Similar is the case when f admits a bounded LSRCF ∂ls f (x), −g and hi , i � 1, 2, ..., m admit bounded
LCFs ∂l (−g)(x), ∂l hi (x),i � 1, 2, ..., m respectively at x .

Proof Since x is a local optimal solution to (P), it solves the following unconstrained problem

Minimize F(x), x ∈ IRn

where F(x) � max
{(

f
g

)
(x) −

(
f
g

)
(x), h1(x), ..., hm(x)

}
,

Using Theorem 3.2 [4], we get

∂us F(x) � conv

{

∂us
(

f

g

)
(x) ∪

(
⋃

i∈I

∂uhi (x)

)}

,

where I � {i ∈ {1, 2, ..., m} : hi (x) � 0}.
Then, by Proposition 4.1 [8],

0 ∈ clconv∂us F(x) � clconv

{

∂us
(

f

g

)
(x) ∪

(
⋃

i∈I

∂uhi (x)

)}

.

As clconv(S) � conv(clS), for a bounded set S in IRn, we have

0 ∈ conv

{

∂us
(

f

g

)
(x) ∪

(
⋃

i∈I

∂uhi (x)

)}

.
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720 B. Kohli

Convexifactors are in general non convex sets and there exist scalarsλ1 ≥ 0,μi ≥ 0, i ∈ I withλ1+
∑

i∈I
μi � 1

such that
0 ∈ λ1conv∂us

(
f
g

)
(x) +

∑
i∈I μi conv∂uhi (x) and hence

0 ∈ λ1conv

(
g(x)∂us f (x) + f (x)∂u(−g)(x)

[g(x)]2

)
+

∑

i∈I

μi conv∂uhi (x).

Using convex hull properties, conv(S1 + S2) � convS1 + convS2 and conv(λS) � λconvS, of subsets S1, S2
and S of IRn, we have

0 ∈ λ1g(x)conv∂us f (x) + λ1 f (x)conv∂u(−g)(x)

[g(x)]2 +
∑

i∈I

μi conv∂uhi (x),

with λ1 +
∑

i∈I
μi � 1

Now hi (x) � 0, i ∈ I, therefore μi hi (x) � 0 for i ∈ I. For i /∈ I, hi (x) < 0 so let μi � 0, i /∈ I, then
μi hi (x) � 0, i � 1, 2, ..., m.

Thus, we have

0 ∈ λ1g(x)conv∂us f (x) + λ1 f (x)conv∂u(−g)(x)

[g(x)]2 +
m∑

i�1

μi conv∂uhi (x).

μi hi (x) � 0, i � 1, 2, ..., m, with λ1 +
m∑

i�1

μi � 1.

Suppose that λ1 � 0, then using above, we get that there exists ξi ∈ conv∂uhi (x), i � 1, 2, ..., m such that

m∑

i�1

μiξi � 0. (9)

Since h satisfies Slater-type weak constraint qualification at x, there exists an x0 ∈ IRn, such that hi (x0) < hi
(x), i ∈ I, which on using ∂u− pseudoconvexity of hi , i ∈ I, gives

〈
m∑

i�1
μiξi , x0 − x

〉
< 0 for all ξi ∈ ∂uhi (x), μi ≥ 0, i ∈ I and μi � 0, i /∈ I.

This is contradiction to (9).
Hence result. �

Remark 5.1 If f admits an USRCF ∂us f (x) and −g admits an UCF ∂u(−g)(x) at x . Then, by Theorem 3.2, cl(
g(x)∂us f (x)+ f (x)∂u (−g)(x)

[g(x)]2

)
is an USRCF of f

g at x . Similarly, we have for LSRCFs also.

Following example illustrates above theorem.

Example 5.1 Consider the problem

Minimize

(
f

g

)
(x)

subject to h(x) ≤ 0

where f, g, h : IR → IR are the functions defined as follows:

f (x) :� 1 +
|x |
2

, g(x) :� 1 + |x |, h(x) :� x2 + x

(
f

g

)
(x) � 1 + |x |

2

1 + |x | .
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x � 0 is an optimal solution of the problem.
It can be seen that f admits an USRCF ∂us f (0) � {−1

2 , 1
2 }, −g admits an UCF ∂u(−g)(0) � {−1, 1}, and

h admits an UCF ∂uh(0) � {1, 2} at 0.

We can see that f
g admits an USRCF ∂us

(
f
g

)
(0) � g(0)∂us f (0)+ f (0)∂u (−g)(0)

[g(0)]2 � {−3
2 , −1

2 , 1
2 , 3

2

}
.

Slater-type weak constraint qualification holds at x � 0.

Then, there exist scalars λ1 � 1
2 , μ � 1

2 with λ1 + μ � 1 such that

(i) 0 ∈ λ1g(0)conv∂us f (0)+λ1 f (0)conv∂u (−g)(0)
[g(0)]2 + μconv∂uh(0)

(ii) μh(0) � 0

Theorem 5.2 Let x be a feasible solution to the problem (P). Suppose that f admits a bounded USRCF
∂us f (x),−g and hi , i � 1, 2, ..., m admit bounded UCFs ∂u(−g)(x),∂uhi (x), i � 1, 2, ..., m respectively

at x . Let ∂us
(

f
g

)
(x) � g(x)∂us f (x)+ f (x)∂u (−g)(x)

[g(x)]2 . Assume that f
g is ∂us− pseudoconvex, hi ,i ∈ I are ∂u− quasi-

convex functions. Suppose that there exist scalars λ1 > 0, μi ≥ 0, i � 1, 2, ..., m such that the conditions (i)
and (ii) (Theorem 5.1) are satisfied. Then, x is a local optimal solution to the problem (P).

Proof Suppose that x is not a local optimal solution to the problem (P), then there exists a feasible solution x
such that

(
f

g

)
(x) <

(
f

g

)
(x)

Using ∂us− pseudoconvexity of f
g at x, we have

〈ξ ′, x − x〉 < 0 for all ξ ′ ∈ ∂us
(

f
g

)
(x).

It follows that

〈ξ, x − x〉 < 0 for all ξ ∈ conv∂us
(

f
g

)
(x), as ξ can be expressed as convex combination of finite number

of elements of ∂us
(

f
g

)
(x), which gives on using convex hull properties, conv(S1 + S2) � convS1 + convS2 and

conv(λS) � λconvS, of subsets S1, S2 and S of IRn, and multiplying above by λ1 > 0, that
〈
λ1g(x)ξ1 + λ1 f (x)ξ2

[g(x)]2 , x − x

〉
< 0, for all ξ1 ∈ conv∂us f (x), ξ2 ∈ conv∂u(−g)(x). (10)

Since, x is feasible for (P), by given condition (i), there exist ξ1 ∈ conv∂us f (x), ξ2 ∈ conv∂u(−g)(x),
ξ3i ∈ conv∂uhi (x), i � 1, 2, ..., m such that for any feasible solution x of (P), we have

〈
λ1g(x)ξ1 + λ1 f (x)ξ2

[g(x)]2 +
m∑

i�1

μiξ3i , x − x

〉

� 0. (11)

Now, since, x is feasible for (P),

hi (x) ≤ hi (x), i ∈ I.

∂u− quasiconvexity of hi , i ∈ I, gives
〈ξ3i , x − x〉 ≤ 0 for all ξ3i ∈ conv∂uhi (x), i ∈ I, as ξ3i can be expressed as convex combination of finite

number of elements of ∂uhi (x), i ∈ I.
Multiplying above by μi ≥ 0, i ∈ I, adding and since μi hi (x) � 0, i � 1, 2, ..., m, hi (x) � 0, i ∈ I and

for i /∈ I, hi (x) < 0, taking μi � 0, i /∈ I, we get
〈

m∑

i�1

μiξ3i , x − x

〉

≤ 0 for all ξ3i ∈ conv∂uhi (x), i � 1, 2, ..., m. (12)

Adding (10) and (12), we get
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〈
λ1g(x)ξ1 + λ1 f (x)ξ2

[g(x)]2 +
m∑

i�1

μiξ3i , x − x

〉

< 0

which contradicts (11).
Hence x is a local optimal solution to the problem (P). �
Now we give following example to illustrate above theorem.

Example 5.2. Consider the problem

Minimize

(
f

g

)
(x)

subject to h(x) ≤ 0

where f, g, h : IR → IR are the functions defined as follows:

f (x) :� 1 + x2 + |x |, g(x) :� 1 +
|x |
2

, h(x) :� x2 + x

(
f

g

)
(x) � 1 + x2 + |x |

1 + |x |
2

It can be seen that f admits an USRCF ∂us f (0) � {−1, 1}, −g admits an UCF ∂u(−g)(0) � {−1
2 , 1

2

}
, and

h admits an UCF ∂uh(0) � {1, 2} at 0.

We can see that f
g admits an USRCF ∂us

(
f
g

)
(0) � g(0)∂us f (0)+ f (0)∂u (−g)(0)

[g(0)]2 � {−3
2 , −1

2 , 1
2 , 3

2

}
.

f
g is ∂us− pseudoconvex w.r.t. ∂us

(
f
g

)
(0) � {−3

2 , −1
2 , 1

2 , 3
2

}
,h is ∂u− quasiconvex w.r.t. ∂uh(0) � {1, 2} at

x � 0.

Then, there exist scalars λ1 � 1
2 , μ � 1

2 with λ1 + μ � 1 such that

(i) 0 ∈ λ1g(0)conv∂us f (0)+λ1 f (0)conv∂u (−g)(0)
[g(0)]2 + μconv∂uh(0)

(ii) μh(0) � 0

Then, x � 0 is an optimal solution of the problem.

6 Conclusions

In this paper, we have obtained some calculus rules for computing convexifactors of product and quotient of
functions. After that, generalized convexity of these functions has been established. At the end, we have applied
these results to develop necessary and sufficient optimality conditions for fractional programming problems.

Acknowledgements Author wish to thank the anonymous referee of this paper for valuable comments and suggestions.

Funding Author did not receive support from any organization for the submitted work.

Data availability Not applicable.

Declarations

Competing interests Authors have no competing interests

123



Some calculus rules, generalized convexity 723

References

1. Ansari, Q. H., Lalitha, C. S., Mehta, M. (2014). Generalized convexity, nonsmooth variational inequalities and nonsmooth
optimization, CRC Press, New York.

2. Ardali, A. A., Movahedian, N., Nobakhtian, S. (2016). Optimality conditions for nonsmooth mathematical programs with
equilibrium constraints, using convexifactors, Optimization, 65 (1), 67-85.

3. Demyanov, V. F. (1994). Convexification and concavification of positively homogeneous function by the same family of linear
functions, Report 3.208,802 Universita di pisa.

4. Dutta, J., Chandra, S. (2002). Convexifactors, generalized convexity and optimality conditions, Journal of optimization theory
and applications, 113, 41-65.

5. Dutta, J., Chandra, S. (2004). Convexifactors, generalized convexity and vector optimization, Optimization, 53, 77-94.
6. Hejazi, M. A., Nobakhtian, S. (2020). Optimality conditions for multiobjective fractional programming, via convexifactors,

Journal of industrial and management optimization, 16 (2) 623-631.
7. Jayswal, A., Kummari, K., Singh, V. (2017). Duality for a class of nonsmooth multiobjective programming problems using

convexifactors, Filomat, 31, 489-498.
8. Jeyakumar, V., Luc, D. T. (1999). Nonsmooth calculus, maximality and monotonicity of convexificators, Journal of optimization

theory and applications, 101, 599-621.
9. Kabgani, A., Soleimani-damaneh, M. (2018). Characterizations of (weakly/properly/roboust) efficient solutions in nonsmooth

semi-infinite multiobjective optimization using convexificators, Optimization, 67 (2), 217-235.
10. Kohli, B. (2012). Optimality conditions for optimistic bilevel programming problem using convexifactors, Journal of optimiza-

tion theory and applications, 152 (3), 632- 651.
11. Kohli, B. (2019). A Note on the paper “Optimality conditions for optimistic bilevel programming problem using convexifactors”,

Journal of optimization theory and applications, 181 (2), 706-707.
12. Kohli, B. (2019). Necessary and sufficient optimality conditions using convexifactors for mathematical programs with equilib-

rium constraints, Rairo operations research, 53, 1617-1632.
13. Khare, A. Nath, T. (2021). Improved enhanced Fritz John condition and constraint qualifications using convexifactors, Rairo

operations research, 55, 271-288.
14. Li, X. F., Zhang, J. Z. (2006). Necessary optimality conditions in terms of convexificators in Lipschitz optimization, Journal of

optimization theory and applications, 131, 429-452.
15. Luu, V., D. (2016) Optimality conditions for local efficient solutions of vector equilibrium problems via convexificators and

applications, Journal of optimization theory and applications, 171 (2), 643-665.
16. Rimpi, Lalitha, C. S. (2022). Constraint qualifications in nonsmooth optimization: classification and inter-relations, Journal of

nonlinear and variational analysis, 6(2), 83-99.
17. Stancu-Minasian, I. M. (1997). Fractional programming-theory, methods and applications, springer.
18. Stancu-Minasian, I. M. (1981). A survey of methods used for solving the problems of fractional programming. The linear case.

Part II, Bulletin mathématique de la Société des Sciences Mathématiques de la République Socialiste de Roumanie, 25 (73),
415-430.

19. Schaible, S. (1981). Fractional programming: applications and algorithms, European journal of operational research, 7 (2),
111-120.

20. Shen, P., Zhang, T., Wang, C. (2017). Solving a class of generalized fractional programming problems using the feasibility of
linear programs, Journal of inequalities and applications, Article no. 147, DOI https://doi.org/10.1186/s13660-017-1420-1.

21. Suneja, S. K., Kohli, B. (2011). Optimality and duality results for bilevel programming problem using convexifactors, Journal
of optimization theory and applications, 150, 1-19.

22. Suneja, S. K., Kohli, B. (2013). Generalized nonsmooth cone convexity in terms of convexifactors in vector optimization,
Opsearch, 50 (1), 89-105.

23. Suneja, S. K., Kohli, B. (2013). Duality for multiobjective fractional programming problem using convexifactors, Mathematical
Sciences, 7:6, 8 pages.

24. Toloo, M. (2021). An equivalent linear programming form of general fractional programming: a duality approach,
∑

Mathe-
matics, 9 (14), 1586, https://doi.org/10.3390/math9141586

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under a publishing agreement
with the author(s) or other rightsholder(s); author self-archiving of the accepted manuscript version of this article is solely governed
by the terms of such publishing agreement and applicable law.

123



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2026-06-15T09:01:20+0530
	Preflight Ticket Signature




