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Abstract In this paper, we extend the concept of the Bogomolov multiplier and the commutativity-preserving
extension to Lie superalgebras. Additionally, we compute the Bogomolov multiplier of the Lie superalgebra
associated with the Heisenberg and the real Lie superalgebras of dimension at most 4.
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1 Introduction and preliminaries

In the late nineteenth century, the study of Graded Lie algebras gained prominence within the physics field
of “supersymmetries,” particularly in the context of particles exhibiting various statistical properties. In [7],
Kac introduced the theory of Lie superalgebras, which are commonly referred to as Z,-graded Lie algebras.
Subsequently, this theory, akin to Lie’s original work, has been developed to establish a connection between Lie
superalgebras and Lie supergroups. This theory has made significant strides in recent years, resulting in numerous
advancements, including many results obtained in representation theory and classification. It is noteworthy that
a substantial portion of these results can be attributed to extensions of well-established facts within the realm
of Lie algebras. For further information regarding Lie superalgebras, please refer to [5,7,9] and the references
cited therein.

In this paper, we introduce the non-abelian commutativity-preserving exterior product and the Bogomolov
multiplier for Lie superalgebras. The Bogomolov multiplier was initially defined for groups by Fedro Bogomolov
[4] and serves as a group-theoretical invariant introduced as an obstruction to a problem in algebraic geometry
known as the rationality problem or Noether’s problem. Recently, in [1,2], we extended this concept to Lie
algebras and established its connection with the Bogomolov multiplier of groups via the Lazard correspondence.
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The Bogomolov multiplier of Lie superalgebras 769

We utilized a notion of the non-abelian exterior square L A L of a finite-dimensional Lie algebra L over a field
F to provide a novel description of the Bogomolov multiplier. Furthermore, employing Hopf’s formula, we
demonstrated that if 0 - R — F — L — 0 is a free presentation of the finite-dimensional Lie algebra over F,
then the Bogomolov multiplier is isomorphic to %, where K(F) = {[x,y] | x,y € F}.

At present, it is intriguing to develop an analogous theory of commutativity-preserving exterior products for
Lie supertheory. The structure of the paper is outlined in the following sections: 2 and 3. In these sections, we
introduce the non-abelian commutativity-preserving exterior product and Hopf’s type formula for Lie superalge-
bras. Subsequently, in Sects. 4, we compute the Bogomolov multiplier of the Lie superalgebras of the Heisenberg
type and the real Lie superalgebras of dimension at most 4.

Throughout this paper, all modules and algebras are defined over the unital commutative ring K. Here, we
introduce some terminology and notations on Lie superalgebras, which are defined in [5]. Let Z; = {0, 1} be a
field, and we define (—1)? = 1 and (=)} = —1. A Z»-graded module (or supermodule) M is M = My & Mj,
whose elements are called even and odd, respectively. Non-zero elements of MU M7 are said to be homogeneous.
For a homogeneous element m € My with o € Z;, |m| = « is the degree of m. Therefore, whenever we have
the notation |m|, m will be a homogeneous element. A submodule N of M is called a Z,-graded submodule (or
sub supermodule) if N = Ny @ Nj where Ny = N N M and Ny = N N Mj.

Definition 1.1 [5, Definition 2.1] A Lie superalgebra is a superalgebra L = Ly @ L7 with a multiplication
denoted by [, ], called the super bracket operation, satisfying the following identities:

(@ [x,y] = —(=DF[y, x],

(i) [x. [y, 2]l = [[x, yl. 2] + (= DXy, [x, 2]1,
(i) [f5,l5gl =0
for all homogeneous elements x, y, z € L and [ € L.

It is worth noting that the final equation can be readily derived from the initial equation, specifically when 2
is invertible in K. The second equation is equivalent to the following graded Jacobi identity:

(=DM, [y, 21+ (DY, [z, 211+ (= DFIP [z, [x, y11 = 0.

Utilizing the aforementioned identities, it becomes evident that for a Lie superalgebra L = L @ L1, the even
component Ly possesses the structure of a Lie algebra, while the odd component Ly serves as a module over
Lg. Consequently, if L7 = 0, the superalgebra L is a Lie algebra. Conversely, if Lz = 0, L transforms into an
abelian Lie superalgebra, characterized by the property that [x, y] = O for all x, y € L. However, it is important
to note that in general, a Lie superalgebra does not necessarily possess the structure of a Lie algebra.

The sub-superalgebra K of L is a Z»-graded vector subspace that is closed under the bracket operation.
Consider [L, L], which represents a graded subalgebra of L and is denoted as L. A Z,-graded subspace [ is
referred to as a graded ideal of L if [/, L] C [ and for all x € L, theideal Z(L) = {z € L; [z, x] = 0} is also
a graded ideal and is known as the center of L. If I is an ideal of L, the quotient Lie superalgebra L/I inherits
a canonical Lie superalgebra structure, such that the natural projection map transforms into a homomorphism.
The notions of epimorphisms, isomorphisms, and automorphisms are straightforwardly defined. According to
the super dimension structure of Lie superalgebras over a field, we denote L = Lg @ Ly as an (m|n) Lie
superalgebra if dim Ly = m and dim L7 = n. Throughout, A(m|n) represents an abelian Lie superalgebra with

dimension (m|n). The descending central sequence of a Lie superalgebra L is defined recursively as L' = L
and Lt = [L¢, L] for all ¢ > 1. If for some positive integer c, LTl = 0 and L€ # 0, L is characterized as
nilpotent, with the nilpotency class denoted as c¢. Furthermore, it is worth noting that |[m, n]| = |m| + |n|.

Definition 1.2 [5] Let M and N be two Lie superalgebras. A linear map f : M — N is called a homomorphism
of degree | f| € Z (or Lie super homomorphism), if f(Mg) € Ngyf), forevery x,y € M, and a € Zo.

Especially if | f| = 0, then the homomorphism f will be called an even linear map (or even grade). A Lie
superalgebra homomorphism f : M — N is a homogeneuse linear map of even degree such that f([x, y]) =
[f(x), f(y)] holds forall x, y € M.

Definition 1.3 Let L be a Lie algebra and M and N be graded ideals of L. The exterior product M A N is the
Lie superalgebra generated by all symbols m A n subject to the following relations:

(i) A(m An) =Am An=m A An,
(ii) (m +m’) An=m A n+m’ An, where m, m’ have the same grading,

=\
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770 Z. A. Rostami et al.

(iii) m A (n+n') =m A n+m An’, where n, n’ have the same grading,
Gv) [m,m'IAn=m A [m',n] — (=D’ A (m, ],

) mAn,n'] = (=)D ) A n — (=Dl m) A,
i) [(m An), (m' An")]=—(=D"" [ m] A [m', '],

forallA € K, m,m" € Mz U M; andn,n’ € N5 U Nj.

It is noteworthy that if M = Mg and N = Nj, then M A N can be regarded as a non-abelian exterior product of
Lie algebras.
A more general structure M A N is presented in [5] for arbitrary crossed L-modules M and N.

Definition 1.4 Let L be a Lie superalgebra and M and N be graded ideals of L. A function p : M x N — L is
called a Lie super exterior pairing, if the following holds:

(i) p(Am,n) = p(m, kn) = rp(m,n),

(ii) p(m +m’,n) = p(m, n) + p(m’, n), where m, m’ have the same grading,
(iii) p(m,n +n") = p(m,n) + p(m, n’), where n, n’ have the same grading,
iv) p(Im,m'],n) = p(m, [,m/, n]) — (=D oG’ [m, nl),

V) p(m, [n,n']) = (=)W1 o (07 m], n) — (=)™ p([n, m], n),
i) [p(m,n), p(m',n")] = =(=D)"™ " p([n, m], [m', n']),

forallA € K, m,m" € Mz U M;j andn,n’ € N5 U Nj.

In this section, we introduce a non-abelian commutativity-preserving exterior product (CP exterior) of Lie
superalgebras. This generalizes the non-abelian CP exterior product of Lie algebras introduced in [1]. We then
present some basic results.

Definition 1.5 Let L be a Lie superalgebra and M and N be graded ideals of L. A function p : M x N — L,
is called a Lie super By-pairing, if the following holds.

(i) p(im,n) = p(m, rn) = rp(m,n),
(il) p(m +m’,n) = p(m,n) + p(m’, n), where m, m’ have the same grading,
(iii) p(m,n +n") = p(m,n) + p(m, n’), where n, n’ have the same grading,
@) p(lm,m'],n) = p(m, [m’, n]) = (=DM \pGn’, [m, n]),
V) p(m, [n,n']) = (=DM o ([0’ m], n) — (=)™ p([n, m], n),
o) [pGm,n), p(m',n")] = =(=D"" p((n, m], (m, n'Y),
(vii) If [m, n] + (=D [m’ '] = 0, then p(m, n) + (=D p(m’, 0"y = 0,
If [mg, ng] = 0, then p(mg, ng) =0,

forallA € K, m,m' € Mz U M;,n,n" € Ny U Ny, my € My and nj € Nj.

Definition 1.6 A Lie super By-pairing p : M x N — L is called universal, if for any Lie super Bo-pairing
p' i M x N — L', there is a unique Lie homomorphism 6 : L — L’ such that §p = p’.

The following definition extends the concept of CP exterior product in [1] to the theory of Lie superalgebras.

Definition 1.7 Let L be a Lie superalgebra and M and N be two graded ideals of L. The CP exterior product
M A N is the Lie superalgebra generated by all symbols m A n subject to the following relations

i) Am An)=Am An=mAAn,
(il) (m+m') An=m A n+m' A n, where m, m" have the same graded,
(iii) m A (n +n') =m A n+m A n', where n, n’ have the same graded,
Gv) [m,m']1 An=m A [m',n] — (=DM’ 4 [m, n,
) m A [n,n'] = (=D)P1m+mD 1 ) xon — (=DMl m) aon,
i) [(m A n), (m" A n')] = —(=D"™W[n m] X [m, n'],
(vii) If [m, n] + (=D’ '] = 0, then m A n 4+ (=)™ Wl x 0’ =0,
If [mg, ngl =0, then mg A ng =0,

forallA € K,m,m' € Mz U M;,n,n" € Ny U Ny, mg € My and ny € Nj.
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The Bogomolov multiplier of Lie superalgebras 771

Inthecase M = N = L = Lj® L, wecall L A L the curly exterior product of L and forany x, y € LU L7
and x5 € Lg, since [x, y] + (—DI¥Iy, x] =0 and [x5, x5] = 0, we have

x Ay +(=Dly xx =0, x5 A x5 =0.

Remark. Let m = mg + mqj and n = ng + nj be arbitrary elements of M and N respectively, then according to
the Definition 1.7 we have

m An=mgAng+mgAny+mj Ang+mij Anjg.

If M = Mz and N = Nj then the M A N is called the non-abelian CP exterior product of Lie algebras which is
introduced in [1].

Lemma 1.8 The function p : M x N — M A N given by (m, n) —> m A n is a universal Lie super Bo-pairing.
Proof The proof is straightforward. O
Theorem 1.9 Let L be a Lie superalgebra and M and N be two ideals of L. Then we have

M AN

MINZE ——|
Mo(M, N)

where Mo(M, N) is the graded submodule of M N N generated by the elements

(i) m An+ (=DM W' An’ where [m, n] 4+ (=)™ [’ n'] =0,
(ii) mg A ng, where [mg, ngl =0,

withm,m' € Mg U Mj, n,n’ € Ny U Nij, mg € My and ny € Nj.

Proof By using Definition 1.4, the function p : M x N — M A N given by (m,n) —— (m A n) is a Lie
super exterior pairing. So it induces a Lie super homomorphism p : M AN — M A N, given by (m A n) —>
m A n, forallm € M and n € N. Clearly My(M, N) C ker p, so we have the Lie super homomorphism
p*¥ i (M AN)/My(M,N) - M A N given by (m A n) + Mo(M, N) —> (m A n). On the other hand, the
map[* : M AN — (M AN)/Mo(M, N) givenby (m A n) —> (m An) + Mo(M, N) is induced by the Lie
super exterior pairing/ : M x N — (M A N)/My(M, N) given by (m, n) —> (m A n) + My(M, N). Now
it is easy to see that p*I* = [*p* = 1. Thus [* is an isomorphism. O

It is known that « : M x N — [M, N] given by (m,n) —— [m,n] is a Lie super exterior pairing.
So for all m € M and n € N, it induces a Lie super homomorphism « : M A N — [M, N], such that
kK (m An) = [m, n]. Moreover, the kernel of « is denoted by M (M, N). It can easily be seen that My(M, N) is a
graded submodule of M (M, N), thus there is a Lie super homomorphism «* : M A N/ Mo(M, N) — [M, N]
given by m An+ Mo(M, N) — [m, n], with ker«* = M(M, N)/ Mo(M, N). Similar to the theory of Lie
algebras, we denote M(M, N)/ My(M, N) by Bo(M, N), and we call it the Bogomolov multiplier of the pair
of Lie superalgebras (M, N). Therefore, we have an exact sequence

0— By(M,N) > M AN — [M,N] — 0.

In the case M = N = L, we denote Mo(L, L) by Mo(L).
Similar to Lie algebras, we denote M(L)/M(L) by Bo(L), and we call it the Bogomolov multiplier of the
Lie superalgebra L. So we have an exact sequence

O—>I§O(L)—>LAL—>L2—>O.

Proposition 1.10 Let L be a Lie superalgebra and M, N and K be graded ideals of L, such that K € M N N.
Then there is an isomorphism

M/K A N/K=(M AN)/T,
where T is the ideal of M A N generated by the following elements:

(i) m An+ (=DM’ n' where [m, n] + (=D Wm0l € K,
(ii) mg A ng, where [mg, ngl € K,
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772 Z. A. Rostami et al.

withm,m’" € Mz U Mj, n,n" € Ny U Nj, mg € Mg and ng € Nj.

Proof Thefunctiong : M xN — M/K AN /K givenby (m,n) — (m+K) A(n+K) is awell-defined Lie super
Byp-pairing. Thus there is a Lie super homomorphism ¢* : MAN — M /K AN /K withm An — (m+K) A (n+
K).Clearly T C ker ¢* and since T is an ideal, we have the homomorphism ¢ : (M A N)/T — M/K A N/K
givenby (m An)+T +—— (m+K) A (n+K).Onthe other hand, themap ¢* : M/K AN/K — (M A N)/T given
by im+K) A (n+K) —— (m An)+T isinduced by the Lie super B~0-pairingq) M/KxN/K — (M AN)/T
givenby (m+ K, n+ K) —> (m A n)+ T. One can check that, 9™y = {¢* = 1. Thus, ¢* is an isomorphism,
and the proof is completed. O

Now, we give the behaviour of the CP exterior product with respect to a direct sum of Lie superalgebras.

Proposition 1.11 Let M and N be two graded ideals of a Lie superalgebra L. Then
MAN)AMSN)EMAM)®(N AN).
Proof By using Theorem 3.9 in [13], we have
MOEN)AMON)=MON)ANMDN) + My(M D N)
M N
=(M/\M)GB(NAN)EBW®W+M0(M€BN)-
Since
M N
Mo(M & N) = Mo(M) & Mo(N) & 72 ® VI

wehave (M @ N) A (M D N)= (M A M) @ (N A N), as follows.

2 Hopf’s type formula for the Bogomolov multiplier of Lie superalgebras

This section is dedicated to providing the same Hopf’s type formula for the Bogomolov multiplier of a super
algebra as it is for Lie algebras. For reference, we recall the following definitions from [9, 10].

Definition 2.1 [10, Definition 2.1] The free Lie superalgebra on a Z;-graded set X = X5U X7 is a Lie superalge-
bra F(X) together with a degree zeromap i : X — F(X) such thatif M is any Lie superalgebraand j : X — M
is a degree zero map, then there is a unique Lie super homomorphism 4 : F(X) — M with j = hoi.

The existence of a free Lie superalgebra is guaranteed by an analogue of Witt’s theorem (see [9, Theorem 6.2.1]).

Let L be a Lie superalgebra generated by a Z,-graded set X = X5 U X7 and ¢ : X — L be a degree zero
map, then there is a free Lie superalgebra F and  : FF — L expanding ¢. Let R = ker(y), the extension
0 - R — F — L — 0is named a free presentation of L and is denoted by (F, ¥).

According to the well-known Hopf’s type formula [10], we have an isomorphism M (L) = (RN F?)/[R, F).
Now we want to introduce the similar formula for the Bogomolov multiplier of a Lie superalgebra L.

The ideas of the proofs of two next propositions are exactly the same as in [1], so we omit the proofs.

Let K (F) be used to denote {[x, y] | x,y € F}.

Proposition 2.2 Let L be a Lie superalgebra with the free presentation L = F /R, then

RN F?

Bo(L) = —————
o= RS
Proposition 2.3 Let L be a Lie superalgebra with the free presentation 0 — R — F 5L Lo If T is an
ideal in F with M = T /R, then the following sequences are exact.
(i) Bo(L) > Bo() 1 =R I—
i — ) — > — > M,
0 "M T kM > 127 &
MNL?

—%
<K(L)NM >

0 RN< K(F))NT > B~(L) B~(£)
(0= = mnrs ~ Boll) = Bl =
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The Bogomolov multiplier of Lie superalgebras 773

We know for Lie algebras, the Schur multiplier is a universal object of central extensions. Recently, parallel to the
classical theory of central extensions, we in [1,2] developed a version of extensions that preserve commutativity
and showed that the Bogomolov multiplier is the universal object parametrizing such extensions for a given Lie
algebra. Here, we want to introduce a similar notion for Lie superalgebras.

Definition 2.4 Let L, M, and C be Lie superalgebras. An exact sequence of Lie superalgebras 0 — M LN

C 5 L — 0iscalled a commutativity preserving extension (CP extension) of M by L, if commuting pairs
of elements of L have commuting lifts in C. A special type of CP extension with the central kernel is named a
central CP extension.

Proposition 2.5 Lete : 0 — M X ¢ L L — 0be a central extension. Then e is a CP extension if and only if
x(M)NK(C)=0.

Proof Suppose that e is a CP central extension. Let [c1, c2] € x (M) N K(C), then there is a commuting lift
(¢}, ¢}) € C x C of the commuting pair ((c1), 7(c2)), such that 7 (c}) = m(cy) and 7 (ch) = 7(c2). So for
somea,b € x(M), wehave ¢| = ¢ +a,c, = ca+b. Therefore 0 = [¢], ¢5] = [c1, c2 + b] = [c1, c2]. Hence
x(M) N K(C) = 0. Conversely, suppose that x (M) N K(C) = 0. Choose x, y € L with [x, y] = 0, we have
x =m(cy)and y = m(cp) for some ¢y, ¢z € C. Therefore 7 ([c1, c2]) = 0. Hence [c¢1, c2] € x(M)NK(C) =0,
so [c1, ¢2] = 0. Thus the central extension e is a CP extension. |

Definition 2.6 An abelian ideal M of a Lie superalgebra L is called a CP Lie sub superalgebra of L if the

L
extension) - M — L — i — 0 1s a CP extension.

Also, by using Proposition 2.5, an abelian ideal M of a Lie superalgebra L is a CP Lie sub superalgebra of L if
MNK(L)=0.

Example 2.7 Let0 - R — F — L — 0 be a free presentation of L. Then the extension

RN F? R R
— — —
<K(F)NR > <K(F)NR > RN F?

— 0

2
RNF of R

is a CP extension. So, the abelian ideal R (FAR= K F)AR=

is a CP Lie sub-superalgebra.

Example 2.8 We know in general that a Lie algebra is a Lie superalgebra. Thus, when L is a cyclic Lie algebra
and C is a non-abelian Lie algebra, thene : 0 — M X C % L — 0is a CP extension that is not central.

Example 2.9 Let L be a Lie algebra in which for every commuting pair x, y the subgroup < x, y > is cyclic.
Then every commuting pair of elements in L has a commuting lift. Thus every extension of L is central CP.

Proposition 2.10 Let L be a Lie superalgebra with the free presentation ) - R — F 5L Lo If T is an
ideal in F with N = T /R, then the following are equivalent.

(1) N is a CP sub Lie superalgebra of L,
(2) The canonical map  : Mo(L) — Mo(L/N) is surjective.,
(3) The canonicalmap ¢ : L A\ L — L/N A L/N is an isomorphism..

Proof We know there is a Lie superalgebra homomorphism
< K(F)NR > <KF)NT >

v —
[R, F] (T, F]
x+[R, F]l— x+ [T, F].

Now, as N is a CP sub Lie superalgebra of L, then by using the Proposition 2.5 and Definition 2.6, NN K (L) = 0.
So, TNK(F) € R.Hence, < K(F)NR >=< K(F)NT >.Thusimy =< K(F)NT > /[T, F] and ¢ is
surjective. On the other hand, if v is surjective, then < K(F)NT >=< K(F)N R >.So, K(F)NT < R.
Thus N N K (L) = 0and N is a CP Lie sub algebra of L. Therefore (1) and (2) are equivalent.

Now, let N be a CP sub Lie algebra of L, then N N K(L) = 0. So, T N K(F) € R. By using Proposition
22, L ALZE Fz/ < K(F)N R > and for all x € F2, we have

F? F?
—
<K(F)NR > <KF)NT >
x+ < K(F)NR>—>x+ < K(F)NT > .

(/3N
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774 Z. A. Rostami et al.

Also,

k it < K(F)NR > |xe< K(F)NT >} = —REONT >
er = < > < D
p=u * “K(F)NR>

Since T N K(F) € R, then < T N K(F) >C< RN K(F) >. So kerp = 0 and ¢ is injective. Also,
imp = F?/ < K(F)NT >. Thus, ¢ is surjective. Hence, ¢ is an isomorphism. On the other hand, if ¢ is an
isomorphism, then < K(F)NT >C< K(F)NR >and K(F)NT € R. Thus, NN K(L) = 0. Hence, N is a
CP sub Lie superalgebra of L. O

At present, our objective is to derive an explicit formula for the Bogomolov multiplier of a direct product
of two Lie superalgebras. The following lemma provides a free presentation for L1 & L», expressed in terms of
the provided free presentation for L; and L,. This lemma will serve as a crucial component in the subsequent
calculations.

Lemma 2.11 [12, Lemma 5.5] Let F| and F> be two free Lie superalgebras freely generated by X and Y,

. 8 .
respectively, and F = F x F» be the free product of F1 and F>. Then 0 —- R — F —— L{ @ Lj is a free
presentation for L1 @ Ly in which R = Ry + Ry + [F1, F»].

Proposition 2.12 Let Ly and L, be Lie superalgebras. Then
Bo(L1 @ L2) = Bo(L1) @ Bo(Lo).

Proof Ly @ L» is a Lie superalgebra with even part (L1 ® L2)g = (L1)g + (L2)g and odd part (L1 ® L) =
(L1)7 + (L2)1. Now, by using Lemma 2.11, we have

(R + Ry + [F2, F1]) N (Fy % Fy)?
< K(Fix F))N (R + Ry + [F1, F2]) >

Bo(Ly @ L) =

Let F = Fj % F», then the Lie super epimorphism F — Fj x F; induces the following Lie super epimorphism

RN F? Ri N Fy? Ry N Fy?
o — ®
< K(F)NR > < K(F1)N Ry > < K(F>2))NRy >
x+ < K(F)NR > (x1+ < K(F1)N Ry >, xo+ < K(F>) N Ry >)

where x = x; +x2,x1 € Rj N F12 and xo € Rp N F22.
On the other hand,

R N F? o Ry N F>? RN F?
. —
<K(F))NR > < K(FF)NRy > <K(F)NR >

given by

X1+ < K(F)NRy > x+<K(F)NRy >)— x+ < K(F)NR >

is a well-defined Lie super homomorphism. It is easy to check that g is a right inverse to «, so « is a Lie super
epimorphism. Now, we show that « is a Lie super monomorphism. Let x4+ < K(F) N R >e€ ker «, such that
x =1t +n.Sowehavet; e< K(F))N Ry >and h e< K(F) N Ry >.Since t;,tp €< RN K(F) >, then
x €< K(F)N R >. Thus « is a Lie super monomorphism. O
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The Bogomolov multiplier of Lie superalgebras 775

3 Computing the Bogomolov multiplier of Heisenberg Lie superalgebras

Heisenberg Lie superalgebras hold significant interest for physicists as they provide an isomorphic representation
of the canonical commutation relations in quantum mechanics. Conversely, in the realm of geometry, the study of
nil manifolds commences with the exploration of certain elementary nilpotent Lie groups, akin to the Heisenberg

group.

The primary focus of this section is on the computation of the Bogomolov multiplier for Heisenberg Lie
superalgebras.

Heisenberg Lie superalgebra is a Lie superalgebra H = Hy @ Hj such that its first derived ideal is equal to
its 1-dimensional homogeneous center, i.e. Z(H) = H Zanddim H? = 1.

According to this definition, there are two cases. (1) if the 1-dimensional center is even, then Hy is the
well-known Heisenberg Lie algebra,

(2) if the 1-dimensional center is odd, then Hy is an abelian Lie algebra.

Definition 3.1 [10, Definition 4.1] A special Heisenberg Lie superalgebra is a Heisenberg Lie superalgebra with
an even center.

Theorem 3.2 [10, Theorem 4.2] Every special Heisenberg Lie superalgebra has dimension 2m + 1|n), and it
is isomorphic to Hy ) = Hy ® Hi, where

Hy =< X1, X2, coos Xy X415 o0 Xoms 2 | [Xis Xmil =2 5 i=1,..,m >
and
Hi =<y, y2,ce00n | joyjl=2z; j=1,..,n>.

Theorem 3.3 [10] Every Heisenberg Lie superalgebra with an odd center has dimension (m|m + 1), and it is
isomorphic to H,, = Hy ® Hi, where

Hy =< x1,%2, s Xy Y1, Y25 s Y 2 | [xj, ¥l =25 j=1,...,m>.
Theorem 3.4 Every Heisenberg Lie superalgebra with odd center has a trivial Bogomolov multiplier.
Proof By using Theorem 3.3, we have
Hpy =< X1,X2, o0, Xiny Y1, Y2, s Y 2 | X0yl =25 j=1,..,m>.
According to the Definition 1.3, we have
zAz=2Alx), yj] = (=D)PIEFRD [y 2 A x ) =0Ax; = 0.
Thus

HyANHy =<xinx; 5 L, j=1..,m,i#j>
U<Xi AYj, Xi N2, Vi Ay, YiNz 5 G j=1.,m>.

Now for all w € M(H,,) < Hyy A Hp, there exist o;, j, Bi j, ,B;., Yi-mij. 8 € K (i, j=1,...,m) such that
m m m
w= Y 0w jxAx)+ Y B Ay)+ Y Bixj Ay
i,j=1 i,j=1 j=1
J# J#

m m m
+ Z)/i(xi NZ)+ Z nij (i Ayj)+ Z&‘(yi A Z).

i=1 i,j=1 i=1
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Letk : Hy, A Hy, — [Hy,, Hy] be given by x A y — [x, y]. Since k (w) = 0, we have

w= Y il x4+ Y Bijlx, yil+ Y Bilxj, vl

ij=1 i j=1 =1
j#i i
m m m
+ ) vilxi 2+ Y mijlyi yil+ Y Silyi. 2]
i=1 ij=1 i=1
=0.

So Z'}Lﬂ}z = 0. Hence, 2?21,3} =0and B), = _Z;ﬂz—ll '3}' Thus

m—1

m m
w = Z a; j(xi Axj)+ Z Bi,j(xi Ayj)+ Zﬂ}(xj ANYj—Xm A Ym)
Q=1 ij=1 i=1
J#i J#i

m m m
+Y Vi A+ Y mi i A+ 8i(i A2).
i=1

i=1 Q=1
On the other hand, we have
xinz=xi Az+ (DG A x5 [, 2+ (DRI, ] = 0.

Therefore x; A z € Mo(Hy,). Similarly y; Az, y; Ayjandfori # j, x; Ayj, belong to Mo(Hy,).
Also we have

XjAYj = Xm A Ym = (=Xm) A Ym + X A yj = (=xm) Ay + (=Dl Ay,

and

[ = X, Y] + (DI 5] = —[x, yml + [x5, yj1 = =z +2 =0.
So,foralli, j =1..m — 1, (x; Ay; — X A ym) € Mo(Hy). Thus M(H,) S Mo(Hy,) and Bo(H,) =0. O
Theorem 3.5 Every special Heisenberg Lie superalgebra has a trivial Bogomolov multiplier.
Proof By using Theorem 3.2, H(;, ) = Hy & Hj and

Hy =< X1, X2, ooy Xins Xt 15 oos X2ms 2 | [Xis Xmi]l =2 5 i=1,...,m >
and

Hi =<y, y2, ... | yj,yjl=z5 j=1,..,n>.

We can see that

H(m,n)/\H(m,n) =<x,~/\xj 5 i=1,...,2m, j=1,...,l’l,l'7éj>
U<XiANZXi Ay, YAy 3 i=1,..2m, j=1,..,n>.

By using Definition 1.3, we have
xi Az=xi Alyj, il = (DRI [y 1Ay — (DRI, kT Ay =0,
and y; Az =y A[xi, X +1] = 0. So

H(m,n)/\H(m,n) =<xl-/\xj ; i:l,...,2m, j=1,...,l’l,i7éj>
U<xiAyj, Ay i=1,..2m, j=1.n>.
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Now for all w € M(Hgu,n)) S Hn,ny A Hon,ny, there exist o; j, ﬂi,j,oc;, vieKwith(@=1,..2m, j=
., n) such that

2m n
w—Za (xl/\xm+1)+z Z alj(xt/\x])+zzlgl](xt/\y])
i=1 j=1 i=1j=1
JFEmM+I
2m n
+ZV1()’]/\)’1)+ZZ%](%/\)’/
i=1j=1
i#]j

Letk : Houny A Honyny = [Hin,nys Hin,n)l be given by x Ay = [x, y]. Since k (w) = 0, we have

2m 2m n
w = Z xlv-xm+l]+z Z alj[xlaxj +ZZ/31/[X“}’,
i=1 i=1 j=I i=1j=1
JjFEm+i
2m n
+Zyj[yj,yj]+ZZV,,[yz,yj] =0.
1j=1
= zl;él
2 —1
So (X 1o +37_1vj)z = 0. Hence, PR o + 3 iy =0and y, = =3 el — 3707y,
Thus
2m n
w—Zoz (xl/\xm+l)+2 Z al](-xl/\xj)+zzﬁl](xl/\yj
i=1 j=1 i=1j=1
Jj#EMA+I i#j
n 2m n—1
+Z)/j()’j AYj)— ZaHZVj Y A Ym)-
j=1 i=1 j=1
Therefore

2m 2m n
/
w = E a; (X; A Xmyi — Ym A Ym) + E E a; j(x; A xj)
i=1 i=1 j=1
jEm+i
2m n

+22ﬁ' J i A Yj) +Zyj(yj AYj=Ym A Ym)-

i=1j=1 j=1

According to the definition Mo(Hgy ), foralli =1,...,2m, j=1,..,nsuchthat j #m +i,x; Axj €
Mo(Him,my) and foralli =1,...,2m, j=1,...,nwherei # j,x; Ay; € Mo(Hun,n).
Also since

Xi A Xmti = Ym A Ym = Xi A Xmei + (=Dl (y Ay,
and
[, X ]+ (=Dl oyl =2 —z=0.

Then x; A Ximti — Y A Ym € Mo(H(n,ny). Similarly, we can see that (y; A y; — Y A ym) € Mo(Hgn n)). Thus
M(H(m n)) c MO(H(m n)) and BO(H(m n)) =0. o

Theorem 3.6 Let L be a nilpotent Lie superalgebra of dimension (k|l) with dim L*> = (r|s), where r + s = 1.
Then we have

@ Springer



778 Z. A. Rostami et al.

(i) ifr =1, s =0 then By(L) =0,
(ii) ifr =0, s =1 then By(L) = 0.

Proof By Proposition 5.5 in [13],if r = 1 and s = 0 then
L=Huy,y®Ak—-2m—1|l—-n); m+n=>1
Now using Proposition 2.12 and Theorem 3.5, we have
Bo(L) = Bo(Hym.y ® Ak —2m — 1|1 —n))
= Bo(Hin.ny) ® Bo(A(k —2m — 1|1 —n)) = 0.
Since éo(H(m,,l)) = Byo(A(k —2m — 1 | I — n)) = 0, the result follows. Also for » = 0 and s = 1, by using

Proposition3.4in[11], L = H,, ® A(k —m | [ —m — 1). Similarly by using Proposition 2.12 and Theorem 3.5,
we have

Bo(L) = Bo(Hy ® Atk —m |1 —m — 1))
= By(Hp) ® Bo(Atk —m | 1 —m — 1)) =0,

as required. O

One of the significant results on the Schur multiplier of Lie superalgebras was presented by Nayak in
[10,11]. He demonstrated that for a nilpotent Lie superalgebra L of super dimension (m|n), dim M(L) =
%[(m +n)% 4+ n —m] — t(L), for some t(L) > 0 that is called corank. Their results suggest an interesting
question, “can we classify Lie superalgebras of super dimension (m|n) by corank?”” He answered to this question
fort(L) =0,...,41in [11]. Now, according to this classification, we will investigate the Bogomolov multiplier
for some Lie superalgebras.

Theorem 3.7 Let L be a (m|n)-super dimensional nilpotent Lie superalgebra and t (L) < 3. Then B~0(L) =0.
Proof By Theorem 1.4 in [11], Theorem 3.5, and Proposition 2.12, EO(L) =0. O

Theorem 3.8 Letr L be a (m|n)-super dimensional nilpotent Lie superalgebra and t (L) = 4. Then B~()(L) # 0
if and only if

L=<a,b,c,d,e | [a,b] =c,[a,c]=d,[a,d]=[b,c]=e¢>.

Proof By using Theorem 5.11 in [13], Theorems 6.1 and 6.4 in [1], Theorem 3.5, and Proposition 2.12, the proof
is obtained. O

_In the following section, we want to classify all real Lie superalgebras L of dimension at most 4 such that
Bo(L) = 0.

4 Computing the Bogomolov multiplier of real Lie superalgebras of dimension at most 4

This section is dedicated to obtaining the Bogomolov multiplier for the real Lie superalgebras of dimension
at most four that are not Lie algebras. The classification of these Lie superalgebras is provided in [3]. Nigel
Backhouse in [3] classified these Lie superalgebras into two categories: trivial and non-trivial. It is noteworthy
that the Lie superalgebra L is considered trivial if [L{, L{] = 0. Otherwise, L is non-trivial. According to the
notations used in [3], we also denote the elements of Lg (resp. L) by Latin letters (resp. Greek letters) taken
from the beginning of the alphabet.

Theorem 4.1 Let L1y be a trivial Lie superalgebra of dimension 1 with a basis {«} and the only Lie super
bracket [, ] = 0. Then By(Lo,1y) = 0.

Proof L1y is abelian, so its Bogomolov multiplier is trivial. m]

From [3], there is one trivial Lie superalgebra of dimension 2 with a basis {a, o} and the only non-zero Lie
super bracket [a, o] = «.
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Theorem 4.2 Let L1,1y be the trivial Lie superalgebra of dimension 2. Then By (La,1) =0.

Proof We can see that L(1,1) A L(1,1) =< aAa,a Ao >. Hence, forallw € M(L1,1)) € La,1y A L,1), there
exist oy, @ € R, such that w = ay(a A @) + az(a A ). Now, consider & : L1y A L1y = [La,1), La,n]l
givenby x Ay — [x, y]. Since k (w) = 0, we have «;[a, @] + a2[o, @] = 0. Thus, «je = 0. So @1 = 0. Hence
w=o(a Aa). Also,wecanseethata Ao = o Ao + (—1)'“””~|a A a, such that [e, ] + (= D1llel[g, q] = 0.
Thus a Ao € Mo(L1,1)) and M(L1,1)) € Mo(L1,1)). Thus Bo(L1,1)) = 0. |

From [3], there are two trivial Lie superalgebras of dimension 3, which are denoted as L ; 7y and L2 1). The
Lie superalgebra L 1) has the basis {a, b, a}, with the only non-zero Lie super brackets [a, b] = b, [a, o] = pa,
where p # 0. Also, we have the following trivial Lie superalgebras of types (1, 2) that we showed them with
Lél,Z)’ wherei € [ = {1, 2, 3, 4}.

o Ly =<aapllaal=alapl=pp; 0<lpl=1>,

o LY, =<a, flla, fl=a >,

o L?l,z) Z<a,a,B|la,al=a,[a,Bl=a+ B >,

o L{j, =<a,a flla,al=pa—p,la,fl=a+pf; p=0>.

Theorem 4.3 Let L be a trivial Lie superalgebra of dimension 3. Then Bo(L) = 0.

Proof Let L = L1y =< a,b,a | [a,b] = b,[a,a] = pa; p # 0 >. We have Lo 1) A Lo 1) =<
anb,ana,bAa,aNa>. So, forallw e M(Lo 1)) < L@,1) A L@,1), there exist a1, az, o3, a4, € R, such
thatw = a1 (a Ab)+ox(aAa)+a3(bAna)+as(a Aa). Now,leti : Lo 1y ALx,1y = [L@,1y, L1l given by
x Ay — [x, y]. Since k (w) = 0, we have «{[a, b] + az[a, o]+ a3[b, o] + asale, ] = 0. Soa1b+ oz (pa) =0
and so o] = ap = 0. Thus, w = a3(b A @) + a4(x A ). Also we can see that

bra=bAra+ (D"Ngna | ara=ara+ (=Dl Aa.

Sow € Mo(L,1y) and M(L2,1)) € Mo(L2,1)). Hence B~0(L(2,1)) =0.

Let L = L?l,z) =< a,a,B | [a,a] = pe — B,[a,B] = a+ pB ; p = 0 >. We can check that
L?I,Z) A L‘(‘1,2) =<aAra,aNB,anB,anrna, B AS >. Hence, forall w € M(L?LZ)) < L?M) A L?1,2)’ there
exist ay, @y, a3, o4, @5 € R, such that w = aj(a A o) + az(a A B) + az(a A B) + ag(a A ) + as(B A B).
Now, considering « : L?I,Z) A L?l,z) — [L‘(‘Lz), L‘(‘Lz)] given by x Ay — [x,y]. Since k(w) = 0, we
have ajla, a] + azla, Bl + a3la, B] + asla, @] + as[B, B] = 0. So a1(pa — B) + azx(e + pB) = 0 and
(x1p + o) + (—ay + pa)B = 0. So, a1p + a2 = —a; + pay = 0 and @y = ap = 0. Thus, w =
az(a A B) + ag(a A o) + as5(8 A B). On the other hand,

anB=arB+=DMNgna | ara=ara+ (=DMg Aa
BAB=BAB+(—DlbgAqa,

Thus w € MO(L?],2)>~ So M(L‘(‘l’z)) - MO(L‘(‘LZ)). Hence B~0(L‘(‘LZ)) = 0. Similarly, we can see that
Bo(L{; ) = Bo(L{, ) = Bo(L}, ) = 0. o

From [3], there are three trivial Lie superalgebras of dimension 4, which are denoted as L3 1), L(2,2), and
L 3). We have the following presentations for trivial Lie superalgebras of types (3, 1), (2, 2), and (1, 3) that we
denote with L’(3,1), Ll(2,2)’ and L’(1 3) wherei € I = {1, ..., 6}.

° L%&]) =<a,b,c,a|lb,cl=a,[b,a]l =a >,
oL%3’1)E<a,b,c,a|[a,c]:a,[b,c]=a+b,[c,a]=qa; pq 0 >,
L?3,1) =Z<a,b,c,a, |la,cl=pa—>b,[b,cl=a+ pb,[c,a]l =qa ; g #0 >,
Liy, =<a,b,a B|la,al =a,la, Bl = B, [b, fl = >,
° L%z,z) Z<a,b,a,B|la,x]l =a,la,Bl=p,[b,a] = —B,[b,fl =« >,
Ly Z<a.b.a.plla.bl=b la.al=pa.la.pl=aqB : pg#0.p=q>
L
L

oy E<ab,a,Blla,bl=b,la,al = pa,[a,fl=a+pp 5 p#0>,

oy E<a,b,a, B lla, bl =b,la,a] = pa —gB,la, Bl =qa+pB ; q>0>,
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L(zz)_<abaﬂ|[a bl =b,[a,a]l = (p + Da, [a, Bl = pB, [b, Bl = a >,
L<13>—<aaﬁy|[aa1_a la, B] = pB.la. ] = qy >,
L(13)—<a0‘,3)/|[a0£]—a l[a,y] =B >,

'L(13)—<a0‘/3)’|[a0‘] pa,la, Bl =B la,yl=b+y ; p#0>,
L(13>_<aa,3y|[a al=pa,la,Bl=qB -y, la,yl=B+qy ; ¢=0, p#0>,
L(13)_<aaﬂy|[a’3]_0[ [a,y] =B >,
LYy Z<aepyllacl=alafl=a+p lay]=p+y >.

Theorem 4.4 Let L be a trivial Lie superalgebra of dimension 4. Then By(L) = 0.

Proof Let L = L%3,1) =<a,b,c,a, |la,c] = pa —b,[b,c] =a+ pb,[c,a] =qga ; g # 0 >.By using
Definition 1.3, we have
ana = (b,c]l—pb)Na=[b,c]Na—pbAa)
=bAle.a] = (=D Ab. a]) = pb A )
=(q—p)bAa).

Thus, we have

L?3’1)/\L?3,1) =<bAa,cAha,aAb,anc,bAc,a Na > .

Hence, forallw € M(L?i])) - L%3’1)/\L?3’1),there existaq, an, a3, o4, a5, ag € R,suchthatw = a1 (bAx)+
ar(cAa)+az(aAnb)+as(anc)+asbAc)+ag(e Aa). Now, let & : Lfll) A Lfm) — [ng, L?M)] given
by x Ay — [x, y]. Since k (w) = 0, we have o1 [D, o] +az[c, a]+a3la, b]+a4la, c]+as[b, c]+agle, ] = 0.
So ax(qa) + as(pa — b) + as(a + pb) = 0 and (x2q)x + (aap + a5)a + (—aq + asp)b = 0. Since g # 0,
ap = 0and g4 = a5 = 0. Thus, w = o1(b A o) + az(a A b) + ag(a A ). Similar to the previous one, we
canseethat b Ao, a Ab,a Aa € MO(L%M)) and w € /\/lo(L?M)). Thus M(L?M)) C MO(L?M)). Hence

BO(L(3 1)) = 0. Similarly, we have 1§0(L(13 ) = 1§0(L%3 1) =0.
LetL_L622 =< a,b,a,B | [a,b] = b,[a,a] = (p + Da, [a, B] = pB.[b, B] = « >. By using
Definition 1.3, we have
ana=anlb,pl= (DL a] Ab) — (=1)WI([b, al A B)
= — (=Dl ((a, B] A b) + (—D)PI19l ([a, b] A B)
=—pBAb+bANB=—pBAD)+DbAPB
= —p~CDPPlonp) +b AP
=(p+DbAB,

and
ana=anlb Bl = (DAL o] A D) — (=) WPI([b,al A B) =0
Therefore, we have
L=LY, ALZLY y =<aAB.bAabAB aAB.BAB anD>.
Hence, for all w € /\/l(L(2 2)) C L?z,z) A L?z,z)’ there exist «y, a2, a3, a4, a5, g € R, such that

w=ai@aAp)+adra)tazbAp)+aslaApB)+as(BAPB)+aslanb).

Now, considering ¥ : L?z,z) A L?z,z) — [L?2,2)’ L?z,z)] given by x A 'y — [x, y]. Since ¥(w) = 0, we have
ayla, Bl+az[b, a]l+aslb, Bl+aasla, Bl+as[B, Bl+asla, b] = 0.So a1 (pB) +aza+asb = 0. Thusif p # 0,
then) = a3 = a6 = 0. Thus w = w2 (b A @) +aa@ A B) +as(BAB) andb Aa,a A, BAB € Mo(LY, ).

Therefore w € ./\/lo(L(2 2)) and /\/l(L(2 2)) - MO(L?z,Z))' Hence BMO(L?Z’Z)) =0.
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But in case p = 0, we have
LYy =<a.ba.pllabl=b la,al =a (b fl=0a>.
So
w=aj@Anp)+abra)+ta(anpB)+as(BAPB).

Same 2~lS before, aNB,brha,a AB,BAB € MO(L?M)) and finally, in this case, B~0(L?2’2)) = 0. Similarly, we
have BO(L’(2 2)) =0, wherei =1, ..., 5.
Let

LELYy =<a,oB.ylla.al=pala.pl=qB—y.la.y]=B+qy : ¢=0, p#0>.
By using Definition 1.3, we have
aANB=—plany), BAB=—qBAy)+y Ay
Therefore,

L?1,3)/\L?1,3) =<aANa,aANB,arNy,aANCGANY,BAY,YAY >.

Hence, for all w € M(L‘(‘] 3)) - L?] 3 A L‘(‘] 3 there exist ap, o2, @3, o4, a5, a6, 7 € R, such that

w=a1(a@aAra)to@np)+azaAy)+as(a Aa)
+oas(@ny)+as(BAy)+ar(y Ay).

Now, let k : L?I,S) A L?1,3) — [L?I,S)’ L?I,S)] given by x A y — [x, y]. Since k (w) = 0, we have
aila, a] +azla, Bl + asla, y] + asale, a] + aslo, y] +aslB, y]1 +a7ly, y1 = 0.

So aj(pa) + aa(gB — y) + a3(B + qy) = 0. Hence (o1 p)a + (02g + o3)B + (—a2 + o3g)y = 0 and
a1 = ar = a3 = 0. Also we know

@A@). @AY (BAY). (v AY) € Mo(L ).
Therefore M(L‘(‘m)) c MO(L?M)) and EO(L‘(LM)) =0. O

Corollary 4.5 All trivial real Lie superalgebras of dimension at most 4 have trivial Bogomolov multiplier:

4.1 Computing the Bogomolov multiplier of real nontrivial Lie superalgebras of dimension at most 4

We now perform the same calculations for all nontrivial real Lie superalgebras of dimension at most four. From
[3], there exists a unique superalgebra of dimension 2 whose basis is a, and «. The sole non-zero Lie superbracket
is [a, o] = a.

Theorem 4.6 Let L be a nontrivial Lie superalgebra of dimension 2. Then By(L) = 0.

Proof Let L = L 1). We can see that L(j,1y A L(1,1y =< a Aa,a Ao >. Hence, for all w € M(L( 1)) €
L, 1yALq, 1y, thereexistay, oo € R, suchthatw = o (ana)+az(eAa). Now,considering & : L, 1yAL1,1) —
[Lq,1), La,nl givenby x Ay — [x, y]. Since k (w) = 0, we have aq[a, ] + az[a, o] = 0. Thus, @ja = 0 and
soa; = 0. Hence w = ap (@ A o) € Mo(L1,1)) and M(L(1,1)) € Mo(L1,1)). Thus Bo(L1,1)) = 0. |

From [3], there are two nontrivial Lie superalgebras of dimension 3, which are denoted by L2y and L2 1.
The Lie superalgebra L2 1) has the basis {a, b, «}, with the only non-zero Lie super brackets [a, b] = b,
la,a] = 1/2a and [a, ] = b. Also, we have the following nontrivial Lie superalgebras of types (1, 2) that we

denote by L’(l 2 wherei € I = {1, 2}.

° L%LZ) Z<a,a,B|loe,a]l =a,[B, Bl=a >,
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L4 L%Lz) =<a,a,B|la,a]l =a,[B, Bl = —a >.
Theorem 4.7 Let L be a nontrivial Lie superalgebra of dimension 3. Then By(L) = 0.

Proof Let L = LEI ) =<a,a, B |le,a] =a,[B, Bl = a >. By using Definition 1.3, a Aa,a A f = 0. So we
have L(1 2 A L(1 )y =< AN AN B, B8 A B >. Hence, for all w € /\/l(L(1 2)) - L(1 2) A Lh,z)’ there exist
ay, ez, a3 € R, suchthatw = oy (@ Aa) +ax(a@AB) +a3(BAB). Now, let < : L(l,z)/\L(l,z) — [L%l’z), L%I,Z)]
given by x Ay — [x, y]. Since k (w) = 0, we have a1 [«, o] + o2, 8]+ a3[8, 8] = 0. So (@1 +«@3)a = 0 and
a3 = —ay. Thus, w = aj(@ Aa — B AB) +ax(a A B).

Similar to the previous one, we can see that @ A 8 € Mo(L él,Z))' On the other hand, we have

ana—BAB=ana+DPIFIBAB o [a,al+ (—DPIPlB, g1 =0.

Therefore a Ao + (—1D)PIBIB A B € ./\/lo(L(1 2)) and w € /\/lo(L(1 2)) Thus /\/l(L(1 2)) c MO(L%LZ))' Hence
BO(L(1 2)) = 0. Similarly, BO(L(I,z)) =0. |
From [3], there are three nontrivial Lie superalgebras of dimension 4, which are denoted by L3 1), L(2,2),

and L 3). We have the followmg presentatlons for nontrivial Lie superalgebras of types (3, 1), (2, 2), and (1, 3)
that we denote by L(3 1) L(2 2) and L(l 3 wherei € I = {1, ..., 17}.

oL(31)E<abca|[bc]=a[txoc]:a>,
oL(H)_<abca|[ab]—b[ac] pc[aa]:éa[aa]:b' p#0>,
L(“)_<abca |[ab]—b[ac]—b+c[aa]—2a[aa]—b>
L(31)_<abca | [a,b] =b,a,c]=—b+c,|a, a]_zoc,[a,ot]_b>,
L(zz)_<abaﬂ|[ab]—b[aa]—za[aﬁ] éﬂ,[a,a]=b,[,3u3]=b>,
oL(zz)_<abaﬂ|[ab]—b[aa]—za[aﬁ] 5B, la,al =b,[B, Bl = —b >,
L
L
L

= D] —

(22)_<ab(xﬂ|[a b]—b[aa]_za la, 8] = 5B, la,a] = b >,
(22)_<abaﬂ|[ab]—b[aa] pa,la,Bl={—p)B,[a,Bl=0b ; p§%>,
(22)_<aba/3|[ab]—b[aot]—2a la, ,B]—a+2/3 [B,Bl1=0b >,

° L?M)_<a,b,a,ﬂ| [a.b] =b. [a,a] = 30— pB.la,. Bl = pa+ 3B, [, al =b. [B.Bl=b: p>0>,
o L(z,z) S<a,b,a,Bla,bl =b,a,a]l =a,[b,Bl=0a,[B, Bl =a, o, B] = —%b >,

o LY, =<a, b, Blla,bl=b,la,al =a,[b,fl=a,[B, Bl = —a,[a, Bl = 5b >,

o LY, Z=<aba flleal =a,[B, Bl =b >,

o L) =<abaplle,al=alB Bl=blo,pl=a>,
’L%zlz)—<a7bv“v/3|[a’“]=a,[5,ﬂ]=b,[a,ﬂ]=p(a+b); p>0>,

o L3, =<abaplleal=a[p.pl=b.la.fl=pla—b): p>0>,

o L3, =<a,b,a f]la,b] =b[aot]=a[ot,8 1=b>,
oLégz)_<abaﬂ|[ab =b,la,a] = 2a [, a] =b >,

o LGy E<ab.apllael=alapl=—Bla pl=b >,

o LS, =<a,b,a f|la,pl=alB Bl=b>,

° L%Z,2> =<a,b,a,plla,a]l =B, la, Bl =a,[a,a] =b,[B, Bl =b >,

o Lijy =<a,apfylleal=alB fl=aly,yl=a>,

o Ly Z<aapoylleal=alppl=aly.y]=—a>.

Theorem 4.8 Let L be a nontrivial Lie superalgebra of dimension 4. Then By(L) = 0.

Proof Let L = L?3 y =<a, b,c,a, |la,bl =b,la,c]=b+c,|a,a] = %a, [, @] = b >. According to the
Definition 1.3 ’

2
aANb=aAa , bAhc=0, c/\oz:—g(b/\a),
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3
(3,1

ay, o, a3, 04 € R, suchthat w = a1 (@ Ab)+a2(aAc) +az(aAa) +as(bAa). Now, letk : L%3 1 /\L?3 H

We have L?3’1)/\L?3,1) =< aAnb,anc,ana, bra >.Hence, forallw € M(L?&l)) - L?&l)/\L there exist

[L?3 1y L?3 1)]begivenby)cAy — [x, y].Since k (w) = 0, we have o1 [a, b]4+az[a, c]+a3la, a]+aq[b, ] =0
and so (a1 + a2)b + apc + %0{305 =0anda; =ap =3 =0. Thus, w =ag(b Aa)and b A x € MO(L?M)).
Hence M(L{; 1)) € Mo(LY; ). Thus Bo(LY; 1)) = 0.

Now,let L = L{), =<a,b,a,B|la,bl =b,la,a] = 3a,la, B] = 3B, [a,a] = b, [, B = b >. Since

aANb=arna=BAB, brha=bAB =0,
we have
ng’z)/\Léza) =<aAb,aNa,anB,anB>.
Forall w € M(LEZQ)) C Léz,z) A ng,Z)’ there exist @y, an, @3, a4 € R such that
w=ouoi(a Ab)+ar(aNa)+a3(anp)+as(ax AB).
Now let k : L(lz,z) A L%z,z) — [L%2,2)’ Lg2,2)] given by x A y — [x, y]. Since ¥ (w) = 0, we have
aila, bl + azla, a] + asla, Bl + asla, B] = 0.

Thus a1b + %aza + %013,3 =0,s00] = ap = a3 = 0. Hence w = a4(ax A B). So, w € /\/to(LE2 2)) and
M(L{, 5)) € Mo(L{, 5))- Therefore BNO(L%M)) =0.

Let L = L(l.zlg) =<a,b,a,B|la,al=a,[B.Bl=a,le.Bl=pla+b); p>0=>.
By using Definition 1.3, we have

anb=[a,al Ab=anla bl — (D@ Aa,b]) =0,
and
anB=2plana+anb), bra=2p(Bra+ B AD).
Hence, we see that
L(IZI’Z)ALéZI’Z) =<aArna,brha,a AN, a AB,BAB >.
Soforall w € M(L(lzlsz)) - ngl’z) A ngl’z), there exist ay, a2, @3, @4, @5 € R such that

w=ajana)t+abAa)+az(aAa)
+as(a A B) +as(BAB).

By using ¥ : L%zl’z) A L%zl’z) — [L%zl’z), L%zl)z)] given by x A y — [x, y]. Since & (w) = 0, we have
aila, a] + az[b, a] + azla, o] + aula, Bl + as[B, B] = 0.
Thus (a3 4+ paa)a + (a5 + pas)b = 0 and so, @3 = o5 = —pos. Hence
w=ou(ana)+abAra)t+as(aAB—paAa—pBAPB).
On the other hand, we have
aAB—pana—pBAB=(a—pp) AP —(pana)=(@—pB) B+ (=D (pana),
and
[« — pB. B+ (=D)"I[pa, a] = 0.

Thusa AB —paAa—pBABE Mo(Lg‘z)). Also,a Aa,bAa € /\/lo(ngl’z)). Therefore, w € /\/lo(Lg’z)).
So M(ng{z)) C MO(L(IZ{Z)). Hence BO(L}Z{Z)) = 0. Similarly, BO(L}ZZJ)) =0.
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. Let L = L(lm) =<a,a, B,y |lo,a] =a,[B,B] =a,ly,y] =a >. According to the Definition 1.3, we
ave

ana=aANB=aArny=0.
Hence, we see that
LEI,S)/\Lélﬁ) =<aAGAABACANY,BABBAY, YV AY >.
Soforall w € M(L(lm)) C L%1,3) A L(lm), there exist a1, a2, @3, a4, a5, @ € R such that

w=oaj(aAa)+aaAB)+az(aAy)
tas(BAB)+as(BAY) +as(y Ay).

By using a Lie super homomorphism & : L%1,3) A L(lm) — [L(11!3), L%1,3)] given by x A 'y — [x, y], since
K(w) = 0, we have

aila, a] + awla, Bl + azlo, y]1 + a4l B, Bl + as[B, y1 + acly, y1 =0.
Thus (@] + a4 + ag)a = 0 and g = —a; — 4. Hence

w=a@rna—y Ay)t+a(aAB)+az(aAy)
taBAB—yAy)tas(BAy).

Now, since
ana—yAy=anra+ D" Ay feal+ Dy =0,

and

BAB—y Ay =BAB+ED" G Ayy 18,81+ =Dy, y1 =0,

wehave (e Aa—y AY),(BAB—Yy AY) € /\/lo(Lém)).
Also, @ A e Ay, BAY € Mo(L, 3) Thus, w € MO(L(lm)). So M(L{, 3) S Mo(Lgm)). Hence
EO(Lg] 5) = 0. Similarly, éo(Lgm)) =0.

In general, fori = 1,2, 4, B])(ng) =0,fori =2,..,17, éo(ym)) =0and B])(L%m)) =0.
O

Corollary 4.9 All nontrivial real Lie superalgebras of dimension at most 4 have trivial Bogomolov multiplier.
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