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Abstract Let G be a connected graph with n vertices, m edges and having distance Laplacian eigenvalues
01 > 02 > ...0,—1 > 9, = 0. For any real number 8 # 0, let Sg(G) = Z;’;ll 8}3 be the sum of B-th powers of
the (n — 1) largest distance Laplacian eigenvalues of G. In this paper, we obtain various bounds for the graph
invariant Sg(G), which relates it with different parameters associated to the structure of the graph. We also obtain
bounds for Sg(G) in terms of the number of components of the complement graph G.

Keywords Distance matrix - Distance Laplacian matrix - Distance Laplacian eigenvalues - Transmission -
Diameter - Wiener index
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1 Introduction

A graph G = (V, E) consists of the vertex set V(G) = {v1, va, ..., v,} and the edge set E(G). We assume that
all the graphs under consideration are simple and connected. Further, |V (G)| = n is the order and |E(G)| = m
is the size of G. The degree of a vertex v, denoted by dg (v) (we simply write d,)) is the number of edges incident
on the vertex v. As usual, K,, is the complete graph with n vertices and K ,—_1 is the star graph with n vertices.
Also, K, p is the complete bipartite graph with two partite sets V| and V; of cardinalities a and b, respectively.

In G, the distance between two vertices u, v € V(G), denoted by d,,,, is defined as the length of a shortest
path between u and v. The diameter of G is the maximum distance between any two vertices of G. The distance
matrix of G is denoted by D(G) and is defined as D(G) = (dyv)u,vev(G). The vertex transmission Trg(v) of a

vertex v is defined as the sum of the distances from v to all other vertices in G, thatis, Trg(v) = Y. dyy.
ueV(G)
The Wiener index (also called transmission) of a graph G, denoted by o (G), is the sum of distances between
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all unordered pairs of vertices in G. Clearly, 0 (G) = % Z Trg(v). For any vertex v; € V(G), the vertex

veV(G)
transmission 7'rg (v;) is also called the transmission degree of v;.
Let Tr(G) = diag(Tr1,Tra, ..., Tr,) be the diagonal matrix of vertex transmissions of G. Aouchiche

and Hansen [2] defined the Laplacian and signless Laplacian for the distance matrix of a connected graph as
DX (G) = Tr(G) — D(G) (or simply DY) and D2(G) = Tr(G) + D(G) (or simply D?) respectively. Since
D! (G) is a real symmetric positive semi-definite matrix, we denote its eigenvalues by 9;’s and order them as
01 > d» > ...9,—, > 0, = 0. The largest distance Laplacian eigenvalue 0; is called the distance Laplacian
spectral radius of G. More work on distance Laplacian eigenvalues can be found in [3,6,7,10,14,16,18].

For a real number « # 0, Zhou [19] studied the sum of ot/ powers of the Laplacian eigenvalues and Akbari
et al. [1] investigated the sum of ath powers of signless Laplacian eigenvalues of G. Pirzada et al. [13] also
investigated the sum of wth powers of distance signless Laplacian eigenvalues of G. Clearly, the smallest distance
Laplacian eigenvalues 9, is always zero and 9; > n foralli = 1,2..., (n — 1). Now, for a real number 8 # 0,
let S5(G) = Z;:]l Bl.ﬁ be the sum of Sth powers of the (n — 1) non zero distance Laplacian eigenvalues of G.

In Section 2, we obtain bounds for Sg(G) in terms of order n, Wiener index o (G) and maximum transmission
Tr1. We characterize the extremal cases of these bounds. In Section 3, we obtain a lower and an upper bound for
Sg(G) in terms of number of the vertices n and the number of components Cy in its complement graph G and
determine the conditions for extremal cases. As a consequence, we obtain an upper bound for Sg(G) in terms
of order n only, when B > 0 and a lower bound for Sg(G) in terms of order, when 8 < 0 and characterize the
extremal graphs in both cases.

2 Sg(G) in terms of Wiener index and maximum transmission

For non-increasing sequence (x) = (xg, X2, ..., x,) and (y) = (y1, ¥2, - - ., ¥p) of length n, we say (x) is weakly

majorized by (y), denoted by (x) <, (y) if Zx,- < Z y; forallk = 1,2, ..., n — 1. If in addition to this, (x)
- —
" . L I
and (y) satisfy the condition in = Z vi, we say (x) is majorized by (y) and is denoted by (x) < (y).
i=l1 i=1

Lemma 2.1 [9] Let (x) = (x1,x2,...,x,) and (y) = V1, ¥2,---, Yn) be non- 1ncrea51ng sequence of real

numbers of length . If (x) < (y), Then for any convex function v, we have Zl/f (xj) < Z ¥ (y;i). Furthermore,

i=n i=1
n n
if (x) < (y) and v is strictly convex, then Y "yr(x;) < > ().
i=1 i=1
The proof of the next lemma follows by using Schur’s theorem.
Lemma 2.2 Let G be a connected of order n > 3 having distance Laplacian eigenvalues 91, 9, ..., 9, and

transmission degrees Try, Tra, ..., Tr,. Then

(Tr1,Tra, ..., Try) < (01, 02,...,0,) and
(Trl’ Tr2’ M) Tr)’l*l) <6() (81’ 827 cey 87171)'

The following result gives bounds for Sg(G) in terms of the transmission degrees of G.

Theorem 2.3 Let G be a connected graph of order n > 3 having transmission degrees Tr, Tra, ... Try,.
() IfB < 0orB > 1, then Sg(G) > 31— (Try)P.
(ii) If0 < B < 1, then Sg(G) < Y 1—(Tr)P.

Proof (i) For x > 0, the function g(x) = x# is an increasing convex function if 8 > 1 or B < 0. Let
X)=Tr1,Try...,Trp—p)and (Y) = (91, 02, ..., dy—1). By Lemma 2.2, we have (X) <, (Y). So, it follows

n—1
that Sg > Y "(Tr;)P. By Lemma 2.1, equality occurs if and only if (X) = (¥). That s, if and only if 3; = T'r;,
i=1
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828 U. Mushtagq et al.

foralli = 1,2...,n — 1. But then, trace(A) = 91 +d + -+ 01 = Tri +Trn+---+Tr,_1 <
n—1
Tri+Try+---+Try_1+ Tr, =trace(A), which is a contradiction. Therefore, Sg > Z(Tri)ﬁ.

i=1

(ii) For x > 0, we can see that the function g(x) = —x# is a convex function if 0 < B < 1.Let (X)) =
(Tr1,Try, ..., Try—1, Try)and (Y') = (1, 0, ..., d,—1). Then by proceeding similarly as in part (i) and using
Lemma 2.2, (ii) follows. O

The following lemma states that deleting an edge does not decrease the distance Laplacian eigenvalues.

Lemma 2.4 [2] Let G be a connected graph with n vertices and m > n edges. Let G* be the connected graph
obtained from G by deleting an edge. Let 91 > 9 > --- > 9, and 9] > 95 > --- > 9 be the distance Laplacian
spectrum of G and G*, respectively. Then 81.* >0 foralli =1,2,...,n

Theorem 2.5 Let G be a connected graph on n > 3 vertices with m > n edges and let G — e be the connected
graph obtained from G by deleting an edge e. Then

S(G) < Sp(G —e), ifp>0 and Sp(G)=> Sp(G—e), if B<O.

Proof For 0 < a < b, we have a’ < b’ forall t > 0 and a’ > p’ for all + < 0. Using this property and Lemma
2.4, the proof follows. O

The following is an immediate consequence of Theorem 2.5.

Corollary 2.6 Let G be a connected graph of order n > 3 with m > n edges. Then for any arbitrary spanning
tree T of G, we have

(n — Dn? < Sg(G) < Sg(T), if B >0 and Sg(T) < Sg(G) < (n— Dn®, if g <0
equality on both left and right occurs if and only if G = K,,.

Proof Every connected graph with n vertices contains a spanning tree, say T, and is itself a spanning subgraph of
the complete graph K,,. By using Theorem 2.5 and the fact that the distance Laplacian spectrum of the complete
graph K, is (0, n!"~11), we get the required result. O

The following lemma gives a lower bound of distance Laplacian spectral radius in terms of the order n and
maximum transmission 7'rj.

Lemma 2.7 [8] Let G be a connected graph of order n, then 3; > -7 with equality if and only if G is
complete graph K,,.

Fact1.LetC C R"beaconvex set,andlet f : C — RbeconvexonC.If A1, Ao, ..., A € [0, 1], Zle ro=1,
and xD, x@ x® ¢ C, then

k k
(X wa0) < Yra.
i=i i=1
If f(x) is strictly convex on C and A; > O fori = 1, 2, ..., n, then the above inequality holds, with equality if

and only if all the x¥) are equal.

Theorem 2.8 Let G be a connected graph of order n > 3 and let Tr; = 1m.ax Tr;.
<i<n
()IfB <0orpB > 1, then

and

n B (n=1)20(G) —nTr)?
&)z (n— T”) (n— DP(n —2)p
(i) If 0 < B < 1, then

n B (n—1)20(G) —nTr)?
Sg(G) < (—n_le) + D —2)p 1

with equality if and only if G = K,,.
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Proof (i) For B # 0, 1 and x > 0. The function x? is strictly a convex function if 8 < 0 or 8 > 1. Suppose that

B <0orpB > 1.Then
n—1 1

B n—1 1 8
(X5ms0) = 2t

i=2

which implies that
—1

()

Since x? is strictly convex function if 8 < 0 or B > 1. Therefore by Fact 1, equality is possible if and only if

0y =03 =---=0p_1.
Therefore, we have
n—1
p L (206 - 91)”
Sp(G) > 8 + )ﬁ 1(23,) of T
1=
Consider the function
(20 (G) — x)P
h(x) = —( 2

The function % (x) is increasing for x > % By Lemma 2.7, we have 9; > n”TlTr] > % Thus,

n n P 20(G) = 25 Tr)?
Sp(G) zh(n_ lTrl) = (n_ 1Tr1) L v

[ n (2o (G)(n — 1) —nTry)P
_< -1 ) a2

with equality if and only if ) = 93 = --- = 9,1 and 9; = ;%7 Tri. By Lemma 2.7, this is possible if and only
if G is the complete graph K,.
(ii)) For 0 < B8 < 1, we have

with equality if and only if 9, = 93 =

dn—1. Proceeding in the same way as above, (ii) can be proved. O

n—1
For a connected graph G of order n > 3, let R = ]_[a,-, where 9; > 9, > --- > 9,_1 > 0 are the distance
i=1
Laplacian eigenvalues. The following result gives a lower bound for Sg(G) in terms of the number of vertices 7,
R and the maximum transmission 7r; of G.

Theorem 2.9 Let 8 # 0, 1 be a real number and let G be a connected graph of order n > 3. Then

=B
n n—=2
T
")

n p B
Sp(G) > ( Trl) +(n—2)RnZ<
n—1 n

with equality if and only if G = K,,.

Proof By the arithmetic-geometric mean inequality, we have

Sp(G) = (al)ﬂ+Zaﬂ>a"+(n 2)(]‘1313),, —aﬁ+(n—2)(—)n
i=2 i=2

with equality if and only if o = 93 = - - - = 3,—_1.

@ Springer



830 U. Mushtagq et al.

B -8
Consider the function 4 (x) = x# + (n — 2) R#=2 x =2 . Then the derivative of A (x) is

W)= Briz—(x i3 — Rit2),

For B # 0, 1, h(x) is increasing for x > Rﬁ. By Lemma 2.7, we have

n—1

n 20(G) Tr; 1
0 > ——Tr > >Z 1_(1_[8)n1—R -,
i=

n— n—1 —n
—B
n n B B n n=2
Try ) = Tri)] + (n—2)Rn2 Try .
—1 n—1 n—1

Equality occurs if and only if 9y = 83 = - -+ = 9,1 and 9; = ;2 T'ry. Clearly, by Lemma 2.7 G = K,,. O

Therefore,

Sg(G) zh(n

Now, we obtain bounds for Sg(G) in terms of order 7, the sum of squares of transmissions and the Wiener index.

Theorem 2.10 Let G be a graph of ordern > 3 and 1 < k <n — 1, be a positive integer.

B B
(i) If0 < B < 1, then Sg(G) < k'~F (2"%(?)) +(n—k—1F (20(G) —~ %) :

p p
(ii) If B > 1, then Sg(G) = klﬁ(—”;"(?)) -k — 1) (20(6) - 2’;”@) .
(iii) If B < O, then

Sg(G) < min

I<k<n—1 n—1 n—1

{kl_ﬂ[ﬂco(G) - ﬁ]ﬂ ke 1)1_,3[20(6)01 k1) - ﬁr}

where ¥ = k(n — k — 1)<2n > @) +n)y Trf - 402(G)>.

l<i<j<n i=1

Proof (i) Since 0 < 8 < 1, by power mean inequality, we have

Xk:azﬂfs Za k B
(5) = (5wt =+ (20)

with equality if and only if 0] = 9, = 93 = - - - = 0.
Similarly, we have

n—1 k B n—1
> F<m—k—1'" <20(G) - Za,) as » 0 =20(G)
i=k+1 i=1 i=1

with equality if and only if 9x41 = Ok42 = Ok43 = - -+ = Op—1-
As 01 > 02 > 03 > -+ > 0,—1, We have

1
1 l;ai > —— _k;‘la <20(G) Za)

2ko (G)

n—

k
which implies that ZB,- >
i=1

n—1
6= Tl =35t + 5 of

i=1 i=k+1

ko \B
gkl_ﬂ<28,-> +n—k— l)l_ﬂ(Zo(G)—Zﬁl)
i=1

i=1

. Therefore, we have
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Now, consider the function
B
) =k"PxP+mn—k—-1'"# (20((;) - x) .

Therefore, differentiating f (x), we have

—x\A!
f’(x):ﬁ[(f)ﬁl_(w> ]50 as O<,6<1,x22ka(G).
k n—k—1 n—1

Thus f(x) is a decreasing function for x > % Therefore, maximum of f(x) occurs at x = % So on

substituting x = % in f(x) we get the required result.

(ii) Since, B > 1, using power mean inequality and proceeding as in (i), we have

ko\B ko\5
Sp(G) = k'~F (Za,) +(n—k—-1"F <20(G) -~ Za,-) :
i=1 i=l1

Also, f(x) is an increasing function for x > %
required result.
(iii) Since S{(G) = Z?;ll Tr; = 20(G) and the sum of the squares of eigenvalues of a symmetric matrix is

equal to the sum of the squares of all entries, we have,
$2(G) = Z?;ll 07 = 221§i<j§n(di./)2 + 0, T

Now, using this fact and the Cauchy-Schwarz inequality, we have

as B > 1. Using the same technique as in (i), we get the

k
20(G) =Y 0" = Bhr1 4+ + 1)’

)

i=k+1
n—1 n—1
<Y 12y 9
i=k+1 i=k+1

=n—k—D@}, +-+32)

=(n—k— 1)(2 > (d,»,»)2+ZTr,.2—(a%+~~+a,§)>

I<i<j<n i=1
n 1 k
s(n—k—l)(z Z <dij>2+_2rr?—%(za,->2)
1<i<j<n i=1 i=1

Thus, it follows that

2ko (G) + |k(n —k — 1)<2n Z (dij)2+nZTri2—402(G)>

I<i<j<n i=1

k
;31'5 p—

For B < 0, from (i), we observe that f(x) is an increasing function for

n
2ko (G)+ k(n—k—l)(Zn Z (dl-j)2 +n X:Tri2 — 402(6))

2ko (G) 1<i<j<n i=1
n—1
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Thus, for
n
vo=k(n—k— 1)<2n D @) +n)y Tr} - 402(G)>,
I<i<j=n i=1

it follows that
B
f@) = kl_ﬁ[%ﬂ + -k - 1)%[%]

This proves the result. O
For a connected G of order n > 3,let p; > p2 > --- > p, > 0 be the eigenvalues of the distance signless
n
Laplacian matrix D2 (G) and my(G) = Z o7 . The following result [13] gives a lower and an upper bound for
i=1

my(G) in terms of the transmission degrees, sum of squares of distances and the transmission number of G.

Lemma 2.11 [13] Let G be a connected graph of order n > 3 having transmission number o (G). Then

my(G) > 20 (G — ifa<0,0<a<1
(T i)
I<i<j<n
and
my(G) < 20 (G —, ifl<a<?2, a>2.
(= @iy
I<i<j<n

The next result gives an upper and a lower bound for Sg(G) in terms of the transmission degrees, sum of the
squares of distances and the transmission number.

Theorem 2.12 Let G be a connected graph of order n > 3 having transmission number o (G). Then

S5(G) = Qo (G)* —. fB<0,0<B<1
( > dip)? +ZTr )
l<i<j<n
and
S4(G) = i . fl<B<2 B>2
(2 > @)+ ZTr >
l<i<j<n

with equality if and only if G = K.

Proof Since the distance Laplacian eigenvalues are non-negative and 9, = 0 is the only eigenvalue which is
zero, the proof is simillar to that of Lemma 2.11.
The equality occurs if and only if 9y = 9, = 93 = --- = 9,1, which is possible if and only if G = K,,. O

The following observations will be used in the sequel.

Lemma 2.13 [15] Let G be a connected graph with n > 2 vertices and m edges having diameter d. Then

Z 2 < 2m(1 —d?®) +d*n(n —1)
1y — 2

1<i<j<n

with equality if and only if d < 2.
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Lemma 2.14 [15] Let G be a connected bipartite graph having n > 3 vertices, m edges and diameter d with
bi-partition sets as V1, Vo with |Vi| = a, |[Vo| =b,a > b > 1 and a + b = n. Then

> Trt <mn(l = d)* + nd*(n = 1)* + 4md (1 — d)(n — 1)
i
with equality if and only if G is complete bipartite graph.
Corollary 2.15 Let G be a connected bipartite graph having n > 3 vertices, m edges and diameter d. Then
(20(G)*~*

$p(G) = —
(2m(1 —d®) +d*n(n — 1) +mn(l —d)? +nd*(n — )% +4md(1 — d)(n — 1))

ifB<00r0<p <l

and

Sp(G) <20 (G))>~# (Zm(l —d) +d*n(n—1) +mn(l —d)?

B—1
+nd*(n — 1)> +4md(1 — d)(n — 1)) ,

ifl<B<2orp>2.

3 Sg(G) in terms of complement of G

First we obtain a lower and an upper bound for Sg(G) in terms of the number of vertices n and the number of
components Cy, in its complement G.

Theorem 3.1 Let G be a connected graph of order n having disconnected complement. Then
Sp(G) < (n = CH@BF (G)F +(C =, if p>0

and
Sp(G) = (n — CHOF (G + (Cr — D, if p<0.

with equality if and only ifalL(G) is of multiplicity (n — Cy).

Proof Let Cy be the number of components in G. Then n is an eigenvalue of DX (G) with multiplicity Cx — 1.
Then, for any g > 0,

Sp(G) = A (G)P + (35 (G)P + -+ (B, (G)F + (C — P
< (n— )@ (G)F + (Cr — nP.

The equality holds in above if and only if 3{(G) == 95(G) = ... = 8} (G), that is, if and only if 3{(G) is
of multiplicity n — Cy.
Using similar arguments as in part first, part second follows. O

Lemma 3.2 [11] Let G be a connected graph on n > 2 vertices. Then m(alL) < n — 1 with equality if and only
if G is a complete graph K.

Corollary 3.3 Let G be a connected graph of order n having n components of G. Then
Sg(G) = (n— VP, forall p #0.

Proof By Lemma 3.2, K, is the only graph having a distance Laplacian eigenvalue of multiplicity n — 1. Since
distance Laplacian spectrum of K, is (n"~!, 0) using the spectrum of K, in 3.1 , we get the required result. O

Lemma 3.4 [11] Let G be a graphonn > 3 and G 2 K,,. Then m(af) < n — 2 with equality if and only if G
is the star S, or n = 2p for the complete bipartite graph K, .
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Corollary 3.5 Let G be a connected graph with m (BIL ) = n—2 and let the complement of G has two components.
Then

Sp(G) < (n—2)2n — P +nf,  ifp>0
and

Sp(G) > (n—2)2n — P +nf,  ifp<0
with equality if and only if G = §,,.

Proof Since m(af) = n — 2 and the complement of G has two components, therefore, by Lemma 3.4, G is the
star S, or the complete bipartite graph K, , whenn = 2p. The DL~ spectrum of S, is (2n — 1)~ n, 0 and
the D -spectrum of Kppis 3p)"=,n,0.Now,2n — 1 > 3p, for n > 4, where p + p = n. Therefore, by
Theorem 3.1, we have

Sp(G) < (n—2)2n — P +nf,  if >0
and

Sp(G) = (n—2)2n— )P +nf,  ifp<0
with equality if and only if G = S,,. O
Lemma 3.6 [11] Let G be a connected graph of order n and multiplicity of n > 4 such that m(alL) =n—3and
8{;1 = n with multiplicity two. Then G = K,,_» \/ K or G = KyznorG = K%% \/ K.

Corollary 3.7 Let G be a connected graphwithm (81L) = n—3and let the complement of G has three components.
Then

Sp(G) < (n —3)2(n — 1)? +n?, if >0
and

Sp(G) = (n —3)2(n — )P +n?, if B<0
with equality if and only if G = K ,_» \/ Ko>.
Proof Since, m(alL) = n — 3 and the complement of G has three connected components, therefore,
by Lemma 3.6, we have G = K, »\/K» or G = Kynnor G = K%’n%\/l(]. As DL-
spectrum of K%,%,% is (4?”)”_3,112,0, DL—spectrum of K%,% \/ K is (%)”_3,#,0 and DL-

spectrum of K, »\/ K> is (2(n — 1))*73,1n%,0. Forn > 4, we have 2(n — 1) > 3"{] > 47”. Therefore, by
Theorem 3.1 , we get the required result. O

4 Conclusion

We have obtained various upper and lower bounds of the graph invariant Sg(G) in terms of several graph
parameters like order n, Wiener index o (G), maximum transmission 7'r1, diameter d and number of components
Cy in G. In generality, we acknowledge that it is not easy to find the extremal graphs corresponding to these
bounds. So it will be interesting to study and investigate the problem of finding the extremal cases of the bounds
given in this paper. Also, it will be interesting to find the upper and lower bounds for Sg(G) in terms of parameters
not used in this paper.
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