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Abstract In this paper, convexifactors of product and quotient of functions are computed. Generalized convexity
of these functions in terms of convexifactors is studied. The obtained results are then applied to develop optimality
conditions for fractional programming problem.
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1 Introduction

Convexifactors were introduced by Demyanov [3] in 1994. They can be regarded as generalized subdifferentials
for scalar valued functions. Unlike well known subdifferentials such as Clarke subdifferential and Michel-Penot
which are always convex and compact, convexifactors though always closed sets but are not necessarily convex or
compact. These relaxations allow their application to a large class of nonsmooth problems. Clarke subdifferential,
Michel-Penot and other well known subdifferentials for locally Lipschitz functions are convexifactors and they
often contain convex hull of a convexifactor [4, 8]. Using convexifactors, we obtain sharp optimality conditions
and duality results as in the form of a convexifactor we get a smaller set. Because of these, they are explored by
many researchers. Jeyakumar and Luc [8] studied relationships of convexifactors with subdifferentials, devel-
oped various calculus rules including mean value theorem and conditions of minimality of convexifactors. They
used quasimonotonicity of convexifactors to characterize quasiconvexity of a continuous function. Motivated
by them, Dutta and Chandra [4], gave characterization of quasiconvex and pseudoconvex functions in terms of
convexifactors. They deduced Karush-Kuhn-Tucker (KKT) type necessary optimality condition for an inequal-
ity constrained optimization problem and an optimality condition for a minimization problem involving a set
inclusion constraint. Convexifactors were further studied by Dutta and Chandra [5], Li and Zhang [14], Suneja
and Kohli [21–23], Kohli [10, 11], Jayswal et al. [7], Luu [15], Ardali et al. [2], Kabgani and Soleimani-damaneh
[9]. Kohli [12] established KKT type necessary strong stationarity condition under Guignard CQ (GCQ) and
also obtained sufficient optimality conditions using generalized asymptotic convexity in terms of convexifactors
for mathematical programs with equilibrium constraints. Recently, convexifactors have been explored by Khare
and Nath [13] and Rimpi and Lalitha [16].

Fractional programming problems, where the objective function is the ratio of functions are of great impor-
tance in the areas of engineering, economics, modelling, information theory and numerical analysis etc. For
study of fractional programming problems one can see [6, 17–20, 23, 24].
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718 B. Kohli

Since f and −g are ∂ls− convex and ∂l− convex respectively, we have

f (x) − f (x) ≥ 	ξ1, x − x
, for all ξ1 ∈ ∂ls f (x) (2)

and

−g(x) + g(x) ≥ 	ξ2, x − x
, for all ξ2 ∈ ∂l (−g)(x) (3)

As g(x) > 0 and f (x) ≥ 0, for all x ∈ IRn, in particular for x, we have from (2) and (3) respectively

f (x)g(x) − f (x)g(x) ≥ 	g(x)ξ1, x − x
, for all ξ1 ∈ ∂ls f (x) (4)

− f (x)g(x) + f (x)g(x) ≥ 	 f (x)ξ2, x − x
, for all ξ2 ∈ ∂l − g(x) (5)

Adding (4), (5) and using (1), we get
〈

g(x)ξ1 + f (x)ξ2

[g(x)]2 , x − x

〉
< 0, for all ξ1 ∈ ∂ls f (x), ξ2 ∈ ∂l (−g)(x),

⇒ 	ξ, x − x
 < 0, for all ξ ∈ ∂ls

(
f

g

)
(x) � cl

(
g(x)∂ls f (x) + f (x)∂l (−g)(x)

[g(x)]2

)
.

Hence proved.

Similarly, we can prove that f
g is ∂us− pseudoconvex with respect to ∂us

(
f
g

)
(x) � cl

(
g(x)∂us f (x)+ f (x)∂u (−g)(x)

[g(x)]2

)
. �

Theorem 4.2 Let f admits a LSRCF ∂ls f (x) and g admits a LSRCF ∂ls g(x) at x . Suppose that f and g are
∂ls− convex with respect to ∂ls f (x) and ∂ls g(x) respectively at x . Then, f + g is ∂ls− pseudoconvex with respect
to ∂ls( f + g)(x). Similarly, we can prove that f + g is ∂us− pseudoconvex with respect to ∂us( f + g)(x). Let
∂ls( f + g)(x) � cl(∂ls f (x) + ∂ls g(x)) and ∂us( f + g)(x) � cl(∂us f (x) + ∂us g(x)).

Proof To show that f + g is ∂ls− pseudoconvex with respect to ∂ls( f + g)(x).

Suppose that

( f + g)(x) < ( f + g)(x). (6)

To show that 	ξ, x − x
 < 0 for all ξ ∈ ∂ls( f + g)(x) � cl(∂ls f (x), +∂ls g(x)).
That is, there exists ξn ∈ ∂ls f (x)+∂ls(g)(x) such that ξ � lim

n→∞
ξn � lim

n→∞
(ξ1n + ξ2n) for some ξ1n ∈ ∂ls f (x),

ξ2n ∈ ∂ls g(x).
As convexifactors are closed sets, lim

n→∞
ξ1n � ξ1 ∈ ∂ls f (x), lim

n→∞
ξ2n � ξ2 ∈ ∂ls g(x).

Therefore, ξ � ξ1 + ξ2
Since f and g are ∂ls− convex, we have

f (x) − f (x) ≥ 	ξ1, x − x
, for all ξ1 ∈ ∂ls f (x) (7)

and

g(x) − g(x) ≥ 	ξ2, x − x
, for all ξ2 ∈ ∂ls g(x). (8)

Adding (7), (8) and using (6), we get
	ξ1 + ξ2, x − x
 < 0, for all ξ1 ∈ ∂ls f (x) and ξ2 ∈ ∂ls g(x).
That is, 	ξ, x − x
 < 0, for all ξ ∈ ∂ls( f + g)(x) � cl(∂ls f (x) + ∂ls g(x)).
Hence proved. �
Similarly, we can prove that f + g is ∂us− pseudoconvex with respect to ∂us( f + g)(x) � cl

(∂us f (x) + ∂us g(x)).

Remark 4.1. If f admits a LSRCF ∂ls f (x) and −g admits a LCF ∂l (−g)(x) at x . Then, by Theorem 3.2, cl(
g(x)∂ls f (x)+ f (x)∂l (−g)(x)

[g(x)]2

)
is a LSRCF of f

g at x . Similarly, we have for USRCFs also. Suppose that f admits a

LSRCF ∂ls f (x) and g admits a LSRCF ∂ls g(x) at x . Then, by Theorem 3.3, cl(∂ls f (x) + ∂ls g(x)) is a LSRCF
of f + g at x . Similarly, we have for USRCFs also.
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720 B. Kohli

Convexifactors are in general non convex sets and there exist scalarsλ1 ≥ 0,μi ≥ 0, i ∈ I withλ1+
∑

i∈I
μi � 1

such that
0 ∈ λ1conv∂us

(
f
g

)
(x) +

∑
i∈I μi conv∂uhi (x) and hence

0 ∈ λ1conv

(
g(x)∂us f (x) + f (x)∂u(−g)(x)

[g(x)]2

)
+

∑

i∈I

μi conv∂uhi (x).

Using convex hull properties, conv(S1 + S2) � convS1 + convS2 and conv(λS) � λconvS, of subsets S1, S2
and S of IRn, we have

0 ∈
λ1g(x)conv∂us f (x) + λ1 f (x)conv∂u(−g)(x)

[g(x)]2 +
∑

i∈I

μi conv∂uhi (x),

with λ1 +
∑

i∈I
μi � 1

Now hi (x) � 0, i ∈ I, therefore μi hi (x) � 0 for i ∈ I. For i /∈ I, hi (x) < 0 so let μi � 0, i /∈ I, then
μi hi (x) � 0, i � 1, 2, ..., m.

Thus, we have

0 ∈
λ1g(x)conv∂us f (x) + λ1 f (x)conv∂u(−g)(x)

[g(x)]2 +
m∑

i�1

μi conv∂uhi (x).

μi hi (x) � 0, i � 1, 2, ..., m, with λ1 +
m∑

i�1

μi � 1.

Suppose that λ1 � 0, then using above, we get that there exists ξi ∈ conv∂uhi (x), i � 1, 2, ..., m such that

m∑

i�1

μiξi � 0. (9)

Since h satisfies Slater-type weak constraint qualification at x, there exists an x0 ∈ IRn, such that hi (x0) < hi
(x), i ∈ I, which on using ∂u− pseudoconvexity of hi , i ∈ I, gives

〈
m∑

i�1
μiξi , x0 − x

〉
< 0 for all ξi ∈ ∂uhi (x), μi ≥ 0, i ∈ I and μi � 0, i /∈ I.

This is contradiction to (9).
Hence result. �

Remark 5.1 If f admits an USRCF ∂us f (x) and −g admits an UCF ∂u(−g)(x) at x . Then, by Theorem 3.2, cl(
g(x)∂us f (x)+ f (x)∂u (−g)(x)

[g(x)]2

)
is an USRCF of f

g at x . Similarly, we have for LSRCFs also.

Following example illustrates above theorem.

Example 5.1 Consider the problem

Minimize

(
f

g

)
(x)

subject to h(x) ≤ 0

where f, g, h : IR → IR are the functions defined as follows:

f (x) :� 1 +
|x |
2

, g(x) :� 1 + |x |, h(x) :� x2 + x

(
f

g

)
(x) �

1 + |x |
2

1 + |x |
.
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Some calculus rules, generalized convexity 721

x � 0 is an optimal solution of the problem.
It can be seen that f admits an USRCF ∂us f (0) � {−1

2 , 1
2 }, −g admits an UCF ∂u(−g)(0) � {−1, 1}, and

h admits an UCF ∂uh(0) � {1, 2} at 0.

We can see that f
g admits an USRCF ∂us

(
f
g

)
(0) � g(0)∂us f (0)+ f (0)∂u (−g)(0)

[g(0)]2 �
{−3

2 , −1
2 , 1

2 , 3
2

}
.

Slater-type weak constraint qualification holds at x � 0.

Then, there exist scalars λ1 � 1
2 , μ � 1

2 with λ1 + μ � 1 such that

(i) 0 ∈ λ1g(0)conv∂us f (0)+λ1 f (0)conv∂u (−g)(0)
[g(0)]2 + μconv∂uh(0)

(ii) μh(0) � 0

Theorem 5.2 Let x be a feasible solution to the problem (P). Suppose that f admits a bounded USRCF
∂us f (x),−g and hi , i � 1, 2, ..., m admit bounded UCFs ∂u(−g)(x),∂uhi (x), i � 1, 2, ..., m respectively

at x . Let ∂us
(

f
g

)
(x) � g(x)∂us f (x)+ f (x)∂u (−g)(x)

[g(x)]2 . Assume that f
g is ∂us− pseudoconvex, hi ,i ∈ I are ∂u− quasi-

convex functions. Suppose that there exist scalars λ1 > 0, μi ≥ 0, i � 1, 2, ..., m such that the conditions (i)
and (ii) (Theorem 5.1) are satisfied. Then, x is a local optimal solution to the problem (P).

Proof Suppose that x is not a local optimal solution to the problem (P), then there exists a feasible solution x
such that

(
f

g

)
(x) <

(
f

g

)
(x)

Using ∂us− pseudoconvexity of f
g at x, we have

	ξ �, x − x
 < 0 for all ξ � ∈ ∂us
(

f
g

)
(x).

It follows that

	ξ, x − x
 < 0 for all ξ ∈ conv∂us
(

f
g

)
(x), as ξ can be expressed as convex combination of finite number

of elements of ∂us
(

f
g

)
(x), which gives on using convex hull properties, conv(S1 + S2) � convS1 + convS2 and

conv(λS) � λconvS, of subsets S1, S2 and S of IRn, and multiplying above by λ1 > 0, that
〈
λ1g(x)ξ1 + λ1 f (x)ξ2

[g(x)]2 , x − x

〉
< 0, for all ξ1 ∈ conv∂us f (x), ξ2 ∈ conv∂u(−g)(x). (10)

Since, x is feasible for (P), by given condition (i), there exist ξ1 ∈ conv∂us f (x), ξ2 ∈ conv∂u(−g)(x),
ξ3i ∈ conv∂uhi (x), i � 1, 2, ..., m such that for any feasible solution x of (P), we have

〈
λ1g(x)ξ1 + λ1 f (x)ξ2

[g(x)]2 +
m∑

i�1

μiξ3i , x − x

〉

� 0. (11)

Now, since, x is feasible for (P),

hi (x) ≤ hi (x), i ∈ I.

∂u− quasiconvexity of hi , i ∈ I, gives
	ξ3i , x − x
 ≤ 0 for all ξ3i ∈ conv∂uhi (x), i ∈ I, as ξ3i can be expressed as convex combination of finite

number of elements of ∂uhi (x), i ∈ I.
Multiplying above by μi ≥ 0, i ∈ I, adding and since μi hi (x) � 0, i � 1, 2, ..., m, hi (x) � 0, i ∈ I and

for i /∈ I, hi (x) < 0, taking μi � 0, i /∈ I, we get
〈

m∑

i�1

μiξ3i , x − x

〉

≤ 0 for all ξ3i ∈ conv∂uhi (x), i � 1, 2, ..., m. (12)

Adding (10) and (12), we get
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722 B. Kohli

〈
λ1g(x)ξ1 + λ1 f (x)ξ2

[g(x)]2 +
m∑

i�1

μiξ3i , x − x

〉

< 0

which contradicts (11).
Hence x is a local optimal solution to the problem (P). �
Now we give following example to illustrate above theorem.

Example 5.2. Consider the problem

Minimize

(
f

g

)
(x)

subject to h(x) ≤ 0

where f, g, h : IR → IR are the functions defined as follows:

f (x) :� 1 + x2 + |x |, g(x) :� 1 +
|x |
2

, h(x) :� x2 + x

(
f

g

)
(x) �

1 + x2 + |x |
1 + |x |

2

It can be seen that f admits an USRCF ∂us f (0) � {−1, 1}, −g admits an UCF ∂u(−g)(0) �
{−1

2 , 1
2

}
, and

h admits an UCF ∂uh(0) � {1, 2} at 0.

We can see that f
g admits an USRCF ∂us

(
f
g

)
(0) � g(0)∂us f (0)+ f (0)∂u (−g)(0)

[g(0)]2 �
{−3

2 , −1
2 , 1

2 , 3
2

}
.

f
g is ∂us− pseudoconvex w.r.t. ∂us

(
f
g

)
(0) �

{−3
2 , −1

2 , 1
2 , 3

2

}
,h is ∂u− quasiconvex w.r.t. ∂uh(0) � {1, 2} at

x � 0.

Then, there exist scalars λ1 � 1
2 , μ � 1

2 with λ1 + μ � 1 such that

(i) 0 ∈ λ1g(0)conv∂us f (0)+λ1 f (0)conv∂u (−g)(0)
[g(0)]2 + μconv∂uh(0)

(ii) μh(0) � 0

Then, x � 0 is an optimal solution of the problem.

6 Conclusions

In this paper, we have obtained some calculus rules for computing convexifactors of product and quotient of
functions. After that, generalized convexity of these functions has been established. At the end, we have applied
these results to develop necessary and sufficient optimality conditions for fractional programming problems.
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