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Abstract This paper is focused on a class of non-strictly hyperbolic systems of conservation laws. With the use
of the limiting viscosity method, the stability of the delta shock wave solution is established.
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1 Introduction

This paper is concerned with a class of non-strictly hyperbolic systems of conservation laws
{
ρt + (ρ f (u))x = 0,
(ρg(u))t + (ρ f (u)g(u))x = 0, (1.1)

where t ∈ R+ represents the time variable, x ∈ R stands for the space variable, the sign of ρ = ρ(x, t) is
assumed to be unchanging, u = u(x, t) is given smooth function, f (u) and g(u) are respectively smooth and
strictly monotone functions.

The system (1.1) coincides with one-dimensional zero-pressure gas dynamics when f (u) = g(u) = u, where
ρ ≥ 0 and u ∈ R are viewed as the density and velocity of gas, respectively. When g(u) = u, Yang [1] studied
the Riemann problem for the model (1.1) with initial data

(ρ, u)(t = 0, x) =
{
(ρ−, u−), x < 0,
(ρ+, u+), x > 0, (1.2)

by the characteristic analysis and vanishing viscosity method. Yang and Sun [2] studied the Riemann problem
with delta initial data for the system (1.1) when g(u) = u. Mitrovic and Nedeljkov [3] proved that the delta-shocks
of the model (1.1) can be formed as the limits of shocks of the perturbation model (1.1) as the pressure vanishes.
Recently, Li [4] solved the Riemann problem for the system (1.1) with characteristic analysis and obtained the
stability of the Riemann solutions under certain perturbation of the initial data. A noteworthy feature is that delta
shock waves appear in solutions to the (1.1). As for the delta shock waves, we refer the reader to the papers
[5–11] for more details.

The purpose of this paper is to explore the stability of the solution containing delta shock wave of (1.1) and
(1.2) by self-similar vanishing viscosity method introduced by Dafermos [12]. The solutions for the broad classes
of 2 × 2 hyperbolic systems including the equations of isentropic, Lagrangian, gas dynamics were constructed
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by Dafermos and Diperna [13]. This method was widely used in [14,15] for the admissibility of weak solutions
to the Riemann problem for hyperbolic systems of conservation laws. By the method, Tan, Zhang and Zheng
[10] initially established the stability of delta shock wave for a hyperbolic system of conservation laws. Sheng
and Zhang [8] studied the Riemann problem for zero-pressure gas dynamics, and established the stability of the
delta shock wave and vacuum solutions. Chhatria, Sen and Raja Sekhar [16] discussed the Riemann problem
for a strictly hyperbolic system of conservation laws, and proved the existence, uniqueness and stability of the
Riemann solution involving delta shock wave. Sen and Raja Sekhar [17] solved the Riemann problem for a
strictly hyperbolic system of conservation laws, and proved the existence, uniqueness and stability of the delta-
shock wave solution. Sun [18] considered the Riemann problem for the changed form of the chromatography
system, and proved the existence and uniqueness of solutions involving the delta shock wave. Hu [19] studied
the stability of the solutions including delta shock waves for a nonstrictly hyperbolic system of conservation
laws by using a vanishing viscosity approach. Hu [20] also discussed the equations of constant pressure fluid
dynamics. For more applications of this method, readers can see [21] for the multidimensional zero-pressure
gas dynamics by Li and Yang, [22] for a class of nonstrictly hyperbolic systems of conservation laws by Yang
and Zhang, and [23,24] for zero-pressure gas dynamics with energy conservation law and a class of systems of
conservation laws of the Keyfitz-Kranzer type by Li, etc.

It can be seen from the above analysis that for a 2 × 2 hyperbolic system of conservation laws, one can add
the self-similar viscosity terms to the right of the two equations simultaneously, or just the right of the one to
analyse the stability of the Riemann solutions. In present study, we consider the following viscous perturbations

{
ρt + (ρ f (u))x = εtρxx ,

(ρg(u))t + (ρ f (u)g(u))x = εt (ρg(u))xx
(1.3)

with (1.2). Throughout this paper, we assume ρ ≥ 0, f ′(u) > 0 and g′(u) > 0. The rest of the cases can be
discussed similarly. First, the existence of a smooth self-similar solution of the (1.3) with (1.2) is established.
Then we show that in the limit ε → 0, the solution (ρε(ξ), uε(ξ)) (ξ = x/t) of (1.3) and (1.2) converges weakly
star to the delta shock wave solution of (1.1)-(1.2) when u− > u+. Sections 3-5 show that u(x, t) is always a
bounded monotone function of ξ = x/t . However, ρ(x, t) may be unbounded simultaneously along the single
line x/t = ξσ . Moreover, ρ(x, t) is a sum of a step function plus a distributional weighted Dirac δ-function
with the discontinuity x = f (u(σ ))t = σ t as its support when u− > u+. In the meantime, we also verify the
generalized Rankine-Hugoniot relation proposed in Sect. 2. It is discovered that the delta shock wave solution
to (1.1)-(1.2) has stability under the viscous perturbations.

This paper consists of five parts, and is structured as follows. Section 2 recalls the Riemann solutions to (1.1)-
(1.2). Section 3 proves the existence of smooth solutions to (1.3) and (1.2). Sections 4-5 analyse the limiting
behavior of the smooth solutions to (1.3) and (1.2) as ε → 0.

2 Riemann solutions to (1.1) with (1.2)

This section recalls the Riemann solutions to (1.1) with (1.2), for which the detailed investigations can be found
in [4]. Throughout this paper, we assume ρ ≥ 0, f ′(u) > 0 and g′(u) > 0. The initial data ρ± > 0 and u± are
all given constants. The other cases can be treated in a similar way. The double eigenvalue is λ = f (u) with
associated right eigenvector −→r = (1, 0)T satisfying ∇λ · −→r = 0. Hence the (1.1) is extremely non-strictly
hyperbolic.

Look for the solution depending on the single variable ξ = x/t . Then the Riemann problem (1.1) and (1.2)
is reduced to {−ξρξ + (ρ f (u))ξ = 0,

−ξ(ρg(u))ξ + (ρ f (u)g(u))ξ = 0
(2.1)

with

(ρ, u)(±∞) = (ρ±, u±). (2.2)

Besides the constant state solution (ρ, u)(ξ) = constant and the vacuum solution

ξ = f (u), ρ = 0, (2.3)
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the elementary wave of (1.1) only contains contact discontinuity

ξ = f (u−) = f (u+). (2.4)

Using the constants, vacuum state and contact discontinuity, two kinds of solutions to (1.1) and (1.2) can be
constructed. When u− < u+, the solution is made up of two contact discontinuities and a vacuum state besides
two constant states:

(ρ, u)(ξ) =

⎧⎪⎨
⎪⎩
(ρ−, u−), −∞ < ξ < f (u−),
(0, u(ξ)), f (u−) ≤ ξ ≤ f (u+),
(ρ+, u+), f (u+) < ξ < +∞,

(2.5)

where u(ξ) satisfies u( f (u−)) = u− and u( f (u+)) = u+.
When u− > u+, the solution contains a delta shock wave. In order to define the delta shock wave solution

of (1.1) with (1.2) in the sense of distributions, a weighted δ-measure ω(s)δL supported on a smooth curve L
parameterized as x = x(s), t = t (s) (c ≤ s ≤ d) is defined by

〈ω(s)δL , ϕ(x, t)〉 =
∫ d

c
ω(s)ϕ(x(s), t (s))ds (2.6)

for all test functions ϕ(x, t) ∈ C∞
0 (R × R+).

With this definition, the following delta shock wave solution

(ρ, u)(x, t) =
⎧⎨
⎩
(ρ−, u−), x < σ t,
(ω(t)δ(x − σ t), uδ), x = σ t,
(ρ+, u+), x > σ t,

(2.7)

can be constructed, where the weight ω(t) and velocity σ , uδ satisfy the generalized Rankine-Hugoniot relation

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

dx(t)

dt
= σ = f (uδ),

dω(t)

dt
= −[ρ]σ + [ρ f (u)],

d(ω(t)g(uδ))

dt
= −[ρg(u)]σ + [ρ f (u)g(u)]

(2.8)

and entropy condition

f (u+) < σ < f (u−), (2.9)

with [ j] = j− − j+ being the jump of j across the discontinuity. Under initial data x(0) = 0, ω(0) = 0 and
(2.9), the (2.8) has a unique solution (σ, ω(t), uδ).

Theorem 2.1 Suppose that ρ ≥ 0, f ′(u) > 0, g′(u) > 0. Then Riemann problem (1.1) with (1.2) possesses a
unique entropy solution, which is composed of two contact discontinuities and a vacuum state when f (u−) <
f (u+) and a delta shock wave when f (u−) > f (u+).

Remark 2.2 By the same discussion as in Sects. 2-3 of [4], the result similar to the Theorem 2.1 for the cases
(i) ρ ≥ 0, f ′(u) > 0, g′(u) < 0, (ii) ρ ≥ 0, f ′(u) < 0, g′(u) > 0, (iii) ρ ≥ 0, f ′(u) < 0, g′(u) < 0,

(iv) ρ ≤ 0, f ′(u) > 0, g′(u) < 0,
(v) ρ ≤ 0, f ′(u) > 0, g′(u) > 0, (vi) ρ ≤ 0, f ′(u) < 0, g′(u) > 0,
(vii) ρ ≤ 0, f ′(u) < 0, g′(u) < 0

can be derived.
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3 Existence of the solutions to (1.3) with (1.2)

In this section, we establish the existence of the solutions to (1.3) with (1.2). Performing self-similar transfor-
mation, the problem turns into the boundary value problem{−ξρξ + (ρ f (u))ξ = ερξξ ,

−ξ(ρg(u))ξ + (ρ f (u)g(u))ξ = ε(ρg(u))ξξ
(3.1)

with (2.2).
What we are interested is the delta shock wave, so we only discuss the case u+ < u−. In order to prove the

existence of a smooth solution to (3.1) and (2.2) for any fixed ε > 0, we deal with the following the boundary
value problem {−ξρξ + μ(ρ f (u))ξ = ερξξ ,

−ξ(ρg(u))ξ + μ(ρ f (u)g(u))ξ = ε(ρg(u))ξξ
(3.2)

and

ρ(±R) = ρ + μ(ρ± − ρ), u(±R) = μu±, (3.3)

where 0 ≤ μ ≤ 1, R ≥ 1, ρ = min{ρ−, ρ+}. When μ = 1 and R → +∞, (3.2)-(3.3) is reduced to (3.1) with
(2.2).

Inspired by in [14,19,20], we have the following theorem.

Theorem 3.1 Assume that there exist two positive constants C and C0 depending on ρ+, ρ−, u+, u−, ε (and
thus independent of μ and R) such that any solution (ρ(ξ), u(ξ)) of (3.2)-(3.3) with ρ(ξ) > 0, corresponding
to any 0 ≤ μ ≤ 1, R ≥ 1, satisfies

sup
ξ∈[−R,R]

(|ρ(ξ)| + |u(ξ)|) < C, inf
ξ∈[−R,R] |ρ(ξ)| ≥ C0. (3.4)

Then (3.1) with (2.2) admits a solution, denoted again by (ρ(ξ), u(ξ)) such that ρ(ξ) > 0 on −∞ < ξ < +∞.
To get (3.4), the following some lemmas are needed.

Lemma 3.2 Let (ρ(ξ), u(ξ)) with ρ(ξ) > 0 be a nonconstant solution of (3.2)-(3.3) in [−R, R] for some
μ ∈ (0, 1], R ≥ 1. Then u′(ξ) < 0 in [−R, R], and ρ(ξ) satisfies one of the following

(a) No critical point: ρ(ξ) is a monotone function on [−R, R];
(b) One maximum point: ρ(ξ) has a maximum at τ in [−R, R].
Proof Assume that (ρ(ξ), u(ξ)) is a nonconstant solution of (3.2)-(3.3) with ρ(ξ) > 0. Then it yields from (3.2)
that

(
− ξ + μ f (u)− 2ε

ρ′

ρ
− ε

g′′(u)
g′(u)

u′)u′ = εu′′. (3.5)

Integrating (3.5) over (−R, ξ) gives

u′(ξ) = λ exp
( ∫ ξ

−R

−s + μ f (u)− 2ε ρ
′
ρ

− ε
g′′(u)
g′(u) u′

ε
ds

)
, (3.6)

where λ is determined by

μ(u+ − u−) = λ

∫ R

−R
exp

( ∫ t

−R

−s + μ f (u)− 2ε ρ
′
ρ

− ε
g′′(u)
g′(u) u′

ε
ds

)
dt. (3.7)

In virtue of u− > u+ and μ > 0, we have λ < 0. Then it follows from (3.6) that u′(ξ) < 0 in [−R, R].
Assume that τ is a critical point of ρ(ξ), then ρ′(τ ) = 0. From (3.2), we arrive at ερ′′(τ ) =

μρ(τ) f ′(u(τ ))u′(τ ) < 0, which means that τ is a maximum point. This finishes the proof.

For the case (a), it is evident that u(ξ) and ρ(ξ) are uniformly bounded in [−R, R] with respect to 0 < μ ≤ 1,
R ≥ 1. It remains to discuss the case (b) in the Lemma 3.2. ��

123



860 S. Li

Lemma 3.3 For the case (b), there exists a positive constant M such that

ρ ≤ ρ(ξ) ≤ M, (3.8)

where ρ = min{ρ−, ρ+} and M are independent of μ ∈ (0, 1] and R ≥ 1.

Proof The left half of (3.8) is obvious in virtue of Lemma 3.2 and (3.3). To prove the right half of (3.8), we just
need to show

∫ β

α

ρ(ξ)dξ ≤ (β − α)ρ + N for any interval (α, β) ⊂ (−R, R), (3.9)

where ρ = max
0≤μ≤1

{ρ(−R), ρ(R)} = max{ρ−, ρ+} and N = ρ max
0≤μ≤1

| f (u(R)) − f (u(−R))|. To do this,

set η1 = sup{ξ ∈ [−R, α)|ρ(ξ) ≤ ρ} if ρ(α) > ρ, while η1 = inf{ξ ∈ (α, β)|ρ(ξ) ≥ ρ} if ρ(α) ≤ ρ

(if it is empty, the (3.9) is valid). Analogously, set η2 = inf{ξ ∈ (β, R]|ρ(ξ) ≤ ρ} if ρ(β) > ρ, while
η2 = sup{ξ ∈ (α, β)|ρ(ξ) ≥ ρ} if ρ(β) ≤ ρ (if it is empty, the (3.9) is satisfied). By the choices of η1 and η2,
we have ρ(η1) = ρ(η2) = ρ and

∫ β

α

(ρ(ξ)− ρ)dξ ≤
∫ η2

η1

(ρ(ξ)− ρ)dξ = −
∫ η2

η1

ξρ′(ξ)dξ. (3.10)

With the help of Lemma 3.2, one can observe that ρ′(η1) ≥ 0 and ρ′(η2) ≤ 0. Integrating the first equation in
(3.2) yields

−
∫ η2

η1

ξρ′(ξ)dξ = ερ′(η2)− ερ′(η1)− μρ( f (u(η2))− f (u(η1)))

≤ |ρ( f (u(η2))− f (u(η1)))| ≤ N .
(3.11)

As a result, (3.9) holds.
Using (3.9), we deduce

ρ ≤ ρ(ξ) ≤ ρ + N

|τ − ξ | , for ξ ∈ [−R, R]\{τ }. (3.12)

Without loss of generality, we suppose ρ(τ) > ρ. We take β ∈ [−R, τ ] satisfying ρ(β) = ρ. For any ξ1 ∈ [β, τ),
there must be ξ2 ∈ (τ, R] such that ρ(ξ1) = ρ(ξ2). Integrating the first equation of (3.2) over (ξ1, ξ2) yields

ερ′(ξ2)− ερ′(ξ1) = −
∫ ξ2

ξ1

ξρ′(ξ)dξ + μρ(ξ1)( f (u(ξ2))− f (u(ξ1))). (3.13)

Because of ρ′(ξ2) < 0, ρ′(ξ1) > 0 and − ∫ ξ2
ξ1
ξρ′(ξ)dξ = ∫ ξ2

ξ1
(ρ(ξ)− ρ(ξ1))dξ ≥ 0, we have

ερ′(ξ1) ≤ μρ(ξ1)( f (u(ξ1))− f (u(ξ2))) ≤ ρ(ξ1)
N

ρ
. (3.14)

Integration of (3.14) leads to

ρ(τ) ≤ ρ(ξ0)exp
N (τ−ξ0)
ερ , ξ0 ∈ [β, τ ]. (3.15)

If τ − β < 1, by choosing ξ0 = β in (3.15), we get ρ(τ) ≤ ρexp
N
ερ . If τ − β ≥ 1, by taking ξ0 = τ − 1 in

(3.15) and considering (3.12), we arrive at

ρ(τ) ≤
(
ρ + N

|τ − ξ0|
)

exp
N
ερ = (ρ + N )exp

N
ερ .

This finishes the proof. ��
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4 Existence of solutions to (1.1) with (1.2) when ρε(ξ) and uε(ξ) are uniformly bounded

This section proves the existence of solutions to (1.1) with (1.2) when ρε(ξ) and uε(ξ) are uniformly bounded.
Similar to (3.12), one has

ρ ≤ ρε(ξ) ≤ ρ + N1

|τε − ξ | , ξ ∈ (−∞,+∞) \ {τε} (4.1)

when ρε(ξ) possesses a maximum point τε, where N1 = ρ̄( f (u−) − f (u+)). If {(ρε(ξ), uε(ξ))|0 < ε < 1} is
uniformly bounded in ε, then the existence of a solution to Riemann problem (1.1) with (1.2) can be obtained
by virtue of the Theorem 3.2 in [12].

Theorem 4.1 For every fixed ε > 0, let (ρε(ξ), uε(ξ)) be a solution of (3.1) with (2.2), and assume that
{(ρε(ξ), uε(ξ))|0 < ε < 1} is uniformly bounded variation. Then {(ρε(ξ), uε(ξ))|0 < ε < 1} possesses a
subsequence which converges a.e. on (−∞,+∞) to a bounded variation function (ρ(ξ), u(ξ)). The (ρ(ξ), u(ξ))
is a weak solution to (1.1) with (1.2).

Clearly, the case (a) holds. For the case (b), ρε(ξ) may tend to infinity as ε → 0. Let τε be a maximum point
of ρε(ξ) on (−∞,+∞) and τε → τ0, |τ0| ≤ ∞ as ε → 0 (pass to a further subsequence if necessary).

Theorem 4.2 If |τ0| = ∞, then {ρε(ξ)|0 < ε < 1} is uniformly bounded.

Proof If τ0 = +∞, we infer from (4.1) that

ρ ≤ ρε(ξ) ≤ ρ + N1 (4.2)

for any ξ ∈ (−∞, h] and ε small, where h is any fixed real number. Here we take h = 2. So we calculate

0 ≤ ρ′
ε(ξ0) = ρε(2)− ρε(1) ≤ ρ + N1 − ρ, ξ0 ∈ [1, 2]. (4.3)

Since u+ < uε(τε) < u− and τε → +∞ as ε → 0, we can choose ε be so small that τε − f (uε(τε)) ≥
1, (τε − ξ0)/(τε − f (uε(τε))) ≤ 2. Integrating the first equation of (3.1) over (ξ0, τε), we arrive at

(τε − f (uε(τε)))ρε(τε) = ρε(ξ0)(ξ0 − f (uε(ξ0)))+
∫ τε

ξ0

ρε(ξ)dξ + ερ′
ε(ξ0)

≤ (ρ + N1)(ξ0 − f (uε(ξ0)))+ (τε − ξ0)ρ + 2N1 + ρ − ρ,

which gives

ρε(τε) ≤ 2ρ + 1.

If τ0 = −∞, the process is similar. The proof is completed.

We next consider the case |τ0| < ∞. The singularity point of (3.1) is given by ξ = f (uε(ξ)) and denoted by
ξεσ . Setting

σ = ξσ = lim
ε→0

ξεσ = lim
ε→0

f (uε(ξ
ε
σ )), (4.4)

then we have f (u+) < ξσ < f (u−) in virtue of f (u+) ≤ f (uε(ξ)) ≤ f (u−).
��

Theorem 4.3 ξσ is given as above. Then {ρε(ξ)|0 < ε < 1} is uniformly bounded if τ0 �= ξσ .

Proof We only discuss the case τ0 > ξσ , the case τ0 < ξσ can be treated similarly. Integrating the first equation
in (3.1) over (τε, τ0 + 1) gives

ερ′
ε(τ0 + 1) = (τε − f (uε(τε)))ρε(τε)− (τ0 + 1 − f (uε(τ0 + 1)))ρε(τ0 + 1)+

∫ τ0+1

τε

ρε(ξ)dξ. (4.5)

By virtue of ρ′
ε(τ0 + 1) ≤ 0,

τε − f (uε(τε)) = τε − ξεσ + f (uε(ξ εσ ))− f (uε(τε))

= (1 − f ′(uε(ηε))u′
ε(ηε))(τε − ξεσ ) >

1

2
(τ0 − ξσ ) > 0, ηε ∈ (ξεσ , τε)
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and (4.1), it follows from (4.5) that

ρε(τε) ≤ 2

τ0 − ξσ
(τ0 + 1 − f (u+))(ρ + 2N1). (4.6)

Thus ρε(ξ) is uniformly bounded in ε. The proof is completed.
Given η > 0, using (4.1), we have ρε(ξ) ≤ ρ+ 2N1

η
for ξ ∈ (−∞, ξσ − η)∪ (ξσ + η,+∞) if τε → τ0 = ξσ

as ε → 0. Together with the Theorems 4.2-4.3, we come to the following conclusion.
��

Theorem 4.4 When u− > u+, {(ρε(ξ), uε(ξ))|0 < ε < 1} is uniformly bounded and uniformly bounded
variation over the interval (−∞, ξσ − η) ∪ (ξσ + η,+∞) for any fixed η > 0.

Theorem 4.5 ξσ is defined as above. Then for any η > 0,

lim
ε→0

(g(uε(ξ)))′ = 0, for |ξ − ξσ | ≥ η,

lim
ε→0

uε(ξ) = u−, for ξ ≤ ξσ − η,

lim
ε→0

uε(ξ) = u+, for ξ ≥ ξσ + η

(4.7)

uniformly in the above intervals.

Proof According to the Theorem 4.4, there exists a positive number M1 (independent of ε) such that

ρ ≤ ρε(ξ) ≤ M1, ξ ∈
(

− ∞, ξσ − η

2

)
∪

(
ξσ + η

2
,+∞

)
. (4.8)

Moreover, we have

g
(

uε
(
ξσ − η

2

))
− g

(
uε

(
ξσ − 3η

4

))
= η

4
g′(uε(ξ1))u

′
ε(ξ1), ξ1 ∈

(
ξσ − 3η

4
, ξσ − η

2

)
, (4.9)

giving

4

η
(g(u+)− g(u−)) ≤ g′(uε(ξ1))u

′
ε(ξ1) < 0. (4.10)

It follows from (3.1) that
(

− ξ + f (u)− 2ε
ρ′

ρ
− ε

g′′(u)
g′(u)

u′)u′ = εu′′. (4.11)

Integrating (4.11) over (ξ, ξ1) yields

g′(uε(ξ))u′
ε(ξ) = g′(uε(ξ1))u′

ε(ξ1)
ρ2
ε (ξ1)

ρ2
ε (ξ)

exp

( ∫ ξ

ξ1

f (uε(s))− s

ε
ds

)
. (4.12)

Furthermore, because of s − ξεσ → s − ξσ ≤ ξ1 − ξσ ≤ −η/2 as ε → 0, we conclude

f (uε(s))− s = f (uε(s))− f (uε(ξ
ε
σ ))+ ξεσ − s = ( f ′(uε(ζε))u′

ε(ζε)− 1)(s − ξεσ ) ≥ η

4
, ζε ∈ (s, ξ εσ ).

Hence we get

∣∣(g(uε(ξ)))′∣∣ ≤ 4

η
(g(u−)− g(u+))

( M1

ρ

)2
exp

( η
4ε
(ξ − ξ1)

)
, ξ ≤ ξ1, (4.13)

which means that (g(uε(ξ)))′ → 0 uniformly on ξ ≤ ξσ − η as ε → 0.
Noticing that ξ ≤ ξσ − η,

g(uε(ξ))− g(u−) =
∫ ξ

−∞
(g(uε(s)))

′ds

and (4.13), we obtain lim
ε→0

g(uε(ξ)) = g(u−) uniformly. According to the monotonicity of g(u), we arrive at

lim
ε→0

uε(ξ) = u− (4.14)

uniformly. In a similar manner, we have lim
ε→0

uε(ξ) = u+ uniformly for ξ ≥ ξσ + η. The proof is completed. ��
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5 Existence of solutions to (1.1) with (1.2) when ρε(ξ) may tend to infinity as τ0 = ξσ

In this section, we discuss the existence of solutions to (1.1) and (1.2) when ρε(ξ)may tend to infinity as τ0 = ξσ .
It is shown that the family {(ρε(ξ), uε(ξ))|0 < ε < 1} of (3.1) with (2.2) could generate the Riemann solutions
to (1.1) and (1.2).

Theorem 5.1 Assume that (ρε(ξ), uε(ξ)) is a solution to (3.1) with (2.2), and τε → τ0 = ξσ as ε → 0. Then
the sequence {(ρε(ξ), uε(ξ))|0 < ε < 1} possesses a subsequence that converges a.e. on (−∞,+∞) to a pair
of functions (ρ(ξ), u(ξ)).

Proof On the basis of the Theorem 4.4, ρε(ξ) is uniformly bounded in ε on the finite domain I2 = [−2, τ0 − 1
2 ]∪

[τ0 + 1
2 , 2] (without loss of generality, assume that |τ0| < 1). By the Helly’s theorem, there exists a convergent

subsequence of {ρε(ξ)} (still denoted by original one). Analogously, we can pick out a convergent subsequence
of {ρε(ξ)} on I3 = [−3, τ0 − 1

3 ] ∪ [τ0 + 1
3 , 3]. Repeat this process on each In = [−n, τ0 − 1

n ] ∪ [τ0 + 1
n , n], n =

4, 5, ..... Finally, take out the diagonal element at each enumerated sequence. The sequence of diagonal elements
is convergent at each ξ �= τ0 to a function ρ(ξ) defined on (−∞, τ0)∪ (τ0,+∞). For uε(ξ), the result is obvious
because of u′

ε(ξ) < 0. The proof is completed.
��

Theorem 5.2 Assume that τ0 = ξσ and u− > u+. Then for any k > 0,

ρ(ξ) = Hρ(ξ − σ)+ ω0δ(ξ − σ), (5.1)

where

Hρ(x) =
{
ρ−, x < 0,
ρ+, x > 0, (5.2)

δ(x) is Dirac function supported at x = 0, ω0 = −σ [ρ]+ [ρ f (u)] denotes the strength of δ(x), where σ is given
by (4.4).

Proof For −∞ < ξ2 < ξ3 < σ − k, we deduce from the first equation of (3.1) that

ε

∫ ξ3

ξ2

ρεψ
′′dξ =

∫ ξ3

ξ2

ρε(ψ + ξψ ′ − f (uε)ψ
′)dξ (5.3)

holds for each ψ ∈ C∞
0 (ξ2, ξ3). It follows from (4.1) that

ρ ≤ ρε(ξ) ≤ ρ + N1

k
, ξ ∈ [ξ2, ξ3]. (5.4)

According to (4.7), (5.4) and Lebesgue dominated convergence theorem, we take ε → 0 in (5.3) to get

∫ ξ3

ξ2

ρ(ξ)(ψ(ξ)(ξ − f (u−)))′dξ = 0, for each ψ(ξ) ∈ C∞
0 (ξ2, ξ3), (5.5)

which means that ρ(ξ) = ρ− in virtue of ξ − f (u−) �= 0 and ρ(−∞) = ρ−. Analogously, we have ρ(ξ) = ρ+
for ξ > σ + k. Theorem 4.5 tells us that ρ(ξ) and u(ξ) own the same discontinuity point ξ = ξσ on (−∞,+∞).

Nevertheless, since ρ−ρ+( f (u−)− f (u+))(g(u−)−g(u+)) �= 0 at ξ = ξσ , the Rankine-Hugoniot condition
is no longer valid. For this reason, the limiting behavior of ρε(ξ) as ε → 0 in the neighborhood of ξ = σ will
be studied.

We take ψ(ξ) ∈ C∞
0 (ξ2, ξ3) (ξ2 < σ < ξ3) with the property ψ(ξ) = ψ(σ) for ξ in a neighborhood �̃ of σ

(ψ is called as a sloping test function). It follows from (5.3) that

lim
ε→0

∫ ξ3

ξ2

ρε(ψ + ξψ ′ − f (uε)ψ
′)dξ = 0. (5.6)
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For any α1 and α2 near σ with property ξ2 < α1 < σ < α2 < ξ3, according to the Theorem 4.5, we conclude

lim
ε→0

∫ ξ3

ξ2

ρε(ξ − f (uε))ψ
′dξ

= lim
ε→0

∫ α1

ξ2

ρε(ξ − f (uε))ψ
′dξ + lim

ε→0

∫ ξ3

α2

ρε(ξ − f (uε))ψ
′dξ

=
∫ α1

ξ2

ρ−(ξ − f (u−))ψ ′dξ +
∫ ξ3

α2

ρ+(ξ − f (u+))ψ ′dξ

= (ρ+ f (u+)− ρ− f (u−)− ρ+α2 + ρ−α1)ψ(σ)−
∫ α1

ξ2

ρ−ψ(ξ)dξ −
∫ ξ3

α2

ρ+ψ(ξ)dξ.

Sending α1 → σ− and α2 → σ+ gives

lim
ε→0

∫ ξ3

ξ2

ρε(ξ − f (uε))ψ
′dξ = (

σ [ρ] − [ρ f (u)])ψ(σ)−
∫ ξ3

ξ2

Hρ(ξ − σ)ψ(ξ)dξ. (5.7)

Together with (5.6)-(5.7), we deduce

lim
ε→0

∫ ξ3

ξ2

(ρε − Hρ(ξ − σ))ψ(ξ)dξ = ( − σ [ρ] + [ρ f (u)])ψ(σ). (5.8)

With the approximation process as in [10], one can easily check that (5.8) holds for any ψ ∈ C∞
0 (ξ2, ξ3).

As a result, ρε converges weakly star to the function Hρ(ξ − σ) plus a Dirac delta function with strength
ω0 = −σ [ρ] + [ρ f (u)]. ��
Theorem 5.3 Suppose that τ0 = ξσ and u− > u+. Then for any k > 0,

ρ(ξ)g(u(ξ)) = H1(ξ − σ)+ ω0g(uδ)δ(ξ − σ), (5.9)

where

H1(x) =
{
ρ−g(u−), x < 0,
ρ+g(u+), x > 0, (5.10)

ω0g(uδ) = −σ [ρg(u)] + [ρ f (u)g(u)], uδ = lim
ε→0

uε(ξ εσ ) = u(σ ).

Proof It follows from Theorem 4.5 and Theorem 5.2 that

ρg(u) = ρ−g(u−), for ξ < σ − k, ρg(u) = ρ+g(u+), for ξ > σ + k. (5.11)

We take a function ψ(ξ) ∈ C∞
0 (ξ2, ξ3) (ξ2 < σ < ξ3) satisfying ψ(ξ) = ψ(σ) for ξ in a neighborhood �̃ of σ .

From the second equation of (3.1), we conclude∫ ξ3

ξ2

ρεg(uε)(ψ + ξψ ′ − f (uε)ψ
′)dξ = ε

∫ ξ3

ξ2

ρεg(uε)ψ
′′dξ, (5.12)

which gives

lim
ε→0

∫ ξ3

ξ2

ρεg(uε)(ψ + ξψ ′ − f (uε)ψ
′)dξ = 0. (5.13)

For any α1 and α2 near σ satisfying ξ2 < α1 < σ < α2 < ξ3, on the basis of Theorem 4.5, we deduce

lim
ε→0

∫ ξ3

ξ2

ρεg(uε)(ξψ
′ − f (uε)ψ

′)dξ

= lim
ε→0

∫ α1

ξ2

ρεg(uε)(ξψ
′ − f (uε)ψ

′)dξ + lim
ε→0

∫ ξ3

α2

ρεg(uε)(ξψ
′ − f (uε)ψ

′)dξ

=
∫ α1

ξ2

ρ−g(u−)(ξψ ′ − f (u−)ψ ′)dξ +
∫ ξ3

α2

ρ+g(u+)(ξψ ′ − f (u+)ψ ′)dξ

= (ρ+g(u+) f (u+)− ρ−g(u−) f (u−)− ρ+g(u+)α2 + ρ−g(u−)α1)ψ(σ)−
∫ α1

ξ2

ρ−g(u−)ψ(ξ)dξ

−
∫ ξ3

α2

ρ+g(u+)ψ(ξ)dξ.
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Letting α1 → σ−, α2 → σ+ and considering (5.13), we have

lim
ε→0

∫ ξ3

ξ2

(ρεg(uε)− H1(ξ − σ))ψ(ξ)dξ = ( − σ [ρg(u)] + [ρ f (u)g(u)])ψ(σ). (5.14)

Further, one could conclude that (5.14) holds for all ψ ∈ C∞
0 (ξ2, ξ3) by the approximation process. Hence

ρεg(uε) converges weakly star to the function H1(ξ − σ) given by (5.10) plus a Dirac delta function with
strength

( − σ [ρg(u)] + [ρ f (u)g(u)]).
Besides, if we take the test function asψ/(g̃(uε)+μ) in (5.12), where g̃(uε) is a modified function satisfying

g(uε(σ )) inside �̃ and g(uε) outside �̃, then we send μ → 0 to obtain

lim
ε→0

∫ ξ3

ξ2

(ρε − Hρ(ξ − σ))ψ(ξ)dξ · g(uδ) = ( − σ [ρg(u)] + [ρ f (u)g(u)])ψ(σ). (5.15)

Hence (5.9) can be defined. The proof is finished. ��
Theorem 5.4 Suppose that τ0 = ξσ and u− > u+. Then u = Hu(ξ − σ) and σ = f (uδ) is required such that
(1.1) holds in the distributional sense, where

Hu(x) =
{

u−, x < 0,
u+, x > 0. (5.16)

Proof The Theorem 4.5 gives u = Hu(ξ − σ). Let ξ2 < σ < ξ3, ψ ∈ C∞
0 (ξ2, ξ3). Then it follows from the first

equation of (2.1) that
∫ ξ3

ξ2

ρ(ψ + ξψ ′ − f (u)ψ ′)dξ = 0,

i.e.,
∫ ξ3

ξ2

(
Hρ(ξ − σ)+ ( − σ [ρ] + [ρ f (u)])δ(ξ − σ)

)
(ψ + ξψ ′ − f (u)ψ ′)dξ = 0. (5.17)

The left side of (5.17) equals to
∫ σ

ξ2

Hρ(ξ − σ)(ψ + ξψ ′ − f (u)ψ ′)dξ +
∫ ξ3

σ

Hρ(ξ − σ)(ψ + ξψ ′ − f (u)ψ ′)dξ

+
∫ ξ3

ξ2

(( − σ [ρ] + [ρ f (u)])δ(ξ − σ)
)
ψdξ +

∫ ξ3

ξ2

(( − σ [ρ] + [ρ f (u)])δ(ξ − σ)
)
(ξψ ′ − f (u)ψ ′)dξ

= ρ−ψ(ξ)(ξ − f (u−)
∣∣σ
ξ2

+ ρ+ψ(ξ)(ξ − f (u+)
∣∣ξ3
σ

+ ( − σ [ρ] + [ρ f (u)])ψ(σ)
+( − σ [ρ] + [ρ f (u)])(σ − f (uδ))ψ ′(σ )
= ( − σ [ρ] + [ρ f (u)])(σ − f (uδ))ψ ′(σ ).

Combining with (5.17), we get ( − σ [ρ] + [ρ f (u)])(σ − f (uδ))ψ
′(σ ) = 0. (5.18)

Noticing that u+ < uδ < u−, it follows from (4.4) that

f (u+) < σ < f (u−). (5.19)

Because of the arbitrariness of ψ and −σ [ρ] + [ρ f (u)] �= 0, so we have σ = f (uδ). The proof is finished.
It follows from Theorems 5.2-5.4 that⎧⎪⎨

⎪⎩
σ = f (uδ),

ω0 = −σ [ρ] + [ρ f (u)],
ω0g(uδ) = −σ [ρg(u)] + [ρ f (u)g(u)].

(5.20)

Under the entropy condition (5.19), it has been proved that there exists a unique solution (σ, ω0, uδ).
Thus the following theorem holds. ��
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Theorem 5.5 Assume ρ ≥ 0, f ′(u) > 0 and g′(u) > 0. When u− > u+, let (ρε, uε)(x, t) be the solution
of (1.3) with (1.2). Then the limit functions (ρ, u)(x, t) of (ρε, uε)(x, t) exist in the distributional sense, and
(ρ, u)(x, t) solves (1.1) with (1.2). The solution (ρ, u)(x, t) can be given as

(ρ, u)(x, t) =

⎧⎪⎨
⎪⎩
(ρ−, u−), x < σ t,

(ω(t)δ(x − σ t), uδ), x = σ t,

(ρ+, u+), x > σ t,

(5.21)

where ω(t) = ω0t , ω0, σ , uδ can be uniquely determined by (5.20) and entropy condition (5.19).

Remark 5.6 For the case (i) ρ ≥ 0, f ′(u) > 0, g′(u) < 0, we only need to change (4.10) and (4.13), the
conclusion similar to the Theorem 5.5 can be obtained. For the case (ii) ρ ≥ 0, f ′(u) < 0, g′(u) > 0 and the
case (iii) ρ ≥ 0, f ′(u) < 0, g′(u) < 0, the u(ξ) in the Lemma 3.2 satisfies u′(ξ) > 0 in [−R, R], and ρ(ξ) in
the Lemma 3.2 satisfies (a) or (b). Then the conclusion similar to the Theorem 5.5 can be obtained by making
several minor amendments to Sects. 4-5.

For the cases (iv)-(vii) (see Remark 2.2), the initial data ρ± < 0 and u± are all given constants. For these
cases, (3.3) should be ρ(±R) = ρ + μ(ρ± − ρ), u(±R) = μu±, where ρ̄ = max{ρ−, ρ+}. Following the
method as in [20], by the same arguments as in Sects. 3-5 with only few modifications, the conclusion similar to
the Theorem 5.5 for the cases (iv)-(vii) can be derived.
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