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Abstract This paper is focused on a class of non-strictly hyperbolic systems of conservation laws. With the use
of the limiting viscosity method, the stability of the delta shock wave solution is established.
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1 Introduction

This paper is concerned with a class of non-strictly hyperbolic systems of conservation laws

{pt +(pf )y =0, (L1

(pg))r + (pf (w)gw))x =0,

where t € Rt represents the time variable, x € R stands for the space variable, the sign of p = p(x, 1) is
assumed to be unchanging, u = u(x, t) is given smooth function, f(u) and g(u) are respectively smooth and
strictly monotone functions.

The system (1.1) coincides with one-dimensional zero-pressure gas dynamics when f (1) = g(u#) = u, where
p > 0and u € R are viewed as the density and velocity of gas, respectively. When g(u#) = u, Yang [1] studied
the Riemann problem for the model (1.1) with initial data

(p—,u-), x <0,

(p,uy), x>0, (1.2)

(o, u)(t =0,x) = {

by the characteristic analysis and vanishing viscosity method. Yang and Sun [2] studied the Riemann problem
with delta initial data for the system (1.1) when g () = u. Mitrovic and Nedeljkov [3] proved that the delta-shocks
of the model (1.1) can be formed as the limits of shocks of the perturbation model (1.1) as the pressure vanishes.
Recently, Li [4] solved the Riemann problem for the system (1.1) with characteristic analysis and obtained the
stability of the Riemann solutions under certain perturbation of the initial data. A noteworthy feature is that delta
shock waves appear in solutions to the (1.1). As for the delta shock waves, we refer the reader to the papers
[5-11] for more details.

The purpose of this paper is to explore the stability of the solution containing delta shock wave of (1.1) and
(1.2) by self-similar vanishing viscosity method introduced by Dafermos [12]. The solutions for the broad classes
of 2 x 2 hyperbolic systems including the equations of isentropic, Lagrangian, gas dynamics were constructed
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by Dafermos and Diperna [13]. This method was widely used in [14, 15] for the admissibility of weak solutions
to the Riemann problem for hyperbolic systems of conservation laws. By the method, Tan, Zhang and Zheng
[10] initially established the stability of delta shock wave for a hyperbolic system of conservation laws. Sheng
and Zhang [8] studied the Riemann problem for zero-pressure gas dynamics, and established the stability of the
delta shock wave and vacuum solutions. Chhatria, Sen and Raja Sekhar [16] discussed the Riemann problem
for a strictly hyperbolic system of conservation laws, and proved the existence, uniqueness and stability of the
Riemann solution involving delta shock wave. Sen and Raja Sekhar [17] solved the Riemann problem for a
strictly hyperbolic system of conservation laws, and proved the existence, uniqueness and stability of the delta-
shock wave solution. Sun [18] considered the Riemann problem for the changed form of the chromatography
system, and proved the existence and uniqueness of solutions involving the delta shock wave. Hu [19] studied
the stability of the solutions including delta shock waves for a nonstrictly hyperbolic system of conservation
laws by using a vanishing viscosity approach. Hu [20] also discussed the equations of constant pressure fluid
dynamics. For more applications of this method, readers can see [21] for the multidimensional zero-pressure
gas dynamics by Li and Yang, [22] for a class of nonstrictly hyperbolic systems of conservation laws by Yang
and Zhang, and [23,24] for zero-pressure gas dynamics with energy conservation law and a class of systems of
conservation laws of the Keyfitz-Kranzer type by Li, etc.

It can be seen from the above analysis that for a 2 x 2 hyperbolic system of conservation laws, one can add
the self-similar viscosity terms to the right of the two equations simultaneously, or just the right of the one to
analyse the stability of the Riemann solutions. In present study, we consider the following viscous perturbations

pr + (0f (u))x = etpyx, (1.3)
(pg)) + (pf (u)g(u))x = et (pgu))xx ’

with (1.2). Throughout this paper, we assume p > 0, f/(u) > 0 and g’(«) > 0. The rest of the cases can be
discussed similarly. First, the existence of a smooth self-similar solution of the (1.3) with (1.2) is established.
Then we show that in the limit ¢ — 0, the solution (ps (), u-(§)) (§ = x/t) of (1.3) and (1.2) converges weakly
star to the delta shock wave solution of (1.1)-(1.2) when u_ > u.. Sections 3-5 show that u(x, t) is always a
bounded monotone function of £ = x/z. However, p(x, t) may be unbounded simultaneously along the single
line x/t = &,. Moreover, p(x,t) is a sum of a step function plus a distributional weighted Dirac §-function
with the discontinuity x = f(u(o))t = ot as its support when u_ > u,. In the meantime, we also verify the
generalized Rankine-Hugoniot relation proposed in Sect. 2. It is discovered that the delta shock wave solution
to (1.1)-(1.2) has stability under the viscous perturbations.

This paper consists of five parts, and is structured as follows. Section 2 recalls the Riemann solutions to (1.1)-
(1.2). Section 3 proves the existence of smooth solutions to (1.3) and (1.2). Sections 4-5 analyse the limiting
behavior of the smooth solutions to (1.3) and (1.2) as ¢ — 0.

2 Riemann solutions to (1.1) with (1.2)

This section recalls the Riemann solutions to (1.1) with (1.2), for which the detailed investigations can be found
in [4]. Throughout this paper, we assume p > 0, f’(u) > 0 and g’(u) > 0. The initial data p+ > 0 and uy are
all given constants. The other cases can be treated in a similar way. The double eigenvalue is A = f(«) with
associated right eigenvector 7 = 1,07 satisfying VA - 7 = 0. Hence the (1.1) is extremely non-strictly
hyperbolic.

Look for the solution depending on the single variable & = x/¢. Then the Riemann problem (1.1) and (1.2)
is reduced to

—&pe + (pf (w))e =0,

2.1
—&(pgu))s + (pf (W)gw))e =0
with
(p, u)(£00) = (p+, u+). (2.2)
Besides the constant state solution (p, u)(§) = constant and the vacuum solution
§=fw), p=0, (2.3)
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the elementary wave of (1.1) only contains contact discontinuity
§=fu) = fuy). (2.4)

Using the constants, vacuum state and contact discontinuity, two kinds of solutions to (1.1) and (1.2) can be
constructed. When u_ < u, the solution is made up of two contact discontinuities and a vacuum state besides
two constant states:

(107’ u*)v —00 < é < f(u*)v
(o, u)(§) =1 0, u), fu-) =& = flug), (2.5)
(o4 uy), fluy) <§ < +o0,
where u(§) satisfies u(f(u—)) =u_ and u(f (uy)) = uy.
When u_ > u, the solution contains a delta shock wave. In order to define the delta shock wave solution

of (1.1) with (1.2) in the sense of distributions, a weighted 6-measure w(s)§;, supported on a smooth curve L
parameterized as x = x(s),t = 1(s) (c <s < d) is defined by

d
(@(s)8L, (x, 1)) =/ w(s)@(x(s), 1(s))ds (2.6)

for all test functions ¢(x, t) € CgO(R x RT).
With this definition, the following delta shock wave solution

(p—,u-), X <ot,
(p,u)(x,t) = 3 (w(@)d(x —ot),us), x =ot, 2.7)
(P4, u4), X > ot,

can be constructed, where the weight w (¢) and velocity o, u; satisfy the generalized Rankine-Hugoniot relation

dx(t)
dt
d
20 = ko +of @), 2.8)
d(0)gus)
dt B

=0 = f(us),

—lpg)lo + [pf (u)gw)]
and entropy condition

fuy) <o < flu-), (2.9)

with [j] = j_ — j4+ being the jump of j across the discontinuity. Under initial data x(0) = 0, ®(0) = 0 and
(2.9), the (2.8) has a unique solution (o, w (1), us).

Theorem 2.1 Suppose that p > 0, f'(u) > 0, g’(u) > 0. Then Riemann problem (1.1) with (1.2) possesses a
unique entropy solution, which is composed of two contact discontinuities and a vacuum state when f(u_) <
f(uy) and a delta shock wave when f(u_) > f(uy).

Remark 2.2 By the same discussion as in Sects. 2-3 of [4], the result similar to the Theorem 2.1 for the cases
O)p=0,f(u)>0,gw <0, i) p >0, f'(u) <0,g"(u) >0, (i) p >0, f'(u) <0,g () <0,
(iv) p <0, f'(u) >0,g"(u) <0,
WM p =<0, fw>0¢gw=>0, (i)p=<0,fu)<0,g'u >0,
vi) p <0, f'(u) <0,g'(u) <0

can be derived.
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3 Existence of the solutions to (1.3) with (1.2)

In this section, we establish the existence of the solutions to (1.3) with (1.2). Performing self-similar transfor-
mation, the problem turns into the boundary value problem

—&pe + (pf W)e = epge, 3.1
—&(pg))e + (of (w)g(u))s = e(pg(u))ee ’

with (2.2).

What we are interested is the delta shock wave, so we only discuss the case u < u_. In order to prove the
existence of a smooth solution to (3.1) and (2.2) for any fixed ¢ > 0, we deal with the following the boundary
value problem

{ —&pg + n(pf (u))e = epee, (3.2)
—&E(pg))e + u(pf(u)gm))e = e(pg(u))ee ‘
and

p(£R) = p+ ulp+ — p),  u(£R) = pux, (3.3)

where 0 < u <1,R > 1, p= min{p_, p+}. When u = 1 and R — 400, (3.2)-(3.3) is reduced to (3.1) with
(2.2).
Inspired by in [14,19,20], we have the following theorem.

Theorem 3.1 Assume that there exist two positive constants C and Cq depending on py, p—, u+, u—_, € (and
thus independent of 1 and R) such that any solution (p (&), u(&)) of (3.2)-(3.3) with p(§) > 0, corresponding
toany 0 < pu <1, R > 1, satisfies

e (Ip@®1+ @) <C. it 1@ = Co. (34)

Then (3.1) with (2.2) admits a solution, denoted again by (p (&), u(&)) such that p(§) > 0 on —oo < & < +o0.
To get (3.4), the following some lemmas are needed.

Lemma 3.2 Ler (p(§), u(€)) with p(§) > 0 be a nonconstant solution of (3.2)-(3.3) in [—R, R] for some
w € (0,11, R > 1. Then u’(§) < 0 in [—R, R], and p (&) satisfies one of the following

(a) No critical point: p(€) is a monotone function on [—R, R];
(b) One maximum point: p(&) has a maximum at t in [—R, R].

Proof Assume that (p (&), u(&)) is a nonconstant solution of (3.2)-(3.3) with p(¢) > 0. Then it yields from (3.2)
that

/ "
<—§+uf(u) —2e2 —ag/ﬂu’)u’ = s, (3.5)
P g'(u)
Integrating (3.5) over (—R, &) gives
£ —s+ufu) — 268 _ &
u'(£) = A exp(/ L O ds), 3.6)
_R &
where A is determined by
R t —S+/Lf(l/t)—28’0—/—8g,//((:>)u/
Wy —u_) = ,\f exp(/ P8 ds)dt. (3.7)
—_R —R &

In virtue of u— > uy and u > 0, we have A < 0. Then it follows from (3.6) that u'(§) < 0in [—R, R].
Assume that T is a critical point of p(&), then p’(r) = 0. From (3.2), we arrive at gp’(t) =
wo(7) f'(u(z))u’'(r) < 0, which means that T is a maximum point. This finishes the proof.

For the case (a), itis evident that u(£) and p (§) are uniformly bounded in [—R, R] withrespectto0 < u < 1,
R > 1. It remains to discuss the case (b) in the Lemma 3.2. O
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Lemma 3.3 For the case (b), there exists a positive constant M such that

p<pE) <M, (338)
where p = min{p_, p1} and M are independent of i € (0, 1] and R > 1.

Proof The left half of (3.8) is obvious in virtue of Lemma 3.2 and (3.3). To prove the right half of (3.8), we just
need to show

B
/ p(&)dE < (B —a)p + N forany interval (o, 8) C (—R, R), 3.9)

where p = Ogljgl{p(—R), p(R)} = max{p_, py} and N = 50I<n£)<(1 |f@(R)) — f(u(=R))|. To do this,

set 1 = sup(é € [—R,@)|p(§) < P} if p(a) > B, while = inf(& € (a, P)lp¥) > P} if p(@) < P
(@if it is empty, the (3.9) is valid). Analogously, set 7> = inf{§ € (B, R]|p(§) < p} if p(B) > p, while
ny = sup{é € (o, B)|p(§) = p}if p(B) < p (if it is empty, the (3.9) is satisfied). By the choices of 7 and 7,
we have p(n1) = p(n2) = p and

B 2 2
/ (p(&) — PIdE < / (p(&) — P)dE = — / £p/(8)dE. (3.10)
o m m

With the help of Lemma 3.2, one can observe that p’(n1) > 0 and p'(12) < 0. Integrating the first equation in
(3.2) yields

n2
—/ £ (£)dE = ep’'(m) — e’ (m) — wp(f(u(m2)) — fw(ni))) G.11)
n .
< [o(fu(m)) — fum)))| < N.

As aresult, (3.9) holds.
Using (3.9), we deduce

N
Iz — &1

Without loss of generality, we suppose p(7) > p. Wetake 8 € [—R, t] satisfying p(8) = p.Forany & € [B, 1),
there must be & € (7, R] such that p(&1) = p(&2). Integrating the first equation of (3.2) over (&1, &>) yields

p=pE) =p+ for § € [-R, RI\{r}. (3.12)

&
ep'(52) — ep' (1) = —L £p'(£)dE + up(E1)(f (&) — fu(&))). (3.13)
1

Because of p'(£2) < 0, p'(§1) > 0and — [ £0/(§)d = [ (p(§) — p(§1))d§ = 0, we have

N
ep'(&1) < ppED(fu (&) — fu(€))) < p(€1)%- (3.14)
Integration of (3.14) leads to
N(—&)
p(r) < péo)exp 7 , & €I[B, Tl (3.15)

N

If t — B < 1, by choosing &y = B in (3.15), we get p(7) < pexp#.Ifr — f > 1, by takingéy =7 — 1l in
(3.15) and considering (3.12), we arrive at

b\‘z

N
p(T) < (ﬁ-i- )expsﬁ = (p + N)expe.

N
It — &ol
This finishes the proof.
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4 Existence of solutions to (1.1) with (1.2) when p. (¢§) and u.(¢) are uniformly bounded

This section proves the existence of solutions to (1.1) with (1.2) when p.(£¢) and u. (&) are uniformly bounded.
Similar to (3.12), one has

N
e — &I
when p, (§) possesses a maximum point 7., where N1 = p(f(u—) — f(uy)). If {(pe(&), us(£))|0 < & < 1} is

uniformly bounded in ¢, then the existence of a solution to Riemann problem (1.1) with (1.2) can be obtained
by virtue of the Theorem 3.2 in [12].

p=p(§) =p+ § € (—00, +00) \ {7e} (4.1)

Theorem 4.1 For every fixed ¢ > 0, let (p.(§),uc(€)) be a solution of (3.1) with (2.2), and assume that
{(0e(&),us(€))|0 < ¢ < 1} is uniformly bounded variation. Then {(p:(&), u:(£))|0 < ¢ < 1} possesses a
subsequence which converges a.e. on (—o0o, +00) to a bounded variation function (p(§), u(§)). The (p(§), u(§))
is a weak solution to (1.1) with (1.2).

Clearly, the case (a) holds. For the case (b), ps(§) may tend to infinity as ¢ — 0. Let T, be a maximum point
of ps (&) on (—oo, +00) and 1. — 10, |T0| < 00 as ¢ — 0 (pass to a further subsequence if necessary).

Theorem 4.2 If |tg| = oo, then {p:(£)|0 < & < 1} is uniformly bounded.
Proof 1If t9 = +00, we infer from (4.1) that

P <p®) <B+N 42)
for any & € (—o0, h] and ¢ small, where % is any fixed real number. Here we take 7 = 2. So we calculate
0 < p(§0) = pe(2) —pe(1) <D+ N1 —p, & €[1,2]. (4.3)

Since uy < uc(te) < u— and 7, — 400 as ¢ — 0, we can choose ¢ be so small that 7, — f(u.(te)) >
1, (te —&0)/(te — f(ue(te))) < 2. Integrating the first equation of (3.1) over (&y, 7.), we arrive at

(Te = fue(T))) pe(Te) = pe(€0) (G0 — f(ue(50))) + /é: Pe(£)dE + ep, (o)
=@+ NDEo — fue0) + (tc —&0)p +2N1+p — p,
which gives
ps(Te) <2p + 1.

If 7o = —o0, the process is similar. The proof is completed.

We next consider the case |79| < oco. The singularity point of (3.1) is given by £ = f (u.(&)) and denoted by
&2, Setting

o=& = lin%%if = lim fue(€5)), (4.4)

then we have f(uy) < &; < f(u—) invirtue of f(uy) < f(us(§)) < f(u-).

Theorem 4.3 &, is given as above. Then {p:(£)|0 < ¢ < 1} is uniformly bounded if 7y # &,.

Proof We only discuss the case 79 > &, the case 19 < &, can be treated similarly. Integrating the first equation
in (3.1) over (7, T9 + 1) gives

T0+1
epp(to + 1) = (T — f(ue(Te))) pe(te) — (t0 + 1 — f(ue(ro + 1) pe(ro + 1) + / pe(§)dé.  (4.5)

By virtue of p} (79 + 1) <0,

Te — fug(te)) = 7 — S; + f(us(s(é;)) — fug(ze)) |
= (1 — f'(ue(me))u,(ne))(te — &) > E(TO —&)>0, nce (. 1)
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and (4.1), it follows from (4.5) that

2
E (to + 1 = fuy))(o +2Ny). (4.6)

— So

Pe(Te) <
T

Thus p, () is uniformly bounded in ¢. The proof is completed.
Given n > 0, using (4.1), we have p.(§) < p+ 2% foré € (—o0, &, —n)U(&x + 1, +00) if 1, — 19 =&
as ¢ — 0. Together with the Theorems 4.2-4.3, we come to the following conclusion.
O

Theorem 4.4 When u_ > uy, {(p:(€),ucs(8))|0 < ¢ < 1} is uniformly bounded and uniformly bounded
variation over the interval (—oo, &, — n) U (&, + n, +00) for any fixed n > 0.

Theorem 4.5 &, is defined as above. Then for any n > 0,
3%(g(us(é)))/ =0, for |§-&|=n,
limue(§) =u—,  for § <& —n, 4.7)
s.—>0
lim ug(§) =uy,  for § =&+
e—0

uniformly in the above intervals.
Proof According to the Theorem 4.4, there exists a positive number M (independent of ¢) such that

p=pe® =M. &e( =008 — 1)U (& +3.+00). (48)

Moreover, we have

g(eetr = 1)) ~s(ue (5 —21)) = Do, sie (e - e 1), @)
giving
%(g(zm — g-)) = g/ (weENuLE) < 0. (4.10)

It follows from (3.1) that

(—§+f(u) D YL -1 (”)u’)u’zsu”. @.11)
p g (u)
Integrating (4.11) over (&, &) yields
2 3 _
& (e (E)ul () = g/(w(&))u@(&)@exp( / Mds). (4.12)
Pg (g) & &

Furthermore, because of s — &2 — s — &, <& — &, < —n/2 as ¢ — 0, we conclude

Flue(s) = s = flue(s) = Fue(E) +85 =5 = (F (e @)l (&) = Ds =69 = 7. & € (5. 62).
Hence we get
s ©))] = (a0 — s () exp( (e — ). & < (4.13)
£ — T’ - + B 48 1 k) —_= 1, .

which means that (g(u.(£)))’ — 0 uniformly on § < &, —nase — 0.
Noticing that § < &, — 1,

&
gus(§)) —glu-) = / (8(ue(s)))ds
—00
and (4.13), we obtain lirr%) g(us(&)) = g(u—) uniformly. According to the monotonicity of g(u), we arrive at
E—>
lim ue (§) = u— (4.14)
e—0

uniformly. In a similar manner, we have lin}) ug (&) = ug uniformly for & > &; + 5. The proof is completed. O
&—
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5 Existence of solutions to (1.1) with (1.2) when p. (§) may tend to infinity as 79 = &,

In this section, we discuss the existence of solutions to (1.1) and (1.2) when p. (§) may tend to infinity as 7o = &,.
It is shown that the family {(p¢(§), #:(£))|0 < ¢ < 1} of (3.1) with (2.2) could generate the Riemann solutions
to (1.1) and (1.2).

Theorem 5.1 Assume that (p. (&), us(&)) is a solution to (3.1) with (2.2), and t. — 19 = &, as ¢ — 0. Then
the sequence {(ps(£), u:(£))|0 < € < 1} possesses a subsequence that converges a.e. on (—00, +00) to a pair

of functions (p(£), u(€)).

Proof On the basis of the Theorem 4.4, p. (£) is uniformly bounded in ¢ on the finite domain I, = [—2, 9 — %] U

[0 + %, 2] (without loss of generality, assume that |7g| < 1). By the Helly’s theorem, there exists a convergent
subsequence of {p, (&)} (still denoted by original one). Analogously, we can pick out a convergent subsequence
of {p:(E)}on Iz = [-3, 19 — %] Ul + %, 3]. Repeat this process on each I,, = [—n, 19 — %] Ul + %, nl, n =
4,5, ... Finally, take out the diagonal element at each enumerated sequence. The sequence of diagonal elements
is convergent at each & # 7 to a function p (§) defined on (—o0, 79) U (79, +00). For u (£), the result is obvious
because of u,. (&) < 0. The proof is completed.

O
Theorem 5.2 Assume that 1) = &, and u— > u. Then for any k > 0,
pE) = Hp( —0) + wod(§ — o), (5.1)
where
_ ) p—x <0,
H,(x) = {,0+, x>0, 5.2)

8(x) is Dirac function supported at x = 0, wg = —o [p]+ [pf ()] denotes the strength of § (x), where o is given
by (4.4).

Proof For —oo < & < & < o — k, we deduce from the first equation of (3.1) that

& &
] /S pedE = /g pe(Y + V' — Flue)y')dE (5.3)
2 2

holds for each ¢ € Cgo (&2, &3). It follows from (4.1) that

N

p=p§)=p+ o £ €[5, 8] (5.4)

According to (4.7), (5.4) and Lebesgue dominated convergence theorem, we take ¢ — 0 in (5.3) to get

&
/ pEW(E)E — f(u-))'ds =0, foreach ¥ (&) € C3° (&2, &), (5.5)

&

which means that p(§) = p_ in virtue of £ — f(u_) # 0 and p(—00) = p_. Analogously, we have p(§) = p+
for & > o + k. Theorem 4.5 tells us that p (&) and u (&) own the same discontinuity point § = &, on (—o00, 4+00).

Nevertheless, since p_p4 (f(u—) — f(u4))(g(u—)—guy)) # 0até = &,, the Rankine-Hugoniot condition
is no longer valid. For this reason, the limiting behavior of p;(£) as ¢ — 0 in the neighborhood of £ = o will
be studied.

We take ¥ (§) € C3°(&2, &3) (62 < o < &3) with the property ¥ (§) = ¥ (o) for & in a neighborhood Qofo
(¢ is called as a sloping test function). It follows from (5.3) that

&
lim /g pe(Y + V' — flue)y')dE = 0. (5.6)

2
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For any a1 and oy near o with property & < o] < 0 < ap < &3, according to the Theorem 4.5, we conclude

&3
ah—%/g pe(E — f(ue))y'ds

2

o] &
= lim /S pel& — Fue)y'ds + lim / pelE — Flun)v/de
o

2

o &
_ / p_(E — fu)WdE + / P (6 — Fup) Y d

& o

= (o fWy) — pfu) = pras + p_a)P(@) — /g o — [ E P U (E)dE.
Sending a; — o~ and a3 — o gives
lim fg g pe(& — F)P'de = (olp] — [of @)Y (o) — /S s H, (€ — o)) (E)dE. 5.7)
Together with (5.6)-(5.7), we deduce
lim ; (pe — Hp(€ — o) (©)dé = (— o] + [pf @)Y (©). (55)

With the approximation process as in [10], one can easily check that (5.8) holds for any ¢ € Cgo (&2, &3).
As a result, p, converges weakly star to the function H,(§ — o) plus a Dirac delta function with strength

wo = —o[p]+ [pfW)]. O
Theorem 5.3 Suppose that vy = &, and u_ > u. Then for any k > 0,
pE)g(§)) = Hi(§ — o) + wog(us)é(§ — o), (5.9)
where
) p—guo), x <0,
H] (x) - {,0+g(u+), x> 0’ (510)

wog(us) = —olpg)l + [pf W)gW)], us = gli% ug(§5) = u(o).
Proof It follows from Theorem 4.5 and Theorem 5.2 that
pgm) =p_gu_), for & <o —k, pgu) = p+guy), for &€ > o +k. (5.11)

We take a function ¥/ (§) € C§° (&2, &3) (52 < 0 < &3) satistying ¥ (§) = ¥ (o) for £ in a neighborhood Qofo.
From the second equation of (3.1), we conclude

& &
/g peg U)W + 8V — Flue)y)dE = e fé peg o)y de, 5.12)
which gives
&
lim /g peg ()W +EV' — Flug)y')dE =O. (5.13)
2

For any o and oy near o satisfying & < o] < 0 < az < &3, on the basis of Theorem 4.5, we deduce

&
lim /g peg(ue)EW — fue)y')dE

2
o

1 &
= 1111% pegue)EY' — fu)y)ds + Slg%/ pegue)EY' — f(ue)y')dé
a

E—> 52

o] &
_ / p_gu)EY — Fu_yp')dE + f pegu)EV — Flup)p)de

& a

3}
= (prguy) fuy) —p-gu_) fu) — prgluyp)on + p_gu_)a)y(o) — L p—gu_)y(&)d§
2

&
—/ p+8u) Y (§)d§.
)
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Lettingoy — 0™, g — ot and considering (5.13), we have

lim . (,Osg(us) — Hi(§ — o)y (§)dE = (— olpg)] + [pf W)g)]) ¥ (o). (5.14)
2

Further, one could conclude that (5.14) holds for all ¢ € Cgo (&2, &3) by the approximation process. Hence
pe&(us) converges weakly star to the function Hi(§ — o) given by (5.10) plus a Dirac delta function with

strength ( — o[pg ()] + [pf (u)g()]).
Besides, if we take the test function as v/ (g(ug) + ) in (5.12), where g (u,) is a modified function satisfying
g(uy(0)) inside Q and g(u.) outside €, then we send u — 0 to obtain

&
lim . (pe — Hyp(§ — o)V (§)dE - g(us) = (— olpg)] + [pf W)Y (). (5.15)
2

Hence (5.9) can be defined. The proof is finished. |

Theorem 5.4 Suppose that t) = &, and u_ > u4. Thenu = H,(§ — o) and o = f(us) is required such that
(1.1) holds in the distributional sense, where

u_, x <0,

Uy, x > 0. (5.16)

H,(x) = {

Proof The Theorem 4.5 gives u = H,(§ — o). Let& < o < &, ¥ € C5° (&2, &). Then it follows from the first
equation of (2.1) that

&
/; oY +EY — f)y')ds =0,

i.e.,

&
/ (Hp(€ —0) + (—olpl + [pf ])8¢E — o)) (¥ + &Y' — fu)y')dE = 0. (5.17)

&

The left side of (5.17) equals to
o &3
/E Ho(€ =)W+ 60— o ds + [ Hyl o) + €' = Fauy)de
2 o

& &
+L (= olpl + [pf W]1)3(E — 0))ydé +f$ ((—olpl + [pf W1)8E — ) EY — f)y)dE

= oV EE = Fu], + ps¥ © € — Fun)|) + (= olpl + [pf @)Y ()
+(—olpl + [pf)]) (@ — f ()Y (o)
= (—olpl+[pf W)@ = fus)¥' (o).

Combining with (5.17), we get

(—oalpl+of ) (o — fus)y'(c) = 0. (5.18)
Noticing that uy < us < u—, it follows from (4.4) that
fluy) <o < f(u-). (5.19)

Because of the arbitrariness of ¥ and —o[p] + [pf (u)] # 0, so we have o = f(us). The proof is finished.
It follows from Theorems 5.2-5.4 that

= f(us),
wy = —o[p]+[pf W], (5.20)
wog(us) = —o[pg)] + [pf (u)g(u)].

Under the entropy condition (5.19), it has been proved that there exists a unique solution (o, wg, us).
Thus the following theorem holds. O
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Theorem 5.5 Assume p > 0, f'(u) > 0 and g'(u) > 0. When u_ > uy, let (pg, us)(x, 1) be the solution
of (1.3) with (1.2). Then the limit functions (p, u)(x,t) of (pe, us)(x,t) exist in the distributional sense, and
(p, u)(x,t) solves (1.1) with (1.2). The solution (p, u)(x, t) can be given as

(p—,u_), X <ot,
(p,u)(x,t) = 3 (w(@)d(x —ot),us), x =ot, (5.21)
(o4, uy), X > ot,

where w(t) = wot, wo, 0, us can be uniquely determined by (5.20) and entropy condition (5.19).

Remark 5.6 For the case (i) p > 0, f'(u) > 0,g’(u) < 0, we only need to change (4.10) and (4.13), the
conclusion similar to the Theorem 5.5 can be obtained. For the case (i) p > 0, f'(u) < 0, g’(u) > 0 and the
case (iii) p > 0, f'(u) < 0, g'(u) < 0, the u(&¢) in the Lemma 3.2 satisfies u’(§) > 0in [—R, R], and p(§) in
the Lemma 3.2 satisfies (a) or (b). Then the conclusion similar to the Theorem 5.5 can be obtained by making
several minor amendments to Sects. 4-5.

For the cases (iv)-(vii) (see Remark 2.2), the initial data p+ < 0 and u4 are all given constants. For these
cases, (3.3) should be p(£R) = p + u(p+ — p), u(£R) = puy, where p = max{p_, p4}. Following the
method as in [20], by the same arguments as in Sects. 3-5 with only few modifications, the conclusion similar to
the Theorem 5.5 for the cases (iv)-(vii) can be derived.
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