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Abstract Let P, and E,, be the m-th Padovan and Perrin numbers, respectively. In this paper, we prove that
for a fixed integer § with § > 2 there exists finitely many Padovan and Perrin numbers that can be represented
as products of three repdigits in base §. Moreover, we explicitly find these numbers for 2 < § < 10 as an
application.
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1 Introduction

A positive integer x is called a repdigit in base § > 2 if it has only one digit in its base § expansion, i.e. a number

of the form
B (-1
X=da...a¢)=da s—1 ,

ltimes

where a and ¢ are positive integers with 1 <a <§ — 1.
The Padovan sequence { P, },>0 is defined by

Pn+3 = Pn+l +Pn7

forn > 0 where Py = P; = P, = 1. This is the sequence A000931 in the OEIS (see [13]). The first few terms
of this sequence are

1,1,1,2,2,3,4,5,7,9,12, 16, 21, 28, 37, 49, 65, 86, 114, 151, 200, ...
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On Padovan or Perrin numbers... 837

Let {E} },,>0 be the Perrin sequence given by
Eyi3=Ey1 +Ey,
forn > 0, where Eg = 3, E1 = 0 and E, = 2. Its first few terms are
3,0,2,3,2,5,5,7,10,12, 17,22, 29, 39, 51, 68, 90, 119, 158, 209, 277, . ..

It is the sequence A001608 in the OEIS (see [13]).
Let us now recall some facts and properties of the Padovan and the Perrin sequences which will be used later.
The characteristic equation

x—x—1=0

has roots o, B, A = E, where

ri+r —r1 —r2+ /30 —1r2)
o= . B=
6 12
and
i = 108+ 12/69 and ry =y 108 — 124/69.
Let
a_(l—ﬂ)(l—k)_ 14+«
T @—B) -1 —e?+3a+1
b_(l—a)(l—k)_ 14+8
B-—a)B—2) —B24+38+1
L mod=p 145
S - —pB)  —A2+3a+1 T
Binet’s formula for P, is
P, = ad" +bB" + A", foralln >0, (1
and Binet’s formula for E,, is
E,=a"+ "+ 1", foralln > 0. 2)

From [ [2], formula (6)], we know that the minimal polynomial of a over the integers is given by
23x% —23x% 4 6x — 1, 3)

and has zeros a, b, ¢ with |a|, |b|, |c|] < 1.
Numerically, the following estimates hold:

1.32 <o < 1.33,

0.86 < x| = |Bl = a7 <087,
0.72 <a < 0.73,

0.24 < |b] = |¢| < 0.25.

Note that it is easy to see that the contribution of the complex conjugate roots 8 and A, to the right-hand side of
(1), is very small if n is large. In particular, setting

e1(m) := P, —aa™ = bp™ + cA", 4)
we have |e;(m)| < T}"/Z’ forallm > 1.
Furthermore, by induction, one can prove that

"3 <p,<a™ ! for m>1. 5)
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838 P. Tiebekabe, K. N. Adédji

Also, it follows that the difference between the right hand side of equation (2) and o™ becomes quite small as m
increases. More specifically, let

er(m) := Eyp — o™ = " + 20", (6)
we have |ex(m)| < #, for all m > 1. Similarly, one has

"2 < E, <o for m > 2. @)

In the literature, there are many papers that combine repdigits and recurrent sequences. For more details the
reader can refer to ( [3], [5], [7], [8], [9], [11]).

Recently, the second author, Filipin and Togbé found in [2] all Padovan and Perrin numbers which are products
of two repdigits in base b with 2 < b < 10. In fact the purpose of this work is to extend the work of the authors
from [2]. This study deals with Padovan and Perrin numbers which are products of three repdigits in base § with
8 > 2. In other words, we study the Diophantine equations

st—1 §m— 1 s —1

P=d d d i 8

(3 157 T By (8)
and

E_da‘f—l PRl B ©

K= P51 B -1

where dy, d», d3, k, £, m and n are positive integers that satisfy 1 < dj,d»,d3 <6 — 1 and § > 2 withn > 1,
£ < m < n. Our method for the proofs is similar to that of [1] where the authors study Fibonacci and Lucas
numbers as products of three repdigits in base g > 2.

Here are the main results of this paper.

Theorem 1 Let § > 2 be an integer. Then the Diophantine equation (8) has only finitely many solutions in
integers k,dy, da, d3, 8, £, m, n such that n > 1. Furthermore, we have

t<m<n<74x10¥10g’8 and k <9.62 x 10°10g!%s.

Now, as an application, we solve the Diophantine equation (8) for 2 < § < 10. In this range, the bound on k
according to Theorem 1 becomes

k < 4.1 x 1074,

Thus, our main result in this case is the following.

Theorem 2 The only Padovan numbers which are products of three repdigits in base § with 2 < § < 10 are
follows

1,2,3,4,5,6,7,9,12, 16, 21, 28, 49, 86, 114, 200, 465, 616 and 4410.
The following result is a consequence of Theorem 2.

Corollary 3 The largest Padovan number which can be represented as products of three repdigits in base § with
2 <8 < 10is P3p = 4410. More precisely, we have

42 — | 43— 43— 1
Py = 4410 =2 1 -1 ,
3 3 3

=224 - 1114 - 1114.

Theorem 4 Let 5§ > 2 be an integer. Then the Diophantine equation (9) has only finitely many solutions in
integers k, dy, d», d3, 8, £, m, n such that n > 1. Namely, we have

L<m<n<48x 104810g98 and k < 6 x 104910g108.

Theorem 5 The only Perrin numbers which are products of three repdigits in base § with 2 < § < 10 are
2,3,5,7,10, 12,90, 486 and 76725.
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On Padovan or Perrin numbers... 839

We can deduce the following result.

Corollary 6 The largest Perrin number which can be represented as products of three repdigits in base § with
2 <6 < 10is Eq9 = 76725. More precisely, we have

42 _ | 42 _ | 45 — 1
E4q =76725=3 -3 -1 ,
3 3 3

=334-334-111114.

The organization of this paper is as follows. In Section 2 we recall Matveev’s theorem on linear form in
logarithms of algebraic numbers. In Sections 3 and 4 we prove our mains results of this paper.

2 Matveev’s result

We begin this section with a few reminders about logarithmic height of an algebraic number. Let 1 be an
algebraic number of degree d, let ag > 0 be the leading coefficient of its minimal polynomial over Z and let
n=n", ..., 7@ denote its conjugates. The quantity defined by

d
1 .
h(n) = 7 log |ag| + E 1logmax (1, )n(-’)‘)
j=

is called the logarithmic height of 1. Some properties of height are as follows. For 11, 1, algebraic numbers and
m € 7, we have

h(m £ m2) < h(m) + h(n2) +log?2,
h(mny ") < hn) + h(n),
h(ni") = Im|h(n).
Ifn = r € Q is a rational number in reduced form with ¢ > 0, then the above definition reduces to (1) =

log(max{|p|, ¢}). We can now present the famous result of Matveev used in this study. Let I be a real number
field of degree dr, n1,...,ns € Land by, ..., by € Z\ {0}. Let B > max{|b1], ..., |bs|} and

Aol
Let Ay, ..., A be real numbers with
A; > max{dpLh(n;), |logn;|,0.16}, i=1,2,...,s.
With the above notation, Matveev proved the following result [12].
Theorem 7 Assume that A # 0. Then
log|A] > —1.4-30°F3 . s%5 . a2 . (1 +logdy) - (1 +1og B) - Ay - -- As.

3 Padovan numbers as products of three repdigits in base §
3.1 Proof of Theorem 1

Note that if n = 1, then £ = m = 1 and subsequently the Diophantine equation (8) becomes Py = dd>d3.
Combining this with (5), we have k < 3log(6 — 1)/loga + 3. So in this case, Theorem 1 holds. For the rest of
the proof we consider n > 2. The following result gives a relation between n and k in the equation (8).

Lemma 8 All solutions of the Diophantine equation (8) satisfy

logé
k < 3n10g

+ 3 < 13nlogé.

oguo
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840 P. Tiebekabe, K. N. Adédji

Proof From (5), we have

-1 sm—1 -1
k=3 < pi=d -d od <@ -1 <8
oo Eh=dyTr b by =S
Taking logarithm on both sides, we get (k — 3) loga < 3nlogé. Since,n > 2, 1.32 <o < 1.33 and § > 2, we
obtain

logé 3 3
k <3n +3= + -nlogé < 12.969n log 4,
log o logae  nlogé

which leads to the desired inequalities. O

To start the proof of Theorem 1, we find upper bounds for the variables 7, £, m of (8). Using (4) and (8), we get

P K+ e1(k) PR Sl B it
= au e = . .
k ! 51 P -1 P

to obtain
 idpdist ) — didads8t" didads" T didaddt
¢-n3 6 — 13 6 —13 6 —13
didad38™™ didads8™ dydadsd" dydads (10)
¢-1? G- @E-DF @E-DF
Taking the absolute values of both sides of (10), we get
v didadssttmEn 1 didad38  dydad38" T didadss®
aa” — < + +
6 —1)3 2ak/2 7 (8 —1)3 6 —1)3 6 —1)3
d1drd38"" didrd38™  didrd3s" didyrds an

(6 —1)3 G-D3 " @E-1D3  @-1)3F

Dividing both sides of (11) by % and using the fact that ¢ < m < n gives us the following inequalities.

(8 — 1)3 - aak . s~ Etntm) 8 —1)>3 1 1 1
-1l =-=5 Z + =+ =+
didads 2052d dydy §0Hm - ogn o gmo o gntm
1 1 1 1
+ 5¢ + sn+t + §ttm T gltmtn
<8.87¢.
From this, it follows that
3
a@ —1)” Lk g Wntm) | E (12)
didrds 8t

Put
3
A = ad—1) ok L s~ WrnEm) _
didrd3
To apply Theorem 7 to A1, we choose the following data
as —1)>3
didrd3

and s := 3. Note that n, 12, 13 € Q(«) and by, by, bz € Z. The degree di, = [Q(«) : Q] is 3, where LL is Q(«).
We need to show A # 0. Suppose A1 = 0, then

¢ didads
a = —m
6—13

(m, b1) := ( . 1) » (m2, b2) := (a, k), (13, b3) := (8, =(L +m +n))

. §btm=+n) €.
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On Padovan or Perrin numbers... 841

Taking the norm in L on both sides of the above equality, we get

dydrd 3

which is false. Thus A1 # 0. Using to the inequalities from Lemma 8, we can take B := 13nlog$ because
B > max{|b1], |b2], |b3|}. To estimate the parameters Aj, Az, A3, we calculate the logarithmic heights of

n1, 12, n3 as follows:
i = (8D L (CD7) )
= T a
" didrds )~ didrds

1
— log (max{((S — 13, d1d2d3}) + 5 log23
1

=3log(6 — 1)+ 3 log23 < 4.6logéd

and
1
h(a) = gloga and h(n3) = logsé.
Thus, one can take
A; =13.8logé, Ar =loga and Az =3logs.

Then, we apply Theorem 7 and find

log|Aq| > —1.4-30%-3%3.32. (1 +1og3) - (1 + log(13nlogs))x
13.81ogé§ - logw - 31og$. (13)

Comparing inequality (13) with (12) gives
£logs —log8 < 3.2 x 10" - (1 4 log(13nlog 8)) - log? &. (14)
Because for § > 2 andn > 2,
1 +log(13nlogé) < 10logn - log$, (15)
we would get
0 <33x10" logn - log?s. (16)
To see inequality (15), note that for fixed integer § > 2 the function f(x) := 1+log(13xlogé§) — 10logx -log$
is decreasing for x > 2.

Secondly, we rewrite (8) as

adk—1) e (k) —1) _ dhds wim om
di(8* — 1) di(8t = 1) _(3_1)2(8 — 8" =5+ 1),

which implies

ack(8 — 1) drds8"" ()G~ 1) dodsd"  dodsd”
di(8t =1 G-D2 4Gt -1) 6—D% @—-1?
drds

6 - D>

+ A7)

Taking the absolute values of both sides of (17), we have
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842 P. Tiebekabe, K. N. Adédji

ack(8 —=1)  dadzs"tm =1 drdz8™  drdzS"
? - 7| = ¢ 2t 7+ 2
dist—1) -1 24 (88 — Dak2 T (=12 S —1)
drd3
(6 — 12
d2d35n+m

Dividing the both sides of the inequality above by and using the fact that n > 2, leads to

¢ —1?

a(d—1)> b g—mm | < 6 —1)3
di1drdz (8¢ — 1) = 2d1dyrd3 (8¢ — 1)ak/2gntm

1
+—+—+— <457
Therefore,

al—1)3

IR A ak . 87(n+m) _ 1
didrds (8¢ — 1)

<. (18)

Now, let us apply Theorem 7 with

§—1)3
al )),Q,W$%%=®ﬁ%—mx

by = (0
(n1,b1) (d]dzdg(s‘f—l

(n2,b2) := (o, k), s := 3 and B := 13nlogd. Note that the numbers 711, n2 and n3 are positive real numbers
and elements of the field L = Q(«). It is obvious that the degree of the field IL is 3. So d, = 3. Let

3
Ay a@@—1) ~C¥k-87(n+m)—l-

T didyds (3 — 1)
If Ay =0, then we get

v didads(8¢ — 18
ao =
(6—1)3

k

This is impossible as ac® is irrational for k > 1. Therefore, A5 is nonzero. Moreover, since

B ad —1)3 8 —1)3 1
hw”_h(m@@wf—n>5h<dﬂﬂs)+h(ﬂ—1)+mm

1
= logmax{(8 — 1)°, dydrd3} + log(s* — 1) + 3 log 23

1
=3log(6 — 1)+ log(81Z -1+ 3 log23 < (4.6 4+ ¢)log$,
and
1
h(m) = gloga, h(n3) =logd,

we can take A; := 3(€ +4.6)logd, A := logwa and A3 := 3log§. Thus, taking into account the inequality
(18) and using Theorem 7, we obtain

mlogs —log4 < 1.4-30°.3%3.32. (1 +10g3) - (1 + log B)x
9.(4.6+0) -loga - log?s.

Since § > 2 and 1 4+ log B < 101logn log 8, it follows that

m<7x 103 . (4.6 +¢)-logn -log?s + 2.
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By (16), we have
4.6+ <3.4x10" logn - log®s. (20)
Therefore from (19) and (20), we easily get
m < 2.4 x 102 1og? nlog*s. (1)
Rearranging now equation (8) as

d38" a(s — 1)2ak _d3 e1(k)(8 — 1)2
§—1 didr' =1 —=1) 8§—1  didr(8¢ — (" — 1)

and taking absolute values of both sides of the equality above, we get

d38" § — 1)%ak d §—1)2
36" a( ) o < B ( ) _ 22)
§—1  didy(8* — 1) — 1) §—1  2a%2ddy (8¢ — 1)(8™ — 1)
o . d33" . .
Dividing both sides of (22) by 51 and using the fact that n > 2, we obtain
a —1)>3 & 1 1 2
1— 8T —t— < . 23
' didads (36 — 1)(s™ — 1) R T T T 23)
Put
§—1)3
As: a®-D ek -1 (24)

T didyds (5 — (8" — 1)

Next, we apply Theorem 7 on (24). First, we need to check that Az # 0. If it were, then we would get that

p  didads(8° — 1)(8™ — 1)8"

G —1)? €Q

ao

which is false. Thus, A3z # 0. So, we apply Theorem 7 on (24) with the data:

ad—1)3
d\dadz (8% — 1)(8™ — 1

§ = 37 (nls bl) = < )$ 1) ’ (7727 b2) = ((Ss —l’l),

and (n3,D03) = (o, k). Because, B > max{|b1|, |b2|, |b3]} = max{l, n, k} and using the inequality from

Lemma 8 we can take B := 13nlogd. Note that 1y, 72, n3 € Q(a). Observe that L := Q(n1, 12, 13) = Q(«),
so dr, = 3. Next,

ad—1)3 )
didrd3 (8¢ — 1)(8™ — 1)

6 -1’ ¢ m
§h<dﬂﬂ3>+h«8—nw —D)+mm

h(n) =nh <

<@B+LC+m)logs+ %log23 < (4.6 4+ ¢+ m)logé.
Thus, we can take
A1 :=34.6+{+m)logs, Ar:=3logd and Az :=logc.
Theorem 7 tells us that

log |A3] > —1.4-30%.3%3.32. (1 +1log3) - (1 + log B) x (25)
9logé -loga - (4.6 + ¢+ m)logd
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844 P. Tiebekabe, K. N. Adédji

and
1+4log B < 10lognlogsé. (26)
Combining the above two inequalities with (23) gives
(n—1)logd —log2 <7 x 1013(4.6 + £ + m) lognlog’ s,
which leads to
n<7x103(4.6 + ¢+ m)lognlog?s + 2. (27)
Referring to the inequalities (16) and (21), we have

464 0+m <4.6+3.3x 10" . logn - log> s + 2.4 x 10 log® nlog* s
< 4.8 x 10 log? nlog*s. (28)

Inserting this in (27), we get that
n < 3.4 x10% -log*n - log®s. (29)
To get an upper bound of n in terms of § we have to recall the following result.
Lemma 9 (Lemma 7 of [10]) Ifl > 1, H > (412)’ and H > L/(log L)}, then
L <2 H(log H)'.

Thus, we can apply Lemma 9 with

=3, L=n and H:=34x10*.1og%s.
It follows that

n <2334 x 102 . 10g® s x log3 (3.4 x 10% . 1og® 5)

<2%.3.4x10% -10g° 5 - (97.94 + 6loglog 8)°
< 7.4 % 10% log98,

where we have used the fact that 97.944-6loglog § < 1391og 8, which holds forall § > 2. Hence, we summarize
that all the solutions of (8) satisfy

n<74x%x10"1og’8 and k < 13nlogs < 9.62 x 10°%10g'?s.

This ends the proof of Theorem 1. O

3.2 Proof of Theorem 2

For the proof of Theorem 2 we need the following result due to Dujella and Pethd [6].

Lemma 10 Let M be a positive integer; let p/q be a convergent of the continued fraction of the irrational T
such that ¢ > 6M, and let A, B, i1 be some real numbers with A > 0 and B > 1. Let

e =|lugll — M -lzqll,
where || - || denotes the distance from the nearest integer. If ¢ > 0, then there is no solution of the inequality
0<|mt—n+pul<AB™"

in positive integers m, n and k with

log(A
log B
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Proof of Theorem 2 First, we have to reduce the bounds on ¢, m, n and k. Put

71 :=log(A1 + 1)

a(s — 1)3>

=kloga—(€+m+n)log8+log< I did
14243

Inequality (12) can be written as

|eZ‘ —1| < 8%'

1 2
For ¢ > 4and 2 < § < 10, we have that |e*! — 1| < < 3 which implies that 3 <e %l <2.Ifz1 > 0, then

st
0 11_1_’21_1’ E
<z1<e = |e <8€.

If z1 < 0O, then

16
0<lzil <efl—1=¢"01(1 —¢%) < e

16
Thus, in all cases we have 0 < |z1| < 50 which implies that

1 log (a(8 — 1)3/d d»d
Oga—(£+m+n)+ e (al LICL)

16/10g8) - 6¢. 30
log3 logs < (16/logé) (30)

0< |k

lo lo
It is easy to see that ad is irrational. In fact, if kil
log $ log$

8P = a? € Z which is an absurdity. Now, we apply Lemma 10 with w := ¢,

= P (p,q€eZand p >0,q >0, gcd(p, g) = 1), then
q

o log & _log(a(s — 1)*/didads)
" logs’ He= log §

, A:=16/logds, B:=§.

Since k < 4.1 x 10°*, we can take M := 4.1 x 10°*. Therefore, for the remaining proof, we use Mathematica to
apply Lemma 10. For the computations, if the first convergent such that g > 6 M does not satisfy the condition
& > 0, then we use the next convergent until we find the one that satisfies the conditions. Let ¢; be the denominator
of the 7-th convergent of the continued fraction of r. We find the following results.

8 2 3 4 5 6 7 8 9 10

qi q123 4105 q113 4100 q111 q102 q118 4109 q118
&> 0.275 0.104 0.042 0.079 0.024 0.001 0.024 0.001 0.003
< 192 120 97 82 75 70 64 62 58

It follows from the above table that
£ <192, 31

is valid in all cases. Substituting this upper bound for £ into (19) and combining the new bound obtained with
(27), we get

n<3x10 ~10g2n,

which implies n < 6.4 x 103 using Lemma 9. Thus, by Lemma 8 we have k < 2 x 10°. Next, we need to
reduce the bound on m. We return to (18) and put
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846 P. Tiebekabe, K. N. Adédji

72 :=log(Ax + 1)

ad —1)>3 )

Since 2 < § < 10, we get from the inequality (18) and m > 3 that
4

’ezz—l < — <

1
smo 2’
. ] 3 4
which implies 3 < e? < 7 Ifzp >0,then0 < zp <e®2 -1 < TR If zp < 0, then

8
O<lzm <@ —1=e2—1=e"2(1—e?) < -

. 8
In any case, since 0 < |z3] < R thus we have

log (a(8 — 1)*/dydrd3 (8¢ — 1)) _ 8/logs

logx
0< |k——r— 32
< Flogs ~ M T log 8 5m (32)
Again, we apply Lemma 10 with
1 log (a(8 — 1)*/dydrd3(8° — 1 8
. OgOé’M:= g (a( )7 /didads( ))’A:_’B::(S
log log$ log s

and M := 2 x 1037, With the help of Mathematica, we found the results recorded in the following table where
we denote by g; the denominator of the z-th convergent of the continued fraction of .

) 2 3 4 5 6 7 8 9 10
qt qss5 q68 q79 q71 qs2 q64 q73 q76 q86
&> 0.002 0.002 0.001 0.0003 10~4 0.0003 1074 0.0009 10~4
m < 139 88 69 62 56 50 47 44 44
So, we have
m < 139, (33)

which holds in all cases. Inserting the bounds from (31) and (33) in (27) while using the fact that 2 < § < 10,
we get

n<13x107logn +2,

which leads to n < 5.6 x 10'8 and hence to k < 1.7 x 10%°. Finally, we have to reduce the bound on 7. From
(23), we can put

z3 :=log(A3z + 1)

a@ —1)>3 )

= kloga —nlogé + log (d1d2d3(5£ e D

By following what is done in previous cases, it is easy to see that for n > 2, we have
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On Padovan or Perrin numbers... 847

logar  log(a(® = 1)’/didyds 3" = 1)@ = 1)) | _ (2/logd) 34)

0< |k
= log 8 log 8 sn—1

Now, we apply Lemma 10 to (34) with B := 4,

log & log (a(8 — 1)*/didrd3 (8¢ — 1)(8™ — 1)) 4 2
T .= = , A= s
log

" logs’ . log 8

and M := 1.7 x 10%°. With Mathematica, we get the results that we record in the following table.

B 2 3 4 5 6 7 8 9 10
qi 450 q39 q46 qa471 q50 q39 q38 q40 q46
&> 1073 10~6 0.0002 10~6 10~4 10~4 1073 0.007 0.007
n—1< 86 56 41 37 32 28 26 25 24

Therefore, in all cases the inequality (34) holds for
n < 87. (35)

Thus, it remains to check equation (8) for2 < § < 10,1 < dj,dr,d3 <5 —1,1 <n <87, 1 <k <2604,
1 <¢<192and 1 < m < 139. Here, we use Maple and see that the Diophantine equation (8) has only the
solutions listed in the statement of Theorem 2. This completes the proof of Theorem 2. O

4 Perrin numbers as products of three repdigits in base §

In this section, we will follow the method from Section 3. For the sake of completeness, we will give most of
details.
First, we have to recall the following result which will be useful in this part.

Lemma 11 (Legendre [4]) Let k be a real number and x, y integers such that
1
2y2°

Then x/y = pi/qk is a convergent of k. Further, let M and N be a nonnegative integers such that gy > M.
Then putting a(M) := max{a; : i =0, 1,2, ..., N}, the inequality
1

-3
~ (a(M) +2)y?

y

holds for all pairs (x, y) of positive integers with0 <y < M.

4.1 Proof of Theorem 4

Here too by taking n = 1, we easily verify that the bound of k& from Theorem 4 is valid. Now let us see what
happens for n > 2. The following result will be useful in proving our main result which gives a relation between
n and k of equation (9).

Lemma 12 All solutions of the Diophantine equation (9) satisfy

log$
k <3n o8

+2 < 12.3nlogs.
loga
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848 P. Tiebekabe, K. N. Adédji

Proof From (7), we have

st—1 sm—1 s —1
k=2 < Fr=d .d d <" —1)3 <8
o she=digTp Ty SO s

Taking logarithm on both sides, we get (k — 2) log < 3nlog$. Since, n > 2 and § > 2, we obtain the desired
inequalities. This ends the proof. O

First, we find the upper bounds for the variables n, £, m of equation (9). From (6) and (9), we get

st —1 dam—l s —1
s a)

Ep = dF ky=d -d
r=o +exk) 15 51 B3

to obtain

. d1d2d38€+m+n
6 —1)3

d1drd384M  didrds8"TE didad; st
(6 —1)3 (6—1)3 (6—1)3
didrd38"T™  didad38™  dydadz8"  didods

= —ex(k) —

G- G- G- G- o
Taking the absolute values of both sides of (36), we get
§—1)?
(d1d2d)3 ok g—ntm) _ | 8% 37)
Let
R G DY gk g-thnsm _
didrd3
We need to show A4 # 0. Suppose A4 = 0, then
o — % Lgttmin ¢
which is false. Thus A4 # 0. We apply Theorem 7 to A4 and we that
log| A4l > —1.4-30°-3%3.32. (1 +1og3) - (1 + log(12.3nlog §)) x
27 -log o - log2 d. (33)
Comparing inequality (38) with (37) gives
Clogd —log9 < 2.1 x 1013 - (1 +log(12.3n10g 8)) - log? §. (39)
Note that for § > 2 and n > 2,
1 4+log(12.3nlogé) < 10logn - logé,
we would get
€ <22 x 10" logn - log?s. (40)

Now, we rewrite (9) as

k(8 —1) Le®6-1 _ dd
i =1 -1 @172

(8n+m_6m _6n+1)’

which implies
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kS =1)  dadzs"tm (k) —1)  dodzg"  drdzs"

it =1 -2 4t—=1) G-1 ((-1)
b 1)
6 —1D*
Taking the absolute values of both sides of (41), we have
§—1)3 5
% Lok g mtm) ol o (42)
dydrd3 (8¢ — 1) sm
Applying Theorem 7 with
3
5= _ 0= cokgTm)
didrdz (8¢ — 1)
we obtain
mlogs —log5 < 1.4-30°.3%3.32. (1 +10g3) - (1 + log B)x
9.(3+440) -loga -log?s.
Since § > 2 and 1 + log B < 10logn logd, we obtain that
m<7x102.(3440) logn-log>s+2.4. (43)
By (40), we have
340 <23x10" logn - log®s. (44)
Therefore from (43) and (44), we easily get
m < 1.7 x 10 log? nlog*s. (45)
Rearranging now equation (9) as
d38" 8 — 12k 3 er(k)(8 — 1)2
§—1 didr(8* =™ —1) §—1  didr(8* — (@™ — 1)
and taking absolute values of both sides of the equality above, we get
d38" 8 — 1)2ak d 28 — 1)?
38" (6 —Da < B (6 —-1) . 46)
§—1 didr(8¢ —1)(sm — 1) §—1 ok 2didy(8¢ — 1)(8™ — 1)
. . d35" . .
Dividing both sides of (46) by 51 and using the fact that n > 2, we obtain
§—1)° 1 2 3
1— ( ) STk <« — 4 < —— (47)
di1drd3 (8¢ — 1)(8™ — 1) gn - gn—l — gn—l
Put
Ag = (61 STk — 1 (48)
0= didads (8T — (5™ — 1) :
Note that Ag #% 0. So, Theorem 7 tells us that
log |Ag| > —1.4-30%-3%3.32. (1 4+1log3) - (1 + log B) x
3logd -loga -3(3+ £ +m)logé (49)

with 1 +1log B < 10logn log$. Thus, we get from (47) that
(n—1)logd —log3 <7 x 1033 + € +m)lognlog’s,
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which leads to
n<7x1083@+ €+ m)lognlog®s + 2.6. (50)
Referring to the inequalities (40) and (45), we have

3404+m<3+22x%x10" logn -log?s + 1.7 x 10?7 log? nlog* s
< 3.4 x 10* log® nlog* s. (51)

Inserting this in (50) leads to
n<24x10" - log®n - log®s. (52)
We have everything ready to apply Lemma 9 with the data
=3, L=n and H:=24x 10" .log®s.
So, we get
n<2%.2.4x10% . 10g® s x log3 (2.4 x 104 - log® 5)

<2%.2.4 x 10" -10g% 5 - (95.3 4 6loglog§)*
< 4.8 x 10¥10g°s.

Note that, the above inequality holds because 95.3 +61loglogé < 1351og§ for all § > 2. Hence, we summarize
that all the solutions of (9) satisfy

n<48x10Mlog’s and k < 12.3nlogs < 6 x 10*1og!? s.

Hence, the proof of Theorem 4 is finished. O

4.2 Proof of Theorem 5

In this subsection, we search for all solutions of the equation (9) in the range 2 < § < 10. So, in these cases
according to Theorem 4, the bound on k becomes

k <2.6x 107,
Proof First, we reduce the bounds on ¢, m, n and k by putting

74 :=log(As + 1)

k1 (€ +m+n)logs +1 ¢ -1’
= ogo — m n) 1o (0] .
g g 2\ aids

Thus, inequality (37) can be written as

9
|€Z4—1| < 87
ro 2 _
For¢ > 5and2 < 6 < 10, we have |e** — 1] < 5 < 3 which implies that 3 <e % < 2. Ifz4 > 0, then
0< <eZ4—l—|eZ4—1|<2
Z4 - (SK.
If z4 < O, then
18
0< |z <@ —1=e1-e%) < R
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18
In any case, it is always holds true 0 < |z4]| < 50 which implies

1 log ((8 — 1)?/d dad
Oga—(£+m+n)+ e (¢ )\ /ddad)

0< |k
log s log$

< (18/logs) - 87, (53)

Now, we have to study the following two cases.
Case 1: (d,dr,d3) #(§— 1,5 — 1,8 — 1). We apply Lemma 10 with w := ¢,

. loge | log((6— 1)*/didads)
" logs’ He= log 8

, A:=18/logs, B:=§.

Using the fact that k < 2.6 x 103, we can take M := 2.6 x 10°3. We use Mathematica to apply Lemma 10 and
find the following results where g, denotes the denominator of the 7-th convergent of the continued fraction of
7. Note that in this case the base § = 2 cannot be consider because this leads to u© = 0.

1) 3 4 5 6 7 8 9 10

qi q103 q109 q98 qi11 q98 q115 q107 q115
£ > 0.132 0.144 0.006 0.004 0.024 0.027 0.001 0.005
< 117 92 82 76 67 63 60 57

Thus, we can say from the above table that the solutions of inequality (53) satisfy

log(Aq103/0.132) _

t=w < =<
log 6

117. (54)

Case 2: (dy,dr,d3) = (6 — 1,5 — 1,5 — 1). In this case from (53), we have

log o

— < (18/1ogs) - §7¢.
logé

O<‘k &+m+n)

Dividing both sides of this inequalities by k and using the fact that 2 < § < 10, we get

26

loge £L+m+n
— < .
k-8t

log s k

0< (55)

Assume that ¢ > 200. Then it can be seen that

5t 2t
>

> >3x10°% >2.6x 102 >k,
2(26) ~ 2(26)

and so we have

logae L4+ m+n 26 1
— < < —.
log 8 k k-8t 2Kk?

. . . . . L+m+n.
From the known properties of continued fraction (Lemma 11), it is seen that the rational — isaconvergent

1 £
to K ‘= oga for2 <8 < 10. So % is of the form p; /g, for some ¢. According to Lemma 11, we take

log 6
M = 2.6 x 10°3, since k < 2.6 x 10°3. For 2 < § < 10, we use Mathematica to find the first convergent gy
such that gy > M and then we get a(M) := max{a; : i =0, ..., N}. Thus, Lemma 11 tells us that

N
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1 logae €4+ m+n 26
< <

(@M)+2)-k2 ~|logs & k - 8¢

which implies

. log (26 - (a(M) +2) - 2.6 x 10%)
= log 8 '

We thus arrive at the results which are in the following table.

8 2 3 4 5 6 7 8 9 10
gy > M q118 q101 q106 9% q108 q95 q112 q105 q112
a(M) 303 151 160 433 65 627 241 278 564
< 190 119 94 82 72 68 63 60 57

It follows from the above table that £ < 190, which contradicts the fact that £ > 200. Thus £ < 200.
Therefore by referring to (54) we can conclude that the bound

£ <200, (56)

holds for Case 1 and Case 2. Substituting the upper bound from (56) into (43) and combining the new bound
obtained with (50), we get

n<3x10* log’n,

which implies n < 6 x 103 using Lemma 9. Thus, by Lemma 12 we have k < 1.7 x 103°. Next, to reduce the
bound on m we return to (42) and put

z5 :=log(As + 1)
klo (n+m)logs +1lo ¢ -1’
= oa—\n m —_— | .
& BOT O8N G dhda (st — 1)

From the inequality (42) and for m > 4, we conclude that

’eZS—l’<i<l,
g2

1 3 5
which implies that 7 <e¥ < 7 Ifzs >0,then0 < z5 < €% — 1 < Tk If z5 < 0, then
10
O<|zs| <eBl—1=e B —1=e35(1-¢%) < R

. 10
In any case, since 0 < |z5| < R thus we have

] log (8 — 1)3/d1drd3 (8¢ — 1 10/1log 8
O<k0ga—(n+m)+0g(( )7 /didads( ))< /Og'
log$ logé oM

(57)

The case (8 — 1)° # didrd3 (8¢ — 1).
So, we apply Lemma 10 with the following data

log o log ((8 — 1)3/d1drd3(8° — 1))
Ti=———, U=
log log é

, A:=10/logd, B:=4

and M := 1.7 x 10%0. With Mathematica, we got the results mentioned in the following table.
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) 2 3 4 5 6 7 8 9 10
qt q107 q129 q159 q163 q186 q189 q222 q235 q232
€> 10~14 10730 10~4 104 106! 1067 10773 1078 10783
m < 205 202 202 203 201 201 201 201 201

It follows from the above table that inequalities (57) hold in all cases for m < 205.
The case (8 — 1)° = d1dad3 (8¢ — 1).
In this case from (57), we have

1
0 < ‘k 8% _ m+n)| < (10/logs) -8
log
Because 2 < § < 10, we get
1 14.5
0< |28 _mEn) . (58)
log § k k- &m

Assume that m > 140. Then it can be seen that

m
> 48 x10% > 1.7 x10%7 > k,
2(14.5)
and so we have
loga m+n 14.5 1
- < < —.
log$ k k-&m = 2k2
. . m+n, loga . 36
From Lemma 11, it is seen that the rational is a convergent to k = Tosd" Since k < 1.7 x 10°°, we can
0g
apply Lemma 11 with M := 1.7 x 10%%. For 2 < § < 10, we use Mathematica to find the first convergent gy
such that gy > M and then we get a(M) := max{aq; : i =0, ..., N}. Therefore, we deduce from Lemma 11
that
1 loge m+n 14.5
< — <
(a(M)+2)-k* ~ |log$ k k-sm

which implies

log (14.5 - (a(M) +2) - 1.7 x 10°°)
m < .
logé

So, in the range 2 < § < 10, we obtain the results presented in the following table.

1) 2 3 4 5 6 7 8 9 10
gy > M qs4 qe64 q78 q671 q7s 460 q71 q70 qs1
a(M) 80 151 160 433 65 217 241 107 49
m < 130 82 65 57 50 47 44 41 39

It follows that the bound m < 130 is valid for each § such that 2 < § < 10, which contradicts the fact that
m > 140. Therefore m < 140. Thus, we conclude that, whether (§ — 1)3 # didrd3 (8¢ = 1) or not the following
bound holds

m < 205. (59)
Using inequalities (56) and (59) together and substituting these upper bounds into (50), we get

n<1.6x 1017logn,
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which leads to n < 1.3 x 10'2 and hence to k < 3.7 x 10%2°. To reduce the bound on n we must return to
inequality (47) and put

76 1= log(Ae + 1)

6 —1°
=kloga —nlogé + log Gl —De" - D)

For n > 2, we can easily see that

1 log ((8 — 1)3/d1drd3(8° — 1)(8™ — 1 6/logs
0 |ploge _ 1og (6 = 1)Y/didyds (" — D@ — )| _6/log 60)
log & log & sn—1
The case (5§ — 1) # d1dad3(8° — 1)(8" — 1).
Therefore, we can apply Lemma 10 to inequalities (60) with B = §,
1 log ((8 — 1)3/d1drd3(8° — 1)(3™ — 1
, — loga = g (( ) /d1drds( )( )),A:6/10g8,

"~ logs’ log &

and M = 3.7 x 10?°. With the help of Mathematica and taking into account the fact that £ < 200 and m < 205,
we obtain the bound

n < 210,
which holds for 2 < § < 10.
The case (5 — 1) = didad3 (8¢ — 1)(8™ — 1).
We get from inequalities (60) that
1 6/logé
0< |k OE% _ n| < /i.
log § sn—1
Because 2 < § < 10, we have 6/logd < 6/log?2 and then
logae n 8.7
< ——| < .
logé k| k-én!

Now, we assume that n > 80. Then

n—1

> 3.4 x 102 > 3.7 x 102 > k,

2(8.7)
and so we have
loga n 8.7 1
— = < < —.
logé &k k- §n1 2k?2

.. . n. loga .
From Lemma 11, it is seen that the rational number ;e is a convergent to k = % Since k < 3.7 x 1029, we
og

can take M = 3.7 x 10% in order to apply Lemma 11. Now let Ll be N-th convergent of the continued fraction

4N
of k such that gy > M. Then
1 logaa n 8.7
< - < —.
(a(M)+2)-k* ~ |logs k k- o1

In all cases we get with Mathematica that n < 77 which is a contradiction because n > 80. Therefore n < 80.
So, whether (8 — 1)3 # d1d>d3(8¢ — 1)(8™ — 1) or not we only have to consider

n < 210.

Finally, it remains to check the Diophantine equation (9) for2 < § <10, 1 <d;,dr,d3 <§—1,1 <n < 210,
1 <k <5947,1 <€ <200and 1 <m < 205. A quick inspection using Maple reveals the only solutions listed
in the statement of Theorem 5. This marks the end of the proof of Theorem 5. O
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