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Abstract In this paper, we firstly present some basic properties of the certain generalized Lucas sequence. We
subsequently describe a relationship between this sequence and the corresponding lacunary sums of binomial
coefficients. Due to the relationship, we finally characterize a new class of permutation binomials over finite
fields.
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1 Introduction

Let [F, be a finite field of order ¢ and let F, [x] be the ring of polynomials in a single indeterminate x over I,.
A polynomial f(x) € F,[x]is called a permutation polynomial on F if it induces amap f : a — f(a) from
IF, to itself is a permutation of F,.

The study of permutation polynomials has a long history and it started with Hermite [7] for prime fields in
1863, and later Dickson [5] for finite fields. Permutation polynomials over finite fields has been widely applied in
many fields, for instance, combinatorial designs [6], cryptography [19,20] as well as coding theory [12]. There
are numerous literatures on this topic and we refer readers to [4,8-10,14-17,22,27] for details.

Our work is partly motivated by the following open problem:
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Problem 1.1 (Lidl-Mullen [16]) Let F; be a finite field of order q. Determine conditions on k, r, and q so that
P(x) = x* +ax”
permutes Fy witha € Fy.

The simplest type of polynomials is monomial and a monomial kx" € IF,[x] is a permutation polynomial
of Fy if and only if k # 0 and (n, g — 1) = 1. In this paper, we consider the permutation binomials f (x) over
[F, with the form x**" 4 ax*. When 5 | ¢ — 1 and a = 1, the permutation binomial f (x) was determined by
Wang [23] in terms of the Lucas sequence

T\n Tn
2c0s7)" + (= 2e052)"} .
{( coss) +( COSS) e
When 7 | ¢ — 1 and a = 1, with the help of Lucas-type sequence
T\ 27T \n 3w .n
2cos T —2c0s )" 4 (2c0s 2 } :
{( cos7) +( cos7) +(cos7) e

the permutation behavior of f(x) was studied by Akbary and Wang [1]. We refer the reader to [2,24] for a more
general case.
In this paper, we characterize a new class of permutation binomials over finite fields as follows.

Theorem 1.2 Let F, be a finite field with char (F;) = pand3 | q — 1. Let f(x) = XMV 4 3xk Fy[x], where

W is a positive integer and v = % or @. Then f(x) is a permutation binomail of ¥ if and only if
(w,v) =1,
4(g—1) —1
27 =7 (mod p)

and one of the following holds:

(i) ifv = 493", then n =2 (mod 3);
(ii) if v =29 then p =1 (mod 3).

Remark 1.3 Theorem 1.2 is significant because it provides a positive solution to Problem 1.1. For the sake of
discussion, it may be convenient to write the binomial x* 4+ ax” as x*T 4 ax*. It should be noted that we may
assume each polynomial defined over [F;, has degree at most (¢ — 1) because x¢ = x for each x € F,. That’s

2g=1
3

why we will assume that v = q3;1 or in Theorem 1.2.

In this paper, we obtain an explicit class of permutation binomials over finite fields. To begin with, it is
important to investigate the basic properties of the generalized Lucas sequences {U,},en and two associated
integer sequences. Secondly, we need to describe a relationship between these sequences and the corresponding
lacunary sums of binomial coefficients. Based on this relationship, a sufficient and necessary condition of the
binomials being the permutation binomials of finite fields should also be considered. At the end of this paper,
we present some explicit examples of permutation binomials with the form x#*V 4- 3x* to illustrate the details
of Theorem 1.2. Meanwhile, we recognized that the application of {U,}} _ will be discussed in greater detail in
the another paper since it is beyond the present paper’s topic.

2 Some useful auxiliary results

In this section, we introduce some prearrangement knowledge which will be used later, including the system of
congruences and the classical Hermite’s criterion.

; ; n_q
Lemma 2.1 Let p be a prime with3 | p* — 1. Set s = pT. If
3.2%3 = 7% (mod 17),

then s =5 (mod 24), p =2andn > 4is even.
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788 Z.Zhang et al.

Proof Since 23.(=2) =1 (mod 17), it follows from 273 = —2 (mod 17) that

3.8 B4 =304 .23 47
=3.(=1)-273+7
=(=6) (=) +7°
= (=6) - (=D + (=10)°
= (=6) - (=)' + (=1)* - 10"
=(—1)*-(10* = 6) (mod 17).

The case s = 2k with k > 1. Observe that 17 - 6 = 102. Then

(=" (mod 17), if k = 4t;

(=2) - (=" (mod 17), if k =4t + 1;
4.(=1)" (mod 17),if k =4t +2;
(—8) - (=)' (mod 17), if k = 4t + 3,

10° = 10 = 100F = (—2)F =

a desired contradiction. The case s = 2k + 1 with k > 1. Then

10- (=)' (mod 17), if k = 4t;
(=3) - (=1)" (mod 17), if k = 4t + 1;
6-(=1)" (mod 17), if k = 4t + 2;
5.-(=1" (mod 17), if k = 4t + 3.

10° = 1021 =10 100F = 10 - (—2)F =

Sok=4t+2andt even Lett =2m.Thens =2k + 1 = 16m + 5 implies that s =5 (mod 16).

Recall that s = — By s =5 (mod 16), we have Z-— =5 (mod 16) and so p" = 0 (mod 16). Thus,
p=2andn > 4.
From 3 | 2" — 1, we get that 2" = (—1)" = 1 (mod 3). So n is even. This completes the proof. m|

One of the most useful characterizations of permutation polynomials is the following Hermite’s criterion.

Lemma 2.2 (Hermite’s criterion [/7, Theorem 7.4]) Let I be a finite field with char (F,) = p. Then f(x) €
I, [x] is a permutation polynomial of ¥ if and only if the following conditions hold:

(i) f(x) has exactly one rootin Fy,
(ii) for each positive integer t witht < g —2 andt # 0 (mod p), the reduction of

f@)" (mod x? — x)
has degree < q — 2.
Lemma 2.3 Ler f(x) = x**V + ax* € Fy[x] be a permutation binomial of F,. Then char (Fy) # 2.
Proof Assume on the contrary that char(]Fq) = 2. Then, by a # 0,
f(x) = xHTV 4 axh = xFTY 4 xH, (D
Now (1) yields f(0) = f(1) = 0, which is contrary to the assumption that f(x) is a permutation binomial. O

For the positive integer n, let w(n) denote the set of all prime divisors of n.

Lemma 2.4 Let a be a positive integer and let T be a finite field with char (Fy) = p. If p ¢ 7(a® + 1), then

f(x) = x*TY + ax* has only one root in Fy, where v = % or 2(q D,
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Proof Leta € F, such that f(Ol) =alt 4 a-a® =at (e’ +a) =0. Then o’ = —a or @ = 0. Assume that

a” = —a.Now v = q31 or 2(’1 D implies that
(g—1)|3v
which implies that
W=l = (@) = (—a)® = —d’,
namely,
a@+1=0 (mod p).
This means that p € 7(a’ + 1), a desired contradiction. |

Lemma 2.5 Let f(x) = x*TV +axt ¢ F,[x] be a permutation binomial of Fy with v = q31 or @. Then
(m,v) =1

Proof 1t follows immediately from [22, Theorem 1.2], [23, Lemma 1] or [27, Theorem 1.2]. |

Lemma 2.6 Ler f(x) = x* + ax* € Fylx] with (u,v) = 1 and v = ‘13;1 or @. Ifq3;1 1 t, then the
reduction of

f@)" = (x"* +ax)" (mod x? — x)
has degree < q — 2.

Proof It follows immediately from [23, Lemma 3]. O

3 Generalized Lucas sequence
Let N be the set of non-negative integers and let ¢, 8 be the roots of
=Px+0=0 )

where P, Q are relatively prime integers. The generalized Lucas sequences {U, },en and {U;},en Which were
defined by Lehmer [13] in 1930 as follows:

Up=a" + p", (3)
n__ pn
gr= =P )
a—p
where o = £V P40 P —40 and g = #
When P =1 and Q = —1, U, and U;; are called a Lucas sequence and a Fibonacci sequence respectively.

It is widely known that the generahzed Lucas sequences {U,},en and {U,) },¢en satisfy the second-order linear
recursive relations:

(1) Upy2 =P -Uy41 — QO - U, with initial values Uy = 2 and Uy = P
(i) Uy, =P Uy, — Q- Uy withinitial values Uy = 0 and U} = 1.

In the past hundred years, the applications of generalized Lucas sequences in exponential Diophantine
equations, combinatorial mathematics, graph theory, cryptography, differential equations, numerical analysis,
operations research, geometry and etc have been extensively studied, the interested reader can refer the relevant
literature (for instance [11,18,21,25,26]) for detailed information about the basic properties and the applications
mentioned above, we don’t repeat here.
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790 7. Zhang et al.

3.1 A certain generalized Lucas sequence

As the previous lines already suggest, we first show some basic properties of a certain generalized Lucas sequence
{Us}seny with P = —13 and Q = 7%. What follows is to present two new integer sequences { Vs }sen and { Wy }sen
which rely on {U;}sen.

Lemma 3.1 Let {U)sen be a generalized Lucas sequence with P = —13 and Q = 7°. Then the following hold:
(i) a = 3\/53'—13 and B = —3\/31'—13;
(ii) Uy = (3«/§i+] )2s + (3\/3?21'71 )23.

(iii) Us - Uy = Ugyt + 7H -Us—s forany s, t € Nwiths > t;

(iv) (Us) =Uy +2- 725,

(v) Ugpr = =13 - Usyy — 7> Uy;

(vi) {Us}sen is an integer sequence with initial values Uy = 2 and Uy = —13.

Proof Each follows immediately from the definition of {U,},cn (or see [18], Chapter 2). m|

Lemma 3.2 Lets € N and let Vi = f’ 1 (3f’+1)zs — ﬁé“ . (3@_1)25. Then the following hold:

(i) Vs - Vi = =Viyy — Usyy + 7 -Us—s forany s, t € Nwiths > t;
(i) (Vs)? = =Vay — Ups +-2-7%;
(iii) Vita = =8 Voy1 + 7% Us — Ugpo;
(iv) {Vs}sen is an integer sequence with initial values Voy = —1 and V1 = 2.

Proof Since (ii)—(iv) follow from (i), we only need to give a proof of (i). It follows from Lemma 3.1 that

VS.V,=<\/§I'—1'(3\/§i+1)2s_\/§i+1.<3\/§i—1>2s>x

2 2 2 2
(B B - B ()
= L (B (R (B
N (S e
= () () (B ) (B
B
ey (DL (e
~ o (VL (e e (i)
e (B )
()

= _Vs—i-t - US—H + 72t . Us—ta
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and we are done. m]

Lemma 3.3 Let s € N and let Wy = 3= (33i=ly2e _ SBixl 33325 Thep the following hold:

(i) Wy - Wy = =Wy — Usqy +72[ cUs—t;
(i) (Wy)* = =Wy — Uz +2-7%;
(iii) Wypo = —11- Wyyy + 7% Us — Ugpo;
(iv) {Wslsen is an integer sequence with initial values Wy = —1 and Wi = 11.

Proof This can be proved as Lemma 3.2. O

3.2 The lacunary sums of binomial coefficients

In the following, we consider relationships between {U;}sen, {Vi}sen or {Ws}sen and the lacunary sums of
binomial coefficients respectively. It is worth noting that the relationship plays a fundamental role in this paper.

Theorem 3.4 Let s € N and let Ug, Vs and Wy be as in the preceding lemmas. Then the following hold:

(i) 3 (3) -39 = 4

3

i=0

s—1

g 3it1 _ 454V,
17 J— S .
(ii) Z (31+1) 3 =3

1=

(252
AN 2s 3i42 _ A4 W,
(iit) Z (3z+2) 3 =3

Proof Letag = _1+T‘/§’ and By = A_T*/gi, where i = —1. Then ozé +,Bé =2for3 | jand aé +ﬂ({ = —1 for
3t j. It follows from the binomial theorem that

(=22 () -2 () )

I}
S
N
W D
~. U
N——
W
@
|
(O8]

3|j 3tj
1 , s\
(e ) £0))
31j 3j
1 . ; ; 25 2s .
=3 (4254—(050—1-,30) Z( )-31+(a{)+55)-z<,)-3f)
TR 3 N
1 o E s\
=3 (4% ( )-3]-(ag+ﬁ{))+2(j)-3f.(ag+ﬂg))
31j 34j
Z% <42S+ ( ) 3/ (a0+,30)>
1 & 2 .
=3 (4 ( )'(3010)J+Z<j>~(3ﬂ0)’)
j=0
= é (42* + (1 +300)™ + (1 + 3/30)2*)
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. (42S + ( +23\/§l )2& 4 ( 23\/31 )2S>

_ (42s il +23«/§i)zs L Zﬁi )25>

W= W= W] -

: (423 + US).

Similarly for (i), it suffices to show that (ii) and (iii) hold. This proves the theorem. |

3.3 The relationship between {Us}sen, {Vs}sen and {W}sen

At the end of this section, we will deal with the relationship between {U; }sen, { Vs }sen and { Wy }sen. Beforehand,
a classical Pascal’s formula is a must.

Lemma 3.5 (Pascal’s formula /3, Theorem 5.1.1]) Let n and k be integers. Then the following statements hold:

W Q=1
(ii) ifn < k ork < 0, then (Z) =0;

(iii) if k < n, then
n\ (n-—1 n n—1
k) \k—1 k
_(n—2 +2n—2 " n—2
k-2 k—1 k)
Theorem 3.6 Let s € N and let Ug, Vs and Wy be as in the preceding lemmas. Then the following hold:

(i) Uspr = Us +5 - Vs + 5 - Wy — 150 4%
(ii) Voq1 = Vs +6- Uy + 3% - Wy,
(iii) Wv+1 = Wr+6'vs+32'Us-

Proof 1t’s trivial that we only need to prove (i). Similar calculations can be used to prove (ii) and (iii). Due to
Pascal’s formula and Theorem 3.4, we have

) | [2(,?:»1)]
420+ 4 Ust1 _ Z 2(s + 1) 33
3 4 3i
i=0

[2(S+l)]

B i 2s Iy 2s n 2s i

o 3i—2 3i—1 3i

i=0
(251 (255 3|

1 2s . 2 2s . 2s .

— . . 33l+1 - . 33l+2 . 331
22 () s X () ey

i=0 i=0 i=0

1 424V, 2 454+ W, 4% 4+U;

= . " 4. + .
3 3 9 3 3

Thus, we get
1 2 130 5,
Us+1=Ux+§'Vs+§'W€_T‘4 s
and we are done. m]
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4 The proof of Theorem 1.2

In the following, we begin to present the proof of Theorem 1.2, the main theorem of this paper.
Letd = 1(5’3—_1) with z = 1 or 2. Then we have d < g — 2 and

d
F) = P 4 3xyd = Z <‘li> i gpdtvd—vi 5)

i=0
Let k be the degree of any term in the expansion of f(x)? (mod x? — x). Then there is an integer £ such that
k=pd+vd —vi—4(qg—1) <qg—1.
Let us consider the special case where k = ¢ — 1. Then
pud+vd —vi—€(g—1)=qg—1

implies that

gy Hdtvd—vi ©)
qg—1
Since £ is an integer, (6) implies that
(g =1 | (ud + vd — vi). (N
Letv = w, where vp = 1 or 2. Now (7) and d = % imply that
3| uz+voz — voi ®)
which implies that
Uz +voz =voi  (mod 3), )

and by vgp = 1 or 2, we have vg =1 (mod 3) and

vo(puz +voz) = vgi =i (mod 3).

From
i =voz(u +vo) (mod 3),
we get that
d d i -1
F)?  (mod x7 — x) = > )3t exaTh (10)
0<i<d !

i=vpz(u+vp) (mod 3)

For necessity suppose that f(x) is a permutation polynomial on I,. Then, by Lemma 2.2, we have

d .
> <l> 3'=0 (mod p). an

0<i<d
i=voz(u+vog) (mod 3)

The case vo(u + vg) = 1 (mod 3). Then 2vg (1t + 1) =2 (mod 3). From (11) and d = Y=Y with z = 1 or
2, we get

g=1 4
> (?)-3150 (mod p) (12)
0<i<?3! !
i=1 (mod 3)
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794 7. Zhang et al.

and
2g=1

> ( l3 )-3fzo (mod p). (13)

Ofif 2(4;1)
i=2 (mod 3)

Lets = q%. Since ¢ is odd, s is even and Theorem 3.4 together with (12) and (13) yield

4+ Vs
3 2 =0 (mod p) (14)
and
u =0 (mod p). (15)
Then (14) and (15) imply that
Vs = —4°  (mod p) (16)
and
Wy = —4%  (mod p). (17)

By Lemma 3.2 (ii), we know that
(V) ==V, —Us +2-7".
This implies that
4% =V, —Ug+2-7°. (18)
Note that (v%)2 = 4?5 = —W;. Thus, by Theorem 3.6 (i), (ii), we have

4542 43. Uy =27 42 Us. (19)
and
18- (4% =7 +3-Us + 7% Us_y = Ugy1. (20)
Recall that Ugy1 = —13 - Us — 49 - Us_1. Then (20) yields
18- (4% —75) = 10-U; — 2 - Ugyy = 0. 1)
Thus, by (19) and (21), we have

207 - 4% + 8.7

Usp1 = (=1 - 7

(22)

Since {Us+1}sen 1S an integer sequence, this means that 17 divides 207 - 425 + 8 .7%. Notice that
207 -4% +8.7° =8.(17-12.2%73 4 3.2%73 L 7%,
So
1713-2%73 4 75,

Now Lemma 2.1 yields p = 2 which leads to the contradiction. The case vo(u + vo) = 2 (mod 3). Then
2v9(1t + vp) = 1 (mod 3). From (11) and d = 5% with z = 1 or 2, we get

g—1

> (?)-31'50 (mod p). (23)

0=i<i3t
i=2 (mod 3)
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2g=1)

> < f >~3f50 (mod p). (24)

(_2g=1)
0=i==%5—

i=1 (mod 3)

Lets = %. Since ¢ is odd, it follows from s even, Theorem 3.4, (23) and (24) that

4+ Ws
Tz =0 (mod p) (25)
and
42ST+VS =0 (mod p). (26)
Then (25) and (26) imply that
Wy = —4°  (mod p) 27)
and
Vi = —4%  (mod p). (28)

By Lemma 3.3 (ii), we know that
(W%)2 =—W,—Us+2-7.
This implies that
4% = W, — Uy +2-7°. (29)

Note that (W%)2 = 425 — V. Thus, by Theorem 3.6 (i), (iii), we have

13545 + 9. Ugyy =4 -7 +7- Uy (30)
and
3.Us+18-4% +7% Us_y — Ugyy =24-7°. 31
Recall that Uy = —13 - Uy — 49 - Us—1. Then (31) yields
9.4% —12.7°—5. Uy — Usyy = 0. (32)
Thus, by (30) and (32), we have

10842 —61-7°
s — 26 .

Since {U,41}sen 1s an integer sequence, it follows that 26 divides 108 - 4% — 61 - 75. Notice that 2 | 108 - 425,
So 2| 61 -7%, adesired contradiction.

The casevpz(it + vp) = 0 (mod 3). Recall that z = 1 or 2. Since vg = 1 or 2, we have © =2 or I (mod 3)
respectively.

From (11) and d = @ with z = 1 or 2, we get that

(33)

AN A+ U
)3 <>3 =——1=0 modp). (34)
0<i<d !
i=0 (mod 3)
Lets = 431 Now (34) yields
Us =—4° (mod p) (35)
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and
Us = —4%  (mod p). (36)
Notice that (U%)2 = Uy + 2 - 7°. Then (35) and (36) imply that

= Uy’ =Us+2-7 =—4% +2.7° (mod p) (7
which implies that
4 =2% =7 (mod p). (38)

In particular, from (38), we also have p # 2 or 7.

For sufficiency suppose that (u, v) =1, 2% =75 (mod p) and £ + vop = 0 (mod 3) hold. Then Theorem
3.4, Lemma 2.4 and Lemma 2.6 together with Hermite’s criterion (Lemma 2.2) imply that f(x) = x*T + 3xH
is a permutation binomial of IF,. Thus, Theorem 1.2 is proved. O

Remark 4.1 Using the approach of [22], we also can get Theorem 1.2.

Atthe end of this paper, we present some explicit examples of permutation binomials with the form x* TV 4-3x#
to illustrate the details of Theorem 1.2.

Example 4.2 Theorem 1.2 shows that the following permutation binomials hold:

1 fx)= xB+3xisa permutation binomial of Fs2;
1) fx)= x107 4 3xlljgq permutation binomial of [F|2;
@{i) f(x) = xB4+3x7isa permutation binomial of Fy2;
(iv) f(x) = x*" 4+ 3x7 is a permutation binomial of Fg;;
(v) f(x) = x» + 3x'3 is a permutation binomial of F, 2.

The following example provides an infinite class of permutation binomials over Fs2..

n 2n _ .
Example 4.3 Let g = 52", (u, v) = (52"+1, 52T*1) or (52, M) with n > m and n > 1. It can be shown
that ¢, n and v satisfy the constraint conditions of Theorem 1.2. Thus, both

3.52m+1ys2n_ 52m+1
3 3x

fikx) =x
and

3.52m 49521 _» 52m

falx) =x 3 + 3x
are permutation binomials of Fs2..
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