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Abstract This paperuses a new fractal-fractional operator with a power law-type kernel in the Riemann-Liouville
sense to formulate the new fractal-fractional model of hepatitis B virus (HBV) transmission with asymptomatic
carriers. The existence of the model’s solutions is demonstrated using Schuder’s fixed point theorem. The Banach
fixed point theorem is utilized to prove the uniqueness of the solutions. Solutions’ stability behaviors in the Ulam
concept are also discussed. Further, using the newly created numerical scheme based on Newton’s polynomial,
the new numerical scheme for HBV is created. Numerical simulations show the accuracy of the approximate
solutions of the new numerical method, along with the clear effect of the fractal dimension and fractional order
on the spread of the HBV disease.
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1 Introduction

Hepatitis B is a viral liver infection that can cause acute and chronic diseases. It is estimated that there are about
1.5 million new hepatitis B infections worldwide, and 25% die due to cirrhosis and liver cell carcinogenesis.
Consequently, it is a threat to humanity and a major global problem. The Hepatitis B virus is transmitted in two
ways, either vertically, from mother to infant, or by direct exposure to an infected person’s bodily fluids. The
incubation period for the virus lasts from 45 to 180 days, with an average of 120 per day, and most people do not
show any symptoms. Asymptomatic carriers are people who have an infection without showing symptoms of the
disease, and although symptoms do not appear, they transmit the disease to susceptible people. This group has a
vital role in accelerating the spread of epidemics due to the absence of symptoms. The possibility of contact with
susceptible individuals may increase; thus, the infection rate in the community increases. Studies have shown
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that this group has an influential role in the dynamics of transmission of the hepatitis B virus and participates in
its transmission cycle between humans.

Mathematical models play a crucial role in providing a more profound understanding of epidemiological
trends in infection control, particularly when investigating how infectious diseases spread over time, such as HBV.
In recent years, there has been growing interest in utilizing fractional-order differential equations (FODEs) for
modeling infectious diseases, as they provide significant advantages over traditional integer-order mathematical
models. This is because FODEs are related to systems that possess a memory, a characteristic commonly found
in biological and physical systems [3,4]. That is, when we calculate the time-fractional derivative of a function
f(t) at a specific moment ¢t = #1, it necessitates considering the entire prior history, encompassing all values
of f(t) fromt = 0 to t = ;. Additionally, these equations exhibit a close association with fractals, which are
commonly observed in biological systems [5,6]. Moreover, utilizing FODEs can be advantageous in addressing
errors arising from neglected parameters in modeling real-world phenomena. Furthermore, it’s worth noting that
FODEs offer stability characteristics that are, at the very least, as dependable as their integer-order counterparts
[1]. Given the significant role of fractional calculus, numerous researchers have employed it in conducting
research related to describing, predicting, and controlling the dynamics of epidemics. They have also introduced
new fractional-order derivatives to advance this emerging field of calculus. For instance, the Caputo operator,
which is frequently employed in physics, engineering, biology, and numerous other scientific disciplines [7,
14,17-20,23,25]. Additionally, the Caputo-Fabrizio fractional derivative, grounded in the exponential kernel
as a non-local and non-singular kernel [32], has been applied in numerous significant research contributions
[10-13]. Furthermore, Atangana and Baleanu expanded upon the Caputo-Fabrizio derivative by utilizing the
generalized Mittag-Leffler function as a means of generalizing the exponential function [33], and it was effectively
applied in the modeling of diverse real-world phenomena [9, 15,16,21,22,24]. In addition, several other fractional
derivatives have been successfully used in many scientific studies [8,34]. Recently, Atangana introduced a new
concept of differentiation and integration known as the fractal-fractional derivative. The new differentiation is a
combination of fractal differentiation and fractional differentiation, and it is constructed using the power law, the
generalized Mittag-Leffler function, and also the exponential decay law [1]. Besides its reliance on a non-single
and non-local kernel, this new derivative takes into account the fractal geometry of the dynamic system, which
is widely found in biological systems. Furthermore, it considers the heterogeneity and viscoelasticity of the
medium. These attributes render the fractal-fractional derivative superior to its counterparts, which solely rely
on fractional differentiation in many different fields [27,35-38].

As we know, many differential equations have very complex analytical solutions that we are unable to
make use of; therefore, it is crucial to use numerical approximations to understand the solutions better. Several
researchers have proposed different methods of numerical approximation. The most widely used method in
approximating solutions to nonlinear fractional differential equations that model epidemiological dynamics in
the last few years has been the Adams-Bashforth numerical method, which is based on the Lagrange polynomial
and has given very satisfactory results. Recently, Abdon Atangana and Seda Igret Araz found that Newton’s
polynomial is more accurate than Lagrange’s, so they proposed a new numerical scheme based on Newton’s
polynomial [30,31]. Some researchers have used this new numerical method in their research, (See [26-29] and
references therein).

Due to the severity of hepatitis B and its global prevalence, researchers have shown keen interest in improving
mathematical models that describe its dynamics [40—43]. Gul et al. and others incorporated the category of
asymptomatic carriers into their fractional model of HBV in [25], which has been ignored in many previous
studies, even though it has a notable impact on HBV transmission, and more accurately in [39] by using the fractal-
fractional order Atangana-Baleanu derivative, the HBV transmission model was investigated in the presence of
the asymptomatic carrier group. However, in this latter work, the numerical simulation of the model was done
using the Adams-Bashforth numerical method, which is less accurate than the new numerical method based on
the Newton polynomial [30,31]. Motivated by what was mentioned above and due to the interesting features of
the fractal-fractional operator, and to achieve the numerical accuracy provided by the numerical method based
on Newton’s polynomial, in this work, we aim to analyze the fractal-fractional Hepatitis B virus model with
asymptomatic carriers and get a more accurate simulation for this model using the new numerical scheme based
on Newton’s polynomial. The main contribution of this paper is the combination of theoretical and numerical
accuracy in analyzing the dynamics of the hepatitis B virus model with asymptomatic carriers.

The paper is organized as follows: In Section 2, basic concepts of fractal-fractional calculus are given. In
Section 3, the formulation of the model using the fractal-fractional derivative of power-law type kernels in the
sense of Riemann-Liouville derivatives is presented. In section 4, a qualitative analysis of the proposed HBV
model, including a study of the existence, uniqueness, and stability of the system solutions is given. In section
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5, a numerical method based on Newton’s polynomial is constructed. Numerical simulations are provided in
Section 6 to validate the results provided in previous sections while concluding remarks are given in Section 7.

2 Preliminaries

The fundamental fractal-fractional calculus principles will be demonstrated in this section. Here, C ([0, T'], R)
is the Banach space of continuous functions from [0, 7] into R with the norm:

llolloo = sup @ (r)].
1€[0,T]

Definition 1 ( [1]) Let G(¢) be continuous in (a, b) and fractal-differentiable on (a, b) with order 6. Then, the
fractal-fractional derivative of G of order y in Riemann-Liouville sense with the power law kernel is:

P 1 d [! o
FEPDY G(t) = r(n——y)ﬁfa (t—0)" 7 1G(r)dr, n—1<y,06<n, neN. (1)
Such that
dg(z) . G -6
= lim —————~.
drt? t—t ¥ — 7

Definition 2 ( [1]) Let G(¢) be continuous on an open interval. Then, the fractal Laplace transform of G(¢) of
order y is as follows:

FLyGw) = /OO Gwye Pt dt,  y >0. 2)
0

Definition 3 ( [1]) Let G(¢) be continuous in (a, b). Then, the fractal-fractional integral of G with order y in the
Riemann-Liouville sense with power law is as follows:

t
0 = s [ =07 g 3

Remark 1 1t is known that

d9(r) _ . 90—

dt? >t (0 —¢0

then
dg(r) lim t—1t G(t) — g(f)]
dtf im0 -0 ¢
1 dG() 1 dG(o)
= lim =
t—t 9=t gr 0t9-1 dr
-1
So as a result:
PG = Sy MEDG 6. )
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3 Formulation of the model

The model from which we will take our fractal-fractional model is given below and can be seen in [25]

92 = A BT P+ OB — 56
0 = O+ 92U + OB — (& + ¢
P wre— & +otntin

, (%)
a2,
=x(1-0)€C—-(E+¢+pAU

dt
e
I =nA+c¥hc—(E+e+0)¢
dR
with
60)=6p=>0,€E0) =¢ >0,A0) =2y >0,
A (0) =A,, =0, C0) =& = 0,R(0) =R = 0.
where:

e N: total population size.

o G, ¢ A A, & R: are the susceptible individuals, exposed individuals, acute infected individuals, asymp-
tomatic carriers, chronic infected individuals, and recovered individuals, respectively.
A: the birth rate of the susceptible individuals.

B: the effective contact rate.

&: natural mortality rate in each component of the model.

x%(1 — ¢): infection rate for exposed persons.

»x¢: transmission rate of people to acute infected individuals class. A

n: a rate at which acute individuals become carriers of the disease.

¢: arate at which asymptomatic individuals become carriers of the disease.

k: transmission rate of acute people to recovery class.

p: transmission rate of asymptomatic people to the recovery class.

o: transmission rate of the carrier’s people to the recovery class.

y: death rate due to the disease in acute.

¢: death rate due to the disease in chronic.

¢: the coefficient of asymptomatic individuals.

€: the coefficient of carriers individuals.

Now we extend the ordinary model (5) to a new fractal-fractional model using the fractal-fractional derivative
of order 0 < y < 1, and the fractal dimension 0 < 8 < 1, in Riemann-Liouville sense with power law (denoted

by FFP D(J)/ﬂ

+ ), then we obtain the following model:

FFPDIYS = A — B+ ¢ + €O)G — £6
FIPDYT € = B+ ¢+ €S — (5 +0)€
FEP DY = 2t @€ — (6 + 0 +n + 02
FEPDIYU = (1 = )€ — G+ +p)% ©
FEP DYV = n + ¢ — (¢ +& +0)C

FEPDYIR = kA + 0@ + A — ER

N
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The fractal model (6) provides a highly realistic result, thus allowing us to obtain essential predictions for disease
behavior. Since the variable R does not participate in the first five equations, we only consider the equations for
G, &, A, 2 and €, which are coupled, and leave out the equation for R [2]. System (6) is simplified as follows:
FEPDYYS = A — B+ ¢ +€O)G — 66

FEPDIYE = (A + ¢2Uc + )6 — (5 + 1) €

FEP DY = 2t € — (6 + 0+ + 02 : (7)
FEPDIYe = 2(1 = )€ = (& + ¢ + p)Ue

FFPDIYC = n + gUc — (6 + & +0)C

with the following initial conditions:
S(0) =60 =0, €0) =& = 0,A(0) =Ap >0, ®)
A (0) =Aey = 0,€(0) =& = 0,R(0) =NRp = 0.

Then, we restrict ourselves throughout the paper to the reduced model (7).

4 Qualitative analysis of the proposed HBV model
Let E = [C([0, T], RT)]’ be a Banach space equipped with the norm

HUE = 16®)]leo + €@ oo + 1AM loo + [2e ()00 + €D |oo-

Then, we reformulate the model (7) - (8) in the following form:

FEPDYY9(t) = F(t,0(t).  y.6 € (0, 1] ©)
P(0) =09 >0 ’
where the vector ¥ € E
D(t) = (D1(1), 02(0), 93(1), 94(1), 5(2)) = (&(1), €1), A1), Ac (1), €(2)),
denotes the state variables, and
30) = (@1(0), 92(0), 93(0), 94(0), ¥5(0)) = (6(0), €(0), A(0), A (0), €(0)),
denotes the corresponding initial condition. Moreover, F € E defines a continuous vector as follows:
1@, 91(1)) A= B+ 9A +e)E - E6
Ja(t, D2(1)) B+ @A + )G — (£ + )€
F(r,0() = | 3, 93(0)) | = x€—(E+o+n+hoA : (10)
Ja(t, 04(1)) x(1 =€ -G +c+p)A
f5(t,95(1)) n2A+cdAc—E +e+0)¢
Applying the fractal-fractional integral on both sides of (9), we obtain [1]:
o "o -1
Yt =00+ —— [ "7 (@ — )T F(s, 9(s))ds. 11
I'(y) Jo
Then, Model (7) - (8) is equivalent to the following integral equation:
o "o -1
dt) =00+ —— [ "7 @ — )T F(s, 9(s))ds. (12)

I'(y) Jo
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4.1 Existence and uniqueness results

Naturally, before analyzing any biological model, we ask whether such a dynamical problem really exists or not.
To answer this question, we try to demonstrate the existence and uniqueness of the problem (7) - (8) using fixed
point theory.

Theorem 1 Let y, 6 € (0, 1], V9 € R,. The fractal-fractional problem (7) - (8) has a solution if the following
assumption holds:

T<(— 1M &
50B8(y, 0)w

where

o =max[(§ + BNo(1 +d+e)+ 1), (BNo(1+ o +€)+ (£ +2x), ¢t —(E+o0—n+k)+3),
(1= —E+sc+p)+3),m+1t—(+e+o)+2)]

Lemma 1 If the hypotheses of Theorem 1 are assumed. Then, a function v € E is a solution of the fractal-
fractional problem (7) - (8) if and only if it is a solution of the fractal-fractional integral equation (11).

Proof (Of theorem 1)
First, we transform Problem (7) - (8) into a fixed-point problem H 9 (t) = ¥/(¢), such that:

H (1) = (H19 (1), H20 (1), H30 (1), Had (1), H59 (1)),

and

t
HY () = 9 + v 7L — )Y IR (s, 9 (s))ds. (13)
L'y Jo

If ¥ € E, then HY € E, because H? is an operator of a constant and a primitive of continuous functions.
According to Lemma (1), it can be easily seen that the fixed points of H are solutions to the problem (7) - (8).
We shall show that H satisfies the assumptions of Schauder’s fixed point theorem. The proof will be given in
several steps.

e Step 1 (Hv) is continuous
Let (0y)neN = (Gy, €4, 2, Ac,, €,) be five positive sequences that satisfy lim @, = ¢ in E. Then, for
n—o0
eacht € [0, T], we have:

t
|H; 0, (1) — Hi o ()] < i/ SO — )M fi(s, 0 () — fi(s, O (s))ds. (14)
') Jo

where f; is defined in (10).
For the first equation of Problem (7) - (8), we have:

\FEEDOY &, (1) —FFP DY S (1) = | fi(t, 9u(1)) — fi(t, 9 ()]

<E|G — Gl + BIAS — A, 6,
+ BIAG — A, &, + €B|€S — €, 6

< (E+ BU)IG — G, + BSIA — Ay | + P, |6 — &y
+ BxG|U — A, | +€BC, |6 — G, | +€6|C — ¢,

< (& + By + BpUe, + €€ — G| + BSIA — Ay
+ BpG|A — A, | + eBB|C — €,

<[E+ By + ) + ¢, + 6) + (€, + GNIIX — X,

<

[+ B(( sup A, + sup &)+ ¢( sup A, + sup &)
tel0,7T] t€[0,T] t€l0,T] t€l0,7T]

+e(sup €+ sup &)Y — Inlle.
1€[0,T} 1€[0,T]
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Now, using the fact that the total population
N(t) = 6(1) + €@1) + A1) + Ac () + €@),
and N(t) < N(0) yields:
PP DO &, (1) =TT DY S(0)] < [§ + BNo(L + ¢ + ) + 1[I0 — V|- (15)
For the other equations of (7) - (8) we get:

\FFP oY e, (1) =FFP DOY & (1))
\FFP DOY9L, (1) —FFP DOY9U(1)]
\FFPDOYQL, (1) —FFP DOYsl (1))
\FEP pO7 g, (1) —=FFP DO ()]

S [BNo(1 + ¢ +€) + & +0)ll19n — VlE,
S —E+o—n+k +3]0, — Ve, (16)
S =8 =E+c+p)+3]l0n =D,

<

n+c—E+e+0o)+210% — e

Since lim 9, = ¥, then:
n—oo

FFPDQyGn(t) FFPDGVG([)
FFPDGVG,,(Z‘) FFPDHVG(Z‘)
FFPDGVQ(,,(Z‘) - FFPDQVQ[(Z‘)
FFPDG)/Qlcn ) FFPDHVQ[C(I)
FFPDG)/Q:H ) FFPDeyq:(t)

Hence, we obtain
lim f;(t,9,(t)) = fi(t,9()), i=1,5 te€[0,T]
n—oo
Also, let r > 0 be such that for each ¢ € [0, T'], we have

| fi @, 0n ) < 1 1 fi8, 0D <7, i =15,

then,
0
——sO7 N =) TN i (s, Ou(9)) = fils, 0| < =571t — ) T fi (s, On())] + fi(s, D))
I'(y) I'(y)
< 2ré se_l(t 5)? 1
C'(y)

Foreachi = 1, 5, if the function s — %SG_I (t— s)”—1 is integrable for all  in [0, 7], then the Lebesgue
Dominated Convergence Theorem and (14) implies that

|H;9,(t) — Hi9(t)] > 0 as n — oo.
Hence,

lim ||[HY, — HY||p = 0.
n—0oo

Consequently, H is continuous.
Before proceeding to the next steps, let

L(y) =500, )T

and define the subset Oy = {9 € E, ||9||g < k}, note that Qy is a bounded, closed, and convex subset of
E,andlet H : QO — E.
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o Step2: H(Qx) S Ok
Firstly, from (15) and (16) we have:

|FEPDOY S (1)) < [€ + BNo(1 + ¢ + €) + 11|19k,

[FEPDOY €(1)| < [BNo(1 + ¢ + €) + (£ + 201|19]| £,

"FEPDOY A1) < [%C — (w+ 0 — n + k) + 31|19k, a7
IFEPDOY A ()] < [e(1 = &) — (€ + 5 + p) + 3110,
I<S+¢—(E+e+o0)+2110E.

Put

w =max[(§ + BNo(1 + ¢ +¢€) + 1), (BNo(1 + ¢ +€)+(§ +x)), (k¢ —(E+o—n+k) +3),
= —-E+s+p+3). M+t —(k+e+o0)+2)]

Thus, in each case, we get

Ifit, (@) < wk, Vi

Il
—_
W

Hence,

t
|H; 9 ()] < ﬁ+% sO7H e =) fi(s, 0 ()

0B(0, y)wt9+7’_1
C(y)
0B, y)wT‘)k
C(y)
< [ — 5086, y)ngk 0B, y)ngk
ST(y) I(y)

<+

<%+

3

This implies | H; 9 (t)| < k. Thus,

1
(1H;i P loo)1<igs < §k‘

The above inequality implies,

5

NHD || =Y [|Hid|lo < k
i=1

as aresult H(Qy) C Ok.
e Step 3 The family H (Qy) is relatively compact.

Let #1, t» two numbers belonging to [0, T'], such that 0 < #; <, < T and ¥ € Q, then foreveryi =1, 5,
we get
o "o 1
|H; 9 (11) — Hi9 ()| = |90 + oA s = )Y fis, 9 (s))ds — 9
0 %)
“Toy )y T s 9 (5))ds
9 k 153
2 I/ =Lty — s)rlds — / s (1, — 5)Y " ds|]

1"()/) 0

i (II L)).

STk
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Where
n
I =/ s — 5)Y " lds,
0

n
b =f s — 5)7 " lds.
0

Putting s = #1n, to estimate /1 and for evaluating /> we put s = t,m, then we obtain

Ok [|tlg+y_1

C(y)

< OwkB(y,0)
I'(y)

|H;9 (1) — Hid (12)] < B(y.0) — 137" By, 0)]

[ty — 1],

therefore, if 1j — 1 we get |H; 9 (t1) — H;9(t2)| — O foralli =1, 5.

As a consequence of steps 1 to 3 along with the Arzel4-Ascoli theorem, we conclude that H : Q; — Qy fulfills
Schauder’s fixed point theorem conditions, so we deduce that H has a fixed point, which is a solution to the
problem (7) - (8). ]

Lemma 2 Let v, 19{* e E, andlet B; > 0,i = 1, 5 be constants satisfying:
191l < &, i=15,
then the functions fi(t,9 (1)), i = 1, 5 defined in (9) fulfill the Lipschitz condition given by
fi (. 9 (1)) = fi@, 9 O)l|e < |10 — 0f g, i=1.5,
such that
D) = (@07 (1), 95(1), 93 (1), V4 (1), 95 (1)) = (& (1), € (1), A (1), AL (1), €* (1)),
and
M =&+ B(E3+¢Es+€Bs); [ =&+u; Tz =6+to—n+kIla=&E+1+v;1I5 =& +6+o0.
Proof For the first equation of the fractal-fractional problem (7) - (8) we have:

[f1(2, 91(0) — [, 97 ()] = |A — B+ ¢Ac + €O)S —ES — A + B+ ¢ + €O)G* + £S¥|
< B+ A A+ €0)G|G — &F| +£|6 — &F|
< (B(E3 +pEBs+€E8s) + )6 — &7l

Similarly, we get:

¢ +x)ll€ — e,

¢ +o—n+hlRA—A7,
& + ¢+ p)lI™Ac — AT,
¢ +e+o)lC— .

|f2(t, X2() — falt, X5(1))] <
| f3(t, X3(1)) — f3(t, X5(1))| <
| fa(t, Xa(1)) — fa(t, X3(0)| <
| fs(t, X5(1) — f5(t, X5(0)| <

Theorem 2 (uniqueness) the solution of problem (7) - (8) is unique under the condition:

oT" 6 .
Y
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750 M. Medjoudja et al.

Proof Let 9, 9* € E, fort € [0, T], and using Lemma 2 for each i = 1,_5, we have:

0 ro_ _
|Hi9i (1) — Hiof (1) = |Ty)(/0 sO7N e = )" TN fi (5, 95 () — fils, 9] (5)))ds]|
o11; !
< % (s) —ﬁ;"(s)ngf $"7Na — sy ds
I'(y) 0
OTL; B0, y)t?tr !
< — ) 19: (s) — 9] ($)|E
OTL; B0, y)t’
< ﬁnﬂf(s) Ol
611; 80, y)T?
< IFTIII%(S) — Ol
Therefore,
||H; X; (1) — H;i X (D)loo < G| — Dallg,  Vi=15,
_ 0TLBO.NT’
where G = r(ye)
If G = % < 1, then H is a contraction. Therefore, it fulfills the assumption of Banach’s fixed point
theorem. Hence, H has a unique fixed point, so as a result, the problem (7) - (8) has a unique solution. O

4.2 Stability results

In this part of the paper, we study the stability of the considered model (7) - (8) in the frame of Ulam-Hyers and
Ulam-Hyers-Rassias stability.
Starting with Ulam-Hyers stability, we will consider small perturbations o; € E(i € {1, ..., 5}) that satisfy:

(C1) 0;(0) = 0. o
(C2) |oi(1)] < €Vei >0, €[0,T],i =1,5.
(C3) FFPDYOY(t) = fi(t,Y(t)) + 0i (1), t€]0,T].

Such that Y (¢) = (&%, &*, A*, A%, €*) € E is a solution to the following inequality

\FEPDYOY (1) — fit,YU)| <€ € >0 1€[0,T], i=1,5. (18)

Definition 4 The HBYV fractal-fractional model is Ulame Hyers stable if there exists real constants M . > 0, (i €
{1, ..., 5}), such that V¢; > 0, and VY € E, which satisfies Inequality (18), there exists a solution # € E of our
fractal-fractional problem (7) - (8) with:

IY#) —0@)| <eMy Vtel0,T].

Lemma 3 Solutions to the perturbed problem

FEPDYON (1) = fi(r, Y1) + 03 (1) (19)
Y(0) =Yy ’
satisfy:
Y@ = YO ="FP 17, i1, Y))] < LD oy-ty T3, (20)

C(y)
where Yo = (Y1(0), Y2(0), Y3(0), Y4(0), Y5(0)) = (&%(0), €*(0), 2A*(0), 2%(0), €*(0)).
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Existence, stability, and numerical... 751

Proof Leti € {1, .., 5}, then for each case, the solution of perturbed problems (C3) is given by

t
Y() =Y + v s — )T fiGs, Y(8)) + 0i(s)1ds

L) Jo
=Y©0) + v ts9*‘(t — )" i(s, Y(s))ds + v [s9*‘(t — ) Vo (s)ds
L) Jo o L) Jo '

=YO) +"P I £, Y0) +7FF 1] 01 (s).
Thus,

t
() = YO =FFP I, e, Y ()] = |%) /0 1t — 5) oy (s)ds]

t
< %)/0 S — 7 Vou(s)lds

0B, v) t9+y_l)€,‘.

s L)

Theorem 3 (Ulam-Hyers stability) Under the assumptions in Lemma 2 and Theorem 2, with

OI1; B(y, 9)t9+y_1) <1,
I'(y)
then System (7) - (8) is Ulam-Hyers stable.
Proof Let Y € E be a solution to inequality (18), and ¢ € E be a unique solution of the following problem

{ FEPDYO9(t) = fi(t,0(1)), i=1,5

(

9(0) = Yo ' @D

then,

t
Y =01 = IY() = B0+ —— [ st =) fi(s, 9 (s))ds|
I'(y) Jo

t
< IY(I)—(90+% [ s oo

t
— (Yo + v s — )7 fi(s, Y(s))ds)
I'(y) Jo

t
Yo+ —— [ 1= 57 fis, Y5))ds)|
I'(y) Jo

t
<Y (@) — (Yo + b sO7H e = )77 fis, Y(5))ds|
I'(y) Jo

t
+1(Yo + b s — ) fi (s, Y(9))ds
') Jo

t
—(0o(r)+%) i s = )77 fis, 9 (5))ds|
t
—Qﬁr((yy’f )t9+y”)ei+|—rfy) /0 "7 =) T s, Y (s) — fils, 9(s))]ds|
eﬁ(ys 9) l9+y_1)6' + 91—1113(89 V)t9+,,_1|Y _ 19|
T'(y) ’ T'(y)

6B(y.0 —
( /?((1;/))#91»}/ 1)6[

< (
< (

Which yields there is My, = i = 1,_5, such that

or1; .0 N
I=(THF2

IY =1l < Myer.
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Next, for Ulam-Hyers-Rassias stability, let ¢; € E, and we consider o/ € E as a small perturbation that satisfies:

L Jo} ()] < €@i(t), for te[0,T],i=1>5.
2. FFPDYIN (1) = £i(1. Y (1) + 0 (1), 1 € [0, T).i = 1. 5.

This allows us to say that Y (¢) is a solution to the following inequality:
FEPDYIN () — fit, Y)| < i (1) Vi €[0,T),i =15, (22)

foreachi = 1,5and f; € E.

Definition 5 The HBV fractal-fractional problem is Hyers-Ulam-Rassias stable with regard to functions ¢;, (i €
1, ..., 5), if there exists M, ,, > 0, such that for each Y € E which satisfies the inequality (22), there exists a
solution ¥ € E of (7)-(8) with:

IY(t) = 0()| < My, g eipi(t), Vi €[0,T],i=1,5.

Theorem 4 Let f; € E satisfies Lemma 2, and ¢; € E be an increasing function, and My, > 0 (i =1,..,5),
such that for each t € [0, T

FEP I3 0i(1) < My, pi(D), (i =T1.3). (23)

Then, the given fractal-fractional model (7) - (8) is the Ulam-Hyers-Rassias stable.
Proof LetY € E satisfy Inequality (22) and ¥ € E be a unique solution of (18), then we get

t t
Y(t) =Y+ %y) \ sO71 e —5)7 7L fis, 9 (s))ds + %/) \ s97N e — 5) Lo (s)ds,

and
t
(1) = 9o + 0 s — ) fi(s, 0 (s))ds, 1 €10, T].
L) Jo
Then,

t
IY(t) — 90| = Yo+ 0 sO7N e — )7V fi(s, Y(s))ds)
I'(y) Jo

‘ t
+ Fz/) fo st — s)Y o (s)ds — v — %)/) 0 $"7N e = 9) 7 fi(s, 0 (9))ds]

t
< i/ SN = Ui Y) = fils, 9(5))lds
I'(ty) Jo

t
+ %/(; s — s)y_lai*(s)ds

OI1;B(y, 0) (0+r=1

< €My, @it
€ w,ﬁl)l()‘l‘ ry)

Y (1) =20l

Hence,

€My ¢; (1)
Y(t) — 90| € —prip—-.
1Y (@) (NI\]imﬁ%mﬁﬂq

. . _ o .
Introducing the notation M, o, = —l_gnﬁ%ﬁ) ey yields

Y (@) = D] < €My, ,0i ().

5 Numerical scheme

We simulate the proposed HBV disease model (6) using a numerical method based on a Newton polynomial.
First, let’s write the model (6) as:
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FEPDIIGS (1) = fi(t, 6(1), €(1), A1), Ae(1), €1), R(1) = A — A+ ¢ +€O)G — §6
FFPDg;f’e(t) = fo(t, B(1), €(1), A1), A (1), €(1), R(1)) = BEA+ ¢pAc + €O)S — (£ + 2)€
FEPDYIUT) = f3(1. &(1), €(1), A1), Ae (1), €(1), R(1)) =x€—(E+o+n+hA
FEP DYVU1) = falt, S(1), €(1), A1), Ac (1), €(1), R(1)) =x(1 =€~ (E+c+pA
FFPD(})’”?Q(I) = f5(t, &(1), (1), A1), Ac (1), €(1), R(1)) =nA+cAc — E+e+0)C
FFPDgfm(z) = fo(t, (1), (1), A1), Ac (1), €(1), R(1)) =kA+oC+ A —ER

Since the integral is differentiable ,using Remark (1) we can reformulate the above fractal-fractional problem
as follows:

REDY &) = 007! i1, S(1), €@0), A), Ac(1), €1), R(1))
REDY &) = 017! o, (1), €(1), A1), A (1), E(1), R(1))
REDY 20 = 0171 (3.1, S(1), €(0), At), Ac (1), €(1), R())
REDY Ae(t) = 017" falt, &), €(1), A1), Ac (1), €(1), R())
REDF €t) = 01" f5(1, &(1), €(1), A1), Ac (1), €(1), R())
REDY Ry = 0077 fo (1, &), €@0), A), Ac(1), €(1), R(1))

Then, we replace the RL derivative with the Caputo derivative; next, we apply the Riemann-Liouville frac-
tional integral on both sides to get the following Volterra integral equations:

t

&) = 6(0) + %) ; 7N — T A, B, €(), A), Ac(r), (1), R(D))
t

E(1) = €(0) + %) \ 7N — )T B, S, ), A1), A (1), E(1), R(D))
t

A1) = AO0) + % I — ) (0 S (1), €0, A, Ae(t), €Y R(D))

’; 0. . 24)

(1) = A (0) + o h 77— ) fale, B(), €(), A1), Ac (1), (1), R(1))
t

&(r) = €(0) + %) \ 7N — )T 50, (1), @), Ar), A1), E(1), R(D))
t

R(1) = R(O) + %) [ o e, 800, €0, 20 20, €0 %)

Now to provide the numerical schemes for our fractal-fractional model for the HBV dynamics based on New-
ton polynomial approximation, we try to calculate the approximations at f,,+| through the following expression:

S(tar1) = 6(0) + %) Ot"“ a1 — DT AL (1), E), AW, Ae(r), E(1), R(1))

E(tny1) = €(0) + %) 0 Nt — )T A3 S, E1), A@), A1), €(1), R(1))

Altns1) = A(0) + % Ot"“ g — 1) T A S0, €@, AW, A (1), €1), R(1)) o5
Ae(tn1) = A (0) + %) Ot"“ 7 g1 — 77 falt, S(1), E), AW, Ae(r), E(1), R(1))
Cltnr1) = €O0) + %) 0 P (fr — 17 30 S0, €0, AW, A1), 1), R())

R(tat1) = RO) + %) Ot"“ 1 — 7 [, S(0), €(1), A@), A1), E1), R(1))
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Approximating the above integrals by:

Ip+1

Ty 2

1“()

A(ty41) = A0) + m Z / "t = DT AT S0, €0, @), Ae(), €1), R(
ip

Ip+1
I'(y)

F'(y) i

F()

Also, inthe finite interval [#;, #; |, we approximate the functions 97 £, S(@1), €@), At), A (1), (1), R(1)), i =

1,2,3,4,5, 6, using the two steps of the Newton polynomial and get:

fl (tp—2’ 6p—2s ep—27 le—zv Qlefzs C}7—23 mp—z)
+[fl(tp—l96])—ls€p—lsmp—lsglt‘p_lsep—lsm])—l)

h

f] (tp—276p—2»6p—2‘mp—2‘mr 72v€p—25mp—2)
- 7 = (t —tp-2)
Ip+1
G(ty+1) = 60) + —— Zf + S10p,Sp.€p.Ap A,y . Ep.RY)
I'(y) : 2h?
2fl (tpflstflvepflvmpfl»mcp_l»Q‘pflvmpfl)
- 2h?
fi (tp—Zpr—ZaGp—2,mp—2,mcp72,Q:p—Z»mp—2)
+ 2h?

(T —tp2)(T —1p-1)
X (tip1 — 7)Y " dr,

f2(tp72, 6]772, prfZ, le72’ Q‘c,,_zy €p727 mp72)
+[f2(tplvalaGplsQ[pl’Q[cp_l,Qplsmpl)

h

(t —tp-2)

fZ(tp—Zst—Zsep—Zsle—Zsle‘p_zsep—2>mp—2)]
- h

Ip+1

E(th+1) = €0) + —— / 2.6 p. €p. Ap Ac ) . Ep.Ry)
! r( ) £ Z b + W

2f2([p 16,1, €1, 1,2
2h?
+fl(tp—Z‘Gp—%@p—%mp—%mcp2y€p—27mp—2):|
2h?

(t — tp—Z)(T - tp—l)

‘p—1° CP*l’gipfl)

X (tgs1 — 1) " d1,

6<tn+1>—6<0>+—2 / 1 — 07 A1 S @), E0), AW, A1), €1), R(1))
Z

E(tn41) = E(0) + —— Z / g1 =7 @1 S0, 1), AW, A1), €0, R())

1)

U (tn1) = Ao <0>+—Z / a7 a1, S0, €@), AD), Ac(0), E(1), R(1))
1
pH1 01 1

C(tn+1) = €(0) + —Z / (tapr — TV 50, S (1), €(1), A1), Ae(r), €(1), R(1))

Rtnt1) = RO) + —— Z / 1 — 07 fo 1, 81), 1), AW), A1), €@), R())
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Ipy1
mmﬂyxmm+ﬁ7§:f

X (tpe1 — )" "d7,

Ip+1
%mm—%@+ﬁjzf

X (tgs1 — 1)’ "Nt

Ip+1
C(th+1) = €0) + m Z/

X (tas1 — 7)7 "Nt

m(trrH)

R(0 !

X (tgs1 — 1) "Nt

@ Springer

f3 (tp72, prz, €p727 Q[pr Qlc,,_zv Q:p72a ERpr)

+ .f}(tpflagpfl»prlampflaglcp,l s€p71!%pfl)
h

f3(tp72ﬂ6p72sGp*Z’Q[prQ[c _2,‘5,)72,9%,2)
- T £ (t —tp-2)
+ f3([p76ps€p!§2[p’§2[cp,@p,mp)
2h?
2f1(fp 16— 1,€p—1,2%p- 1.2, . €p-1,Rp-1)
2h?
+f3([p—256p—2vep—Zlep—Zlecp_zvetp—2ymp—2)
2h?
(t — tp72)(f - tpfl)
f4(tp—2a 61)—2, QEp—Za Q[p—2a Q[cp_zy Q:p—2, mp—2)

p—1 ,Qp—l,mp—l)

Saltp—1,6p—1,€p_1,2A 1,2
+ h

f4(tp72’6p72aep*Zslefbglc _2s¢p72a9{p72)
- T £ (t —tp-2)
Filty.© . €2, 2, € R )
2h?
_2f4(tp*1’6p*17€p*179’[p*1VQ'[CP71ycpflympfl)
2h?
+f4(tp—ZvGp—2»€p—2»mp—2»mcp_2,Q:p_z,mp_z)
2h?

(t — tp72)(1' - tpfl)

fs(tp—2,6p-2,€p 0, Ap2,Ac, ,,Cp2, Rp_2)

+|:f5(tp1,6p1,@p1,9l 1.2, Cp-1,Rp-1)

h

fS(tp72’6p72v€p72vmp72vmc ,27¢p72’%1772)
- h £ (t — tp72)
L[ 50 S8y 2y ey € R
2h?
2f5(lp 1,.6p-1,€p 1,2, 1%, &p1,Rp-1)
p—1
2h?
+fS(tpr»prZﬂ61)7212(1)72ﬂ2[cp_2aQ:prampr)
2h?
(T —tp—2)(T —1p—1)
f6(tp—2a 61)—2, QEp—Z, le—2’ Q[cp,za Q:p—27 S)%[7—2)

f()([pfl,prlsepflsglpflwglc _ vcpflympfl)
+ =
h
.fﬁ(’p*Zs6])*27@})*27%[[)*27%[5 ,Z,Cpfz,mpfz)
- T £ (t —1p-2)
+ fﬁ(t[7’6p3€p3glp32lﬂp3€psmp)
2h?
2f6(t[7—la6p—1»6p—1»9*[p—]99[617719617—1»%[1—])
B 212
+f6(t])72»6p72sQEp*ZaQ[pfbglcp_zacprmpr)
2h?

(t — tp72)(7 - tpfl)

(26)
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Then, taking into consideration (t, = ph), we calculate the integrals:

Ipt1 hy
/ (1 =0 de =210 = p+ 1) = (0= )] (28)
t
pfp+1
/ (T —tp-2)tns1 — T)7 " dt
tp
hy+1
= —[(n—p—i—l)V(n—p+3+2)/)—(n—p)y(n—p—|—3+3)/)] 29)
vy +1)
Ip+1 |
/ (T —tp2) (T —tp—1)(tyy1 —T)" " 'dT
t
’ By +2

= — — 1V2 _ 2 1 _ ) 2 12

—(n—p) 20— p)> + 5y + 10)(n — p) + 6y + 18y + 12]} (30)

We substitute (28), (29),and (30) in (26) to obtain the numerical methods for the Model (6) of the hepatitis B
virus epidemic model as follows:

hV n o—1
Sltay1) =60+ ———— Y 0107 fitp-2,6) 2, €p 2, %y 2., 5, €p 2, Ry 2)
Ty +1) o

x[(n=p+1" == p7]

n

hY
+ 'y +2) Z

=2
6—1 .
- 91[;72](1 (tp—Zs 61)—2, le—2y Q[p—Zs mcl,,z s

[Qtz:{fl (tpflv 6[1717 ep*ls le—la Ql('p,l B cp*ls ERpfl)

X €2 Rp) [ (1= p+ 1= p+3+20) = (1= p) (= p+3+3p)]

hY u
2T (y +3) 2

p=2
= 200071 filty—1,6p 1, €p 1, Ay 1, Ao, s Ept, Ry ) + 0107 ity 2,6,

+ (6607 ity S, €5 2y, U, €5, Ry)

X €p2, 2p2, A, €2 By [0 = p o+ DY 200 — p)
+ By +10)(n — p) +2y% + 9y + 12]
— (1= ) 1201 = p)* + Sy +10)(n = p) + 6y + 18 +12]],

RN, o
XEltn1) = G0+ oy Y03 fallp2, 82, €2, Ay 2 Uy €2, Ry — p+ 17 == p) |
p=2
W [0 -1
+ m Z [911,:1](‘20]171 ’ prl ’ 6]771 s Q11771 s Qlc,,_l ) €]771 ’ ERpfl) - etp:2f2(t]172s 6]1727 ep727 le,z, Q[cp_zs

p=2
X €y ) |[0 = p 4 Y= p 34 2) — = p) = p4 343+ S ot
p=2s Vip-2 n—p n—p 14 n—p)yn-—p 4 20 (y +3) = p
X f2(t]7a Gpv 6]h mpv Qlc,,s Eps ERp) - 2912:%][20]7717 prls prla Qflpflvmc,,_] ’ prla %pfl) +91ﬁ:;f2(l’],,2, Gp*Za
X €52, Up-2, e, a0 o2 Bp) | [ (1= p+ 17200 = ) + By +10)(n = p) + 292 + 9y + 12]

— (1= ) 1201 — p)* + 5y + 10)(n — p) + 6% + 18y + 12]],

hV n B
Xan1) = o+ s DO il 2 Spzs € Up2, Wy € Ry D) (0= p 4 1 = (n = )|
p=2
hr - 0—1 0—1
* 104D S0t fattprs St €t gt Uy €ty Ry) = 01T 12, S, €z Ap2, Uy

p=2
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hY - _
xQp_z,iﬁp_z)][(n—p—i-l)y(n—p+3+2y)—(n—p)y(n—p+3+3y)]+m;[@tﬁ !

X filtp, & p, €y, A, Ae,, €, Ry) = 200071 f3(tp—1, S pits €t Apt, A,y oot Rpot) + 01073 f3(1p—2, &2,

Cp7
X €52, Upo2, Ue, a0 o2 Rp) [0 = p o+ 171200 = ) + By +10)n = p) + 292 + 9y + 12]
— (= p)[2(n — p)® + (Sy +10)(n — p) + 6y + 18y + 12]},

n
S 00 falty2 62, €p A2, Ny €y Ry [0 — p 4 DY — 0= )]
p=2

h
XAe(tng1) = Ay + =——
(tn+1) 0 F(y +1)

hY - _ -
s v S [0 St S € A ey €t Ry = 1L falp2, S €, Uy, e,
p=2

hY =

_ Y(n — —n=Y(n— B 6—1

X €y Ry [0 = p+ 1 (1 = p+3+29) = (1= p)Y (n p+3+3y)]+zr(y+3)§2[9tp
o

X faltp, S p, €y, A, Ae,, €5, Ry) = 20007 faltp1, 6 pt, €t Apt, Ao,y ooty Rpot) + 01073 faltp—2, &2,
X €2 Mpo2. Aoy 2 €z Bpa) [ (1= p 4+ 1Y 201 = p)? + By +10)(n = p) +2¢2 49 + 12]

— (1= ) 1201 = p)* + Sy +10)(n = p) + 6y + 18 +12]],
hY - 0—1 . v 14
XCls) = €+ 1o gzet,,,zfs(rp_z, 2. €2 U2 Uy, €z, Ry ) [0 = p+ 1Y — (0= p)Y |

hr N 0—1 0—1
+ m Z I:etp,lfS(tpflv 6[1717 Gp*la QIp*la Q[C,,,l s prla SRp*l) - 91p72f5(t,;72, 6[)727 €p72: Q[pr» mc,,,zv

p=2

hY - 7
x €2 Ry ) [ = p+ D = p+3+20) = (1= p) (1= p+3+3)] + m[;[erz !
p

X f5(tp, S p, €y, A, Ae,, €, Ry) = 200071 f5(tp—1, 6 1, €t Ap1, e,y €ty Rpot) + 01073 f5(1p—2, &2,

Cps

X €y, U2, A, . €z By [0 = p o+ Y201 = p)? + Gy + 1000 — p) + 292+ 9y +12]

— (1= ) 1201 = p)* + (Sy +10)(n = p) + 6y + 18 +12]],
hY - 61 ¢
XR(ty+1) = Ro + oD ZGI,,,gfﬁ(tp—z, Gp2,€p2,Ap2,Uc, 5, Cpo2, Wp—z)[(n —p+ 17 —(n— p)y]
p=2

h” " 9—1 60—1
o> [erp,lfa(z,,fl, Spt, €pt, Ap1, Ao, 1, Cpt, Rpo1) = 01) ) filtp—2,8p2, €pa, Ap 2, Ao, 5,

ry+2 =

hV n

_ Y(n — —(n—pVW(n— - 01

X €y, Rp2) [0 = p+ 1Y (0 = p+3+29) = (= p)Y (n p+3+3y)]+2r(y+3)22[ezp
p=

X fo(tp, &p, €, A, Ae,, €, Rp) = 200071 fotp 1,6 p1, €pt, Up1, Ao, €t Ry 1) + 0107 filtp 2, 62,

Cps

X €y, Upo2, Ao, 5. €poz Rp) | [0 = p o+ V1200 = ) + By +10)(n = p) + 292 + 9 + 12]

— (1= P 201 = p)? + (S +10)(n = p) +6y% + 18y + 121,

6 Simulations

In this section, we use the numerical scheme presented in the previous section to simulate and analyze the stability
and convergence behavior of the HBV model (7) - (8). In view of [25], we let the following parameters be used:
A =2 &=1/67.7 B = 0.00042, ¢ = 0.002, ¢ = 0.002, » = 0.004, ¢ = 0.6, o = 0.001, n =
0.02, k =0.02, ¢ =0.02, p =0.1, ¢ =0.003, o = 0.2, and the initial values for the existing six functions

G(0) = 60, €(0) = 40, A0) =3, A(0) = 0.2, €0) = 0.1, R(O) = 0.

Using the MATLAB program, we get different figures that display the behavior of susceptible, exposed, acute,
asymptomatic, and chronic individuals in the population over time.

@ Springer



Existence, stability, and numerical... 761

e Casel (9 =09andy =1, 0.95, 0.9, 0.85, 0.8)
Figure 1 shows the behavior of the five groups for the fractal order & = 0.9 and various fractional dimensions
y =1,0.95,0.9,0.85, 0.8. Over time, we see that the group of susceptible individuals increases while the
groups of exposed and acute individuals decrease. Moreover, the population in asymptomatic and chronic
groups increases and then decreases.

e Case2(y =09,and0 =1, 0.95, 0.9, 0.85, 0.8)
Figure 2 shows the dynamics of the proposed model (7) - (8) for fixed fractional dimension = 0.9, and various
fractal orders & = 1, 0.95, 0.9, 0.85, 0.8, we see that all groups of the population have the same behavior
as in the first case. In the initial scenario, as seen in Figure 1, the increase in the fractional order y results
in a more rapid rise in the number of susceptible people. Additionally, it influences how fast the decline in
the remaining four groups exhibit more speed, and this observation holds when the fractal values 6 increase
as well as seen in Figure 2.

e Case3(# =1, 08, 0.7,andy =1, 0.9, 0.8)
Finally, in Figure 3, we try to observe the five groups’ behavior when simultaneously changing the fractional
order and the fractal dimension. We take values of 8 = 1, 0.8, 0.7 and y = 1, 0.9, 0.8, respectively. In
each case, the groups of exposed and acute people have the same behavior of convergence and stability. Also,
the groups of asymptomatic and chronic individuals have the same behavior in each case.

7 Conclusion

In this research, a developed model of hepatitis B virus transmission between humans was presented. We used
fractal-fractional derivatives with a power law kernel. In the qualitative analysis of the proposed model, we used
Schuder’s fixed point theorem to demonstrate the existence of solutions to the system. Then, Banach’s fixed point
theorem was used to prove the solutions’ uniqueness. We also presented the conditions for the stability of the
proposed system’s solutions in the concepts of Ulam-Hyers and Ulam-Hyers-Rassias. Moreover, a numerical
scheme for the model was provided using the newly developed Newton polynomial. Then, through the change
in the values of the fractal dimension and fractional order, we graphically analyzed the convergence and stability
of the six solutions of the system. The solutions’ graphs assisted us in predicting the dynamics of hepatitis B
virus spread in the presence of an asymptomatic carrier group and its impact on disease spread in society when
the fractional order is fixed. Moreover, with the change in the fractal dimension values, we noted that the fractal
dimension reduces the spread of the disease by accelerating the reduction of infected people and carriers without
symptoms in the community. Furthermore, when fixing the fractal dimension and changing the values of the
fractional order, we also noted that the fractal arrangement reduces the speed of disease spread. Still, when
changing the fractional order and fractal dimension at the same time, we saw in the third figure that 500 days
after the disease appeared in the community, and when the fractal order and the fractal dimension are one at the
same time, acute infected and asymptomatic groups are eliminated, thus eliminating the disease forever from
society. This research demonstrated the high efficiency of simulating the fractal-fractional HBV model through
the innovative scheme based on Newton’s polynomial for forecasting the disease’s future behavior. The precision
of these results motivates us to contemplate employing this novel numerical scheme in the numerical simulation
of fractal-fractional models for exploring optimal control of HBV spread and in further investigations related to
disease transmission dynamics.
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