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Abstract Let G be a connected graph with n vertices, m edges and having distance Laplacian eigenvalues
∂1 ≥ ∂2 ≥ . . . ∂n−1 > ∂n = 0. For any real number β �= 0, let Sβ(G) = ∑n−1

i=1 ∂
β
i be the sum of β-th powers of

the (n − 1) largest distance Laplacian eigenvalues of G. In this paper, we obtain various bounds for the graph
invariant Sβ(G), which relates it with different parameters associated to the structure of the graph. We also obtain
bounds for Sβ(G) in terms of the number of components of the complement graph G.

Keywords Distance matrix · Distance Laplacian matrix · Distance Laplacian eigenvalues · Transmission ·
Diameter · Wiener index
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1 Introduction

A graph G = (V, E) consists of the vertex set V (G) = {v1, v2, . . . , vn} and the edge set E(G). We assume that
all the graphs under consideration are simple and connected. Further, |V (G)| = n is the order and |E(G)| = m
is the size of G. The degree of a vertex v, denoted by dG(v) (we simply write dv) is the number of edges incident
on the vertex v. As usual, Kn is the complete graph with n vertices and K1,n−1 is the star graph with n vertices.
Also, Ka,b is the complete bipartite graph with two partite sets V1 and V2 of cardinalities a and b, respectively.

In G, the distance between two vertices u, v ∈ V (G), denoted by duv , is defined as the length of a shortest
path between u and v. The diameter of G is the maximum distance between any two vertices of G. The distance
matrix of G is denoted by D(G) and is defined as D(G) = (duv)u,v∈V (G). The vertex transmission T rG(v) of a
vertex v is defined as the sum of the distances from v to all other vertices in G, that is, T rG(v) = ∑

u∈V (G)
duv .

The Wiener index (also called transmission) of a graph G, denoted by σ(G), is the sum of distances between

Communicated by S Sivaramakrishnan.

U. Mushtaq · S. Pirzada (B)· M. A. Ul Haq · S. Khan
Department of Mathematics, University of Kashmir, Srinagar, Kashmir, India
E-mail: pirzadasd@kashmiruniversity.ac.in

U. Mushtaq
E-mail: ummermushtaq1995@gmail.com

M. A. Ul Haq
E-mail: abrar14789@gmail.com

S. Khan
E-mail: khansaleem1727@gmail.com

123



On the sum of powers of distance Laplacian… 827

all unordered pairs of vertices in G. Clearly, σ(G) = 1
2

∑

v∈V (G)

T rG(v). For any vertex vi ∈ V (G), the vertex

transmission T rG(vi ) is also called the transmission degree of vi .
Let T r(G) = diag(T r1, T r2, . . . , T rn) be the diagonal matrix of vertex transmissions of G. Aouchiche

and Hansen [2] defined the Laplacian and signless Laplacian for the distance matrix of a connected graph as
DL(G) = T r(G) − D(G) (or simply DL ) and DQ(G) = T r(G) + D(G) (or simply DQ) respectively. Since
DL(G) is a real symmetric positive semi-definite matrix, we denote its eigenvalues by ∂i ’s and order them as
∂1 ≥ ∂2 ≥ . . . ∂n−1 > ∂n = 0. The largest distance Laplacian eigenvalue ∂1 is called the distance Laplacian
spectral radius of G. More work on distance Laplacian eigenvalues can be found in [3,6,7,10,14,16,18].

For a real number α �= 0, Zhou [19] studied the sum of αth powers of the Laplacian eigenvalues and Akbari
et al. [1] investigated the sum of αth powers of signless Laplacian eigenvalues of G. Pirzada et al. [13] also
investigated the sum of αth powers of distance signless Laplacian eigenvalues of G. Clearly, the smallest distance
Laplacian eigenvalues ∂n is always zero and ∂i ≥ n for all i = 1, 2 . . . , (n − 1). Now, for a real number β �= 0,
let Sβ(G) = ∑n−1

i=1 ∂
β
i be the sum of βth powers of the (n − 1) non zero distance Laplacian eigenvalues of G.

In Section 2, we obtain bounds for Sβ(G) in terms of order n, Wiener index σ(G) and maximum transmission
T r1. We characterize the extremal cases of these bounds. In Section 3, we obtain a lower and an upper bound for
Sβ(G) in terms of number of the vertices n and the number of components Ck in its complement graph G and
determine the conditions for extremal cases. As a consequence, we obtain an upper bound for Sβ(G) in terms
of order n only, when β > 0 and a lower bound for Sβ(G) in terms of order, when β < 0 and characterize the
extremal graphs in both cases.

2 Sβ(G) in terms of Wiener index and maximum transmission

For non-increasing sequence (x) = (x1, x2, . . . , xn) and (y) = (y1, y2, . . . , yn) of length n, we say (x) is weakly

majorized by (y), denoted by (x) ≺ω (y) if
k∑

i

xi ≤
k∑

i=1

yi for all k = 1, 2, . . . , n − 1. If in addition to this, (x)

and (y) satisfy the condition
n∑

i=1

xi =
n∑

i=1

yi , we say (x) is majorized by (y) and is denoted by (x) � (y).

Lemma 2.1 [9] Let (x) = (x1, x2, . . . , xn) and (y) = (y1, y2, . . . , yn) be non-increasing sequence of real

numbers of length n. If (x) � (y), Then for any convex functionψ , we have
n∑

i=n

ψ(xi ) ≤
n∑

i=1

ψ(yi ). Furthermore,

if (x) ≺ (y) and ψ is strictly convex, then
n∑

i=1

ψ(xi ) <

n∑

i=1

ψ(yi ).

The proof of the next lemma follows by using Schur’s theorem.

Lemma 2.2 Let G be a connected of order n ≥ 3 having distance Laplacian eigenvalues ∂1, ∂2, . . . , ∂n and
transmission degrees T r1, T r2, . . . , T rn. Then

(T r1, T r2, . . . , T rn) � (∂1, ∂2, . . . , ∂n) and

(T r1, T r2, . . . , T rn−1) ≺ω (∂1, ∂2, . . . , ∂n−1).

The following result gives bounds for Sβ(G) in terms of the transmission degrees of G.

Theorem 2.3 Let G be a connected graph of order n ≥ 3 having transmission degrees T r1, T r2, . . . T rn.
(i) If β < 0 or β > 1, then Sβ(G) >

∑n−1
i=1 (T ri )

β .
(ii) If 0 < β < 1 , then Sβ(G) <

∑n−1
i=1 (T ri )

β .

Proof (i) For x > 0, the function g(x) = xβ is an increasing convex function if β > 1 or β < 0. Let
(X) = (T r1, T r2 . . . , T rn−1) and (Y ) = (∂1, ∂2, . . . , ∂n−1). By Lemma 2.2, we have (X) <ω (Y ). So, it follows

that Sβ ≥
n−1∑

i=1

(T ri )
β . By Lemma 2.1, equality occurs if and only if (X) = (Y ). That is, if and only if ∂i = T ri ,
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828 U. Mushtaq et al.

for all i = 1, 2 . . . , n − 1. But then, trace(A) = ∂1 + ∂2 + · · · + ∂n−1 = T r1 + T r2 + · · · + T rn−1 <

T r1 + T r2 + · · · + T rn−1 + T rn = trace(A), which is a contradiction. Therefore, Sβ >
n−1∑

i=1

(T ri )
β .

(ii) For x > 0, we can see that the function g(x) = −xβ is a convex function if 0 < β < 1. Let (X ′) =
(T r1, T r2, . . . , T rn−1, T rn) and (Y ′) = (∂1, ∂2, . . . , ∂n−1). Then by proceeding similarly as in part (i) and using
Lemma 2.2, (i i) follows. 	

The following lemma states that deleting an edge does not decrease the distance Laplacian eigenvalues.

Lemma 2.4 [2] Let G be a connected graph with n vertices and m ≥ n edges. Let G* be the connected graph
obtained from G by deleting an edge. Let ∂1 ≥ ∂2 ≥ · · · ≥ ∂n and ∂∗

1 ≥ ∂∗
2 ≥ · · · ≥ ∂∗

n be the distance Laplacian
spectrum of G and G∗, respectively. Then ∂∗

i ≥ ∂i for all i = 1, 2, . . . , n.

Theorem 2.5 Let G be a connected graph on n ≥ 3 vertices with m ≥ n edges and let G − e be the connected
graph obtained from G by deleting an edge e. Then

Sβ(G) ≤ Sβ(G − e), if β > 0 and Sβ(G) ≥ Sβ(G − e), if β < 0.

Proof For 0 < a ≤ b, we have at ≤ bt for all t > 0 and at ≥ pt for all t < 0. Using this property and Lemma
2.4, the proof follows. 	

The following is an immediate consequence of Theorem 2.5.

Corollary 2.6 Let G be a connected graph of order n ≥ 3 with m ≥ n edges. Then for any arbitrary spanning
tree T of G, we have

(n − 1)nβ ≤ Sβ(G) < Sβ(T ), if β > 0 and Sβ(T ) < Sβ(G) ≤ (n − 1)nβ, if β < 0

equality on both left and right occurs if and only if G ∼= Kn .

Proof Every connected graph with n vertices contains a spanning tree, say T, and is itself a spanning subgraph of
the complete graph Kn . By using Theorem 2.5 and the fact that the distance Laplacian spectrum of the complete
graph Kn is (0, n[n−1]), we get the required result. 	


The following lemma gives a lower bound of distance Laplacian spectral radius in terms of the order n and
maximum transmission T r1.

Lemma 2.7 [8] Let G be a connected graph of order n, then ∂1 ≥ n
n−1 T r1 with equality if and only if G is

complete graph Kn .

Fact 1. Let C ⊆ R
n be a convex set, and let f : C → R be convex on C . Ifλ1, λ2, . . . , λk ∈ [0, 1], ∑k

i=1 λi = 1,
and x (1), x (2), . . . , x (k) ∈ C , then

f

( k∑

i=i

λi x (i)
)

≤
k∑

i=1

λi f (x (i)).

If f (x) is strictly convex on C and λi > 0 for i = 1, 2, . . . , n, then the above inequality holds, with equality if
and only if all the x (i) are equal.

Theorem 2.8 Let G be a connected graph of order n ≥ 3 and let T r1 = max
1≤i≤n

T ri .

(i) If β < 0 or β > 1, then

Sβ(G) ≥
(

n

n − 1
T r1

)β
+ ((n − 1)2σ(G)− nT r1)

β

(n − 1)β(n − 2)β−1 and

(ii) If 0 < β < 1, then

Sβ(G) ≤
(

n

n − 1
T r1

)β
+ ((n − 1)2σ(G)− nT r1)

β

(n − 1)β(n − 2)β−1

with equality if and only if G ∼= Kn.
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Proof (i) For β �= 0, 1 and x > 0. The function xβ is strictly a convex function if β < 0 or β > 1. Suppose that
β < 0 or β > 1. Then

( n−1∑

i=2

1

n − 2
∂i

)β
≤

n−1∑

i=2

1

n − 2
∂
β
i ,

which implies that
n−1∑

i=2

∂
β
i ≥ 1

(n − 2)β−1

( n−1∑

i=2

∂i

)β
,

Since xβ is strictly convex function if β < 0 or β > 1. Therefore by Fact 1, equality is possible if and only if
∂2 = ∂3 = · · · = ∂n−1.

Therefore, we have

Sβ(G) ≥ ∂
β
1 + 1

(n − 2)β−1

( n−1∑

i=2

∂i

)β
= ∂

β
1 + (2σ(G)− ∂1)

β

(n − 2)β−1 .

Consider the function

h(x) = xβ + (2σ(G)− x)β

(n − 2)β−1 .

The function h(x) is increasing for x ≥ 2σ(G)
n−1 . By Lemma 2.7, we have ∂1 ≥ n

n−1 T r1 ≥ 2σ(G)
n−1 . Thus,

Sβ(G) ≥h

(
n

n − 1
T r1

)

=
(

n

n − 1
T r1

)β
+ (2σ(G)− n

n−1 T r1)
β

(n − 2)β−1

=
(

n

n − 1
T r1

)β
+ (2σ(G)(n − 1)− nT r1)

β

(n − 1)β(n − 2)β−1

with equality if and only if ∂2 = ∂3 = · · · = ∂n−1 and ∂1 = n
n−1 T r1. By Lemma 2.7, this is possible if and only

if G is the complete graph Kn .
(ii) For 0 < β < 1, we have

( n−1∑

i=2

∂i

)β
≥

n−1∑

i=2

1

n − 1
∂
β
i ,

with equality if and only if ∂2 = ∂3 = · · · = ∂n−1. Proceeding in the same way as above, (ii) can be proved. 	


For a connected graph G of order n ≥ 3, let R =
n−1∏

i=1

∂i , where ∂1 ≥ ∂2 ≥ · · · ≥ ∂n−1 > 0 are the distance

Laplacian eigenvalues. The following result gives a lower bound for Sβ(G) in terms of the number of vertices n,
R and the maximum transmission T r1 of G.

Theorem 2.9 Let β �= 0, 1 be a real number and let G be a connected graph of order n ≥ 3. Then

Sβ(G) ≥
(

n

n − 1
T r1

)β
+ (n − 2)R

β
n−2

(
n

n − 1
T r1

) −β
n−2

with equality if and only if G ∼= Kn.

Proof By the arithmetic-geometric mean inequality, we have

Sβ(G) = (∂1)
β +

n−1∑

i=2

∂
β
i ≥ ∂

β
1 + (n − 2)(

n−1∏

i=2

∂
β
i )

1
n−2 = ∂

β
1 + (n − 2)(

R

∂1
)

β
n−2

with equality if and only if ∂2 = ∂3 = · · · = ∂n−1.
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Consider the function h(x) = xβ + (n − 2)R
β

n−2 x
−β
n−2 . Then the derivative of h(x) is

h
′
(x) = βx

−β
n−2 −1(x

(n−1)β
n−2 − R

β
n−2 ).

For β �= 0, 1, h(x) is increasing for x ≥ R
1

n−1 . By Lemma 2.7, we have

∂1 ≥ n

n − 1
T r1 ≥ 2σ(G)

n − 1
>

n−1∑

i=1

T ri

n − 1
≥ (

n−1∏

i=n

∂i )
1

n−1 = R
1

n−1 .

Therefore,

Sβ(G) ≥ h

(
n

n − 1
T r1

)

=
(

n

n − 1
T r1

)β
+ (n − 2)R

β
n−2

(
n

n − 1
T r1

) −β
n−2

.

Equality occurs if and only if ∂2 = ∂3 = · · · = ∂n−1 and ∂1 = n
n−1 T r1. Clearly, by Lemma 2.7 G ∼= Kn . 	


Now, we obtain bounds for Sβ(G) in terms of order n, the sum of squares of transmissions and the Wiener index.

Theorem 2.10 Let G be a graph of order n ≥ 3 and 1 ≤ k ≤ n − 1, be a positive integer.

(i) If 0 < β < 1, then Sβ(G) ≤ k1−β
(

2kσ(G)
n−1

)β
+ (n − k − 1)1−β

(

2σ(G)− 2kσ(G)
n−1

)β
.

(ii) If β > 1, then Sβ(G) ≥ k1−β
(

2kσ(G)
n−1

)β
+ (n − k − 1)1−β

(

2σ(G)− 2kσ(G)
n−1

)β
.

(iii) If β < 0, then

Sβ(G) ≤ min
1≤k≤n−1

{

k1−β
[

2kσ(G)+ √
ψ

n − 1

]β
+ (n − k − 1)1−β

[
2σ(G)(n − k − 1)− √

ψ

n − 1

]β}

,

where ψ = k(n − k − 1)

(

2n
∑

1≤i< j≤n

(di j )
2 + n

n∑

i=1

T r2
i − 4σ 2(G)

)

.

Proof (i) Since 0 < β < 1, by power mean inequality, we have

(

k∑

i=1

∂
β
i

k

) 1
β

≤
(

k∑

i=1

∂i

k

)

or
k∑

i=1

∂
β
i ≤ k1−β

( k∑

i=1

∂i

)β

with equality if and only if ∂1 = ∂2 = ∂3 = · · · = ∂k .
Similarly, we have

n−1∑

i=k+1

∂
β
i ≤ (n − k − 1)1−β

(

2σ(G)−
k∑

i=1

∂i

)β
as

n−1∑

i=1

∂i = 2σ(G)

with equality if and only if ∂k+1 = ∂k+2 = ∂k+3 = · · · = ∂n−1.
As ∂1 ≥ ∂2 ≥ ∂3 ≥ · · · ≥ ∂n−1, we have

1
k

k∑

i=1

∂i ≥ 1

n − k − 1

n−1∑

i=k+1

∂i = 1

n − k − 1

(

2σ(G)−
k∑

i=1

∂i

)

,

which implies that
k∑

i=1

∂i ≥ 2kσ(G)

n − 1
. Therefore, we have

Sβ(G) =
n−1∑

i=1

∂
β
i =

k∑

i=1

∂
β
i +

n−1∑

i=k+1

∂
β
i

≤ k1−β
( k∑

i=1

∂i

)β
+ (n − k − 1)1−β

(

2σ(G)−
k∑

i=1

∂i

)β
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Now, consider the function

f (x) = k1−βxβ + (n − k − 1)1−β
(

2σ(G)− x

)β
.

Therefore, differentiating f (x), we have

f ′(x) = β

[

(
x

k
)β−1 −

(
2σ(G)− x

n − k − 1

)β−1]

≤ 0 as 0 < β < 1, x ≥ 2kσ(G)

n − 1
.

Thus f (x) is a decreasing function for x ≥ 2kσ(G)
n−1 . Therefore, maximum of f (x) occurs at x = 2kσ(G)

n−1 . So on

substituting x = 2kσ(G)
n−1 in f (x) we get the required result.

(ii) Since, β > 1, using power mean inequality and proceeding as in (i), we have

Sβ(G) ≥ k1−β
( k∑

i=1

∂i

)β
+ (n − k − 1)1−β

(

2σ(G)−
k∑

i=1

∂i

)β
.

Also, f (x) is an increasing function for x ≥ 2kσ(G)
n−1 as β > 1. Using the same technique as in (i), we get the

required result.
(iii) Since S1(G) = ∑n−1

i=1 T ri = 2σ(G) and the sum of the squares of eigenvalues of a symmetric matrix is
equal to the sum of the squares of all entries, we have,

S2(G) = ∑n−1
i=1 ∂

2
i = 2

∑
1≤i< j≤n(di j )

2 + ∑n
i=1 T 2ri .

Now, using this fact and the Cauchy-Schwarz inequality, we have

(2σ(G)−
k∑

i=1

∂i )
2 = (∂k+1 + · · · + ∂n−1)

2

=
( n−1∑

i=k+1

1.∂i

)2

≤
n−1∑

i=k+1

12.

n−1∑

i=k+1

∂2
i

= (n − k − 1)(∂2
k+1 + · · · + ∂2

n−1)

= (n − k − 1)

(

2
∑

1≤i< j≤n

(di j )
2 +

n∑

i=1

T r2
i − (∂2

1 + · · · + ∂2
k )

)

≤ (n − k − 1)

(

2
∑

1≤i< j≤n

(di j )
2 +

n∑

i=1

T r2
i − 1

k
(

k∑

i=1

∂i )
2
)

Thus, it follows that

k∑

i=1

∂i ≤
2kσ(G)+

√
√
√
√k(n − k − 1)

(

2n
∑

1≤i< j≤n

(di j )
2 + n

n∑

i=1

T r2
i − 4σ 2(G)

)

n − 1
.

For β < 0, from (i), we observe that f (x) is an increasing function for

2kσ(G)
n−1 ≤ x ≤

2kσ(G)+

√
√
√
√
√
√k(n−k−1)

(

2n
∑

1≤i< j≤n

(di j )
2 + n

n∑

i=1

T r2
i − 4σ 2(G)

)

n−1 .
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Thus, for

ψ = k(n − k − 1)

(

2n
∑

1≤i< j≤n

(di j )
2 + n

n∑

i=1

T r2
i − 4σ 2(G)

)

,

it follows that

f (x) ≤ k1−β
[

2kσ(G)+√
ψ

n−1

]β
+ (n − k − 1)1−β

[
2σ(G)(n−k−1)−√

ψ
n−1

]β
.

This proves the result. 	

For a connected G of order n ≥ 3, let ρ1 ≥ ρ2 ≥ · · · ≥ ρn > 0 be the eigenvalues of the distance signless

Laplacian matrix DQ(G) and mα(G) =
n∑

i=1

ραi . The following result [13] gives a lower and an upper bound for

mα(G) in terms of the transmission degrees, sum of squares of distances and the transmission number of G.

Lemma 2.11 [13] Let G be a connected graph of order n ≥ 3 having transmission number σ(G). Then

mα(G) ≥ (2σ(G))2−α
(

2
∑

1≤i< j≤n

(di j )
2 +

n∑

i=1

T r2
i

)1−α , if α < 0, 0 < α < 1

and

mα(G) ≤ (2σ(G))2−α
(

2
∑

1≤i< j≤n

(di j )
2 +

n∑

i=1

T r2
i

)1−α , if 1 < α < 2, α > 2.

The next result gives an upper and a lower bound for Sβ(G) in terms of the transmission degrees, sum of the
squares of distances and the transmission number.

Theorem 2.12 Let G be a connected graph of order n ≥ 3 having transmission number σ(G). Then

Sβ(G) ≥ (2σ(G))2−β
(

2
∑

1≤i< j≤n

(di j )
2 +

n∑

i=1

T r2
i

)1−β , if β < 0, 0 < β < 1

and

Sβ(G) ≤ (2σ(G))2−β
(

2
∑

1≤i< j≤n

(di j )
2 +

n∑

i=1

T r2
i

)1−β , if 1 < β < 2, β > 2

with equality if and only if G ∼= Kn.

Proof Since the distance Laplacian eigenvalues are non-negative and ∂n = 0 is the only eigenvalue which is
zero, the proof is simillar to that of Lemma 2.11.

The equality occurs if and only if ∂1 = ∂2 = ∂3 = · · · = ∂n−1, which is possible if and only if G ∼= Kn . 	

The following observations will be used in the sequel.

Lemma 2.13 [15] Let G be a connected graph with n ≥ 2 vertices and m edges having diameter d. Then

∑

1≤i< j≤n

d2
i j ≤ 2m(1 − d2)+ d2n(n − 1)

2

with equality if and only if d ≤ 2.
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Lemma 2.14 [15] Let G be a connected bipartite graph having n ≥ 3 vertices, m edges and diameter d with
bi-partition sets as V1, V2 with |V1| = a, |V2| = b, a ≥ b ≥ 1 and a + b = n. Then

∑

i

T r2
i ≤ mn(1 − d)2 + nd2(n − 1)2 + 4md(1 − d)(n − 1)

with equality if and only if G is complete bipartite graph.

Corollary 2.15 Let G be a connected bipartite graph having n ≥ 3 vertices, m edges and diameter d. Then

Sβ(G) ≥ (2σ(G))2−β
(
2m(1 − d2)+ d2n(n − 1)+ mn(1 − d)2 + nd2(n − 1)2 + 4md(1 − d)(n − 1)

)1−β ,

if β < 0 or 0 < β < 1
and

Sβ(G) ≤(2σ(G))2−β
(

2m(1 − d2)+ d2n(n − 1)+ mn(1 − d)2

+nd2(n − 1)2 + 4md(1 − d)(n − 1)

)β−1

,

if 1 < β < 2 or β > 2.

3 Sβ(G) in terms of complement of G

First we obtain a lower and an upper bound for Sβ(G) in terms of the number of vertices n and the number of
components Ck in its complement G.

Theorem 3.1 Let G be a connected graph of order n having disconnected complement. Then

Sβ(G) ≤ (n − Ck)(∂
L
1 (G))

β + (Ck − 1)nβ, i f β > 0

and

Sβ(G) ≥ (n − Ck)(∂
L
1 (G))

β + (Ck − 1)nβ, i f β < 0.

with equality if and only if ∂L
1 (G) is of multiplicity (n − Ck).

Proof Let Ck be the number of components in G. Then n is an eigenvalue of DL(G) with multiplicity Ck − 1.
Then, for any β > 0,

Sβ(G) = (∂L
1 (G))

β + (∂L
2 (G))

β + · · · + (∂L
n−Ck

(G))β + (Ck − 1)nβ

≤ (n − ck)(∂
L
1 (G))

β + (Ck − 1)nβ.

The equality holds in above if and only if ∂L
1 (G) == ∂L

2 (G) = ... = ∂L
n−ck

(G), that is, if and only if ∂L
1 (G) is

of multiplicity n − Ck .
Using similar arguments as in part first, part second follows. 	


Lemma 3.2 [11] Let G be a connected graph on n ≥ 2 vertices. Then m(∂L
1 ) ≤ n − 1 with equality if and only

if G is a complete graph Kn .

Corollary 3.3 Let G be a connected graph of order n having n components of G. Then

Sβ(G) = (n − 1)nβ, f or all β �= 0.

Proof By Lemma 3.2, Kn is the only graph having a distance Laplacian eigenvalue of multiplicity n − 1. Since
distance Laplacian spectrum of Kn is (nn−1, 0) using the spectrum of Kn in 3.1 , we get the required result. 	

Lemma 3.4 [11] Let G be a graph on n ≥ 3 and G � Kn . Then m(∂L

1 ) ≤ n − 2 with equality if and only if G
is the star Sn or n = 2p for the complete bipartite graph K p,p.
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Corollary 3.5 Let G be a connected graph with m(∂L
1 ) = n−2 and let the complement of G has two components.

Then

Sβ(G) ≤ (n − 2)(2n − 1)β + nβ, i f β > 0

and

Sβ(G) ≥ (n − 2)(2n − 1)β + nβ, i f β < 0

with equality if and only if G ∼= Sn.

Proof Since m(∂L
1 ) = n − 2 and the complement of G has two components, therefore, by Lemma 3.4, G is the

star Sn or the complete bipartite graph K p,p when n = 2p. The DL - spectrum of Sn is (2n − 1)(n−2), n, 0 and
the DL -spectrum of K p,p is (3p)(n−2), n, 0. Now, 2n − 1 > 3p, f or n ≥ 4, where p + p = n. Therefore, by
Theorem 3.1, we have

Sβ(G) ≤ (n − 2)(2n − 1)β + nβ, i f β > 0

and

Sβ(G) ≥ (n − 2)(2n − 1)β + nβ, i f β < 0

with equality if and only if G ∼= Sn . 	

Lemma 3.6 [11] Let G be a connected graph of order n and multiplicity of n ≥ 4 such that m(∂L

1 ) = n − 3 and
∂L

n−1 = n with multiplicity two. Then G ∼= K n−2
∨

K2 or G ∼= K n
3 ,

n
3 ,

n
3

or G ∼= K n−1
2 , n−1

2

∨
K1.

Corollary 3.7 Let G be a connected graph with m(∂L
1 ) = n−3 and let the complement of G has three components.

Then

Sβ(G) ≤ (n − 3)(2(n − 1))β + nβ, i f β > 0

and

Sβ(G) ≥ (n − 3)(2(n − 1))β + nβ, i f β < 0

with equality if and only if G ∼= K n−2
∨

K2.

Proof Since, m(∂L
1 ) = n − 3 and the complement of G has three connected components, therefore,

by Lemma 3.6, we have G ∼= K n−2
∨

K2 or G ∼= K n
3 ,

n
3 ,

n
3

or G ∼= K n−1
2 , n−1

2

∨
K1. As DL -

spectrum of K n
3 ,

n
3 ,

n
3

is ( 4n
3 )

n−3, n2, 0, DL -spectrum of K n−1
2 , n−1

2

∨
K1 is ( 3n−1

2 )n−3, n2, 0 and DL -

spectrum of K n−2
∨

K2 is (2(n − 1))n−3, n2, 0. For n ≥ 4, we have 2(n − 1) > 3n−1
2 > 4n

3 . Therefore, by
Theorem 3.1 , we get the required result. 	


4 Conclusion

We have obtained various upper and lower bounds of the graph invariant Sβ(G) in terms of several graph
parameters like order n, Wiener index σ(G), maximum transmission T r1, diameter d and number of components
Ck in G. In generality, we acknowledge that it is not easy to find the extremal graphs corresponding to these
bounds. So it will be interesting to study and investigate the problem of finding the extremal cases of the bounds
given in this paper. Also, it will be interesting to find the upper and lower bounds for Sβ(G) in terms of parameters
not used in this paper.
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